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Preface

A significant sector of the development of spectral theory outside the
classical area of Hilbert space may be found amongst at multipliers defined
on a complex commutative Banach algebra A. Although the general theory
of multipliers for abstract Banach algebras has been widely investigated by
several authors, it is surprising how rarely various aspects of the spectral
theory, for instance Fredholm theory and Riesz theory, of these important
classes of operators have been studied. This scarce consideration is even
more surprising when one observes that the various aspects of spectral the-
ory mentioned above are quite similar to those of a normal operator defined
on a complex Hilbert space.

In the last ten years the knowledge of the spectral properties of multipli-
ers of Banach algebras has increased considerably, thanks to the researches
undertaken by many people working in local spectral theory and Fredholm
theory. This research activity recently culminated with the publication of
the book of Laursen and Neumann [214], which collects almost every thing
that is known about the spectral theory of multipliers.

The beautiful book of Laursen and Neumann has as a main motivation
that of providing a modern introduction to local spectral theory and a par-
ticular emphasis is placed on the applications of the general local spectral
theory to convolution operators on group and measure algebras. This book
contains also several results on Fredholm theory. However, most of the as-
pects of Fredholm theory which are developed in this book are those that
may be particularly approached through the methods of local spectral the-
ory.

In this book I will try, in a certain sense, to reverse this process. In-
deed, our first major concern is with the Fredholm theory, in particular the
interested reader will find here a distinct flavor of this theory, which is em-
phasized by the chapters devoted to the Kato decomposition, to the abstract
Fredholm theory in semi-prime Banach algebras, and by the chapter devoted
to inessential operators between Banach spaces.

A second concern of this monograph is that of showing how the interplay
between Fredholm theory and local spectral theory is significant and beau-
tiful. It should be clear that relative to the part on local spectral theory, the
content is rather limited, and the notions developed in this monograph are
those which are of interest for the applications to multipliers of commutative
semi-simple Banach algebras.
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PREFACE

The deep interaction between the Fredholm theory and local spectral
theory becomes evident when one consider the so called single-valued ex-
tension property. This property, which dates back to the early days of local
spectral theory, was first introduced in 1952 by Dunford and has received
a systematic treatment in the classical Dunford and Schwartz book [97]. It
also plays an important role in the book of Colojoară and C. Foiaş [83],
in Vasilescu [309], and in the recent book of Laursen and Neumann [214].
This single-valued extension property is one of the major unifying themes
for a wide variety of linear bounded operators in the spectral decomposition
property. This property is, for instance, satisfied by normal operators on
Hilbert spaces and more generally by decomposable operators. Examples
of non-decomposable operators having this property may be found amongst
the class of all multipliers of semi-simple Banach algebras. In fact, every
multiplier of a semi-prime Banach algebra has the single-valued extension
property and there exist examples of convolution operators which are not
decomposable.

A third aim of this book is to present some important progress, made
in recent years, in the study of perturbation theory for classes of operators
which occur in Fredholm theory. This subject is covered by several excel-
lent books, such as the monographies by Kato [183], by Heuser [160], by
Caradus, Pfaffenberger, and Yood [76], by Pietsch [263], but naturally they
do not present the more recent results. Some of these new results solve very
old open problems in operator theory and this book may be intended as a
complement of the books mentioned above.

For those unacquainted with the subject matter, examples and motiva-
tions for certain definitions are mentioned in order to give some feeling for
what is going on.

Now we describe in more detail the architecture of this monograph. This
book consists of seven chapters.

The first chapter is devoted to the Kato decomposition for bounded
operator on Banach spaces. This decomposition property arises from the
classical treatment of perturbation theory of Kato [182], and its flourishing
has greatly benefited from the work of many authors in the last ten years, in
particular from the work of Mbekhta [226], [227], Müller [240], Rakočević
[274] and Schmoeger [290]. The operators which satisfy this property form
a class which includes the class of semi-Fredholm operators. This is an im-
portant result of Kato and here we present the proof given by West [324].
We shall develop, quite systematically, the properties of some important
subspaces which play an important role in this decomposition theory, such
as the analytical core, the quasi-nilpotent part, and the Kato resolvent of an
operator. We shall also introduce the concepts of semi-regular, essentially
semi-regular, and Kato type of operators. All these concepts generate distin-
guished spectra, and particular emphasis is placed on the spectral mapping
theorems for these spectra.

The second chapter deals with a localized version of the single-valued
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PREFACE

extension property at a point and relates it, in the third chapter, to the
finiteness of some classical quantities associated with an operator. These
properties, such as the ascent and the descent of an operator, are the ba-
sic bricks of Fredholm theory, so the third chapter may be viewed as the
part of the book in which the interaction between local spectral theory and
Fredholm theory comes into focus. In fact, for semi-Fredholm operators the
single-valued extension property at a point may be characterized in several
ways, and some of these characterizations lead to the localization of some dis-
tinguished part of the spectra originating from Fredholm theory. Moreover,
some classical spectral mapping theorems related to semi-Browder spectra
and to the Browder spectrum, as well as the classification of the open con-
nected components of the Fredholm, or the semi-Fredholm, region being
able to be obtained via the localized single-valued extension property. The
third chapter also deals with another important class of operators, the class
of Riesz operators. Many of the results related to these operators are here
revisited through the single-valued extension property at a point.

The fourth chapter is devoted to the basic ingredients of the theory of
multipliers of commutative semi-simple Banach algebras. Our intention is
to make this book as much self-contained as possible, so we shall give in
our exposition of the elementary theory of multipliers the proofs of all the
results needed in the subsequent chapters. Of course, part of the material
concerning the basic theory of multipliers may be found in some books on
the subject, for instance in the monograph by Larsen [199], or the book by
Laursen and Neumann [214]. However, some parts of this chapter seems to
be new, and the basic material treated here is that strictly related to the
study of spectral properties of multipliers. The theory of multipliers may
also be developed for non-commutative Banach algebras. We shall not in-
vestigate this case extensively but instead shall restrict our study essentially
to the commutative algebras. In this case the Gelfand theory permits to rep-
resent every multiplier on a commutative semi-simple Banach algebra as a
bounded continuous complex-valued function, the Helgason–Wang function
defined on the regular maximal ideal space of the algebra. By means of this
representation it appears evident how the spectral properties of a multiplier
are related, in a certain measure, to the range of the Helgason–Wang func-
tion. In this chapter we shall also give an account of the multiplier theory
of various algebras: group algebras, Banach algebras with an orthogonal
basis, commutative H∗ algebras and commutative C∗ Banach algebras. In
particular, we describe the multiplier algebras and the ideal of all compact
multipliers of these algebras. The characterizations of compact multipliers
will permit to us to characterize the Fredholm operators which are multipli-
ers for several concrete Banach algebras.

The initial part of the fifth chapter is devoted to the introduction of
some basic ingredients of the abstract Fredholm theory on a not necessarily
commutative Banach algebras. It should be mentioned that the interested
reader may find a more complete treatment of this theory in the monograph
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by Barnes, Murphy, Smyth, and West [62], although our approach to the
abstract Fredholm theory is somewhat different. The central notion of this
chapter is that of inessential ideals. These ideals will be introduced by using
some ideas of Aupetit [53].

An abstract Fredholm theory on a Banach algebra A is essentially the
theory of all invertible elements of A modulo an essential ideal, i.e., an ideal
of A for which the spectrum of every element is a finite or a denumerable set.
The classical Fredholm theory for operators on Banach spaces corresponds
to the Fredholm theory of the semi-simple Banach algebra A := L(X) of all
bounded operators on a Banach space X with respect to the inessential ideal
of all bounded finite rank operators. However, the abstract Fredholm theory
in Banach algebras is not merely a generalization of the classical Fredholm
theory for operators. An illuminating example which strengthens this as-
sertion is given, in fact, by the theory of multipliers of semi-prime Banach
algebra. Indeed, in a semi-prime Banach algebra, the Fredholm theory of
multipliers is exactly the Fredholm theory of the semi-prime multiplier alge-
bra with respect to the socle of the algebra, or, which is the same thing, with
respect to the socle of the multiplier algebra. This result allows us to give
a description of multipliers which are Fredholm operators by involving only
objects of the same class, not involving operators which are not multipliers.
As a consequence we can obtain a very clear description of convolution op-
erators of group algebras which are Fredholm.

We shall focus our attention on the inessential ideal of the socle, which
corresponds in the case of the Banach algebra of all bounded linear oper-
ators to the ideal of all bounded finite rank operators. Subsequently we
shall consider the theory of Riesz algebras of Banach algebras, developed
by Smyth [304]. We shall give further information on the Fredholm theory
of multipliers of commutative regular Tauberian Banach algebras. These
results deal to the complete description of Fredholm convolution operators
acting on group algebras.

The content of the sixth chapter concerns some other important tools
of local spectral theory. The first part of the chapter concerns the class of
all decomposable operators, but we shall avoid the duality theory of these
operators, since this theory requires two functional models for operators on
Banach spaces, and to develop this argument in this book would lead too
far afield. Another important part of Chapter 6 concerns the study of the
property of decomposability within the theory of multipliers of commutative
semi-simple Banach algebras. In this framework the Fredholm theory, the
Gelfand theory, the local spectral theory, and harmonic analysis are closely
intertwined. This part is strongly based on the work of Laursen, Neumann
[210], [243], and Eschmeier, Laursen, and Neumann [112].

The concluding chapter of the book concerns some perturbation classes
of operators which occur in Fredholm theory. In this theory we find two
fundamentally different classes of operators: semi-groups, such as the class

xii
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of Fredholm operators, the classes of upper and lower semi-Fredholm opera-
tors, and ideals, such as the classes of finite dimensional, compact operators.
A perturbation class associated to one of these semi-groups is a class of op-
erators T for which the sum of T with an operator of the semi-group is still
an element of the semi-group. Here the concept of inessential operator re-
veals its significance in operator theory: the ideal of all inessential operators
is the perturbation class of some important semi-groups, for instance the
semi-group of Fredholm operators.

The notion of inessential operator is, in this chapter, extended to oper-
ators acting between different Banach spaces, and our presentation includes
several examples of inessential operators acting between classical Banach
spaces. These examples require the knowledge of the structures of the Ba-
nach spaces involved. For many pairs of classical Banach spaces the class of
inessential operators is the space of all bounded operators. This property
contrasts, curiously, with the historical denomination given at this class.
The class of inessential operators, as well as the class of Riesz operators,
presents also an elegant duality theory, and to make this clear we shall in-
troduce two useful classes of operators, the classes Ω+(X) and Ω−(X), which
are in a sense the dual of each other.

The third section of Chapter 7 addresses the study of two other impor-
tant classes of operators, the class of all strictly singular operators and the
class of all strictly cosingular operators. Both these classes of operators are
contained, respectively, in the perturbation class of upper semi-Fredholm
operators and the perturbation class of lower semi-Fredholm operators. For
many classical Banach spaces these inclusions are actually equalities, but we
shall also give a recent example of González [131] which shows that these
inclusions are, in general, proper. This counterexample, which solves an old
open problem in operator theory, is constructed by considering the Fredholm
theory of a very special class of Banach spaces: the class of indecomposable
Banach spaces.

An indecomposable Banach space is a Banach space which cannot be
split into the direct sum of two infinite dimensional closed subspaces. The
existence of indecomposable Banach spaces has been a long standing open
problem and was raised by Banach in the early 1930s. This problem has
been positively solved by Gowers and Maurey [137], who constructed an
example of a reflexive hereditarily indecomposable Banach space.

A part of the chapter is also devoted to the improjective operators be-
tween Banach spaces. This class of improjective operators contains the class
of inessential operators for all Banach spaces, and for several years it has
been an open problem if the two classes coincide. We shall give the recent
counterexample given by Aiena and González [21], which shows that if Z is
an indecomposable Banach space which is neither hereditarily indecompos-
able nor quotient indecomposable then the ideal of inessential operators is
properly contained in the set of improjective operators. In the last section

xiii



PREFACE

of the chapter we shall briefly discuss two notions of incomparability of Ba-
nach spaces which originate from the class of all inessential and improjective
operators. In particular, from the theory of indecomposable Banach spaces
we shall construct a counterexample which shows that these two notions of
incomparability do not coincide.

We conclude this preface by remarking that this monograph in intended
for professional mathematicians and graduate students, especially those
working in functional analysis. Of course, it is not possible to make a
presentation such as this entirely self-contained, so a certain background
in operator theory is required, specifically the classical Fredholm theory for
operators. However, several ideas from Fredholm theory may be extracted
from the chapter dedicated to the abstract Fredholm theory.

The present monograph is the result of intensive research work during
the last ten years. There are several friends and colleagues to whom I am
indebted for suggestions and ideas. In particular, I thank Manolo Gonzalez,
Kield Laursen, Michael Neumann, and Mostafá Mbekhta. I also thank the
participants of the Analysis Seminar of the Department of Mathematics of
the Universidad de Oriente (Cumaná, Venezuela), and of the Department of
Mathematics of the Universidad UCLA (Barquisimeto, Venezuela), where I
gave several talks on some of the topics contained in this book. In particu-
lar I wish to thank Ennis Rosas for his numerous invitations and generous
hospitality.

Finally, I would like to express my deep gratitude to my wife Maria
and my sons Marco and Caterina for all the love, patience, and encourage-
ment which they generously provided over the years. Without their presence
writing this book would have been more difficult.
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CHAPTER 1

The Kato decomposition property

The spectrum of a bounded linear operator can be divided into subsets
in many different ways, depending on the purpose of the inquiry. In this
chapter we shall look more closely to the spectrum of a bounded operator
on a Banach space from the viewpoint of Fredholm theory, by introducing
some special parts of the spectrum and, in the same time, acquiring grad-
ually some basic tools and techniques needed for local spectral theory. In
particular, we shall consider a part of the ordinary spectrum native from
the Fredholm theory, the semi-regular spectrum, in literature also known as
Kato spectrum, and some other spectra to it related.

The semi-regular spectrum was first introduced by Apostol [48] for op-
erators on Hilbert spaces and successively studied by several authors in the
more general context of operators acting on Banach spaces. The study
of this spectrum was originated by the classical treatment of perturbation
theory owed to Kato [182], which showed an important decomposition for
semi-Fredholm operators.

Throughout this chapter all linear spaces or algebras will have the com-
plex field C as their field of scalars. The first section of this chapter deals
primarily with the basic properties of some important invariant subspaces
associated with an operator. These subspaces, the hyper-range, the hyper-
kernel and the algebraic core of an operator are introduced in the purely
algebraic setting of a vector space. The importance of the role of these sub-
spaces becomes more evident when one considers a special class of bounded
operators on Banach spaces, the class of all semi-regular operators which
will be introduced in the second section. In this section we shall also in-
troduce the analytical core of a bounded operator on a Banach space X,
a subspace of X which may be thought as the analytic counterpart of the
algebraic core.

The concept of semi-regularity, amongst the various concepts of regu-
larity originating from Fredholm theory, seems to be the most appropriate
to investigate some important aspect of local spectral theory. This concept
leads in a natural way to the above mentioned semi-regular spectrum σse(T ),
an important subset of the ordinary spectrum which is defined as the set of
all λ ∈ C for which λI − T is not semi-regular.

In the main results of the third section we establish many important
properties of σse(T ), as well as of its complement ρse(T ). In particular we
shall see that this spectrum is a non-empty compact subset of C. We shall

1



2 1. THE KATO DECOMPOSITION PROPERTY

also establish non-elementary property of the Kato resolvent ρse(T ): the
analytical cores K(λI −T ) are constant when λ ranges through a connected
open component Ω of ρse(T ). The proof of this property requires quite tech-
nical methods of gap theory. Another relevant result is that the semi-regular
spectrum σse(T ) contains the boundary ∂σ(T ) of the spectrum. Moreover,
σse(T ) obeys a spectral mapping theorem, in the sense that the semi-regular
spectrum σse(f(T )) coincides with f(σse(T )), for every analytic function f
defined on an open set containing the spectrum of T .

The fifth section addresses an important decomposition property, the
generalized Kato decomposition for bounded operators on Banach spaces,
originating from the work by Kato. A bounded operator T on a Banach
space X has this property if X is the direct sum of two closed T invariant
subspaces M and N , where T acts as a semi-regular operator on M and acts
as a quasi-nilpotent operator on N . Further, we shall give a closer look at
the more special cases in which the operator T is of Kato type, namely the
restriction T |N is nilpotent, or T is essentially semi-regular, that is T |N is
nilpotent and N is finite-dimensional. We shall establish some perturbation
results, for instance, if T is of Kato type, then λI − T is semi-regular for all
λ ∈ C which belong to a punctured open disc centered at 0.

Two important classes of operators in Fredholm theory are the classes
of upper semi-Fredholm and lower semi-Fredholm operators. These opera-
tors are a natural generalization of Fredholm operators and one of the most
important result of this chapter is that every semi-Fredholm operator is
essentially semi-regular. To show this property we need to introduce the
concept of the jump of a semi-Fredholm operator. We shall see that the
semi-Fredholm operators which are semi-regular are exactly those having
jump equal to zero.

All the classes of operators mentioned above motivate the study of some
other distinguished parts of the spectrum, the semi-Fredholm spectra, the
Kato type of spectrum σk(T ), and the essentially semi-regular spectrum
σes(T ). We shall see how these spectra are related and show that a spectral
mapping theorem holds for σes(T ), i.e. the spectrum σes(T ) behaves canon-
ically under the Riesz functional calculus.

The last part of the chapter concerns another invariant subspace related
to a bounded operator T ∈ L(X) is the quasi-nilpotent part of T . To-
gether with the basic properties of these subspaces we shall prove the local
constancy of the closure of the quasi-nilpotent parts H0(λI − T ) on the
connected components of ρse(T ).

1. Hyper-kernel and hyper-range of an operator

The kernels and the ranges of the power Tn of a linear operator T on a
vector space X form the following two sequences of subspaces:

ker T 0 = {0} ⊆ ker T ⊆ ker T 2 ⊆ · · ·
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and
T 0(X) = X ⊇ T (X) ⊇ T 2(X) ⊇ · · · .

Generally all these inclusions are strict. In Chapter 5 we shall consider
operators for which one or both of the two sequences becomes constant.

Definition 1.1. Given a vector space X and a linear operator T on X,
the hyper-range of T is the subspace

T∞(X) =
⋂

n∈�

Tn(X).

The hyper-kernel of T is the subspace

N∞(T ) :=
⋃

n∈�

ker Tn.

It is easy to verify that both T∞(X) and N∞(T ) are T -invariant sub-
spaces of X.

The following elementary lemma will be useful in the sequel.

Lemma 1.2. Let X be a vector space and T a linear operator on X. If
p1 and p2 are relatively prime polynomials then there exist polynomials q1

and q2 such that p1(T )q1(T ) + p2(T )q2(T ) = I.

Proof If p1 and q1 are relatively prime polynomials then there are polyno-
mials such that p1(µ)q1(µ) + p2(µ)q2(µ) = 1 for every µ ∈ C.

The next result establishes some basic properties of the hyper-kernel and
the hyper-range of an operator.

Theorem 1.3. Let X be a vector space and T a linear operator on X.
Then we have:

(i) (λI + T )(N∞(T )) = N∞(T ) for every λ �= 0;

(ii) N∞(λI + T ) ⊆ (µI + T )∞(X) for every λ �= µ.

Proof (i) It suffices to prove that (λI + T )(ker Tn) = ker Tn for every
n ∈ N and λ �= 0. Clearly, (λI + T )(ker Tn) ⊆ ker Tn holds for all n ∈ N.
By Lemma 1.2 there exist polynomials p and q such that

(λI + T )p(T ) + q(T )Tn = I.

If x ∈ ker Tn then (λI +T )p(T )x = x and since p(T )x ∈ ker Tn this implies
ker Tn ⊆ (λI + T )(ker Tn).

(ii) Put S := λI + T and write

µI + T = (µ − λ)I + λI + T = (µ − λ)I + S.

By assumption µ − λ �= 0, so by part (i) we obtain that

(µI + T )(N∞(λI + T )) = ((µ − λ)I + S)(N∞(S)) = N∞(λI + T ).

From this it easily follows that (µI + T )n(N∞(λI + T )) = N∞(λI + T ) for
all n ∈ N, and consequently N∞(λI + T ) ⊆ (µI + T )∞(X).
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Lemma 1.4. For every linear operator on a vector space X we have

Tm(ker Tm+n) = Tm(X) ∩ ker Tn for all m,n ∈ N.

Proof If x ∈ ker Tm+n then Tmx ∈ Tm(X) and Tn(Tmx) = 0, so that
Tm(ker Tm+n) ⊆ Tm(X) ∩ ker Tn.

Conversely, if y ∈ Tm(X) ∩ ker Tn then y = Tm(x) and x ∈ ker Tm+n,
so the opposite inclusion is verified.

The next result exhibits some useful connections between the kernels
and the ranges of the iterates Tn of an operator T on a vector space X.

Theorem 1.5. For a linear operator T on a vector space X the following
statements are equivalent:

(i) ker T ⊆ Tm(X) for each m ∈ N;

(ii) ker Tn ⊆ T (X) for each n ∈ N;

(iii) ker Tn ⊂ Tm(X) for each n ∈ N and each m ∈ N;

(iv) ker Tn = Tm(ker Tm+n) for each n ∈ N and each m ∈ N.

Proof The implications (iv) ⇒ (iii) ⇒ (ii) are trivial.

(ii) ⇒ (i) If we apply the inclusion (ii) to the operator Tm we obtain
ker Tmn ⊆ Tm(X) and hence ker T ⊆ Tm(X), since ker T ⊆ ker Tmn.

(i) ⇒ (iv) If we apply the inclusion (i) to the operator Tn we obtain
ker Tn ⊆ (Tn)m(X) ⊆ Tm(X). By Lemma 1.4 we then have

Tm(ker Tm+n) = Tm(X) ∩ ker Tn = ker Tn,

so the proof is complete.

Corollary 1.6. Let T be a linear operator on a vector space X. Then the
statements of Theorem 1.5 are equivalent to each of the following inclusions:

(i) ker T ⊆ T∞(X);

(ii) N∞(T ) ⊆ T (X);

(iii) N∞(T ) ⊆ T∞(X).

The following subspace, introduced by Saphar [284] , is defined in purely
algebraic terms.

Definition 1.7. Let T be a linear operator on a vector space X. The
algebraic core C(T ) is defined to be the greatest subspace M of X for which
T (M) = M .

Trivially, if T ∈ L(X) is surjective then C(T ) = X. Clearly, for every
linear operator T we have C(T ) = Tn(C(T )) ⊆ Tn(X) for all n ∈ N. From
that it follows that C(T ) ⊆ T∞(X).

The next result gives a precise description of the subspace C(T ) in terms
of sequences.
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Theorem 1.8. For a linear operator T on a vector space X the following
statements are equivalent:

(i) x ∈ C(T );

(ii) There exists a sequence (un) ⊂ X such that x = u0 and Tun+1 = un

for every n ∈ Z+.

Proof Let M denote the set of all x ∈ X for which there exists a sequence

(un) ⊂ X such that x = u0 and Tun+1 = un for all n ∈ Z+. We show first
that C(T ) ⊆ M .

Let x ∈ C(T ). From the equality T (C(T )) = C(T ), we obtain that
there is an element u1 ∈ C(T ) such that x = Tu1 . Since u1 ∈ C(T ), the
same equality implies that there exists u2 ∈ C(T ) such that u1 = Tu2. By
repeating this process we can find the desired sequence (un), with n ∈ Z+,
for which x = u0 and Tun+1 = un. Therefore C(T ) ⊆ M . Conversely,
to show the inclusion M ⊆ C(T ) it suffices to prove, since M is a linear
subspace of X, that T (M) = M .

Let x ∈ M and let (un), n ∈ Z+, be a sequence for which x = u0 and
Tun+1 = un. Define (wn) by

w0 := Tx and wn := un−1, n ∈ Z+.

Then

wn = un−1 = Tun = Twn+1,

and hence the sequence satisfies the definition of M . Hence w0 = Tx ∈ M ,
and therefore T (M) ⊆ M .

On the other hand, to prove the opposite inclusion, M ⊆ T (M), let us
consider an arbitrary element x ∈ M and let (un)n∈�+

be a sequence such
that the equalities x = u0 and Tun+1 = un hold for every (n ∈ Z+). Since
x = u0 = Tu1 it suffices to verify that u1 ∈ M . To see that let us consider
the following sequence:

w0 := u1 and wn := un+1.

Then

wn = un+1 = Tun+2 = Twn+1 for all n ∈ Z+,

and hence u1 belongs to M . Therefore M ⊆ T (M), and hence M = T (M).

The next result shows that under certain purely algebraic conditions the
algebraic core and the hyper-range of an operator coincide.

Lemma 1.9. Let T be a linear operator on a vector space X. Suppose
that there exists m ∈ N such that

ker T ∩ Tm(X) = ker T ∩ Tm+k(X) for all integers k ≥ 0.

Then C(T ) = T∞(X).



6 1. THE KATO DECOMPOSITION PROPERTY

Proof We have only to prove that T∞(X) ⊆ C(T ). We show that
T (T∞(X)) = T∞(X). Evidently the inclusion T (T∞(X)) ⊆ T∞(X) holds
for every linear operator, so we need only to prove the opposite inclusion.

Let D := ker T ∩ Tm(X). Obviously we have

D = ker T ∩ Tm(X) = ker T ∩ T∞(X).

Let us now consider an element y ∈ T∞(X). Then y ∈ Tn(X) for each
n ∈ N, so there exists xk ∈ X such that y = Tm+kxk for every k ∈ N. If we
set

zk := Tmx1 − Tm+k−1xk (k ∈ N),

then zk ∈ Tm(X) and since

Tzk = Tm+1x1 − Tm+kxk = y − y = 0

we also have zk ∈ ker T . Thus zk ∈ D, and from the inclusion

D = ker T ∩ Tm+k(X) ⊆ ker T ∩ Tm+k−1(X)

it follows that zk ∈ Tm+k−1(X). This implies that

Tmx1 = zk + Tm+k−1xk ∈ Tm+k−1(X)

for each k ∈ N, and therefore Tmx1 ∈ T∞(X). Finally, from

T (Tmx1) = Tm+1x1 = y

we may conclude that y ∈ T (T∞(X)). Therefore T∞(X) ⊆ T (T∞(X)), so
the proof is complete.

Theorem 1.10. Let T be a linear operator on a vector space X. Suppose
that one of the following conditions holds:

(i) dim ker T < ∞;

(ii) codim T (X) < ∞;

(iii) ker T ⊆ Tn(X) for all n ∈ N.

Then C(T ) = T∞(X).

Proof (i) If ker T is finite-dimensional then there exists a positive integer
m such that

ker T ∩ Tm(X) = ker T ∩ Tm+k(X)

for all integers k ≥ 0. Hence it suffices to apply Lemma 1.9.

(ii) Suppose that X = F ⊕ T (X) with dim F < ∞. Clearly, if we let
Dn := ker T ∩ Tn(X) then we have Dn ⊇ Dn+1 for all n ∈ N. Suppose
that there exist k distinct subspaces Dn. There is no loss of generality in
assuming Dj �= Dj+1 for j = 1, 2, . . . k. Then for every one of these j we can
find an element wj ∈ X such that T jwj ∈ Dj and T jwj /∈ Dj+1. By means
of the decomposition X = F ⊕ T (X) we also find uj ∈ F and vj ∈ T (X)
such that wj = uj + vj . We claim that the vectors u1, · · · , uk are linearly
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independent.

To see this let us suppose
∑k

j=1 λjuj = 0. Then

k∑

j=1

λjwj =

k∑

j=1

λjvj

and therefore from the equalities T kw1 = · · · = T kwk−1 = 0 we deduce that

T k(

k∑

j=1

λjwj) = λkT
kwk = T k(

k∑

j=1

λjvj) ∈ T k(T (X)) = T k+1(X).

From T kwk ∈ ker T we obtain λkT
kwk ∈ Dk+1, and since T kwk /∈ Dk+1

this is possible only if λk = 0. Analogously we have λk−1 = · · · = λ1 = 0, so
the vectors u1, . . . , uk are linearly independent. From this it follows that k
is smaller than or equal to the dimension of F . But then for a sufficiently
large m we obtain that

ker T ∩ Tm(X) = ker T ∩ Tm+j(X)

for all integers j ≥ 0. So we are again in the situation of Lemma 1.9.

(iii) Obviously, if ker T ⊆ Tn(X) for all n ∈ N, then

ker T ∩ Tn(X) = ker T ∩ Tn+k(X) = ker T

for all integers k ≥ 0. Hence also in this case we can apply Lemma 1.9.

2. Semi-regular operators on Banach spaces

All the results of the previous section have been established in the purely
algebraic setting of linear operators acting on vector spaces. The concept of
semi-regular operators arises in a natural way when we consider operators
acting on Banach spaces.

Definition 1.11. Given a Banach space X, a bounded operator T ∈
L(X) is said to be semi-regular if T (X) is closed and T verifies one of the
equivalent conditions of Theorem 1.5.

Trivial examples of semi-regular operators are surjective operators as
well as injective operators with closed range. Later other examples of semi-
regular operators will be given amongst semi-Fredholm operators. Some
other examples of semi-regular operators may be found in Mbekhta [233]
and Labrousse [193].

A semi-regular operator T has a closed range. It is evident that it is
useful to find conditions which ensure that T (X) is closed. For a bounded
operator T ∈ L(X, Y ), X and Y Banach spaces, the property of having T
as a closed range may be characterized by means of the following quantity
associated with the operator T .
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Definition 1.12. If T ∈ L(X, Y ), where X and Y are Banach spaces,
the reduced minimum modulus of a non-zero operator T is defined to be

γ(T ) := inf
x/∈ker T

‖Tx‖
dist(x, ker T )

.

If T = 0 then we take γ(T ) = ∞.

Note that γ(T ) = γ(T ⋆) for every T ∈ L(X) (see Kato [183, Theorem
5.13]), where T ⋆ denotes the dual of T .

Theorem 1.13. Let T ∈ L(X, Y ), X and Y Banach spaces. Then:

(i) γ(T ) > 0 ⇔ T (X) is closed;

(ii) T (X) is closed ⇔ T ⋆(X⋆) is closed.

Proof (i) Let X̃ := X/ker T and let T̃ : X̃ → Y denote the continuous
injection corresponding to T , defined by

T̃ x̃ := Tx for every x ∈ x̃.

Clearly T̃ X̃ = T (X). From the open mapping theorem it follows that T̃ X̃

is closed if and only if T̃ admits a continuous inverse, there exists a constant

δ > 0 such that ‖T̃ x̃‖ ≥ δ‖x̃‖ for every x ∈ X. From the equality

γ(T ) = inf
x̃�=0̃

‖T̃ x̃‖
‖x̃‖

we then conclude that T̃ X̃ = T (X) is closed if and only if γ(T ) > 0.

(ii) It is obvious from the equality γ(T ) = γ(T ⋆) observed above.

Theorem 1.14. Let T ∈ L(X), X a Banach space, and suppose that
there exists a closed subspace Y of X such that T (X)∩Y = {0} and T (X)⊕Y
is closed. Then T (X) is also closed.

Proof Consider the product space X × Y under the norm

‖(x, y)‖ := ‖x‖ + ‖y‖ (x ∈ X, y ∈ Y ).

Then X × Y is a Banach space, and the continuous map S : X × Y → X
defined by S(x, y) := Tx + y has range S(X × Y ) = T (X) ⊕ Y , which is
closed by assumption. Consequently by part (i) of Theorem 1.13 we have

γ(S) := inf
(x,y)/∈ker S

‖S(x, y)‖
dist((x, y), ker S)

> 0.

Clearly, kerS = kerT × {0}, so that if x /∈ ker T then (x, 0) /∈ ker S. More-
over,

dist((x, 0), ker S) = dist(x, ker T ),

and therefore

‖Tx‖ = ‖S(x, 0)‖ ≥ γ(S) dist((x, 0), ker S))

= γ(S) dist(x, ker T ).
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This implies that γ(T ) ≥ γ(S), and therefore T has closed range.

Corollary 1.15. Let T ∈ L(X), X a Banach space, and Y a finite-
dimensional subspace of X such that T (X) + Y is closed. Then T (X) is
closed. In particular, if codim T (X) < ∞ then T (X) is closed.

Proof Let Y1 be any subspace of Y for which Y1∩T (X) = {0} and T (X)+
Y1 = T (X) + Y . From the assumption we infer that T (X) ⊕ Y1 is closed,
so T (X) is closed by Theorem 1.14. The second statements is clear, since
every finite-dimensional subspace of a Banach space X is always closed.

Let M be a subset of a Banach space X. The annihilator of M is the
closed subspace of X⋆ defined by

M⊥ := {f ∈ X⋆ : f(x) = 0 for every x ∈ M},
while the pre-annihilator of a subset W of X⋆ is the closed subspace of X
defined by

⊥W := {x ∈ X : f(x) = 0 for every f ∈ W}.
Clearly ⊥(M⊥) = M if M is closed. Moreover, if M and N are closed
linear subspaces of X then (M + N)⊥ = M⊥ ∩ N⊥. The dual relation
M⊥ + N⊥ = (M ∩N)⊥ is not always true, since (M ∩N)⊥ is always closed
but M⊥ + N⊥ need not be closed. However, a classical theorem establishes
that

M⊥ + N⊥ is closed in X⋆ ⇔ M + N is closed in X,

see Kato [183, Theorem 4.8, Chapter IV].

The following standard duality relationships between the kernels and
ranges of a bounded operator T on a Banach space and its dual T ⋆ are well
known, see Heuser [159, p.135]:

(1) ker T =⊥ T ⋆(X⋆) and ⊥ker T ⋆ = T (X),

and

(2) T (X)
⊥

= ker T ⋆ and T ⋆(X⋆) ⊆ ker T⊥.

Note that the last inclusion is, in general, strict. However, a classical
result states that the equality holds precisely when T has closed range, see
Kato [183, Theorem 5.13, Chapter IV].

Theorem 1.16. Suppose that T ∈ L(X), X a Banach space, is semi-
regular. Then γ(Tn) ≥ γ(T )n.

Proof We proceed by induction. The case n = 1 is trivial.
Suppose that γ(Tn) ≥ γ(T )n. For every element x ∈ X, and u ∈

ker Tn+1 we have

dist(x, ker Tn+1) = dist(x − u, ker Tn+1)

≤ dist(x − u, ker T ).
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By assumption T is semi-regular, so by Theorem 1.5 ker T = Tn(ker Tn+1)
and therefore

dist(Tnx, ker T ) = dist(Tnx, Tn(ker Tn+1))

= inf
u∈ker T n+1

‖Tn(x − u)‖

≥ γ(Tn) · inf
u∈ker T n+1

dist(x − u, ker Tn)

≥ γ(Tn) dist(x, ker Tn+1).

From this estimate it follows that

‖Tn+1x‖ ≥ γ(T ) dist(Tnx, ker T ) ≥ γ(T ) γ(Tn) · dist(x, ker Tn+1).

Consequently from our inductive assumption we obtain that

γ(Tn+1) ≥ γ(T )γ(T )n = γ(T )n+1,

which completes the proof.

Corollary 1.17. If T ∈ L(X), X a Banach space, is semi-regular then
Tn is semi-regular for all n ∈ N.

Proof If T is semi-regular then by Theorem 1.16 S = Tn has closed range.
Furthermore, S∞(X) = T∞(X) and, by Theorem 1.5, kerS ⊆ T∞(X) =
S∞(X). From Corollary 1.6 we conclude that Tn is semi-regular.

Corollary 1.18. Let T ∈ L(X), where X is a Banach space. Then T
is semi-regular if and only if Tn(X) is closed for all n ∈ N and T verifies
one of the equivalent conditions of Theorem 1.5.

Theorem 1.19. Let T ∈ L(X) , X a Banach space. Then T is semi-
regular if and only if T ⋆ is semi-regular.

Proof Suppose that T is semi-regular. Then T (X) is closed so that γ(T ) >
0 by part (i) of Theorem 1.13. From Theorem 1.16 we then obtain that
γ(Tn) ≥ γ(T )n > 0 and this implies, again by part (i) of Theorem 1.13,
that Tn(X) is closed for every n ∈ N. The same argument also shows that
Tn⋆(X⋆) = T ⋆n(X⋆) is closed for every n ∈ N, by part (ii) of Theorem 1.13.
Therefore from the relationships (1) and (2) it follows that the equalities

(3) ker Tn⊥ = T ⋆n(X⋆) and ⊥ker T ⋆n = Tn(X).

hold for all n ∈ N.
Now, since T is semi-regular then ker T ⊆ Tn(X) for every n ∈ N and

therefore Tn(X)⊥ ⊆ ker T⊥ = T ⋆(X⋆). Moreover, from the second equality
of (3) we obtain ker T ⋆n = Tn(X)⊥, so that ker T ⋆n ⊆ T ⋆(X⋆) holds for
every n ∈ N. This shows, since T ⋆(X⋆) is closed, that T ⋆ is semi-regular.

A similar argument shows that if T ⋆ is semi-regular then also T is semi-
regular.
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3. Analytical core of an operator

The following subspace has been introduced by Vrbová [313] and is, in
a certain sense, the analytic counterpart of the algebraic core C(T ).

Definition 1.20. Let X be a Banach space and T ∈ L(X). The analyt-
ical core of T is the set K(T ) of all x ∈ X such that there exists a sequence
(un) ⊂ X and a constant δ > 0 such that:

(1) x = u0, and Tun+1 = un for every n ∈ Z+;

(2) ‖un‖ ≤ δn‖x‖ for every n ∈ Z+.

In the following theorem we collect some elementary properties of K(T ).

Theorem 1.21. Let T ∈ L(X), X a Banach space. Then:

(i) K(T ) is a linear subspace of X;

(ii) T (K(T )) = K(T );

(iii) K(T ) ⊆ C(T ).

Proof (i) It is evident that if x ∈ K(T ) then λx ∈ K(T ) for every λ ∈ C.
We show that if x, y ∈ K(T ) then x + y ∈ K(T ). If x ∈ K(T ) there exists
δ1 > 0 and a sequence (un) ⊂ X satisfying the condition (1) and which is
such that ‖un‖ ≤ δ1

n‖x‖ for all n ∈ Z+. Analogously, since y ∈ K(T ) there
exists δ2 > 0 and a sequence (vn) ⊂ X satisfying the condition (1) of the
definition of K(T ) and such that ‖vn‖ ≤ δn

2 ‖y‖ for every n ∈ N.
Let δ : = max {δ1, δ2}. We have

‖un + vn‖ ≤ ‖un‖ + ‖vn‖ ≤ δn
1 ‖x‖ + δn

2 ‖y‖ ≤ δn(‖x‖ + ‖y‖).
Trivially, if x + y = 0 there is nothing to prove since 0 ∈ K(T ). Suppose
then x + y �= 0 and set

µ :=
‖x‖ + ‖y‖
‖x + y‖

Clearly µ ≥ 1, so µ ≤ µn and therefore

‖un + vn‖ ≤ (δ)nµ‖x + y‖ ≤ (δµ)n‖x + y‖ for all n ∈ Z+,

which shows that also the property (2) of the definition of K(T ) is verified for
every sum x + y, with x, y ∈ K(T ). Hence x + y ∈ K(T ), and consequently
K(T ) is a linear subspace of X.

The proof (ii) of is analogous to that of Theorem 1.8, whilst (iii) is a
trivial consequence of (ii) and the definition of C(T ).

Observe that in general neither K(T ) nor C(T ) are closed. The next
result shows that under the assumption that C(T ) is closed then these two
subspaces coincide.

Theorem 1.22. Suppose X a Banach space and T ∈ L(X).

(i) If F is a closed subspace of X such that T (F ) = F then F ⊆ K(T ).

(ii) If C(T ) is closed then C(T ) = K(T ).
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Proof (i): Let T0 : F → F denote the restriction of T on F . By assumption
F is a Banach space and T (F ) = F , so, by the open mapping theorem, T0

is open. This means that there exists a constant δ > 0 with the property
that for every x ∈ F there is u ∈ F such that Tu = x and ‖u‖ ≤ δ‖x‖.
Now, if x ∈ F , define u0 := x and consider an element u1 ∈ F such that

Tu1 = u0 and ‖u1‖ ≤ δ‖u0‖.
By repeating this procedure, for every n ∈ N we find an element un ∈ F
such that

Tun = un−1 and ‖un‖ ≤ δ‖un−1‖.
From the last inequality we obtain the estimate

‖un‖ ≤ δn‖u0‖ = δn‖x‖ for every n ∈ N,

so x ∈ K(T ). Hence F ⊆ K(T ).

(ii) Suppose that C(T ) is closed. Since C(T ) = T (C(T )) the first part of
the theorem shows that C(T ) ⊆ K(T ), and hence, since the reverse inclusion
is always true, C(T ) = K(T ).

Theorem 1.23. Let T ∈ L(X) be a semi-regular operator on a Banach
space X. If x ∈ X, then Tx ∈ C(T ) if and only if x ∈ C(T ).

Proof Clearly the equality T (C(T )) = C(T ) implies that Tx ∈ C(T ) for
every x ∈ C(T ). Conversely let Tx ∈ C(T ). By Theorem 1.10 we have
that C(T ) = T∞(X), consequently for each n ∈ N there exists yn ∈ X
such that Tn+1yn = Tx, hence z := x − Tnyn ∈ ker T ⊆ Tn(X). Then
x = z + Tnx ∈ Tn(X) for each n ∈ N, and consequently x ∈ C(T ).

Theorem 1.24. Let T ∈ L(X), X a Banach space, be semi-regular.
Then C(T ) is closed and

C(T ) = K(T ) = T∞(X).

Proof The semi-regularity of T gives, by definition, ker T ⊆ Tn(X) for
all n ∈ N. Hence by Theorem 1.10 we have T∞(X) = C(T ). By Corollary
1.17 Tn is semi-regular for all n ∈ N, so Tn(X) is closed for all n ∈ N and
hence T∞(X) =

⋂∞
n=1 Tn(X) is closed. By part (ii) of Theorem 1.22 then

we conclude that K(T ) coincides with C(T ).

Theorem 1.25. Let T ∈ L(X), where X is a Banach space. Then T is
semi-regular if and only if there exists a closed subspace M of X such that

T (M) = M and the operator T̃ : X/M → X/M , induced by T , is injective
and has closed range.

Proof If T is semi-regular then by Theorem 1.24 the subspace M := T∞(X)
has the required properties.

Conversely, let M be a closed subspace such that T (M) = M and

suppose that T̃ : X/M → X/M is injective and has closed range. Then
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M ⊆ C(T ) ⊆ T∞(X). Moreover, if x ∈ ker T then T̃ x̃ = 0̃, and therefore

the injectivity of T̃ implies x ∈ M . Hence ker T ⊆ M ⊆ T∞(X).
To show that T is semi-regular it remains to prove that T (X) is closed.

Let π : X → X/M be the canonical quotient map. We show that T (X) =

π−1(T̃ (X/M)). If y ∈ T (X) then y = Tx for some x ∈ X, so πy = T̃ x =

T̃ x̃ ∈ T̃ (X/M). Hence T (X) ⊆ π−1(T̃ (X/M)).

On the other hand, let y ∈ X be such that πy ∈ T̃ (X/M). Then ỹ = T̃ x
for some x ∈ X and from the inclusion M ⊆ T (X) we infer that y ∈ T (X);

which shows the reverse inclusion. Therefore T (X) = π−1(T̃ (X/M)), and

this set is obviously closed since T̃ (X/M) is closed and π is continuous.

Theorem 1.26. Suppose that T, S ∈ L(X), X a Banach space, com-
mute and TS semi-regular. Then T and S are semi-regular.

Proof Clearly we need only to show that one of the two operators, say T ,
is semi-regular. From the semi-regularity of TS we obtain

(4) ker T ⊆ ker (TS) ⊆
∞⋂

n=1

(TnSn)(X) ⊆
∞⋂

n=1

Tn(X).

At this point we need only to show that T (X) is closed. Let (yn) :=
(Txn) be a sequence of T (X) which converges to some y0. Then Syn =
STxn = TSxn ∈ (TS)(X) and (Syn) converges to Sy0. By assumption
(TS)(X) is closed, thus Sy0 ∈ (TS)(X) = (ST )(X). Hence there exists an
element z0 ∈ X such that Sy0 = STz0. Consequently y0 − Tz0 ∈ ker S ⊆
ker (TS). From (4) we obtain

y0 − Tz0 ∈
∞⋂

n=1

Tn(X) ⊆ T (X).

From this it follows that y0 ∈ T (X), so T (X) is closed. Hence T is semi-
regular.

The following example, owed to Müller [240], shows that the product
of two semi-regular operators, also commuting semi-regular operators, need
not be semi-regular.

Example 1.27. Let H be a Hilbert space with an orthonormal basis
(ei,j) where i, j are integers for which ij ≤ 0. Let T ∈ L(H) and S ∈ L(H)
are defined by the assignment:

Tei,j :=

{
0 if i = 0, j > 0
ei+1,j otherwise,

and

Sei,j :=

{
0 if j = 0, i > 0
ei,j+1 otherwise.
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Then

TSei,j = STei,j =

{
0 if i = 0, j ≥ 0, or j = 0, i ≥ 0,
ei+1,j+1 otherwise.

Hence TS = ST and, as it is easy to verify,

ker T =
∨

j>0

{ei,0} ⊂ T∞(H),

where
∨

j>0{e0,j} denotes the linear subspace of H generated by the set

{ej : j > 0}. Analogously we have

ker S =
∨

i>0

{ei,0} ⊂ S∞(H).

Moreover, since T and S have closed range it follows that T , S are semi-
regular.

On the other hand, e0,0 ∈ ker TS and e0,0 /∈ (TS)(H), thus TS is not
semi-regular.

The next example, owed also to Müller [240], shows that the set of all
semi-regular operators need not be an open subset of L(X).

Example 1.28. Let H be a Hilbert space with an orthonormal basis
(ei,j) where i, j are integers and i ≥ 1. Let T be defined by:

Tei,j :=

{
ei,j+1 if j �= 0,
0 if j = 0.

Clearly T (H) is closed and

ker T =
∨

i>1

{e0,j} ⊂ T∞(H),

so that T is semi-regular.
Now let ε > 0 be arbitrarily given and define S ∈ L(H) by

Sei,j :=

{ ε

i
ei,0 if j = 0,

0 if j �= 0.

It is easy to see that ‖S‖ = ε. Moreover, S is a compact operator having
an infinite-dimensional range, thus S(H) is not closed. Let M denote the
subspace generated by the set {ei,0 : i ≥ 1}. Then T (H) is orthogonal to M
and hence to S(H), since S(H) ⊆ M . Moreover, (T +S)(H) = T (H)+S(H),
so that (T + S)(H) is not closed and hence T + S is not semi-regular.

4. The semi-regular spectrum of an operator

Among the many concepts dealt with in Kato’s extensive treatment of
perturbation theory [182] there is a very important part of the spectrum
defined as follows:
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Definition 1.29. Given a Banach space X, the semi-regular resolvent
of a bounded operator T is defined by

ρse(T ) := {λ ∈ C : λI − T is semi-regular}.
The semi-regular spectrum, known in the literature also as the Kato

spectrum, of T is defined to be the set σse(T ) := C \ ρse(T ).

Obviously

σse(T ) ⊆ σ(T ) and ρ(T ) ⊆ ρse(T ).

Later we shall see that σse(T ) is a non-empty compact subset of C and that
for some important classes of operators the inclusions above are equalities.

An operator T ∈ L(X) is said to be bounded below if T is injective and
has closed range. It is easy to show that T is bounded below if and only if
there exists K > 0 such that

(5) ‖Tx‖ ≥ K‖x‖ for all x ∈ X.

Indeed, if ‖Tx‖ ≥ K‖x‖ for some K > 0 and all x ∈ X then T is injective.
Moreover, if (xn) is a sequence in X for which (Txn) converges to y ∈ X
then (xn) is a Cauchy sequence and hence convergent to some x ∈ X. Since
T is continuous then Tx = y and therefore T (X) is closed.

Conversely, if T is injective and T (X) is closed then, from the open
mapping theorem, it easily follows that there exists a K > 0 for which the
inequality (5) holds.

Clearly, if T is bounded below or surjective then T is semi-regular. The
next result shows that the properties to be bounded below or to be surjective
are dual each other.

Lemma 1.30. Let T ∈ L(X), X a Banach space. Then:

(i) T is surjective (respectively, bounded below) if and only if T ⋆ is
bounded below (respectively, surjective);

(ii) If T is bounded below (respectively, surjective) then λI−T is bounded
below (respectively, surjective) for all |λ| < γ(T ).

Proof (i) Suppose that T is surjective. Trivially T has closed range and
therefore also T ⋆ has closed range. From the equality ker T ⋆ = T (X)⊥ =
X⊥ = {0} we conclude that T ⋆ is injective.

Conversely, suppose that T ⋆ is bounded below, then T ⋆ has closed range
and hence by Theorem 1.13 also the operator T has closed range. From the
equality T (X) =⊥ ker T ⋆ =⊥ {0} = X we then conclude that T is surjective.
The proof of T being bounded below if and only if T ⋆ is surjective is analo-
gous.

(ii) Suppose that T is injective with closed range. Then γ(T ) > 0 and
from definition of γ(T ) we obtain

γ(T ) · dist(x, ker T ) = γ(T )‖x‖ ≤ ‖Tx‖ for all x ∈ X.
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From that we obtain

‖(λI − T )x‖ ≥ ‖Tx‖ − |λ|‖x‖ ≥ (γ(T ) − |λ|)‖x‖,

thus for all |λ| < γ(T ), the operator λI − T is bounded below.
The case that T is surjective follows now easily by considering the adjoint

T ⋆.

Theorem 1.31. Let T ∈ L(X), X a Banach space, be semi-regular.
Then λI − T is semi-regular for all |λ| < γ(T ). Moreover, ρse(T ) is open.

Proof First we show that C(T ) ⊆ C(λI − T ) for all |λ| < γ(T ). Let
T0 : C(T ) → C(T ) denote the restriction of T to C(T ). By Theorem 1.24,
C(T ) is closed and T0 is surjective. Thus by Lemma 1.30 the equalities

(λI − T0)(C(T )) = (λI − T )(C(T )) = C(T )

hold for all |λ| < γ(T0).
On the other hand, T is semi-regular, so that by Theorem 1.10 ker T ⊆

T∞(X) = C(T ). This easily implies that γ(T0) ≥ γ(T ), and hence

(λI − T )(C(T )) = C(T ) for all|λ| < γ(T ).

Note that this last equality implies that

(6) C(T ) ⊆ C(λI − T ) for all |λ| < γ(T ).

Moreover, for every λ �= 0 we have T (ker (λI − T )) = ker (λI − T ), so
from Theorem 1.24 and Theorem 1.22 we obtain that

ker (λI − T ) ⊆ C(T ) for all λ �= 0.

From the inclusion (6) we now conclude that the inclusions

(7) ker (λI − T ) ⊆ C(λI − T ) ⊆ (λI − T )n(X)

hold for all |λ| < γ(T ), λ �= 0 and n ∈ N. Of course, this is still true for λ = 0
since T is semi-regular, so the inclusions (7) are valid for all |λ| < γ(T ).

To prove that λI − T is semi-regular for all |λ| < γ(T ), it only remains
to show that (λI − T )(X) is closed for all |λ| < γ(T ). Observe that as
a consequence of Lemma 1.30 we can limit ourselves to considering only
the case C(T ) �= {0} and C(T ) �= X. Indeed, if C(T ) = {0} then ker T ⊆
C(T ) = {0}, and hence T is bounded below, whilst in the other case C(T ) =
X the operator T is surjective.

Let X := X/C(T ), and let T : X → X be the quotient map defined by
T x := Tx, where x ∈ x. Clearly T is continuous. Moreover, T is injective
since from T x = Tx = 0 we have Tx ∈ C(T ), and this implies by Theorem
1.23 that x ∈ C(T ), which yields x = 0.

Next we show that T is bounded below. We only need to prove that T
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has closed range. To see this we show the inequality γ(T ) ≥ γ(T ). In fact,
for each x ∈ X and each u ∈ C(T ) we have, recalling that kerT ⊆ C(T ),

‖x‖ = dist(x, C(T )) = dist(x − u, C(T ))

≤ dist(x − u, ker T ) ≤ 1

γ(T )
‖Tx − Tu‖.

From the equality C(T ) = T (C(T )) we obtain that

‖Tx‖ = inf
u∈C(T )

‖Tx − Tu‖ for all u ∈ C(T ),

so that ‖x‖ ≤ 1/γ(T )‖Tx‖ from which we obtain that γ(T ) ≥ γ(T ).
‖x‖ ≤ γ(T )−1‖T x‖ and, consequently, γ(T ) ≥ γ(T ). Hence T is

bounded below. By Lemma 1.30 λI − T is then bounded below for all
|λ| < γ(T ) and a fortiori for all |λ| < γ(T ).

Finally, to show that (λI − T )(X) is closed for all |λ| < γ(T ) let us
consider a sequence (xn) of (λI −T )(X) which converges to x ∈ X. Clearly,
the sequence (xn) converges to x and xn ∈ (λI − T )(X). The last space is
closed for all |λ| < γ(T ), and hence x ∈ (λI − T )(X). Let x = (λI − T )v
and v ∈ v. Then

x − (λI − T )v ∈ C(T ) ⊆ (λI − T )(C(T )) for all|λ| < γ(T ),

and so there exists u ∈ C(T ) for which x = (λI − T )(v + u), hence x ∈
(λI−T )(X) for all |λ| < γ(T ). Hence (λI−T )(X) is closed for all |λ| < γ(T ),
and, consequently, λI−T is semi-regular for all |λ| < γ(T ). Therefore ρse(T )
is an open subset of C.

The semi-regular resolvent ρse(T ) is open therefore it can be decomposed
into (maximal, open, connected, pairwise disjoint) non-empty components.
Next we want to show that C(λI − T ) = K(λI − T ) is locally constant on
each component Ω of ρse(T ). To show this property we first need to show
some preliminary results on the gap between subspaces.

Let M , N be two closed linear subspaces of the Banach space X and set

δ(M, N) := sup{dist(u, N) : u ∈ M, ‖u‖ = 1},
in the case that M �= {0}, otherwise we define δ({0}, N) = 0 for any subspace
N .
The gap between M and N is defined by

δ̂(M, N) := max{δ(M, N), δ(N, M)}.
The function δ̂ is a metric on the set C(X) of all linear closed subspaces of
X, see [182, §2, Chapter IV] and the convergence Mn → M is obviously

defined by δ̂(Mn, M) → 0 as n → ∞.

Remark 1.32. Note that for two closed linear subspaces M and N of X
we have

δ(M, N) = δ(N⊥, M⊥) and δ̂(M, N) = δ̂(N⊥, M⊥),
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see Kato book [182, Theorem 2.9, Chapter IV]. From these equalities it
easily follows, as n → ∞, that Mn → M if and only if Mn

⊥ → M⊥.
Moreover,

(8) δ̂(M, N) < 1 ⇒ dim M = dim N,

see Corollary 2.6 of [182, §2, Chapter IV].

Lemma 1.33. For every operator T ∈ L(X), X a Banach space, and
arbitrary λ, µ ∈ C, we have:

(i) γ(λI − T ) · δ(ker (µI − T ), ker (λI − T )) ≤ |µ − λ|;
(ii) min{γ(λI − T ), γ(µI − T )} · δ̂(ker (λI − T ), ker (µI − T )) ≤ |µ − λ|.

Proof The statement is trivial for λ = µ. Suppose that λ �= µ and consider
an element 0 �= x ∈ ker (µI − T ). Then x /∈ ker (λI − T ) and hence

γ(λI − T ) dist(x, ker (λI − T )) ≤ ‖(λI − T )x‖
= ‖(λI − T )x − (µI − T )x‖
= |λ − µ| ‖x‖.

From this estimate we obtain, if B := {x ∈ ker (µI − T ) : ‖x‖ ≤ 1}, that

γ(λI − T ) · sup
x∈B

dist (x, ker (λI − T )) ≤ |λ − µ|,

and therefore

γ(λI − T ) · δ(ker (λI − T ), ker (µI − T )) ≤ |µ − λ|.
(ii) Clearly, the inequality follows from (i) by interchanging λ and µ.

Lemma 1.34. For every x ∈ X and 0 < ε < 1 there exists x0 ∈ X such
that x − x0 ∈ M and

(9) dist(x0, N) ≥
(

(1 − ε)
1 − δ(M, N)

1 + δ(M, N)

)
‖x0‖.

Proof If x ∈ M it suffices to take x0 = 0. Assume therefore that x /∈ M .
Let X̂ := X/M denote the quotient space and put x̂ := x + M . Evidently,
‖x̂‖ = infz∈�x ‖z‖ > 0. We claim that there exists an element x0 ∈ X such
that

‖x̂0‖ = dist(x0, M) ≥ (1 − ε)‖x0‖.
Indeed, were it not so then

‖x̂‖ = ‖ẑ‖ < (1 − ε)‖z‖ for every z ∈ x̂

and therefore

‖x̂‖ ≤ (1 − ε) inf
z∈�x

‖z‖ = (1 − ε)‖x̂‖,

and this is impossible since ‖x̂‖ > 0.
Let µ := dist(x0, N) = infu∈N ‖x0−u‖. We know that there exists y ∈ N
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such that ‖x0−y‖ ≤ µ+ε‖x0‖. From that we obtain ‖y‖ ≤ (1+ε)‖x0‖+µ.
On the other hand, we have dist(y, M) ≤ δ(N, M) · ‖y‖ and hence

(1 − ε)‖x̂0‖ ≤ dist(x0, M) ≤ ‖x0 − y‖ + dist(y,M)

≤ µ + ε‖x0‖ + δ(N, M) · ‖y‖
≤ µ + ε‖x0‖ + δ(N, M)[(1 + ε)‖x0‖ + µ].

From this we obtain that

µ ≥
[
1 − ε − δ(N, M)

1 + δ(N, M)
− ε

]
‖x0‖.

Since ε > 0 is arbitrary, this implies the inequality (9).

Lemma 1.35. Suppose that T ∈ L(X), X a Banach space, is semi-
regular. Then

(10) γ(λI − T ) ≥ γ(T ) − 3|λ| for every λ ∈ C.

Proof Obviously, for every T ∈ L(X) and |λ| ≥ γ(T ) we have

γ(λI − T ) ≥ 0 ≥ γ(T ) − 3|λ|,
so we need to prove the inequality (10) only in the case that λ < γ(T ).

Suppose that T is semi-regular and hence, by Theorem 1.24, C(T ) =
T∞(X). If C(T ) = {0} then ker T ⊆ T∞(X) = {0}, so that T is injective,
and since T (X) is closed it follows that T is bounded below. From an
inspection of the proof of Lemma 1.30 we then conclude that

γ(λI − T ) ≥ γ(T ) − |λ| ≥ γ(T ) − 3|λ|
for every |λ| < γ(T ).

Also the case C(T ) = X is trivial. Indeed in such a case T is surjective
and hence T ⋆ is bounded below, and consequently

γ(λI − T ) = γ(λI⋆ − T ⋆) ≥ γ(T ⋆) − 3|λ| = γ(T ) − 3|λ|.
It remains to prove the inequality (10) in the case that C(T ) �= {0} and

C(T ) �= X. Assume that |λ| < γ(T ) and let x ∈ C(T ) = T (C(T )). Then
there exists u ∈ C(T ) such that x = Tu and therefore

dist(u, ker T ) ≤ (γ(T ))−1‖Tu‖ = (γ(T ))−1‖x‖.
Let ε > 0 be arbitrary and choose w ∈ ker T such that

‖u − w‖ ≤ [(1 − ε)γ(T )]−1‖x‖.
Let u1 := u − w and µ := (1 − ε)γ(T ). Clearly, u1 ∈ C(T ), Tu1 = x and
‖u1‖ ≤ µ−1‖x‖. Since u1 ∈ C(T ), by repeating the same procedure we
obtain a sequence (un)n∈�+

, where u0 := x, such that

un ∈ C(T ), Tun+1 = un and ‖un‖ ≤ µ−n‖x‖.
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Let D := {λ ∈ C : |λ| < µ} and let us consider the function f : D → X

f(λ) :=

∞∑

n=0

λnun.

Clearly f(0) = x and f(λ) ∈ ker (λI − T ) for all |λ| < µ. Moreover,

‖x − f(λ)‖ = ‖
∞∑

n=1

λnun‖ ≤ |λ|
µ − |λ| .

From this we obtain

dist(x, ker (λI − T )) ≤ |λ|
µ − |λ|

which yields

δ(ker T, ker (λI − T )) ≤ |λ|
µ − |λ| =

|λ|
(1 − ε)γ(T ) − |λ|

for every |λ| < µ. Since ε is arbitrary then we conclude that

(11) δ(ker T, ker (λI − T )) ≤ |λ|
γ(T ) − |λ| for every|λ| < γ(T ).

If we let δ := δ(ker T, ker (λI − T )), by Lemma 1.34 to the element u
and ε > 0 there corresponds v ∈ X such that z := u− v ∈ ker (λI − T ) and

dist(v, ker T ) ≥ 1 − δ

1 + δ
(1 − ε)‖v‖.

From this it follows that

‖(λI − T )u‖ = ‖(λI − T )v‖ ≥ ‖Tv‖ − |λ|‖v‖
≥ γ(T ) · dist(v, ker T ) − |λ|‖v‖

≥ γ(T )
1 − δ

1 + δ
(1 − ε)‖v‖ − |λ|‖v‖.

By using the inequality (11) we then obtain

‖(λI − T )u‖ ≥ [(1 − ε)(γ(T ) − 2|λ|) − |λ|]‖v‖
≥ [(1 − ε)(γ(T ) − 2|λ|) − |λ|]‖u − z‖
≥ [(1 − ε)(γ(T ) − 2|λ|) − |λ|] · dist(u, ker(λI − T )).

From the last inequality it easily follows that

γ(λI − T ) ≥ (1 − ε)(γ(T ) − 2|λ|) − |λ|,
and since ε is arbitrary we conclude that γ(λI − T ) ≥ γ(T ) − 3|λ|.

In the following result we show that the subspaces C(λI−T ) are constant
as λ ranges through a component Ω of ρse(T ). Note that C(λI − T ) =
K(λI − T ) = (λI − T )∞(X) for all λ ∈ ρse(T ).
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Theorem 1.36. Let T ∈ L(X), X a Banach space, and consider a
connected component Ω of ρse(T ). If λ0 ∈ Ω then C(λI − T ) = C(λ0I −
T ) for every λ ∈ Ω.

Proof Observe first that by the first part of the proof of Theorem 1.31 we
have C(T ) ⊆ C(δI − T ) for every |δ| < γ(T ). Now, take |δ| < 1

4γ(T ) and
define S := δI − T . By Lemma 1.35 we obtain

γ(S) = γ(δI − T ) ≥ γ(T ) − 3|δ| > |δ|
and hence, again by the observation above,

C(δI − T ) = C(S) ⊆ C(δI − S) = C(T ).

From this it follows that C(δI − T ) = C(T ) for δ sufficiently small.
Consider now two arbitrary points λ, µ ∈ Ω. Then λI − T = (λ− µ)I −

(T −µI) and the previous argument shows that if we choice λ, µ sufficiently
close to each other then

C(λI − T ) = C((λ − µ)I − (T − µI)) = C(µI − T ).

Finally, the next standard compactness argument shows that C(λI − T ) =
C(µI − T ) for all λ, µ ∈ Ω.

Join a fixed point λ0 ∈ Ω with an arbitrary point λ1 ∈ Ω by a polygonal
line P ⊂ Ω and associate with each µ ∈ P a disc in which C(µI − T ) is
constant. By the classical Heine–Borel theorem already finitely many of
these discs cover P , so C(λ0I − T ) = C(λ1I − T ). Hence the subspaces
C(λI − T ) are constant on Ω.

Lemma 1.37. Let X be a Banach space and suppose that T ∈ L(X)
has a closed range. Let Y be a (not necessarily closed) subspace of X. If
Y + ker (T ) is closed then T (Y ) is closed.

Proof Let us denote by x the equivalence class x + ker T in the quotient
space X/ker T and by T : X/ker T → X the canonical injection defined by
T (x) := Tx, where x ∈ x. Since T (X) is closed T has a bounded inverse

T
−1

: T (X) → X/ker T . Let Y := {y : y ∈ Y }. Clearly T (Y ) = T (Y ) is the

inverse image of Y under the continuous map T
−1

, so T (Y ) is closed if Y is
closed .

It remains to show that Y is closed if Y + ker T is closed. Suppose
that the sequence (xn) of Y converges to x ∈ X/ker T . This implies that
there exists a sequence (xn) with xn ∈ xn such that dist (xn − x, ker (T )),
the distance of xn − x to ker T , converges to zero, and so there exists a
sequence (zn) ⊂ ker T such that xn − x − zn → 0. Then the sequence
(xn − zn) ⊂ Y + ker T converges to x and since by assumption Y + ker T is
closed, we have x ∈ Y + ker T . This implies x ∈ Y ; thus Y is closed .

The next result shows that the semi-regularity of an operator may be
characterized in terms of the continuity of certain maps.
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Theorem 1.38. For a bounded operator T on a Banach space X and
λ0 ∈ C, the following statements are equivalent:

(i) λ0I − T is semi-regular;

(ii) γ(λ0I −T ) > 0 and the mapping λ → γ(λI −T ) is continuous at the
point λ0;

(iii) γ(λ0I − T ) > 0 and the mapping λ → ker (λI − T ) is continuous at
λ0 in the gap metric;

(iv) The range (λI − T )(X) is closed in a neighborhood of λ0 and the
mapping λ → (λI − T )(X) is continuous at λ0 in the gap metric.

Proof There is no loss of generality if we assume that λ0 = 0.

(i) ⇒ (ii) By assumption T is semi-regular and hence has closed range,
so that γ(T ) > 0. Moreover, for every |λ| < γ(T ), the operator λI − T is
semi-regular, by Theorem 1.31. Consider |λ| < γ(T ) and |µ| < γ(T ). Then
by Lemma 1.35 we have

|γ(λI − T ) − γ(µI − T )| ≤ 3|λ − µ|,
and this obviously implies the continuity of the mapping λ → γ(λI − T ) at
the point 0.

(ii) ⇒ (iii) The continuity of the mapping λ → γ(λI − T ) at 0 ensures
that there exists a neighborhood U of 0 such that

γ(λI − T ) ≥ γ(T )

2
for all λ ∈ U .

From Lemma 1.33 we infer that

δ̂(ker (µI − T ), ker (λI − T )) ≤ 2

γ(T )
|λ − µ| for all λ, µ ∈ U ,

and in particular that

δ̂(kerT, ker (λI − T )) ≤ 2

γ(T )
|λ| for all λ ∈ U .

From this estimate we conclude that ker (λI−T )) converges in the gap metric
to ker T , as λ → 0. Hence the mapping λ → ker (λI −T ) is continuous at 0.

(iii) ⇒ (i) It is clear that ker (λI − T ) ⊆ Tn(X) for every n. For every
x ∈ ker T , n ∈ N, and λ �= 0 we then have

dist (x, Tn(X)) ≤ dist(x, ker (λI − T )) ≤ δ(kerT, ker (λI − T )) · ‖x‖.
From this estimate we deduce that

dist (x, Tn(X)) ≤ δ̂(kerT, ker (λI − T )) · ‖x‖.
The continuity at 0 of the mapping λ → ker (λI − T ) then implies that

x ∈ Tn(X) for every n. Hence ker T ⊆ Tn(X) for every n = 1, · · · .
To establish the semi-regularity of T it suffices to prove that Tn(X) is

closed for n ∈ N. We proceed by induction.
The case n = 1 is obvious, from the assumption. Assume that Tn(X) is
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closed. Then ker T ⊆ Tn(X) = Tn(X) and hence kerT + Tn(X) = Tn(X)
is closed. By Lemma 1.37 we then conclude that T (Tn(X)) = Tn+1(X) is
closed. Hence (i), (ii) and (iii) are equivalent.

(i) ⇒ (iv) If T is semi-regular and D(0, γ(T )) is the open disc centered
at 0 with radius γ(T ) then (λI − T ) is semi-regular for all λ ∈ D(0, γ(T )),
by Theorem 1.31. In particular, (λI − T )(X) is closed and this implies that
ker (λI − T ⋆)⊥ = (λI − T )(X) for all λ ∈ D(0, γ(T )).

Now, T ⋆ is semi-regular by Theorem 1.19, and, by the first part of the
proof, this is equivalent to the continuity at 0 of the mapping

λ → ker (λI − T ⋆) = (λI − T )(X)⊥.

But from Remark 1.32 we know that

δ̂(T (X)⊥, (λI − T )(X)⊥) = δ̂(T (X), (λI − T )(X)),

and consequently the mapping λ → (λI − T )(X) is continuous at 0.

(iv) ⇒ (iii) Let U a neighborhood of 0 such that (λI − T )(X) is closed
for every λ ∈ U . Then γ(T ) > 0. Again, from Remark 1.32 we infer that

δ̂(kerT ⋆, ker (λI − T ⋆)) = δ̂(⊥ker T ⋆,⊥ ker (λI − T ⋆))

= δ̂(T (X), (λI − T )(X)),

and hence the mapping λ → γ(λI − T ⋆) = γ(λI − T ) is continuous at 0.

Theorem 1.39. Suppose that λ0I − T ∈ L(X), X a Banach space, is
semi-regular and Ω the component of ρse(T ) containing λ0. If (λn)n∈�+

is a
sequence of distinct points of Ω which converges to λ0, then

(12) K(T ) =
∞⋂

n=0

(λnI − T )(X) =
∞⋂

n=1

(λnI − T )(X).

Proof We show first the second equality in (12). Trivially, the inclusion⋂∞
n=0(λnI − T )(X) ⊆ ⋂∞

n=1(λnI − T )(X) hold for every T ∈ L(X).
To show the opposite inclusion, suppose that x ∈ ⋂∞

n=1(λnI − T )(X).
Then

dist (x, (λ0I − T )(X)) ≤ δ̂((λnI − T )(X), (λ0I − T )(X)) · ‖x‖
for every n ∈ N. Because λn → λ0, from Theorem 1.38 it follows that
x ∈ (λ0I − T )(X) = (λ0I − T )(X). Therefore the equality

(13)
∞⋂

n=0

(λnI − T )(X) =
∞⋂

n=1

(λnI − T )(X)

is proved.
By Theorem 1.36 we now have

K(λ0I − T ) = K(λnI − T ) ⊆ (λnI − T )(X), n ∈ N.

Hence
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K(λ0I − T ) ⊆
∞⋂

n=1

(λnI − T )(X).

Conversely, assume that x ∈ ⋂∞
n=1(λnI−T )(X). From the equality (13)

we know that x ∈ (λ0I − T )(X) so that there exists an element u ∈ X
such that x = (λ0I − T )u. Write x = (λnI − T )u + (λ0 − λn)u, where
n ∈ N. Since x ∈ (λnI − T )(X) for every n ∈ N then (λ0 − λn)u belongs to⋂∞

n=1(λnI − T )(X). Now, by assumption, λn �= λ0 for every n ∈ N, so that
u ∈ ⋂∞

n=1(λnI − T )(X). This shows that

x = (λ0I − T )u ∈ (λ0I − T )(
∞⋂

n=1

(λnI − T )(X)),

and therefore the inclusion
∞⋂

n=1

(λnI − T )(X) ⊆ (λ0I − T )(
∞⋂

n=1

(λnI − T )(X)).

is proved. The opposite inclusion is clearly satisfied. By Theorem 1.22 we
then conclude that

∞⋂

n=1

(λnI − T )(X) ⊆ K(λ0I − T );

which concludes the proof.

5. The generalized Kato decomposition

In this section we introduce an important property of decomposition for
bounded operators which involves the concept of semi-regularity.

Definition 1.40. An operator T ∈ L(X), X a Banach space, is said
to admit a generalized Kato decomposition, abbreviated as GKD, if there
exists a pair of T -invariant closed subspaces (M, N) such that X = M ⊕N ,
the restriction T |M is semi-regular and T |N is quasi-nilpotent.

Clearly, every semi-regular operator has a GKD M = X and N = {0}
and a quasi-nilpotent operator has a GKD M = {0} and N = X.

A relevant case is obtained if we assume in the definition above that
T |N is nilpotent, there exists d ∈ N for which (T |N)d = 0. In this case T is
said to be of Kato type of operator of order d.
An operator is said to be essentially semi-regular if it admits a GKD (M, N)
such that N is finite-dimensional. Note that if T is essentially semi-regular
then T |N is nilpotent, since every quasi-nilpotent operator on a finite di-
mensional space is nilpotent.

Hence we have the following implications:

T semi-regular ⇒ T essentially semi-regular ⇒ T of Kato type

⇒ T admits a GKD.
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Some of the properties already observed for semi-regular operators may
be extended to operators which admit a GKD.

Theorem 1.41. Suppose that (M, N) is a GKD for T ∈ L(X). Then
we have:

(i) K(T ) = K(T |M) and K(T ) is closed;

(ii) kerT |M = kerT ∩ M = K(T ) ∩ ker T .

Proof (i) To prove the equality K(T ) = K(T |M), we need only to show
that K(T ) ⊆ M . Let x ∈ K(T ) and, according the definition of K(T ), let
(un), n ∈ Z+, be a sequence of X and δ > 0 such that

x = u0, Tun+1 = un, and ‖un‖ ≤ δn‖x‖ for all n ∈ N.

Clearly Tnun = x for all n ∈ N. From the decomposition X = M ⊕ N
we know that x = y + z, un = yn + zn, with y, yn ∈ M and z, zn ∈ N . Then
x = Tnun = Tnyn + Tnzn, hence, by the uniqueness of the decomposition,
y = Tnyn and z = Tnzn for all n. Let P denote the projection of X onto N
along M . From the estimate

‖((T |N)P )n‖1/n ≤ ‖(T |N)n‖1/n‖Pn‖1/n = ‖(T |N)n‖1/n‖P‖1/n,

we infer that also (T |N)P is quasi-nilpotent, since, by assumption, T |N is
quasi-nilpotent. Therefore, if ε > 0, there is a positive integer n0 such that
‖(TP )n‖1/n = ‖((T |N)P )n‖1/n < ε for all n > n0. Now we have

(14) ‖z‖ = ‖Tnzn‖ = ‖TnPun‖ = ‖(TP )nun‖ ≤ εnδn‖x‖,
for all n > no. Since ε is arbitrary the last term of (14) converges at 0, so
z = 0 and this implies that x = y ∈ M .

The last assertion is a consequence of Theorem 1.24, since the restriction
T |M is semi-regular.

(ii) This equality is a consequence of (i). Indeed, K(T ) ⊆ M and, since
T |M is semi-regular, from Theorem 1.10 and part (i) we infer that

ker (T |M) ⊆ (T |M)∞(M) = K(T |M) = K(T ).

From this we conclude that

K(T ) ∩ ker T = K(T ) ∩ M ∩ ker T = K(T ) ∩ ker (T |M) = ker (T |M),

so part (ii) also is proved.

The property that the hyper-range and the analytical core coincide for
every semi-regular operator may be extended to the more general situation
of operators of Kato type.

Theorem 1.42. Let T ∈ L(X), X a Banach space, and assume that T
is of Kato type of order d with a GKD (M, N). Then:

(i) K(T ) = T∞(X);

(ii) ker (T |M) = kerT∩T∞(X) = kerT∩Tn(X) for every natural n ≥ d;
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(iii) We have T (X) + kerTn = T (M) ⊕ N for every natural n ≥ d.
Moreover, T (X) + ker Tn is closed in X.

Proof (i) We have (T |N)d = 0. For n ≥ d we have

(15) Tn(X) = Tn(M) ⊕ Tn(N) = Tn(M)

and consequently T∞(X) = (T |M)∞(M). By Theorem 1.24 the semi-
regularity of T |M gives (T |M)∞(M) = K(T |M) and the last set, by Theo-
rem 1.41, coincides with K(T ).

(ii) Let n ≥ d. Clearly, Tn(X) = Tn(M). From the equalities (15) and
part (ii) of Theorem 1.41 we obtain

ker (T |M) = kerT ∩ K(T ) ⊆ ker T ∩ Tn(X) = kerT ∩ Tn(M)

⊆ ker T ∩ M = ker (T |M).

Hence for all n ≥ d, ker (T |M) = kerT ∩ Tn(X).

(iii) It is obvious that if n ≥ d then N ⊆ ker Tn, so T (M) ⊕ N ⊆
T (X) + kerTn. Conversely, if n ≥ d then

ker Tn = ker (T |M)n ⊕ ker (T |N)n = ker (T |M)n ⊕ N

and from the semi-regularity of T |M it follows that kerTn ⊆ T (M) ⊕ N .
Since T (X) = T (M)⊕T (N) ⊆ T (M)⊕N we then conclude that T (X)+

ker Tn ⊆ T (M) ⊕ N . Hence T (X) + kerTn = T (M) ⊕ N .
To complete the proof we show that T (M) ⊕ N is closed. Let M × N

be provided with the canonical norm

‖(x, y)‖ := ‖x‖ + ‖y‖ (x ∈ M, y ∈ N),

Clearly, M × N with respect to this norm is complete. Let Ψ : M × N →
M ⊕ N = X denote the topological isomorphism defined by

Ψ(x, y) := x + y for every x ∈ M, y ∈ N.

We have Ψ(T (M), N) = T (M)⊕N and hence, since (T (M), N) is closed in
M × N , the subspace T (M) ⊕ N is closed in X.

Note that the equality K(T ) = T∞(X) need not be verified if we assume
only that T admits a GKD. In fact, as we will see later, for every quasi-
nilpotent operator we have K(T ) = {0}, whilst there are examples of quasi-
nilpotent operators for which T∞(X) �= {0}, see Example 2.80.

Theorem 1.43. Assume that T ∈ L(X), X a Banach space, admits a
GKD (M, N). Then (N⊥, M⊥) is a GKD for T ⋆. Furthermore, if T is of
Kato type then T ⋆ is of Kato type .

Proof Suppose that T has a GKD (M, N). Clearly both subspaces N⊥

and M⊥ are invariant under T ⋆. Let PM denote the projection of X onto M
along N . Trivially, PM

⋆ is idempotent and from the equalities M = PM (X),
N = ker PM we obtain that

PM
⋆(X⋆) = (kerPM )⊥ = N⊥ and kerPM

⋆ = [PM (X)]⊥ = M⊥.
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Hence

X⋆ = PM
⋆(X⋆) ⊕ ker PM

⋆ = N⊥ ⊕ M⊥.

Now, if PN := I−PM then TPN = PNT is quasi-nilpotent and therefore
also T ⋆PN

⋆ = PN
⋆T ⋆ is quasi-nilpotent, from which we conclude that the

restriction T ⋆|M⊥ is quasi-nilpotent.
To end the proof of the first assertion we need only to show that T ⋆|N⊥

is semi-regular, that is T ⋆(N⊥) is closed and ker (T ⋆|N⊥)n ⊆ T ⋆(N⊥) for
all positive integer n ∈ N.

From assumption T (M) = TPM (X) is closed, and therefore, by Theorem
1.13, (PM

⋆T ⋆)(X⋆) is closed. From the equality T ⋆PM
⋆ = PM

⋆T ⋆ it then
follows that

(TPM )⋆(X⋆) = (T ⋆PM
⋆)(X⋆) = T ⋆(N⊥)

is closed. Furthermore, for all n ∈ N we have

ker (T ⋆|N⊥)n = ker (T ⋆)n ∩ N⊥ = Tn(X)⊥ ∩ N⊥ = [Tn(X) + N ]⊥ .

From the equalities

ker (TPM ) = kerT |M + N ⊆ Tn(M) + N ⊆ Tn(X) + N ,

we then conclude that

ker (T ⋆|N⊥)n = [Tn(X) + N ]⊥ ⊆ [ker (TPM ]⊥ = T ⋆PM
⋆(X⋆) = T ⋆(N⊥)

for all n ∈ N, thus T ⋆|N⊥ is semi-regular. This shows that if T has a GKD
(M, N) then T ⋆ has the GKD (N⊥, M⊥). Evidently, if additionally T |N is
nilpotent then T |M⊥ is nilpotent, so that T ⋆ is of Kato type.

Theorem 1.44. Suppose that T ∈ L(X), X a Banach space, is of Kato
type. Then there exists an open disc D(0, ε) for which λI−T is semi-regular
for all λ ∈ D(0, ε) \ {0}.
Proof Let (M, N) be a GKD for T such that T |N is nilpotent.

First we show that (λI − T )(X) is closed for all 0 < |λ| < γ(T |M),
where γ(T |M) denotes the minimal modulus of T |M . From the nilpotency
of T |N we know that the restriction λI − T |N is bijective for every λ �= 0,
thus N = (λI − T )(N) for every λ �= 0, and therefore

(λI − T )(X) = (λI − T )(M) ⊕ (λI − T )(N) = (λI − T )(M) ⊕ N

for every λ �= 0. By assumption T |M is semi-regular, so by Theorem 1.31
(λI − T )|M is semi-regular for every |λ| < γ(T |M), and hence for these
values of λ (λI − T )(M) is a closed subspace of M .

We show now that (λI − T )(X) is closed for every 0 < |λ| < γ(T |M).
Consider the Banach space M × N provided with the canonical norm

‖(x, y)‖ := ‖x‖ + ‖y‖, x ∈ M, y ∈ N,

and let Ψ : M × N → M ⊕ N = X denote the topological isomorphism
defined by Ψ(x, y) := x + y for every x ∈ M and y ∈ N . Then for every
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0 < |λ| < γ(T |M) the set

Ψ[(λI − T )(M) × N ] = (λI − T )(M) ⊕ N = (λI − T )(X)

is closed since the product (λI − T )(M) × N is closed in M × N .
We show now that there exists an open disc D(0, ε) such that

N∞(λI − T ) ⊆ (λI − T )∞(X) for all λ ∈ D(0, ε) \ {0}.
Since T is of Kato type, the hyper-range is closed and coincides with K(T ),
by Theorem 1.41 and Theorem 1.42. Consequently T (T∞(X)) = T∞(X).
Let T0 := T |T∞(X). The operator T0 is onto and hence, by part (ii) of
Lemma 1.30, also λI − T0 is onto for all |λ| < γ(T0). Therefore (λI −
T )(T∞(X)) = T∞(X) for |λ| < γ(T0), and hence, since by Theorem 1.22
the hyper-range T∞(X) is closed, we infer that

T∞(X) ⊆ K(λI − T ) ⊆ (λI − T )∞(X) for all |λ| < γ(T0).

From Theorem 1.3, part (ii) we then conclude that

(16) N∞(λI − T ) ⊆ T∞(X) ⊆ (λI − T )∞(X) for all 0 < |λ| < γ(T0).

The inclusions (16), together with (λI−T )(X) being closed for all 0 < |λ| <
γ(T |M), then imply the semi-regularity of λI − T for all 0 < |λ| < ε, where
ε := min {γ(T0), γ(T |M)}.

For every bounded operator T ∈ L(X), X a Banach space, let us denote
by

σk(T ) := {λ ∈ C : λI − T s not of Kato type}
the Kato type of spectrum, and by

σes(T ) := {λ ∈ C : λI − T is not essentially semi-regular}
the essentially semi-regular spectrum. The spectrum σes(T ) is an essential
version of the semi-regular spectrum σse(T ) and, as we shall see, is very
closely related to the semi-Fredholm spectra which will be studied later.
Evidently

σk(T ) ⊆ σes(T ) ⊆ σse(T ).

As a straightforward consequence of Theorem 1.44 we easily obtain that
these spectra differ of at most countably many points.

Corollary 1.45. If T ∈ L(X), X a Banach space, then σk(T ) and
σes(T ) are compact subsets of C. Moreover, the sets σse(T ) \ σk(T ) and
σes(T ) \ σk(T ) consist of at most countably many isolated points.

Proof Clearly ρk(T ) := C \ σk(T ) and ρse(T ) := C \ σse(T ) are open,
by Theorem 1.44, so ρk(T ) and σse(T ) are compact. Furthermore, if λ0 ∈
σse(T )\σk(T ) then λI−T is semi-regular as λ belongs to a suitable punctured
disc centered at λ0. Hence λo is an isolated point of σse(T ). From this it
follows that σse(T ) \ σk(T ) consists of at most countably many isolated
points.
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If M1 and M2 are subspaces of X then we shall say that M1 is essen-
tially contained in M2, shortly M1 ⊂e M2 if there exists a finite-dimensional
subspace F of X for which M1 ⊆ M2 + F . Obviously

M1 ⊂e M2 ⇔ dim M1/(M1 ∩ M2) < ∞.

Lemma 1.46. Let T ∈ L(X), X a Banach space, be an operator with
closed range. Suppose that for every n ∈ N there is a finite-dimensional
subspace Fn ⊆ ker T such that ker T ⊆ Tn(X) + Fn. Then Tn(X) is closed
for all n ∈ N.

Proof We proceed by induction on n. For n = 1 the statement is true, by
assumption. Suppose that Tn(X) = Tn(X). To show that Tn+1(X) is closed

let y ∈ Tn+1(X) be arbitrarily given. Then there is a sequence (xj) ⊂ X
such that Tn+1xj → y as j → ∞. From the inclusion Tn+1(X) ⊆ Tn(X)

we infer that y ∈ Tn(X) = Tn(X), so we can find some x ∈ X for which
y = Tnx. Thus T (Tnxj − Tn−1x) → 0 as j → ∞.

Consider the canonical injection T̃ : X̃ := X/ker T → X induced by T .

The operator T̃ is bounded below because it is injective and has range equal
to T (X). Furthermore, T̃ (Tnxj − Tn−1x + kerT ) → 0 as j → 0, so that

in the quotient space X̃ the sequence (ũn)n∈�, whose terms are defined by
ũn := Tnxj − Tn−1x + kerT , converges to 0 as j → 0. Hence there exists a
sequence (zj)j∈� ∈ ker T such that Tnxj + zj → Tn−1x as j → ∞ . Since
zj ∈ ker T ⊆ Tn(X) + Fn and Tn(X) + Fn is closed it follows that

Tn−1x = Tnu + f for some u ∈ X and f ∈ Fn ⊆ ker T.

Therefore y = Tnx = Tn+1u ∈ Tn+1(X), so Tn+1(X) is closed.

Lemma 1.47. Let T ∈ L(X), X a Banach space. Suppose that either
of the two following conditions hold:

(i) N∞(T ) ⊂e T∞(X);

(ii) N∞(T ) ⊂e T (X).
Then for every n, m ∈ N we have ker Tn ⊂e Tm(X).

Proof Suppose that the inclusion (i) holds, namely, there is a finite-
dimensional space F for which N∞(T ) ⊆ T∞(X) + F . Since kerTn ⊆
N∞(T ) and Tm(X) ⊇ T∞(X), for all n, m ∈ N, we easily obtain that
ker Tn ⊆ Tm(X) + F , for every n, m ∈ N.

Assume that the inclusion (ii) is fulfilled. Here we proceed by induction
on m. The statement is immediate for m = 1. Suppose that the inclusions
ker Tn ⊆ T j(X) + Fn,j hold for every n and every j ≤ m − 1, where Fn,j is
finite-dimensional and Fn,j ⊆ kerTn . Then

ker Tn+1 ⊆ Tm−1(X) + Fn+1,m−1

and hence

T (kerTn+1) ⊆ Tm(X) + T (Fn+1,m−1).
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Moreover, T (ker Tn+1) = ker Tn ∩ T (X) and ker Tn ⊆ T (X) + Fn,1, where
Fn,1 ⊆ ker Tn. Consequently

ker Tn ⊆ [T (X) ∩ ker Tn] + Fn,1 = T (ker Tn+1) + Fn,1

⊆ Tm(X) + T (Fn+1,m−1) + Fn,1 = Tm(X) + Fn,m,

where Fn,m ⊆ T (Fn+1,m) + Fn,1 ⊆ ker Tn is finite-dimensional. Hence the
assertion is true also for n, thus the proof is complete.

The following result shows that T is essentially semi-regular when T (X)
is closed and the inclusions of Theorem 1.5 and Corollary 1.6 hold in the
essential sense.

Theorem 1.48. Let T be a bounded operator on a Banach space X.
Then the following conditions are equivalent:

(i) T is essentially semi-regular;

(ii) N∞(T ) ⊂e T∞(X) and T (X) is closed;

(iii) N∞(T ) ⊂e T (X) and T (X) is closed;

(iv) kerT ⊂e T∞(X) and T (X) is closed.

Proof (i) ⇒ (ii) Note first that if T is essentially semi-regular then T (X) is
closed. Indeed, if (M, N) is a GKD for T for which N is finite-dimensional
then T (X) = T (M)⊕T (N). But T (M) is closed, since T |M is semi-regular,
and T (N) is finite-dimensional, so the sum T (X) is closed.

Now, as already observed in the proof of part (i) of Theorem 1.42,
we have T∞(X) = (T |M)∞(M). The semi-regularity of T |M yields that
ker (T |M)n ⊆ (T |M)∞(M) = T∞(X) for every n ∈ N. By assumption there
is d ∈ N such that (T |N)d = 0 and hence for every natural n ≥ d we obtain

ker Tn = ker (T |M)n ⊕ N ⊆ T∞(X) ⊕ N.

This shows that N∞(T ) ⊂e T∞(X), because N is finite-dimensional.
The implications (ii) ⇒ (iii) and (ii) ⇒ (iv) are clear, since T∞(X) ⊆

T (X) and kerT ⊆ N∞(T ).

(iii) ⇒ (i) By Lemma 1.47, for all n, m ∈ N there exist some finite-
dimensional subspaces Fn,m ⊆ ker Tn such that kerTn ⊆ Tm(X) + Fn,m

and hence kerTn ⊂e Tm(X). Note that by Lemma 1.46 Tn(X) is closed for
every n ∈ N.

To show that T is essentially semi-regular, observe first that if kerTn ⊆
T∞(X) for all n ∈ N then T is semi-regular since T (X) is closed, and hence
essentially semi-regular. Therefore to prove the assertion (i) we may only to
consider the case that ker Tn is not contained in T∞(X) for some n. Let n
be exactly the smallest natural with this property. Let Y1 denote a subspace
of X such that

ker T = Y1 ⊕ [kerT ∩ Tn(X)].

If k is the dimension of Y1 then k ≥ 1. Since Y1 ⊆ ker T ⊆ Tn−1(X) we can
find a subspace Yn having dimension k and such that Tn−1(Yn) = Y1.
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Let Yj := Tn−j(Yn) for every j = 1, 2, · · · , n. Clearly, for all j we have

Yj ⊆ Tn−j(X) and Yj ∩ Tn−j+1(X) = {0}.
From this it follows that the subspaces Y1, Y2, · · · , Yn and Tn(X) are lin-
early independent in the following sense: if x + y1 + · · · + yn = 0, yj ∈ Yj ,
1 ≤ j ≤ n and x ∈ Tn(X) then x = y1 = · · · = yn = 0.

Consider a basis {e1, · · · , ek} in Y1. Since e1, · · · , ek are linearly in-
dependent modulo Tn(X) + Y2 + · · · + Yn, we can find linear functionals
f1, · · · , fk ∈ [Tn(X) + Y2 + · · ·Yn]⊥ for which fi(ej) = δji, 1 ≤ j, i ≤ k. Set

M1 :=
n−1∨

i=0

k⋃

j=1

ker (T ⋆ifj) and N1 :=
n⋃

j=1

Yj .

Clearly N1 is T -invariant, finite-dimensional and (T |N1)
n = 0. Furthermore,

if x ∈ M1 is arbitrarily given then

(T ⋆ifj)(Tx) = (T ⋆i+1fj)(x) = 0 for 0 ≤ j ≤ n − 2 .

and (T ⋆n−1fj)(Tx) = fj(T
nx) = 0, thus T (M1) ⊆ M1.

Now choose z1, z2, · · · , zk ∈ Yn such that xj = Tn−1zj , where 1 ≤ j ≤ k.
Then the set

{T izj : 0 ≤ i ≤ n − 1, 1 ≤ j ≤ k}
forms a basis of N1. Moreover, these elements together with the elements

{T ⋆ifj : 0 ≤ i ≤ n − 1, 1 ≤ j ≤ k}
form a bi-orthogonal system. From this it easily follows that X = M1 ⊕N1.
Set T1 := T |M1 and T2 := T |N1. Of course we have ker T = kerT1⊕N1 and
T∞(X) = T1

∞(X).
From the inclusion N∞(T ) ⊂e T (X) we know that

dim
N∞(T )

N∞(T ) ∩ T∞(X)
= r < ∞ ,

thus

dim
N∞(T2)

N∞(T2) ∩ T2(X)
= r − dim

N∞(T1)

N∞(T1) ∩ T1
∞(X)

= r − dim
N1∨n−1

j=1 Yj

= r − k < r ,

and we can repeat the same construction for T2. After a finite number of
steps we obtain the required a GKD (M, N), with N finite-dimensional and
T nilpotent, so T is essentially semi-regular.

(iv) ⇒ (i) Again, by Lemma 1.47 there exist, for every n, m ∈ N, finite-
dimensional subspaces Fn,m ⊆ ker Tn such that kerTn ⊆ Tm(X) + Fn,m,
hence ker Tn ⊂e Tm(X). Repeating the same construction as above we find



32 1. THE KATO DECOMPOSITION PROPERTY

two closed T -invariant subspaces M1, N1 such that X = M1 ⊕ N1 and such
T2 := T |N1 nilpotent. Set, as above, T1 := T |M1. By assumption

dim
ker T

ker T ∩ T∞(X)
< ∞ ,

and hence

dim
ker T2

ker T2 ∩ T2(X)
= dim

ker T

ker T ∩ T∞(X)
− k

< dim
ker T

ker T ∩ T∞(X)
< ∞.

As above, after a finite number of steps we obtain the desired decomposition,
thus T is essentially semi-regular.

Corollary 1.49. If T ∈ L(X), X a Banach space, then T is essentially
semi-regular if and only if T ⋆ is essentially semi-regular.

Proof If T is essentially semi-regular and (M, N) is a GKD for which T |N
is nilpotent and N is finite-dimensional then, see Theorem 1.43, T ⋆|M⊥ is
nilpotent and dim M⊥ = codim M = dim N < ∞, so T ⋆ is essentially
semi-regular.

Conversely, if T ⋆ is essentially semi-regular then T ⋆(X⋆) and T ⋆n(X⋆)
are closed for every n ∈ N and therefore also T (X) and Tn(X) are closed,
by part (ii) of Theorem 1.13. Moreover, T ⋆⋆ is essentially semi-regular, by
the first part of the proof, so kerT ⋆⋆ ⊂e (T ⋆⋆)∞(X⋆⋆). From the equalities
ker T = kerT ⋆⋆ ∩ X and Tn(X) = (T ⋆⋆)n(X⋆⋆) ∩ X we then conclude that
T∞(X) = (T ⋆⋆)∞(X⋆⋆) ∩ X and hence kerT ⊂e T∞(X).

Theorem 1.50. Suppose that T and S are commuting bounded operators
on the Banach space X for which TS is essentially semi-regular. Then both
T and S are essentially semi-regular.

Proof We show that T is essentially semi-regular. Clearly

kerT ⊆ ker TS ⊂e (TS)∞(X) ⊆ T∞(X).

It remains only to prove that T (X) is closed. By assumption we know
that there exists a finite-dimensional subspace F such that kerTS ⊆ (TS)(X)+
F . By Corollary 1.15 it suffices to prove that T (X) + F is closed. Let (xn),
(yn) be two sequences of X for which Txn + yn → x as n → ∞. Then
STxn+Syn → Sx. Clearly (TS)(X)+S(F ) is closed, since ST is essentially
semi-regular and S(F ) is finite-dimensional, so that Sx ∈ (TS)(X) + S(F ).
Hence Sx = TSz + Sy for some z ∈ X and y ∈ F , and consequently

Tz + y − x ∈ ker S ⊆ ker TS ⊆ (TS)(X) + F ⊆ T (X) + F.

Hence x ∈ T (X) + F and therefore T (X) + F is closed.
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Corollary 1.51. If T ∈ L(X), X a Banach space, and n ∈ N then T is
essentially semi-regular if and only if Tn is essentially semi-regular.

Proof Suppose that T is essentially semi-regular. If (M, N) is a GKD for
which T |N is nilpotent and N is finite-dimensional, then the same decompo-
sition satisfies all required conditions for Tn. Conversely, if Tn is essentially
semi-regular , from Theorem 1.50 we easily conclude that T is essentially
semi-regular.

6. Semi-Fredholm operators

We now introduce some important classes of operators in Fredholm the-
ory. Let X and Y are Banach spaces. In the sequel, for every bounded
operator T ∈ L(X, Y ), we shall denote by α(T ) the nullity of T , defined
as α(T ) := dim ker T , whilst the deficiency β(T ) of T is defined β(T ) :=
codim T (X).

Definition 1.52. Given two Banach spaces X and Y , the set of all
upper semi-Fredholm operators is defined by

Φ+(X, Y ) := {T ∈ L(X, Y ) : α(T ) < ∞ and T (X) closed},
whilst the set of all lower semi-Fredholm operators is defined by

Φ−(X, Y ) := {T ∈ L(X, Y ) : β(T ) < ∞}.
The set of all semi-Fredholm operators is defined by

Φ±(X, Y ) := Φ+(X, Y ) ∪ Φ−(X, Y ).

The class Φ(X, Y ) of all Fredholm operators is defined by

Φ(X, Y ) = Φ+(X, Y ) ∩ Φ−(X, Y ).

We shall set

Φ+(X) := Φ+(X, X) and Φ−(X) := Φ−(X, X),

whist

Φ(X) := Φ(X, X) and Φ±(X) := Φ±(X, X).

Note that T ∈ L(X, Y ) if and only if α(T ) and β(T ) are both finite.
The following theorem establishes an important characterization of Fred-

holm operators.

Theorem 1.53. (Atkinson characterization of Fredholm operators) If
T ∈ L(X, Y ) then T ∈ Φ(X, Y ) if and only there exist U1, U2 ∈ L(Y, X) and
finite-dimensional operators K1 ∈ F (X), K2 ∈ F (Y ) such that

U1T = IX − K1 and TU2 = IY − K2.

In particular, T ∈ Φ(X) if and only if T is invertible in L(X) modulo the
ideal of finite-dimensional operators F (X).
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For a proof of this classical result we refer to Proposition 25.2 and Propo-
sition 51.6 of Heuser [159] in the case X = Y , or to Theorem 2.1 of Schechter
[287] for the more general case. It should be noted that in the characteriza-
tion above the ideal F (X) may be replaced by the ideal K(X) of all compact
operators, see also Chapter 5.

The index of a semi-Fredholm operator T ∈ Φ±(X, Y ) is defined by

ind T := α(T ) − β(T ).

Clearly, ind T is an integer or ±∞.

Remark 1.54. We shall make frequent use of the following basic and well
known properties of the classes of semi-Fredholm operators.

(a) If T ∈ Φ±(X, Y ) then T (X) is closed, see Corollary 1.15.

(b) Upper and lower semi-Fredholm operators are dual each other,

T ∈ Φ+(X, Y ) ⇔ T ⋆ ∈ Φ−(Y ⋆, X⋆),

and

T ∈ Φ−(X, Y ) ⇔ T ⋆ ∈ Φ+(Y ⋆, X⋆).

Moreover,

α(T ) = β(T ⋆) and β(T ) = α(T ⋆),

see Caradus, Pfaffenberger and Yood [76, §1.3, p.8] or Schechter [287, Chap.
V, Theorem 4.1].

(c) If T ∈ Φ+(X, Y ) and S ∈ Φ+(Y, Z), then ST ∈ Φ+(X, Z). Anal-
ogously, if T ∈ Φ−(X, Y ) and S ∈ Φ−(Y, Z) then ST ∈ Φ−(X, Z). In
particular if T ∈ Φ+(X) (respectively, T ∈ Φ−(X) then Tn ∈ Φ+(X) for
every n ∈ N (respectively, Tn ∈ Φ−(X)), see [76, Corollary 1.3.3] and [287,
Chap. V, Theorem 6.6].

Again, if T ∈ L(X, Y ), S ∈ L(Y, Z), and ST ∈ Φ(X, Z) then T ∈
Φ(X, Y ) if and only if S ∈ Φ(Y, Z), see Theorem 13.1 of Lay and Taylor
[217]. From this it follows that if T, S ∈ L(X) and TS ∈ Φ(X), then either
both T and S belong to Φ(X) or neither of T , S belongs to Φ(X).
Analogously, if T ∈ L(X, Y ), S ∈ L(Y, Z), and ST ∈ Φ+(X, Z) (respec-
tively, ST ∈ Φ+ − (X, Z)) then T ∈ Φ+(X, Y ) (respectively, S ∈ Φ−(Y, X)).
The sets Φ+(X), Φ−(X) and Φ(X) are semi-groups in L(X).

(d) Let T ∈ Φ+(X, Y ). Then there exists ε := ε(T ) > 0 such that
S ∈ L(X, Y ) and ‖S‖ < ε implies T + S ∈ Φ+(X, Y ). Moreover,

α(T + S) ≤ α(T ) and ind (T + S) = ind T.

Analogously, if T ∈ Φ−(X, Y ) then there exists ε := ε(T ) > 0 such that
for every S ∈ L(X, Y ) with ‖S‖ < ε we have T + S ∈ Φ−(X, Y ) and

β(T + S) ≤ β(T ) and ind (T + S) = ind T.
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The proof of this important result may be found in Caradus, Pfaffenberger,
and Yood [76, p. 61], Heuser [160, p. 418]) or Schechter [287, Chap. V,
Theorem 6.3 and Theorem 6.8]. From this it follows that Φ+(X, Y ) and
Φ−(X, Y ) are open subsets of L(X, Y ) and the index function

ind : T ∈ Φ±(X) → ind T ∈ Z ∪ {±∞}
is continuous and therefore constant on the connected components of the
open set Φ±(X, Y ). Clearly Φ+(X, Y ), Φ−(X, Y ) and Φ+(X, Y ) are open
subsets of L(X, Y ).

(e) If the perturbation S above is caused by a multiple of the identity we
have the punctured neighbourhood theorem, see Kato [183, Theorem 5.31]: if
T ∈ Φ+(X) then there exists ε > 0 such that λI +T ∈ Φ+(X) and α(λI +T )
is constant on the punctured neighbourhood 0 < |λ| < ε. Moreover,

(17) α(λI + T ) ≤ α(T ) for all |λ| < ε ,

and
ind (λI + T ) = indT for all |λ| < ε.

Analogously, if T ∈ Φ−(X) then there exists ε > 0 such that λI + T ∈
Φ−(X), β(λI +T ) is constant on the punctured neighbourhood 0 < |λ| < ε.
Moreover,

(18) β(λI + T ) ≤ β(T ) for all |λ| < ε,

and
ind (λI + T ) = indT for all |λ| < ε.

(f) If T ∈ Φ+(X, Y ) (respectively, T ∈ Φ−(X, Y )) and K ∈ L(X, Y )
is a finite-dimensional or a compact operator, then T + K ∈ Φ+(X, Y )
(respectively , T + K ∈ Φ−(X, Y )) see Heuser [160, Satz 82.5]. Moreover
ind (T +K) = ind (T ) for every T ∈ Φ±(X, Y ) and K ∈ L(X, Y ) compact.

(g) If X is an infinite-dimensional complex Banach space then λI −
T /∈ Φ(X) for some λ ∈ C. This follows from the classical result that the
spectrum of an arbitrary element of a complex infinite-dimensional Banach
algebra is always non-empty. In fact, by the Atkinson characterization of

Fredholm operators, λI − T /∈ Φ(X) if and only if T̂ := T + K(X) is non-
invertible in the Calkin algebra L(X)/K(X) . An analogous result hold for
semi-Fredholm operators on infinite-dimensional Banach spaces: if X is an
infinite-dimensional Banach space and T ∈ L(X) then λI − T /∈ Φ+(X)
(respectively, λI − T /∈ Φ−(X)) for some λ ∈ C.

Definition 1.55. Let T ∈ Φ±(X), X a Banach space. Let ε > 0 as in
(17) or (18). If T ∈ Φ+(X) the jump j(T ) is defined by

j(T ) := α(T ) − α(λI + T ), 0 < |λ| < ε,

while, if T ∈ Φ−(X), the jump j(T ) is defined by

j(T ) := β(T ) − β(λI + T ), 0 < |λ| < ε.
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Clearly j(T ) ≥ 0 and the continuity of the index ensures that both
definitions of j(T ) coincide whenever T ∈ Φ(X), so j(T ) is unambiguously
defined. An immediate consequence of part (b) and part (e) of Remark 1.54
is that if T ∈ Φ±(X) then j(T ) = j(T ⋆).

In the sequel we shall denote by T∞ the restriction T |T∞(X) of T to
the invariant subspace T∞(X) of a linear space X. Let x̂ := x + T∞(X) be

the coset corresponding to x in the quotient space X̂ := X/T∞(X). If Y

is a subset of X, we set Ŷ := {ŷ : y ∈ Y }. Obviously Ŷ coincides with the
quotient [Y + T∞(X)]/T∞(X).

Let T̂∞ : X̂ → X̂ denote the quotient operator defined by

T̂∞ x̂ := T̂ x, x ∈ X.

It is easily seen that T̂∞ is well defined. In the next lemma we collect some

elementary properties of T̂∞.

Lemma 1.56. Let T be a linear operator on a vector space X, and
assume that α(T ) < ∞ or β(T ) < ∞. Then:

(i) N∞(T̂∞) = N̂∞(T );

(ii) T̂∞
∞

(X̂) = {0̂}.

Proof (i) From Theorem 1.10 we know that T (T∞(X)) = T∞(X). Let

x̂ ∈ ker T̂∞. Then Tx ∈ T∞(X) = T (T∞(X)). Consider an element u ∈
T∞(X) such that Tx = Tu. Clearly x − u ∈ ker T , so x = u + v for some

v ∈ ker T , x ∈ ker T + T∞(X) and hence x̂ ∈ k̂er T + T̂∞(X) = k̂er T . This

shows the inclusion ker T̂∞ ⊆ k̂er T . The opposite inclusion is obvious, so

ker T̂∞ = k̂er T . Similarly ker (T̂∞)n = k̂er Tn for every n ∈ N, and from
this the equality (i) easily follows.

(ii) It is easy to check that T̂∞
n
(X̂) = T̂n(X) for all n ∈ N, and from

we obtain that T̂∞
∞

(X̂) = T̂∞(X) = {0̂}.
Note that if T ∈ Φ±(X) then T∞(X) is closed since Tn ∈ Φ±(X) for

every n ∈ N, by part (c) of Remark 1.54.
The following result reduces properties of semi-Fredholm operators to equiv-
alent properties of Fredholm operators.

Lemma 1.57. Let T ∈ Φ+(X), X a Banach space. Then:

(i) T∞ is a Fredholm operator;

(ii) T̂∞ is an upper semi-Fredholm operator.

Proof (i) Since α(T ) < ∞, from Theorem 1.10 we have β(T∞) = 0,
and from the inclusion kerT∞ ⊆ kerT we conclude that kerT is finite-
dimensional, hence T∞ is a Fredholm operator.
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(ii) From Lemma 1.56 we have ker T̂∞ = k̂er T and hence α(T̂∞) < ∞.

Moreover, it is easy to see that T̂∞(X̂) = T̂ (X) is a closed subspace of X̂,

thus T̂∞ ∈ Φ+(X̂).

The next result gives a characterization of the semi-Fredholm operators
which are semi-regular.

Theorem 1.58. Let T ∈ Φ±(X), X a Banach space. Then j(T ) = 0 if
and only if is semi-regular.

Proof Since T (X) is closed it suffices to show the equivalence

j(T ) = 0 ⇔ N∞(T ) ⊆ T∞(X) .

Assume first T ∈ Φ+(X) and N∞(T ) ⊆ T∞(X). Observe first that

α(λI + T ) = α(λI + T∞) for all λ ∈ C.

For λ = 0 this is clear, since kerT ⊆ N∞(T ) ⊆ T∞(X) implies that kerT =
ker T∞. For λ �= 0 we have, by part (ii) of Theorem 1.3,

kerT ⊆ N∞(λI + T ) ⊆ T∞(X),

so that ker (λI + T = ker (λI + T∞).
Now, from Theorem 1.10 we know that β(T∞) = 0 and hence there

exists ε > 0 such that β(λI +T∞) = 0 for all |λ| < ε, see Lemma 1.30. From
Lemma 1.57 we know that T∞ is Fredholm, so we can assume ε such that

ind (λI + T∞) = ind (T∞) for all|λ| < ε.

Therefore α(λI + T∞) = α(T∞) for all |λ| < ε and hence α(λI + T ) = α(T )
for all |λ| < ε, so that j(T ) = 0.

Conversely, suppose that T ∈ Φ+(X) and j(T ) = 0, namely there exists
ε > 0 such α(λI + T ) is constant for |λ| < ε. Then

α(T∞) ≤ α(T ) = α(λI + T ) = α(λI + T∞) for all 0 < |λ| < ε.

But T∞ is Fredholm by Lemma 1.57, and hence, see Remark 1.54, part (e),
we can choose ε > 0 such that α(λI + T∞) ≤ α(T∞) for all |λ| < ε. This
shows that α(T∞) = α(T ) and consequently, N∞(T ) ⊆ T∞(X).

Consider now the case that T ∈ Φ−(X) and j(T ) = 0. Then T ⋆ ∈
Φ+(X⋆) and j(T ) = j(T ⋆) = 0. From the first part of the proof we deduce
that N∞(T ⋆) ⊆ T ⋆∞(X⋆). From Corollary 1.6 it follows that kerT ⋆n ⊆
T ⋆(X⋆) for all n ∈ N, or equivalently Tn(X)⊥ ⊆ ker T⊥ for all n ∈ N. Since
all these subspaces are closed then Tn(X) ⊇ ker T for all n ∈ N, so by
Corollary 1.6 we conclude that N∞(T ) ⊆ T∞(X).

Now we are interested in the case that N∞(T ) is not contained in
T∞(X). In this case, from Theorem 1.5 there exists a smallest integer
n ∈ N such that

ker Tn−1 ⊆ T (X) but ker Tn �⊆ T (X).
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Hence there is an element y ∈ X and a smallest n ∈ N such that

(19) y ∈ ker Tn but y /∈ T (X).

In the next result we examine the elements T ky, k = 0, 1, . . . , n − 1.

Lemma 1.59. Suppose that a linear operator T on a vector space X
verifies N∞(T ) �⊆ T∞(X). Let y ∈ X and n ∈ N as in (19). Then

T ky ∈ ker Tn−k \ T k+1(X) for all k = 0, 1, . . . , n − 1.

Furthermore, the elements y, Ty, . . . , Tn−1y are linearly independent modulo
the subspace Tn(X).

Proof The case n = 1 is obvious. Suppose that n ≥ 2 and let y ∈ X, and
that n ∈ N verifies the conditions (19). Then Ty ∈ T (ker Tn) ⊆ ker Tn−1.
Suppose that Ty ∈ T 2(X). Let v ∈ X such that Ty = T (Tv). Obviously, if
w := Tv ∈ T (X) then w − y ∈ ker T , so there exists u ∈ ker T such that
w = y +u. But we also have u ∈ ker T ⊆ ker Tn−1 ⊆ T (X) and this implies
y ∈ T (X), which is false, since by assumption ker Tn \ T (X). Therefore
Ty ∈ ker Tn−1 \ T 2(X) and the process can be continued for the elements
T 2y, . . . , Tn−1y.

In order to show the linear independence modulo T k(X), assume that

there exist λk ∈ C, k = 0, 1, . . . , n − 1, such that
∑1

k=0 λkT
ky ∈ Tn(X).

Applying Tn−1 to this sum we obtain

λ0T
n−1y ∈ T 2n−1(X) ⊆ Tn(X),

which gives λ0 = 0. A similar argument shows that λk = 0 for every
k = 1, . . . , n − 1, so the proof is complete.

Lemma 1.60. Assume that T ∈ L(X), X a Banach space, verifies
N∞(T ) �⊆ T∞(X). Let y ∈ X and n ∈ N as in (19). Then there exists
f ∈ kerT ⋆n such that

T ⋆nf(Tn−j−1y) = δij for every 0 ≤ i, j ≤ n − 1.

In particular, T ⋆nf = 0 and

T ⋆kf ∈ kerT ⋆n−k \ T ⋆k+1(X) for all k = 0, 1, . . . , n − 1.

Proof Since y, Ty, . . . , Tn−1y are linearly independent modulo Tn(X), the
Hahn- Banach theorem ensures that there exists f ∈ Tn(X)⊥ = kerT ⋆n

such that

f(Tn−1y) = 1 and f(T jy) = 0 for all 0 ≤ j ≤ n − 2.

Clearly, T ⋆f(Tn−1y) = T ⋆nf(y) = 0 and

T ⋆f(T jy) = f(T j+1y) = 0 for all 0 ≤ j ≤ n − 2,

so
T ⋆f(Tn−2y) = 1 and T ⋆f(T jy) = 0 for all 0 ≤ j ≤ n − 3.

Continuing the process proves the lemma. The last assertion is obvious.
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Lemma 1.61. Let T ∈ L(X), X a Banach space, and suppose that
N∞(T ) �⊆ T∞(X). Let y be chosen as in (19). Then

P :=
n−1∑

j=0

T ⋆jf ⊗ Tn−j−1y

is a bounded projection which commutes with T . Furthermore, the range of
P is the subspace Y spanned by the elements y, Ty, · · ·Tn−1y, the restriction
T |Y is nilpotent and j(T |Y ) = 1.

Proof P is idempotent by Lemma 1.60. Moreover,

TP =
n−1∑

j=0

T ⋆jf ⊗ Tn−1y =
n−1∑

j=1

T ⋆jf ⊗ Tn−1y,

and

PT =
n−1∑

j=0

T ⋆j+1f ⊗ Tn−j−1y =
n−2∑

j=0

T ⋆j+1f ⊗ Tn−j−1y,

hence PT = TP . Clearly, T |Y is nilpotent, α(T |Y ) = 1, and j(T |Y ) = 1,
since Y is finite-dimensional.

Theorem 1.62. If T ∈ Φ±(X) then T is essentially semi-regular .

Proof Let T ∈ Φ±(X). If T is semi-regular then the pair (M, N), with
M = X and N = 0, is a Kato decomposition which verifies the desired
properties. If T is not semi-regular then j(T ) > 0, by Theorem 1.58 and
hence N∞(T ) ⊆ T∞(X). Let P be the non-zero finite-rank projection of
Lemma 1.61. P commutes with T . The restriction T |kerP is semi-Fredholm
and j(T |kerP ) = j(T )−1. Continuing this process a finite number of times
reduces the jump of the residual operator to zero.

Remark 1.63. We have already noted that if T ∈ Φ±(X) then λI − T is
still semi-Fredholm near 0. By Theorem 1.62 every semi-Fredholm operator
is of Kato type and therefore, see Theorem 1.44, there exists a punctured
open disc Dε centered at 0 for which λI − T is semi-regular for all λ ∈ Dε.
From Theorem 1.58 we then conclude that if a semi-Fredholm operator has
jump j(T ) > 0 then there is an open disc Dε centered at 0 for which j(T ) = 0
for all λ ∈ Dε{0}.

In the same vein the following result establishes that if T is essentially
semi-regular, but not semi-Fredholm, then λI −T is essentially semi-regular
and not semi-Fredholm in an open punctured neighbourhood of 0.

Theorem 1.64. Let T ∈ L(X), X a Banach space, be of Kato type of
order d. Then there exists an open disc D(0, ε) centered at 0 such that the
following properties hold:
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(i) The dimension of ker (λI − T ) is constant for λ ranging through
D(0, ε) \ {0}. Precisely,

dim ker (λI − T ) = dim kerT ∩ T d(X) for all λ ∈ D(0, ε) \ {0};
(ii) The codimension of (λI − T )(X) is constant for λ ranging through

D(0, ε) \ {0}. Precisely,

codim (λI − T )(X) = codim (T (X) + kerT d) for all λ ∈ D(0, ε) \ {0}.
Moreover, if T is essentially semi-regular and λ ∈ D(0, ε) \ {0} then

(20) λI − T ∈ Φ+(X) ⇔ T ∈ Φ+(X),

and

(21) λI − T ∈ Φ−(X) ⇔ T ∈ Φ−(X).

In particular,

(22) λI − T ∈ Φ(X) ⇔ T ∈ Φ(X).

Proof (i) Take ε as in the proof of Theorem 1.44. Assume that λI − T ∈
Φ+(X) for λ ∈ D(0, ε) \ {0}. If T0 := T |T∞(X) then, as observed in the
proof of Theorem 1.44, T0 and λI −T0 are both onto and hence upper semi-
Fredholm for all |λ| < ε ≤ γ(T0). Moreover, ker (λI − T ) ⊆ N∞(λI − T ) ⊆
T∞(X) for all λ ∈ D(0, ε)\{0}, by Theorem 1.3. From the continuity of the
index and part (ii) of Theorem 1.42 we then infer that

α(λI − T ) = ind(λI − T0) = ind(T0)

= α(T0) = dim [kerT ∩ M ]

= dim [kerT ∩ T d(X)]

for all λ ∈ D(0, ε) \ {0}.
(ii) From the proof of Theorem 1.44 we know that (λI−T )(X) is closed,

and hence (λI −T )(X) = ker (λI −T ⋆)⊥, for all λ ∈ D(0, ε)\{0}. Therefore
by part (i) we have

β(λI − T ) = α(λI − T ⋆) = dim [T ⋆d(X⋆) ∩ ker T ⋆]

= codim [T ⋆d(X⋆) ∩ ker T ⋆]⊥

= codim[ T ⋆d(X⋆)⊥ + (kerT ⋆)⊥]

= codim[kerT d + T (X)],

for all λ ∈ D(0, ε) \ {0}.
Now, assume that T is essentially semi-regular. If λI − T ∈ Φ+(X) for

λ ∈ D(0, ε) \ {0}, then dim ker (λI − T ) = dim [kerT ∩ T d(X)] < ∞. From
Theorem 1.42 we obtain

ker T = kerT |M ⊕ ker T |N = [kerT ∩ T d(X)] ⊕ ker T |N,

and this implies, since by assumption kerT |N is finite-dimensional, that
ker T is finite-dimensional. Moreover, T (X) = T (M)⊕ T (N) is closed since
T |M is semi-regular and T (N) is finite-dimensional. Hence T ∈ Φ+(X).
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The opposite implication is a consequence of the fact that Φ+(X) is open
in L(X), so (20) is proved.

To conclude the proof consider the case λI − T ∈ Φ−(X) for some
λ ∈ D(0, ε) \ {0}. From part (ii) we know that

T (X) + ker T d(X) = T (M) ⊕ N

is finitely-codimensional and from this, and from N being finite-dimensional,
we conclude that T (M) is finitely-codimensional. This also shows that T (X)
has finite-codimension, so that T ∈ Φ−(X). The opposite implication is
clear, since Φ−(X) is open, so also the equivalence (21) is proved.

The equivalence (22) is an obvious consequence of (20) and (21).

The two classes of semi-Fredholm operator lead to the definition of the
upper semi-Fredholm spectrum of a bounded operator T on a Banach space
X, defined by

σuf(T ) := {λ ∈ C : λI − T /∈ Φ+(X)},
and the lower semi-Fredholm spectrum of T defined by

σlf(T ) := {λ ∈ C : λI − T /∈ Φ−(X)}.
The semi-Fredholm spectrum is defined by

σsf(T ) := {λ ∈ C : λI − T /∈ Φ±(X)},
while the Fredholm spectrum is defined by

σf(T ) := {λ ∈ C : λI − T /∈ Φ(X)},
Clearly,

σsf(T ) = σuf(T ) ∩ σlf(T ) and σf(T ) = σuf(T ) ∪ σlf(T ).

Furthermore, from part (b) of Remark 1.54 we obtain that

σuf(T ) = σlf(T
⋆) and σlf(T ) = σuf(T

⋆).

Again, from Theorem 1.62 we have

σes(T ) ⊆ σsf(T ) ⊆ σf(T ).

The spectrum σf(T ) in the literature is often called the essential spec-
trum of T . The two spectra σuf(T ) and σlf(T ) are also known as the left
essential spectrum and the right essential spectrum. These denominations
are originated from the property that in a Hilbert space H, λI−T ∈ Φ+(H)
exactly when λI − T has a left inverse in L(H) modulo the ideal K(H) of
all compact operators, and, symmetrically, λI − T ∈ Φ−(H) when λI − T
has a right inverse in L(H) modulo K(H).

It is easy to find an example of operator for which σuf(T ) �= σlf(T ). Let
T be defined on ℓ2(N) by

T (x) := (x1, 0, x2, 0, x3, 0, . . .) for all x = (xn) ∈ ℓ2(N).
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Obviously, T is injective with closed range of infinite-codimension, so that
0 ∈ σlf(T ), but 0 /∈ σuf(T ).

Note that from Remark 1.54, part (e) the resolvents

ρsf(T ) := C \ σsf(T ),

and

ρuf(T ) := C \ σuf(T ), ρlf(T ) := C \ σlf(T ),

are open subsets of C and hence σuf(T ), σlf(T ) and σsf(T ) are compact
subset of C. Moreover, as observed in part (g) of Remark 1.54, if X is
infinite-dimensional then these spectra are non-empty.

Theorem 1.65. For a bounded operator T on a Banach space X the
following properties hold:

(i) If λ0 ∈ ∂σf(T ) is non-isolated point of σf(T ) then λ0 ∈ σk(T );

(ii) ∂σf(T ) ⊆ σes(T ). Consequently, σes(T ) is a non-empty compact
subset of C;

(iii) The set σf(T ) \ σse(T ) consists of at most countably many isolated
points.

Moreover, similar statements hold if, instead of boundary points of σf(T ),
we consider boundary points of σuf(T ), σlf(T ) and σsf(T ).

Proof (i) Let λ0 ∈ ∂σf(T ) be a non-isolated point of σf(T ). Assume that
λ0I − T is of Kato type. Then by Theorem 1.64 there exists an open disc
D(λ0, ε) centered at λ0 such that the dimension and the codimension of
λI−T are constant as λ ranges throughout D(λ0, ε)\{0}. But λ0 ∈ ∂σf(T ),
so that λI −T is Fredholm for some λ ∈ D(λ0, ε) and consequently λI −T ∈
Φ(X) for all λ ∈ D(λ0, ε) \ {0}. This contradicts our assumption that λ0 is
non-isolated in σf(T ).

(ii) Suppose that λ0 ∈ ∂σf(T ) and λ0 /∈ σes(T ). Then λ0I − T is essen-
tially semi-regular so that (λ0I−T )(X) is closed and there is a decomposition
X = M ⊕N , M and N closed T -invariant subspaces, N finite-dimensional,
such that (λ0I−T )|M is semi-regular and (λ0I−T )|N is nilpotent. Let (λn)
be a sequence which converges at λ0 such that λnI − T ∈ Φ(X). Clearly,

α((λnI − T )|M)) ≤ α(λnI − T ) < ∞.

From part (iii) of Theorem 1.38, since (λ0I −T )|M is semi-regular we know
that ker ((λnI − T )|M) converges in the gap metric to ker ((λ0I − T )|M).
Hence, see the implication (8) of Remark 1.32, dim ker ((λ0I−T )|M) < ∞.

On the other hand, since N is finite-dimensional, ker (λ0I−T )|N is also
finite-dimensional, so

α(λ0I − T ) = α((λ0I − T )|M) + α((λ0I − T )|N) < ∞.

A similar argument shows that β(λ0I − T ) < ∞, therefore λ0I − T ∈ Φ(X)
and this is a contradiction, since by assumption λ0 ∈ σf(T ).

(iii) This is clear, again by Theorem 1.64.
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The last assertion is proved in a similar way.

Note that if T is semi-Fredholm operator and γ(T ) denotes the minimal

modulus then the limit limn→∞ γ(Tn)1/n does exist and is equal to semi-
Fredholm radius of T , i.e.:

lim
n→∞

γ(Tn)1/n = dist {0, σsf(T )}
= sup {r ∈ C : λI − T ∈ Φ±(X) for all|λ| < r}.

This classical result is owed to Förster and Kaashoek [117], see also Zemánek
[332]. We do not present it here, but just mention that similar formulas hold
for semi-regular operators and essentially semi-regular operators. Precisely,
if T is semi-regular then limit limn→∞ γ(Tn)1/n does exist and

(23) lim
n→∞

γ(Tn)1/n = dist {0, σes(T )},

whilst, if T is essentially semi-regular then

lim
n→∞

γ(Tn)1/n = dist {0, σes(T ) \ {0}}
= sup {r ∈ C : λI − T is semi-regular for all 0 < |λ| < r}.

Formula (23) has been proved by Apostol [48] and Mbekhta [227] for
Hilbert space operators. The formulas for semi-regular operators and essen-
tially semi-regular operators on Banach space operators are due to Kordula
and Müller [190].

7. Quasi-nilpotent part of an operator

Another important invariant subspace for a bounded operator T ∈ L(X),
X a Banach space, is defined as follows :

Definition 1.66. Let T ∈ L(X), X a Banach space. The quasi-nilpotent
part of T is defined to be the set

H0(T ) := {x ∈ X : lim
n→∞

‖Tnx‖1/n} = 0.

As usual, T ∈ L(X) is said to be quasi-nilpotent if its spectral radius

r(T ) := inf
n∈�

‖Tn‖1/n = lim
n→∞

‖Tn‖1/n

is zero.

Clearly H0(T ) is a linear subspace of X, generally not closed. In the
following theorem we collect some elementary properties of H0(T ).

Lemma 1.67. For every T ∈ L(X), X a Banach space, we have:

(i) ker (Tm) ⊆ N∞(T ) ⊆ H0(T ) for every m ∈ N;

(ii) x ∈ H0(T ) ⇔ Tx ∈ H0(T );

(iii) ker (λI − T ) ∩ H0(T ) = {0} for every λ �= 0.
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Proof (i) If Tmx = 0 then Tnx = 0 for every n ≥ m.

(ii) If x0 ∈ H0(T ) from the inequality ‖TnTx‖ ≤ ‖T‖‖Tnx‖ it easily
follows that Tx ∈ H0(T ). Conversely, if Tx ∈ H0(T ) from

‖Tn−1Tx‖1/n−1 = (‖Tnx‖1/n)n/n−1

we conclude that x ∈ H0(T ).

(iii) If x �= 0 is an element of ker (λI − T ) then Tnx = λnx, so

lim
n→∞

‖Tnx‖1/n = lim
n→∞

|λ|‖x‖1/n = |λ|

and therefore x /∈ H0(T ).

Theorem 1.68. Let X be a Banach space. Then T ∈ L(X) is quasi-
nilpotent if and only if H0(T ) = X.

Proof If T is quasi-nilpotent then limn→∞ ‖Tn‖1/n = 0, so that from

‖Tnx‖ ≤ ‖Tn‖‖x‖ we obtain that limn→∞ ‖Tnx‖1/n = 0 for every x ∈ X.
Conversely, assume that H0(T ) = X. By the n-th root test the series

∞∑

n=0

‖Tnx‖
|λ|n+1

,

converges for each x ∈ X and λ �= 0. Define

y :=
∞∑

n=0

Tnx

λn+1
.

It is easy to verify that (λI − T )y = x, thus (λI − T ) is surjective for all
λ �= 0. On the other hand, for every λ �= 0 we have that

{0} = ker (λI − T ) ∩ H0(T ) = ker (λI − T ) ∩ X = ker (λI − T ),

which shows that λI − T is invertible and therefore σ(T ) = {0}.

The next result describes the quasi-nilpotent part of an operator T which
admits a GKD.

Corollary 1.69. Assume that T ∈ L(X), X a Banach space, admits a
GKD (M, N). Then

H0(T ) = H0(T |M) ⊕ H0(T |N) = H0(T |M) ⊕ N.

Proof From Theorem 1.68 we know that N = H0(T |N). The inclusion
H0(T ) ⊇ H0(T |M) + H0(T |N) is clear. In order to show the opposite
inclusion, consider an arbitrary element x ∈ H0(T ) and let x = u + v, with
u ∈ M and v ∈ N . Evidently N = H0(T |N) ⊆ H0(T ). Consequently u =
x − v ∈ H0(T ) ∩ M = H0(T |M) and hence H0(T ) ⊆ H0(T |M) + H0(T |N).
Clearly the sum H0(T |M) + N is direct since M ∩ N = {0}.
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The next result shows that for an essentially semi-regular operator T ,
the closure of the quasi-nilpotent part of T and of the hyper-kernel of T
coincide.

Theorem 1.70. For every bounded operator T ∈ L(X), X a Banach
space, we have:

(i) H0(T ) ⊆⊥ K(T ⋆) and K(T ) ⊆⊥ H0(T
⋆);

(ii) If T is essentially semi-regular, then

(24) H0(T ) = N∞(T ) =⊥ K(T ⋆) and K(T ) =⊥ H0(T
⋆).

In particular, these equalities hold for every T ∈ Φ±(X), or for every semi-
regular operator.

(iii) If T is semi-regular then H0(T ) ⊆ K(T ).

Proof (i) Consider an element u ∈ H0(T ) and f ∈ K(T ⋆). From the
definition of K(T ⋆) we know that there exists δ > 0 and a sequence (gn),
n ∈ Z+ of X⋆ such that

g0 = f, T ⋆gn+1 = gn and ‖gn‖ ≤ δn‖f‖
for every n ∈ Z+. These equalities entail that f = (T ⋆)ngn for every n ∈ Z+,
so that

f(u) = (T ⋆)ngn(u) = gn(Tnu) for every n ∈ Z+.

From that it follows that |f(u)| ≤ ‖Tnu‖‖gn‖ for every n ∈ Z+ and therefore

(25) |f(u)| ≤ δn‖f‖‖Tnu‖ for every n ∈ Z+.

From u ∈ H0(T ) we now obtain that limn→∞ ‖Tnu‖1/n = 0 and hence
by taking the n-th root in (25) we conclude that f(u) = 0. Therefore
H0(T ) ⊆⊥ K(T ⋆).

The inclusion K(T ) ⊆⊥ H0(T
⋆) is proved in a similar way.

(ii) Assume that T is essentially semi-regular and hence T ⋆ essentially
semi-regular, by Corollary 3.11. Every essentially semi-regular operator has
closed range, thus by Corollary 1.51 T ⋆n(X⋆) is closed for all n ∈ N. From
the first part we also know that

N∞(T ) ⊆ H0(T ) ⊆⊥ K(T ⋆) =⊥ K(T ⋆),

since ⊥K(T ⋆) is closed.
To show the first two equalities of (24) we need only to show the inclusion

⊥K(T ⋆) ⊆ N∞(T ). For every T ∈ L(X) and every n ∈ N we have ker Tn ⊆
N∞(T ), and hence

N∞(T )⊥ ⊆ ker Tn⊥ = T ⋆n(X⋆)

because the last subspaces are closed for all n ∈ N.

From this we easily obtain that N∞(T )
⊥ ⊆ T ⋆∞(X⋆) = K(T ⋆), where

the last equality follows from Theorem 1.42. Consequently ⊥K(T ⋆) ⊆
N∞(T ), thus the equalities (24) are proved.

The equality K(T ) =⊥ H0(T
⋆) is proved in a similar way.



46 1. THE KATO DECOMPOSITION PROPERTY

(iii) The semi-regularity of T entails that N∞(T ) ⊆ T∞(X) = K(T ),
where the last equality follows from Theorem 1.24. Consequently from part
(ii) it follows that

H0(T ) = N∞(T ) ⊆ K(T ) = K(T ),

since K(T ) is closed, by Theorem 1.24.

Corollary 1.71. Let T ∈ L(X), X a Banach space, be semi-regular.
Then T (H0(T )) = H0(T ).

Proof Clearly by (ii) of Lemma 1.67 it suffices to show the inclusionH0(T ) ⊆
T (H0(T )). Let x ∈ H0(T ). From part (iii) of Theorem 1.70 then x ∈ K(T ) =
T (K(T )), so x = Ty for some y ∈ X and from part (ii) of Lemma 1.67 we
conclude that y ∈ H0(T ). Hence H0(T ) ⊆ T (H0(T )).

Theorem 1.72. Let T ∈ L(X), X a Banach space, and let Ω ⊂ C be a
connected component of ρse(T ). If λ0 ∈ Ω then

H0(λI − T ) = H0(λ0I − T ) for all λ ∈ Ω,

i.e., the subspaces H0(λI − T ) are constant as λ ranges through on Ω.

Proof By Theorem 1.19 we know that ρse(T ) = ρse(T
⋆). Further, Theorem

1.36 shows that K(λI⋆ − T ⋆) = K(λ0I
⋆ − T ⋆) for all λ ∈ Ω. From Theorem

1.70 we then conclude that

H0(λI − T ) =⊥ K(λI⋆ − T ⋆) =⊥ K(λ0I
⋆ − T ⋆) = H0(λ0I − T ),

for all λ ∈ Ω.

In the sequel, given a subset M ⊆ X, by spanM we shall denote the
linear subspace generated by M .

Theorem 1.73. Let T ∈ L(X), X a Banach space, and let Ω0 ⊆ C be
the connected component of ρse(T ) that contains λ0. Then

H0(λ0I − T ) = span {x ∈ ker (λI − T ) : λ ∈ Ω0}.
Proof We can assume λ0 = 0. The inclusion ker (λI − T ) ⊆ H0(λI − T ) is
obvious for every λ ∈ C, so that from Theorem 1.72 we infer that

span {x ∈ ker (λI − T ) : λ ∈ Ω0} ⊆ H0(λI − T ) = H0(T ).

Conversely, let f ∈ [ span {ker (λI − T ) : λ ∈ Ω0}]⊥, in particular as-
sume that f ∈ ker (λnI − T )⊥, where {λn}n∈� is a sequence of distinct
points which converges to 0. We have ker (λnI − T )⊥ = (λnI − T ⋆)(X⋆) for
every n ∈ N, since the last sets are closed by semi-regularity, see Theorem
1.19. Therefore, from Theorem 1.39 and Theorem 1.70, we obtain that

f ∈
∞⋂

n=1

(λnI − T ⋆)(X⋆) = K(T ⋆) = H0(T )
⊥
.
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Hence

[ span {ker (λI − T ) : λ ∈ Ωo}]⊥ ⊆ H0(T )⊥ = H0(T )
⊥
,

and consequently

H0(T ) ⊆ span { ∈ ker (λI − T ) : λ ∈ Ω0},
which completes the proof.

Theorem 1.74. Let T ∈ L(X) be of Kato type. Then:

(i) N∞(T ) + T∞(X) = H0(T ) + K(T );

(ii) N∞(T ) ∩ T∞(X) = H0(T ) ∩ K(T ).

Proof (i) Let (M, N) be a GKD for T such that (T |N)d = 0 for some integer
d ∈ N. By part (i) of Theorem 1.41 we know that K(T ) = K(T |M) =
K(T ) ∩ M . Moreover, by part (iii) of Theorem 1.70 the semi-regularity of
T |M implies that H0(T |M) ⊆ K(T |M) = K(T ). From this we obtain

H0(T ) ∩ K(T ) = H0(T ) ∩ (K(T ) ∩ M) = (H0(T ) ∩ M) ∩ K(T )

= H0(T |M) ∩ K(T ) = H0(T |M).

Therefore H0(T ) ∩ K(T ) = H0(T |M).
We claim that H0(T ) + K(T ) = N ⊕K(T ). From N ⊆ ker T d ⊆ H0(T )

we obtain that N ⊕K(T ) ⊆ H0(T )+K(T ). Conversely, from Corollary 1.69
we have

H0(T ) = N ⊕ H0(T |M) = N ⊕ (H0(T ) ∩ K(T )) ⊆ N ⊕ K(T ),

so that

H0(T ) + K(T ) ⊆ (N ⊕ K(T )) + K(T ) ⊆ N ⊕ K(T ),

so our claim is proved.
Finally, from the inclusion N ⊆ ker T d ⊆ N∞(T ), and, since K(T ) =

T∞(X) for every operator of Kato type, we obtain that

H0(T ) + K(T ) = N ⊕ K(T ) ⊆ N∞(T ) + T∞(X) ⊆ H0(T ) + K(T ),

so the equality N∞(T ) + T∞(X) = H0(T ) + K(T ) is proved.

(ii) Let (M, N) be a GKD for T such that for some d ∈ N we have
(T |N)d = 0. Then kerTn = ker (T |M)n for every natural n ≥ d. Since
ker Tn ⊆ ker Tn+1 for all n ∈ N we then have

N∞(T ) =
∞⋃

n≥d

ker Tn =
∞⋃

n≥d

ker(T |M)n = N∞(T |M).

The semi-regularity of T |M then implies by part (ii) of Theorem 1.70 that

(26) N∞(T ) = N∞(T |M) = H0(T |M) = H0(T ) ∩ M.

Next we show that the equality H0(T ) ∩ M = H0(T ) ∩ M holds.

The inclusion H0(T ) ∩ M ⊆ H0(T ) ∩ M is evident. Conversely, suppose

that x ∈ H0(T ) ∩ M . Then there is a sequence (xn) ⊂ H0(T ) such that
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xn → x as n → ∞. Let P be the projection of X onto M along N . Then
Pxn → Px = x and Pxn ∈ H0(T ) ∩ P (H0(T )). From Corollary 1.69 we
have H0(T ) = (H0(T ) ∩ M) ⊕ N , so

P (H0(T )) = P (H0(T ) ∩ M) = H0(T ) ∩ M,

and hence Pxn ∈ H0(T ) ∩ M , from which we deduce that x ∈ H0(T ) ∩ M .

Therefore, H0(T ) ∩ M = H0(T )∩M . Finally, from the equality (26) and tak-
ing into account that by Theorem 1.41 and Theorem 1.42 we have T∞(X) =
K(T ) ⊆ M , we conclude that

N∞(T ) ∩ T∞(X) = (H0(T ) ∩ M) ∩ K(T ) = (H0(T ) ∩ M) ∩ K(T )

= H0(T ) ∩ (M ∩ K(T )) = H0(T ) ∩ K(T ),

so the proof is complete.

8. Two spectral mapping theorems

In the first part of this section we prove that the semi-regular spectrum
σse(T ) of an operator T ∈ L(X) on a non-trivial Banach space X is always
non-empty. Indeed, we show that σse(T ) contains the boundary points of
σ(T ).

Theorem 1.75. Let T ∈ L(X), X �= {0} a Banach space. Then
semi-regular spectrum σse(T ) is a non-empty compact subset of C containing
∂σ(T ).

Proof Let λ0 ∈ ∂σ(T ) and suppose λ0 ∈ ρse(T ) = C \ σse(T ). Since ρse(T )
is open we can then consider a connected component Ω of ρse(T ) containing
λ0. The set Ω is open so there exists a neighborhood U of λ0 contained in Ω,
and since λ0 ∈ ∂σ(T ) U also contains points of ρ(T ). Hence Ω ∩ ρ(T ) �= ∅.

Consider a point λ1 ∈ Ω ∩ ρ(T ). Clearly, ker (λ1I − T )n = {0} for every
n ∈ N, so that N∞(λ1I − T ) = {0}. From Theorem 1.72 and Theorem 1.70
we have

H0(λ0I − T ) = H0(λ1I − T ) = N∞(λ1I − T ) = {0}.
From Lemma 1.67 we then conclude that ker(λ0I−T ) = {0}, so λ0I−T

is injective. On the other hand, λ1 ∈ ρ(T ) and hence from Theorem 1.36 we
infer that

K(λ0I − T ) = K(λ1I − T ) = X,

so λ0I − T is surjective. Hence λ0 ∈ ρ(T ) and this is a contradiction, since
λ0 ∈ σ(T ). Therefore λ0 ∈ σse(T ) and ∂σ(T ) ⊆ σse(T ), so the last set is a
compact non-empty subset of C.

Lemma 1.76. Let T ∈ L(X), X a Banach space, and let {λ1, · · · , λk} be
a finite subset of C such that λi �= λj for i �= j. Assume that {n1, · · · , nk} ⊂



8. TWO SPECTRAL MAPPING THEOREMS 49

N and set

p(λ) :=
k∏

i=1

(λi − λ)ni and p(T ) :=
k∏

i=1

(λiI − T )ni .

Then

(27) ker p(T ) =
k⊕

i=1

ker (λiI − T )ni and p(T )(X) =
k⋂

i=1

(λiI − T )ni(X).

Proof We shall show the first equality of (27) for k = 2 and the general
case then follows by induction.

Clearly ker (λiI − T )ni ⊆ ker p(T ) for i = 1, 2, so that if pi(T ) :=
(λiI − T )ni then ker p1(T ) + ker p2(T ) ⊆ ker p(T ).

In order to show the converse inclusion, observe that p1, p2 are relatively
prime, hence by Lemma 1.2 there exist two polynomials q1, q2 such that

q1(T )p1(T ) + q2(T )p2(T ) = I,

so that every x ∈ X admits the decomposition

(28) x = q1(T )p1(T )x + q2(T )p2(T )x.

Now if x ∈ ker p(T ) then

0 = p(T )x = p1(T )p2(T )x = p2(T )p1(T )x = p(T )x,

from which we deduce that p2(T )x ∈ ker p1(T ) and p1(T )x ∈ ker p2(T ).
Moreover, since every polynomial in T maps the subspaces ker (λiI − T )ni

into themselves we have x1 := q2(T )p2(T )x ∈ ker p1(T ) and x2 := q1(T )p1(T )x ∈
ker p2(T ). From(28) we have x = x1 + x2, so

ker p(T ) ⊆ ker p1(T ) + ker p2(T ).

Therefore ker p(T ) = ker p1(T ) + ker p2(T ). It remains to prove that
ker p1(T )∩ ker p2(T ) = {0}. This is an immediate consequence of the iden-
tity (28).

As above we shall prove the second equality of (27) only for n = 2. Evi-
dently p(T )(X) = p1(T )p2(T )(X) = p2(T )p1(T )(X) is a subset of p1(T )(X)
as well as a subset of p2(T )(X).

Conversely, suppose that x ∈ p1(T )(X) ∩ p2(T )(X) and let y ∈ X
such that x = p2(T )y. Then p1(T )x = p(T )y ∈ p(T )(X). Analogously
p2(T )x ∈ p(T )(X). Let q1, q2 be two polynomials for which the equality
(28) holds. Then

x = q1(T )p1(T )x + q2(T )p2(T )x ∈ q1(T )p(T )(X) + q2(T )p(T )(X)

= p(T )q1(T )(X) + p(T )q2(T )(X) ⊆ p(T )(X) + p(T )(X) ⊆ p(T )(X).

Hence p1(T )(X)∩ p2(T )(X) ⊆ p(T )(X), so p1(T )(X)∩p2(T )(X) = p(T )(X),
as desired.

If T ∈ L(X) let H(T ) denote the set of all functions f : ∆(f) → C
which are holomorphic on an open set ∆(f) ⊃ σ(T ). From the well known
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Riesz–Dunford functional calculus the operator f(T ) is defined for every
f ∈ H(T ), (see Heuser [159, §48]). The classical spectral theorem asserts
that

σ(f(T )) = f(σ(T )) for all f ∈ H(T ).

It is meaningful to note that a similar mapping property holds for the semi-
regular spectrum σse(T ), as well as for the essential semi-regular spectrum
σes(T ).

Theorem 1.77. Let T ∈ L(X), X a Banach space. Then

σse(f(T )) = f(σse(T )) for every f ∈ H(T ).

Proof We show first the inclusion f(σse(T )) ⊆ σse(f(T )). To see this, let
λ0 /∈ σse(f(T )) and suppose that λ0 ∈ f(σse(T )). Let µ0 ∈ σse(T ) be such
that f(µ0) = λ0. Define g(λ) := λ0 − f(λ). Then g ∈ H(T ) and g(µ0) = 0,
so there exists a function h ∈ H(T ) such that g(λ) = (µ0 − λ)h(λ). Hence

g(T ) = λ0I − f(T ) = (µ0I − T )h(T ).

On the other hand, from λ0 /∈ σse(f(T )) we obtain that λ0I − f(T ) =
(µ0I − T )h(T ) is semi-regular, and hence by Theorem 1.26 µ0I − T is semi-
regular, µ0 /∈ σse(T ), which contradicts the assumption µ0 ∈ σse(T ). There-
fore the inclusion f(σse(T ) ⊆ σse(f(T )) is proved.

In order to show the reverse inclusion σse(f(T )) ⊆ f(σse(T )), suppose
that λ0 /∈ f(σse(T )) and, as above, define g(λ) := λ0 − f(λ). Then g(λ) �= 0
for every λ ∈ σse(T ).

Consider first the case that g(λ) �= 0 for every λ ∈ σ(T ). In this case
g(T ) = λ0I − f(T ) is invertible, λ0 ∈ ρ(f(T )) ⊆ ρse(f(T )), and there-
fore λ0 /∈ σse(f(T )). Hence, it remains to prove the inclusion σse(f(T )) ⊆
f(σse(T )) in the case that g vanishes at some points of σ(T ).

Now, g may admit only a finite number of zeros in σ(T ), say {λ1, . . . , λk},
where λi �= λj for j �= k. Since g(λi) = 0 we have λi /∈ σse(T ) for
all i = 1, 2, . . . , k, i.e. the operators λi − T are semi-regular for every
i = 1, 2, . . . , k. Let ni ∈ N denote the multiplicity of λi, write

p(λ) := Πk
i=1(λi − λ)ni

and g(λ) = p(λ)h(λ), where h(λ) ∈ H(T ) has no zeros in σ(T ).
We show that g(T ) is semi-regular. Since h(T ) is invertible, from Lemma

1.76 we obtain

(29) ker g(T ) = ker p(T ) =
k⊕

i=1

ker (λiI − T )ni ,

and for every m ∈ N

(30) g(T )m(X) = p(T )m(X) =
k⋂

i=1

(λiI − T )mni(X).
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From the equality (30) we easily obtain that

g(T )∞(X) =

k⋂

i=1

(λiI − T )∞(X).

Let x ∈ ker g(T ). By (29) there exists for each i = 1, . . . , k an element
xi ∈ ker (λiT − T )ni such that x =

∑n
i=1 xi. Since, as already observed, the

operators λi − T are semi-regular for every i then xi ∈ (λiI − T )∞(X).
On the other hand λi �= λj , by part (ii) of Theorem 1.3 we also have

ker (λi − T ) ⊆ (λjI − T )∞(X), so that xi ∈ (λjI − T )∞(X) for all i, j =
1, 2, . . . , k. Therefore

x =
k∑

i=1

xi ∈
k⋂

i=1

(λiI − T )∞(X) = g(T )∞(X).

Note that, the subspaces (λiI − T )(X) are closed for all i = 1, 2, . . . , k, by
Corollary 1.17. Therefore also

g(T )(X) = p(T )(X) =
k⋂

i=1

(λiI − T )ni(X)

is closed, so g(T ) is semi-regular. Since g(T ) = λ0I−f(T ) we then conclude
that λ0 /∈ σse(f(T )). Hence σse(f(T )) ⊆ f(σse(T )), which completes the
proof.

We conclude this section by showing the essential version of Theorem
1.77, that σes(T ) also behaves canonically under the Riesz functional calcu-
lus.

Theorem 1.78. Let T ∈ L(X), X a Banach space, and suppose that
f is an analytic function on a neighbourhood of σ(T ). Then f(σes(T )) =
σes(f(T )) .

Proof The inclusion f(σes(T )) ⊆ σes(f(T )) may be proved by using the
same arguments of the first part of the proof of Theorem 1.77, replacing
Theorem 1.26 with Theorem 1.50.

To show the opposite inclusion, suppose that λ0 /∈ f(σes(T )) and define
g(λ) := λ0 − f(λ). Then g(λ) �= 0 for every λ ∈ σes(T ). If g(λ) �= 0 for
every λ ∈ σ(T ), proceeding as in the proof of Theorem 1.77, we then obtain
that λ0 /∈ σes(f(T )). Hence it remains to prove the inclusion σes(f(T )) ⊆
f(σes(T )) in the case where g vanishes at some points of σ(T ). Since g
admits only a finite number of zeros λ1, λ2, . . . , λk in σ(T ), we can write

g(λ) = h(λ)

k∏

i=1

(λi − λ)ni

where ni denotes the multiplicity of λi, h(λ) has no zero in σ(T ), and λiI−T
are essentially semi-regular for all i = 1, 2, . . . , k. As in the proof of Theorem
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1.77, the operator g(T ) has closed range,

g(T )∞(X) =
k⋂

i=1

(λiI − T )∞(X),

and ker(λiI − T ) ⊆ (λjI − T )∞(X) for all i �= j. By Theorem 1.48 we have
ker (λiI −T ) ⊆ (λiI −T )∞(X)+Fi for some finite-dimensional subspace Fi

of X. Therefore

ker g(T ) ⊆
k⋂

i=1

(λiI − T )∞(X) +
∞∑

i=1

Fi = g(T )∞(X) + F,

where F :=
∑∞

i=1 Fi is finite-dimensional. Hence g(T ) = λ0I − f(T ) is es-
sentially semi-regular, so that λ0 /∈ σes(f(T )). This shows that σes(f(T )) ⊆
f(σes(T )), so the proof is complete.

8.1. Comments. The concept of the algebraic core of an operator has
been introduced by Saphar [284], whilst the analytic core has been intro-
duced by Vrbová [313] and Mbekhta [230]. The basic Lemma 1.9 is taken
from the book of Heuser [160] (in particular, the result of Lemma 1.9, al-
though not explicitly stated, is essentially contained in [160, Hilfsatz 72.7]),
whilst Theorem 1.10 is modeled after Aiena and Monsalve [31].

The concept of semi-regularity of an operator T ∈ L(X), X a Banach
space, was originated by Kato’s classical treatment [182] of perturbation
theory, even if originally these operators were not named in this way. Later
this class of operators was studied by several other authors, see for instance
Mbekhta [226], [227], [230], [231], Mbekhta and Ouahab [233], Schmoeger
[291]. Originally the semi-regular spectrum was defined for operators acting
on Hilbert spaces by Apostol [48], and for this reason it is called by some
authors the Apostol spectrum. This spectrum was defined for Hilbert space
operators as the set of all complex λ such that either λI − T is not closed
or λ is a discontinuity point for the function λ → (λI − T )−1, see Theorem
1.38. Later the results of Apostol were generalized by Mbekhta [226], [227],
Mbekhta and Ouahab [233], see also Harte [149] for operators defined on
Banach spaces.

The methods and the proofs adopted in this book are strongly inspired
by the paper of Mbekhta and Ouahab [233] and Schmoeger [290]. In partic-
ular, Theorem 1.22 and Theorem 1.24 were established by Schmoeger [290],
whilst the subsequent part, except Lemma 1.34 owed to Kato [182], can be
found in Mbekhta and Ouahad [233]. Example 1.27 and Example 1.27 are
from Müller [240].

The proof of the local constancy of the hyper-range on the components
of the Kato resolvent here given is taken from Mbekhta and Ouahab [233].
This important property, and other related results, has also been previ-
ously shown by others in a somewhat different language; see, for instance,
Goldman and Kračkovskǐi [143], Förster [116], Ó Searcóid and West [253].
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Further investigation on semi-regular spectrum may be found in the paper
by Kordula and Müller [190].

The generalized Kato decomposition has been studied in several papers
by Mbekhta [227], [229] and [228]. The particular case of essentially semi-
regular operators has been systematically investigated by Müller [240] and
Rakočević [274]. The material presented here is completely inspired by
Müller in [240]. Further information on the Kato decomposition may be
found in Aiena and Mbekhta [29]. In particular, the proof of Theorem 1.44
and Theorem 1.64 are adaptations to our theory of more general results es-
tablished in Aiena and Mbekhta [29], see also Rakočević [274].

The fundamental result that a semi-Fredholm operator is essentially
semi-regular has been proved by Kato [182]. The clearer proof of this result,
presented here, is completely modeled after West [322], see also [324].

The section on the quasi-nilpotent part of an operator is totally inspired
by Mbekhta’s thesis [225], Mbekhta [230], and Mbekhta and Ouahab [233],
except Theorem 1.72 which is owed to Förster [116], whilst Theorem 1.74
is taken from Aiena and Villafãne [34]. Finally, the spectral mapping the-
orem for the semi-regular spectrum has been proved by Mbekhta [227] for
Hilbert space operators and by Schmoeger [290] in the more general context
of Banach spaces, whilst Theorem 1.78, which shows the spectral mapping
theorem for the essentially semi-regular spectrum, was first proved by Müller
[240]. It should be noted that an axiomatic approach to spectral mapping
theorems for many parts of the spectrum may be found in Kordula and
Müller [190] and Mbekhta and Müller [232]. Furthermore, Kordula [189]
has shown that if T ∈ L(X) is essentially semi-regular then every finite-
dimensional perturbation of T is still essentially semi-regular.





CHAPTER 2

The single-valued extension property

In this chapter we shall introduce an important property for bounded
operators on complex Banach spaces, the so called single-valued extension
property. This property dates back to the early days of local spectral theory
and appeared first in Dunford [94] and [95]. Subsequently this property has
received a more systematic treatment in the classical texts by Dunford and
Schwartz [97], as well as those by Colojoară and Foiaş [83], by Vasilescu
[309] and, more recently, by Laursen and Neumann [214].

The single-valued extension property has a basic importance in local
spectral theory since it is satisfied by a wide variety of linear bounded op-
erators in the spectral decomposition problem. An important class of op-
erators which enjoy this property is the class of all decomposable operators
on Banach spaces that will be studied in Chapter 6, but this is also shared
by many other operators which need not be decomposable. In fact, another
class of operators which enjoy the single valued extension property is the
class all multipliers of a semi-prime Banach algebra, and later it will be
shown that there exist multipliers which are not decomposable.

In this chapter we shall deal with a localized version of the single-valued
extension property and we shall employ the basic tools of local spectral the-
ory to establish a variety of characterizations that ensure the single-valued
extension property at a point λ0. These characterizations involve the kernel
type and range type of subspaces introduced in Chapter 3, as well as the
quasi-nilpotent part and the analytic core of λ0I − T .

We shall introduce two important classes of subspaces which have a cen-
tral role in local spectral theory: the class of local spectral subspaces XT (Ω)
associated with subsets Ω of C. It will be also introduced a certain vari-
ant of these subspaces, the glocal spectral subspaces XT (Ω), which is better
suited for operators without the single-valued extension property. There are
important connections between the local and the glocal spectral subspaces
and the invariant subspaces introduced in the previous chapter. In fact, the
analytical cores and the quasi-nilpotent parts of operators are exactly the
local spectral subspaces and glocal spectral subspaces, respectively, associ-
ated with certain subsets of C.

From these characterizations we readily obtain in the second section
that the single-valued extension property of T at a point λ0 is satisfied if
the mentioned kernel type and range type of subspaces have intersection
equal to {0}. Dually, T ⋆ has the single-valued extension property at λ0 if

55
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the sum of these subspaces is the whole space X. We shall also produce
several examples which prove that the converse of these implications are in
general not true.

The third section concerns a spectral mapping theorem which shows that
the single-valued extension property at a point behaves canonically under
the Riesz functional calculus. In the fourth section we shall give a further
look at some distinguished part of the spectrum of an operator T , as the
semi-regular spectrum σse(T ), the approximate point spectrum σap(T ) and
the surjectivity spectrum σsu(T ), in the case that the T has the single-valued
extension property.

These results are used successively to identify, for some general and im-
portant concrete cases, the set of points at which the single-valued extension
property occur. As an application this property will be settled in the case
of isometries, analytic Toeplitz operators, invertible composition operators
on Hardy spaces, and unilateral or bilateral weighted shifts.

The fourth section of this chapter concerns basic properties of another
class of T -invariant subspaces, the class of algebraic spectral subspaces
ET (Ω), Ω ⊆ C, associated with T ∈ L(X). Subsequently we shall introduce
the so called Dunford property (C), a stronger property than the single-
valued extension property, which will have an important role in the subse-
quent chapters. The last section addresses to some local spectral properties
of weighted shift operators on ℓp(N), with 1 ≤ p < ∞. Most of these prop-
erties are established in the more general situation of operators T defined
on Banach spaces for which the hyper-range T∞(X) = {0}.

1. Local spectrum and SVEP

The basic importance of the single-valued extension property arises in
connection with some basic notions of local spectral theory. Before intro-
ducing the typical tools of this theory, and in order to give a first motivation,
let us present some considerations on spectral theory.

It is well known that the resolvent function R(λ, T ) := (λI − T )−1 of
T ∈ L(X), X a Banach space, is an analytic operator-valued function de-
fined on the resolvent set ρ(T ). Setting

fx(λ) := R(λ, T )x for any x ∈ X,

the vector-valued analytic function fx : ρ(T ) → X satisfies the equation

(31) (λI − T )fx(λ) = x for all λ ∈ ρ(T ).

It should be noted that it is possible to find analytic solutions of the
equation (λI − T )fx(λ) = x for some (sometimes even for all) values of λ
that are in the spectrum of T . For instance, let T ∈ L(X) be a bounded
operator on a Banach space X such that the spectrum σ(T ) has a non-empty
spectral subset σ �= σ(T ). If Pσ := P (σ, T ) denotes the spectral projection
of T associated with σ we know that σ(T |Pσ(X)) = σ so the restriction
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(λI − T ) |Pσ(X) is invertible for all λ /∈ σ.
Let x ∈ Pσ(X). Then the equation (31) has the analytic solution

gx(λ) := (λI − T |Pσ(X))−1x for all λ ∈ C \ σ.

This property suggests the following concepts:

Definition 2.1. Given an arbitrary operator T ∈ L(X), X a Banach
space, let ρT (x) denote the set of all λ ∈ C for which there exists an open
neighborhood Uλ of λ in C and an analytic function f : Uλ → X such that
the equation

(32) (µI − T )f(µ) = x holds for all µ ∈ Uλ.

If the function f is defined on the set ρT (x) then it is called a local
resolvent function of T at x. The set ρT (x) is called the local resolvent of
T at x. The local spectrum σT (x) of T at the point x ∈ X is defined to be
the set

σT (x) := C \ ρT (x).

Evidently ρT (x) is the open subset of C given by the union of the domains
of all the local resolvent functions. Moreover,

ρ(T ) ⊆ ρT (x) and σT (x) ⊆ σ(T ).

It is immediate to check the following elementary properties of σT (x):

(a) σT (0) = ∅;

(b) σT (αx + βy) ⊆ σT (x) ∪ σT (y) for all x, y ∈ X;

(c) σ(λI−T )(x) ⊆ {0} if and only if σT (x) ⊆ {λ}.
Furthermore,

(d) σT (Sx) ⊆ σT (x) for every S ∈ L(X) which commutes with T . In
fact, let f : Uλ → X be an analytic function on the open set Uλ ⊆ C for
which (µI − T )f(µ) = x holds for all µ ∈ Uλ. If TS = ST then the function
S ◦ f : Uλ → X is analytic and satisfies the equation

(µI − T )S ◦ f(µ) = S((µI − T )f(µ)) = Sx for all µ ∈ Uλ,

Therefore ρT (x) ⊆ ρT (Sx) and hence σT (Sx) ⊆ σT (x).

A very important example of local spectrum is given in the case of mul-
tiplication operators on the Banach algebra C(Ω) of all continuous complex-
valued functions on a compact Hausdorff space Ω, endowed with pointwise
operations and supremum norm. Indeed, if Tf is the operator of multiplica-
tion on C(Ω) by an arbitrary function f ∈ C(Ω) then

σTf
(g) = f( supp g),

where the support of g is defined by

supp g := {λ ∈ Ω : f(λ) �= 0},
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see Laursen and Neumann [214, Example 1.2.11].
The local spectrum at a point may be precisely characterized also in the

case of a spectral operator in the sense of Dunford [96]. It is well-known
that the spectrum σ(T ) of a spectral operator T ∈ L(X) is the support of
the spectral measure E for T , in the sense that σ(T ) is the smallest closed
subset Ω ⊆ C such that E(Ω) = I. The local spectrum of a spectral operator
T at x plays a similar role for the localized spectral measure E(·)x, in the
sense that σT (x) is the smallest closed subset Ω ⊆ C such that E(Ω)x = x,
see Corollary 1.2.25 of Laursen and Neumann [214].

Theorem 2.2. Let T ∈ L(X), X a Banach space, x ∈ X and U an
open subset of C. Suppose that f : U → X is an analytic function for
which (µI − T )f(µ) = x for all µ ∈ U . Then U ⊆ ρT (f(λ)) for all λ ∈ U .
Moreover,

(33) σT (x) = σT (f(λ)) for all λ ∈ U .

Proof Let λ be arbitrarily chosen in U . Define

h(µ) :=

⎧
⎨
⎩

f(λ) − f(µ)

µ − λ
if µ �= λ,

−f ′(λ) if µ = λ,

for all µ ∈ U . Clearly h is analytic and it is easily seen that (µI −T )h(µ) =
f(λ) for all µ ∈ U \ {λ}. By continuity the last equality is also true for
µ = λ, so

(λI − T )h(λ) = f(λ) for all µ ∈ U .

This shows that λ ∈ ρT (f(λ)) and since λ is arbitrary in U then U ⊆
ρT (f(λ)) for all λ ∈ U .

To prove the identity (33) we first show the inclusion σT (f(λ)) ⊆ σT (x),
or equivalently, ρT (x) ⊆ ρT (f(λ)) for all λ ∈ U . If ω ∈ U then ω ∈ ρT (f(λ))
for all λ ∈ U , by the first part of the proof. Suppose that ω ∈ ρT (x) \ U .
Since w ∈ ρT (x) there exists an open neighbourhood W of w such that
λ /∈ W and an analytic function g : W → X such that (µI − T )g(µ) = x for
all µ ∈ W. If we define

k(µ) :=
f(λ) − g(µ)

µ − λ
for all µ ∈ W,

then, as is easy to verify, (µI − T )k(µ) = f(λ) holds for all µ ∈ W. This
shows that ω ∈ ρT (x), and hence σT (x) ⊆ σT (f(λ)).

It remains to prove the opposite inclusion σT (f(λ)) ⊆ σT (x).
Let η /∈ σT (f(λ)) and hence η ∈ ρT (f(λ). Let h : V → X be an analytic

function defined on the open neighbourhood V of η for which the identity
(µI − T )h(µ) = f(λ) holds for all µ ∈ V. Then

(µI − T )(λI − T )h(µ) = (λI − T )(µI − T )h(µ) = (λI − T )f(λ) = x,

for all µ ∈ V, so that η ∈ ρT (x) and hence η /∈ σT (x), so the proof is
complete.
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Definition 2.3. Let X be a complex Banach space and T ∈ L(X). The
operator T is said to have the single-valued extension property at λ0 ∈ C,
abbreviated T has the SVEP at λ0, if for every neighbourhood U of λ0 the
only analytic function f : U → X which satisfies the equation

(λI − T )f(λ) = 0

is the constant function f ≡ 0.
The operator T is said to have the SVEP if T has the SVEP at every

λ ∈ C.

Remark 2.4. In the sequel we collect some basic properties of the SVEP.

(a) The SVEP ensures the consistency of the local solutions of equa-
tion (32), in the sense that if x ∈ X and T has the SVEP at λ0 ∈ ρT (x)
then there exists a neighborhood U of λ0 and an unique analytic function
f : U → X satisfying the equation (λI − T )f(λ) = x for all λ ∈ U .

Another important consequence of the SVEP is the existence of a max-
imal analytic extension f̃ of R(λ, T )x := (λI − T )−1x to the set ρT (x) for
every x ∈ X. This function identically verifies the equation

(µI − T )f̃(µ) = x for every µ ∈ ρT (x)

and, obviously,

f̃(µ) = (µI − T )−1x for every µ ∈ ρ(T ).

(b) It is immediate to verify that the SVEP is inherited by the restric-
tions on invariant subspaces, i.e., if T ∈ L(X) has the SVEP at λ0 and M
is a closed T -invariant subspace, then T |M has the SVEP at λ0. Moreover,

σT (x) ⊆ σT |M (x) for every x ∈ M.

(c) Let σp(T ) denote the point spectrum of T ∈ L(X), i.e.,

σp(T ) := {λ ∈ C : λ is an eigenvalue of T}.
It is easy to see the implication:

σp(T ) does not cluster at λ0 ⇒ T has the SVEP λ0.

Indeed, if σp(T ) does not cluster at λ0 then there is an neighbourhood
U of λ0 such that λI − T is injective for every λ ∈ U , λ �= λ0.

Let f : V → X be an analytic function defined on another neighbourhood
V of λ0 for which the equation (λI − T )f(λ) = 0 holds for every λ ∈ V.
Obviously we may assume that V ⊆ U . Then f(λ) ∈ ker (λI − T ) = {0}
for every λ ∈ V, λ �= λ0, and hence f(λ) = 0 for every λ ∈ V, λ �= λ0. From
the continuity of f at λ0 we conclude that f(λ0) = 0. Hence f ≡ 0 in V and
therefore T has the SVEP at λ0.

(d) From part (c) every operator T has the SVEP at an isolated point
of the spectrum. Obviously T has the SVEP at every λ ∈ ρ(T ). From these
facts it follows that every quasi-nilpotent operator T has the SVEP. More
generally, if σp(T ) has empty interior then T has the SVEP. In particular,
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any operator with a real spectrum has the SVEP.
Later we shall give an example of an operator having the SVEP and

such that σp(T ) �= ∅ (Example 3.11).

Definition 2.5. For every subset Ω of C the local spectral subspace of
T associated with Ω is the set

XT (Ω) := {x ∈ X : σT (x) ⊆ Ω}.
Obviously, if Ω1 ⊆ Ω2 ⊆ C then XT (Ω1) ⊆ XT (Ω2).

In the next theorem we collect some of the basic properties of the subspaces
XT (Ω).

Theorem 2.6. Let T ∈ L(X), X a Banach space, and Ω every subset
of C. Then the following properties hold:

(i) XT (Ω) is a linear T -hyper-invariant subspace of X, i.e., for every
bounded operator S that commutes with T we have S(XT (Ω)) ⊆ XT (Ω);

(ii) XT (Ω) = XT (Ω ∩ σ(T ));

(iii) If λ /∈ Ω, Ω ⊆ C, then (λI − T )(XT (Ω)) = XT (Ω);

(iv) Suppose that λ ∈ Ω and (λI − T )x ∈ XT (Ω) for some x ∈ X. Then
x ∈ XT (Ω);

(v) For every family (Ωj)j∈J of subsets of C we have

XT (
⋂

j∈J

Ωj) =
⋂

j∈J

XT (Ωj);

(vi) If Y is a T -invariant closed subspace of X for which σ(T |Y ) ⊆ Ω,
then Y ⊆ XT (Ω). In particular, Y ⊆ XT (σ(T |Y )) holds for every closed
T -invariant closed subspace of X.

Proof (i) Evidently the set XT (Ω) is a linear subspace of X, since the
inclusion σT (αx + βy) ⊆ σT (x) ∪ σT (y) holds for all α, β ∈ C and x, y ∈ X.
Suppose now that x ∈ XT (Ω), that is σT (x) ⊆ Ω. If TS = ST then
σT (Sx) ⊆ σT (x) ⊆ Ω, so Sx ∈ XT (Ω).

(ii) Clearly XT (Ω ∩ σ(T )) ⊆ XT (Ω). Conversely, if x ∈ XT (Ω) then
σT (x) ⊆ Ω ∩ σ(T ), and hence x ∈ XT (Ω ∩ σ(T )).

(iii) The operators λI − T and T commute, so from part (i) it follows
that (λI − T )(XT (Ω)) ⊆ XT (Ω) for all λ ∈ C. Let λ /∈ Ω and consider an
element x ∈ XT (Ω), namely σT (x) ⊆ Ω. Then λ ∈ ρT (Ω), so there is an
open neighbourhood U of λ and an analytic function f : U → X for which
(µI − T )f(µ) = x for all µ ∈ U . In particular, (λI − T )f(λ) = x. By
Theorem 2.2 we obtain σT (f(λ)) = σT (x) ⊆ Ω, and hence f(λ) ∈ XT (Ω),
from which we conclude that x = (λI − T )f(λ) ∈ (λI − T )(XT (Ω)).

(iv) Suppose that (λI − T )x ∈ XT (Ω), λ ∈ Ω. We need to show that
σT (x) ⊆ Ω, or equivalently, C \ Ω ⊆ ρT (x). Take η ∈ C \ Ω. By assumption
C \ Ω ⊆ ρT ((λI − T )x), so there is an analytic function f : Uη → X defined
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on some open neighbourhood Uη of η such that λ /∈ U and (µI − T )f(µ) =
(λI − T )x for all µ ∈ Uη. Define g : Uη → X by

g(µ) :=
x − f(µ)

µ − λ
for all µ ∈ Uη.

Clearly the analytic function g satisfies the equality (µI − T )g(µ) = x for
all µ ∈ Uη, so that η ∈ ρT (x). Therefore C \ Ω ⊆ ρT (x), as desired.

(v) It is immediate.

(vi) From σ(T | Y ) ⊆ Ω we obtain C \ Ω ⊆ ρ(T | Y ), so that for any
y ∈ Y we have (λI − T )(λI − T |Y )−1y = y for all λ ∈ C \ Ω. Obviously
f(λ) := (λI − T |Y )−1y is analytic for all λ ∈ C \ Ω, so C \ Ω ⊆ ρT (y),
consequently σT (y) ⊆ Ω.

Remark 2.7. It is easily seen that the absorbency result established in
part (iv) of Theorem 2.6 implies ker (λI −T )n ⊆ XT ({λ} for all λ ∈ C and
n ∈ N. From this it follows that N∞(λI−T ) ⊆ XT ({λ} for all λ ∈ C. Later
we shall see that H0(λI − T ) ⊆ XT ({λ} for all λ ∈ C.

We have already observed that 0 has an empty local spectrum. The
next result shows that if T has the SVEP then 0 is the unique element of X
having empty local spectrum. In fact, this property characterizes the SVEP.

Theorem 2.8. Let T ∈ L(X), X a Banach space. Then the following
statements are equivalent :

(i) T has the SVEP;

(ii) XT (∅) = {0};
(iii) XT (∅) is closed.

Proof (i) ⇔ (ii) Suppose that T has the SVEP and σT (x) = ∅. Then
ρT (x) = C, so there exists an analytic function f : C → X such that
(λI −T )f(λ) = x for every λ ∈ C. If λ ∈ ρ(T ) we have f(λ) = (λI −T )−1x,
and hence, since ‖(λI−T )−1‖ → 0 as |λ| → +∞, f(λ) is a bounded function
on C. By Liouville’s theorem f(λ) is then constant, and therefore, since
(λI − T )−1x → 0 as |λ| → +∞, f is identically 0 on C. This proves that
x = 0. Since 0 ∈ XT (∅) we then conclude that XT (∅) = {0}.

Conversely, let λ0 ∈ C be arbitrary and suppose that for every 0 �= x ∈ X
we have σT (x) �= ∅. Consider any analytic function f : U → X defined on
an neighbourhhod U of λ0 such that the equation (λI − T )f(λ) = 0 holds
for every λ ∈ U . From the equality

σT (f(λ)) = σT (0) = ∅,

see Theorem 2.2, we deduce that f ≡ 0 on U and therefore T has the SVEP
at λ0. Since λ0 is arbitrary then T has the SVEP.

(ii) ⇒(iii) Trivial.
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(iii)⇒ (ii) Suppose that XT (∅) is closed. From part (iii) of Theorem 2.6
we deduce that

(λI − T )(XT (∅)) = XT (∅) for every λ ∈ C.

Now, let T̃ denote the restriction T |XT (∅). The operator λĨ−T̃ is surjective

and therefore semi-regular for every λ ∈ C. This means that ρse(T̃ ) coincides
with the whole complex field C and, by Theorem 1.75, that is true if and
only if XT (∅) = {0}.

If T ∈ L(X) is a spectral operator on a Banach space X with spectral
measure E, the local spectral subspaces XT (Ω) associated with the closed
subset Ω ⊆ C may be precisely described. In fact, XT (Ω) is the range of
the projection E(Ω), see Corollary 1.2.25 of Laursen and Neumann [214],
so that in this case XT (Ω) is closed for all closed Ω ⊆ C.

Note that this last property in general is not true. Indeed, Theorem 2.8
shows, in particular, that the local spectral subspaces need not be closed,
since XT (∅) is not closed if T does not have SVEP.

Later the Example 2.32 will show that for a closed subset Ω ⊆ C the
local spectral subspaces XT (Ω) need not be closed, also in the case that T
has the SVEP.

Theorem 2.9. Suppose that Ti ∈ L(Xi), i = 1, 2, where Xi are Banach
spaces. Then T1 ⊕T2 has the SVEP at λ0 if and only if both T1, T2 have the
SVEP at λ0. If T1, T2 have the SVEP then

(34) σT1⊕T2
(x1 ⊕ x2) = σT1

(x1) ∪ σT2
(x2).

Proof First, suppose that T1 and T2 have the SVEP at λ0 and let us consider
an analytic function f = f1 ⊕ f2 : U → X1 ⊕ X2 on a neighbourhood U of
λ0, where fi : U → Xi, i = 1, 2, are also analytic on U . Obviously, for every
λ ∈ U the condition (λI − T1 ⊕ T2)f(λ) = 0 implies that (λI − Ti)fi(λ) = 0,
i = 1, 2. The SVEP of T1 and T2 then entails that f1 ≡ 0 and f2 ≡ 0 on U .
Thus f ≡ 0 on U .

Conversely, assume that T1⊕T2 has the SVEP at λ0 and let fi : U → Xi,
U a neighbourhood of λ0, be two analytic functions which verify, for i = 1, 2,
the equations

(λI − Ti)fi(λ) = 0 for all λ ∈ U .

For all λ ∈ U we have

0 = (λI − T1)f1(λ) ⊕ (λI − T2)f2(λ) = (λ − T1 ⊕ T2)[f1(λ) ⊕ (f2(λ)],

so that the SVEP at λ0 of T1 ⊕ T2 implies f1(λ) ⊕ (f2(λ) ≡ 0 on U , and
therefore fi ≡ 0 on U for i = 1, 2.

To show the equality (34) , suppose that T1⊕T2 has the SVEP. Assume
that λ ∈ ρT1⊕T2

(x1 ⊕ x2). Then there exists an open neighbourhood U of
λ and an analytic function f := f1 ⊕ f2 : U → X1 ⊕ X2, with f1 and f2

analytic, such that

(λI − T1)f1(λ) ⊕ (λI − T2)f2(λ) = (λI − T1 ⊕ T2)f(λ) = x1 ⊕ x2.
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Then (λI−Ti)fi(λ) = xi, i = 1, 2, so λ ∈ ρT1
(x1)∩ρT2

(x2). This shows that
σT1

(x1) ∪ σT2
(x2) ⊆ σT1⊕T2

(x1 ⊕ x2). The opposite inclusion has a similar
proof.

Corollary 2.10. Suppose that T ∈ L(X) has the SVEP and X = M ⊕
N , where M and N are two closed and T -invariant subspaces. If T1 := T |
M and T2 := T | N , then for all closed subsets Ω of C we have

XT (Ω) = MT1
(Ω) ⊕ NT2

(Ω).

The next result shows that the SVEP is stable under uniform conver-
gence.

Theorem 2.11. Suppose that the sequence (Tn) ⊂ L(X), where X is a
Banach space, converges to T in the uniform operator topology. If each Tn

commutes with T and each Tn has the SVEP then T has the SVEP.

Proof Let f : U → X be an analytic function on the open set U such that

(35) (µI − T )f(λ) = 0 for all µ ∈ U .

Let λ ∈ U be arbitrary and for every i = 1, 2 let D(λ, ri) denote a closed
disc in C centered at λ with radius ri such that D(λ, ri) ⊂ U . Furthermore,
assume that r2 < r1 and let Qn := Tn − T for every n ∈ N. Clearly Qn

commutes with Tn for all n ∈ N. By the uniform convergence we know that
for ε := min{r2, r1 − r2} there exists n ∈ N such that ‖Qn‖ < ε. Set

Kε := {ν ∈ C : |ν − λ| ≤ ε}.
Since the spectral radius r(Qn) is less than ε, then for every µ ∈ C \ Kε we
have µ − λ ∈ ρ(Qn). Write

µI − Tn = (µ − λ)I + (λI − Tn) = (µ − λ)I − Qn + (λI − T ).

Since (λI − T )f(λ) = 0, by (35), then

(36) (µI − Tn)f(λ) = [(µ − λ)I − Qn]f(λ),

and hence, if R(µ − λ,Qn) = [(µ − λ)I − Qn]−1,

(37) (µI − Tn)R(µ − λ), Qn)f(λ) = R(µ − λ), Qn)(µI − Tn)f(λ) = f(λ).

Since the mapping µ → R(µ − λ, Qn)f(λ) is analytic on C \ Kε we then
obtain that µ ∈ ρTn(f(λ), so that σTn(f(λ)) ⊆ Kε.

In view of (36) and (37), by integration along the boundary of Kε we
obtain from the elementary functional calculus

(µI − Tn)
1

2πi

∫

∂Kε

R(µ − ν, Qn)f(ν)

ν − λ
dν =

1

2πi

∫

∂Kε

f(ν)

ν − λ
dν = f(λ)

The function

µ → 1

2πi

∫

∂Kε

R(µ − ν, Qn)f(ν)

ν − λ
dν
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is analytic in the open disc D(λ, r2), so D(λ, r2) ⊆ ρTn(f(λ)) and hence

σTn(f(λ)) ⊆ C \ D(λ, r2) ⊆ C \ Kε.

Since σTn(f(λ)) ⊆ Kε the last inclusions imply that σTn(f(λ)) = ∅. Since
by assumption Tn has the SVEP, by Theorem 2.8 we then conclude that
f(λ) = 0 for every λ ∈ U . Hence T has the SVEP.

Corollary 2.12. Suppose that T ∈ L(X) has the SVEP and Q is quasi-
nilpotent commuting with T . Then T + Q has the SVEP.

Proof Suppose that f : D → X is an analytic function on the set U such
that (λI − T − Q)f(λ) = 0 for all λ ∈ D. For µ �= λ, write (µI − T )f(λ) =
(µ − λ + Q)f(λ). The assertion follows from the proof of Theorem 2.11
taking Qn := −Q, Tn := T and Kε = {λ}.

Remark 2.13. The result of Corollary 2.12 may be generalized as follows.
If T, S ∈ L(X), for every n ∈ N let us define

(T − S)[n] :=
n∑

k=0

(−1)n−k

(
n
k

)
T kSn−k.

Note that (T − S)[n] is not a function of T − S. However, if TS = ST then

(T − S)[n] = (T − S)n for all n ∈ N. The operators T, S are said to be
quasi-nilpotent equivalent if

lim
n→∞

‖(T − S)[n]‖1/n = 0 and lim
n→∞

‖(S − T )[n]‖1/n = 0.

Of course, two commuting operators T and S are quasi-nilpotent equiv-
alent precisely when T −S is quasi-nilpotent. Note that the relation defined
above is actually an equivalence in L(X), see Colojoară and Foiaş [83, p.
11]. Furthermore, if T, S are quasi-nilpotent equivalent then σ(T ) = σ(S),
see [83, Theorem 2.2], and if T has the SVEP then also S has the SVEP
and σT (x) = σS(x) for every x ∈ X, see Theorem 2.3 and Theorem 2.4 of
[83].

We next show that the SVEP is preserved by some trasforms.

Definition 2.14. An operator U ∈ L(X, Y ) between the Banach spaces
X and Y is said to be a quasi-affinity if U is injective and has dense range.
The operator S ∈ L(Y ) is said to be a quasi-affine transform of T ∈ L(X)
if there is a quasi-affinity U ∈ L(Y, X) such that TU = US.

Theorem 2.15. If T ∈ L(X) has the SVEP at λ0 ∈ C and S ∈ L(Y )
is a quasi-affine transform of T then S has the SVEP at λ0.

Proof Let f : U → Y be an analytic function defined on an open neigh-
bourhood U of λ0 such that (µI − S)f(µ) = 0 for all µ ∈ U . Then
U(λI − S)f(µ) = (µI − T )Uf(µ) = 0 and the SVEP of T at λ0 entails
that Uf(µ) = 0 for all µ ∈ U . Since U is injective then f(µ) = 0 for all
µ ∈ U , hence S has the SVEP at λ0.
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Next we want establish a local decomposition property that will be
needed later. To establish this property we need first a preliminary result.

Lemma 2.16. Let K ⊂ C be a compact set and suppose that Γ is a
contour in the complement C \ K that surrounds K. If T is a bounded
operator on a Banach space X and f : C \ K → X is an analytic function
for which (λI − T )f(λ) = x for all λ ∈ C \ K, then

x =
1

2πi

∫

Γ
f(λ) dλ.

Proof Let U := C \ K. We may suppose that Γ is contained in the
unbounded connected component of the open set U . In fact, f is analytic
on U and therefore by Cauchy’s theorem only the part of Γ which lies in the
unbounded component of U contributes to the integral

∫
Γ f(λ) dλ.

Let Λ be the boundary, positively oriented, of a disc centered at 0 and
having radius large enough to include in its interior both Γ and σ(T ). From
Cauchy’s theorem we have

∫

Γ
f(λ) dλ =

∫

Λ
f(λ) dλ,

and from an elementary property of the Riesz functional calculus it follows
that the last integral is 2πiI.

Theorem 2.17. Suppose that T ∈ L(X), X a Banach space, has the
SVEP. If Ω1 and Ω2 are two closed and disjoint subsets of C then

XT (Ω1 ∪ Ω2) = XT (Ω1) ⊕ XT (Ω2),

where the direct sum is in algebraic sense.

Proof The inclusion XT (Ω1) ⊕ XT (Ω2) ⊆ XT (Ω1 ∪ Ω2) is obvious.
To show the reverse inclusion observe first that we may assume that

Ω1 and Ω2 are both compact, since by part (ii) of Theorem 2.6 we have
XT (Ω) = XT (Ω∩σ(T )) for all subsets Ω of C. Now, if x ∈ XT (Ω1 ∪Ω2) the
SVEP ensures that there exists an analytic function f : C \ (Ω1 ∪ Ω2) → X
such that

(λI − T )f(λ) = x for all λ ∈ C \ (Ω1 ∪ Ω2).

Let Λ1,Λ2 be two compact disjoint sets such that Λi for i = 1, 2 is a
neighbourhood of Ωi and the boundary Γi of Λi is a contour surrounding
Ωi. From Lemma 2.16 it follows that x = x1 + x2, where

xi :=
1

2πi

∫

Γi

f(λ) dλ for i = 1, 2.

We claim that xi ∈ XT (Λi). In fact, set

gi(µ) :=
1

2πi

∫

Γi

f(λ)

µ − λ
dλ for all µ ∈ C \ Λi.
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The functions gi(λ) : C \ Λi → X are analytic. Furthermore, for every
µ ∈ C \ Λi we have

(µI − T )gi(µ) =
1

2πi

∫

Γi

(µ − λ + λ − T )
f(λ)

µ − λ
dλ

=
1

2πi

∫

Γi

(λ − T )
f(λ)

µ − λ
dλ +

1

2πi

∫

Γi

f(λ) dλ

=
1

2πi

∫

Γi

x

µ − λ
dλ + xi.

But from the Cauchy’s theorem we have that

1

2πi

∫

Γi

x

µ − λ
dλ = 0 for all µ ∈ C \ Λi,

thus (µI − T )gi(µ) = xi for i = 1, 2 and this implies xi ∈ XT (Λi), as
claimed.

To conclude the proof observe that, again by Cauchy’s theorem, the
definition of x1 and x2 does not depend on the particular choice of Λ1 and
Λ2, with the properties required above. This implies that xi ∈ XT (Λi) for
every compact neighbourhood Λi of Ωi, so that xi ∈ XT (Ωi) for i = 1, 2.
Hence x = x1 +x2, where xi ∈ XT (Ωi), as was desired. To see that the sum
is direct, observe that since Ω1 ∩ Ω2 = ∅, from Theorem 2.6, part (v), we
have

XT (Ω1) ∩ XT (Ω2) = XT (∅) = {0},
since, by assumption, T has the SVEP.

The next result exhibits a simple characterization of the elements of the
analytical core K(T ) by means of the local resolvent ρT (x).

Theorem 2.18. Let T ∈ L(X), X a Banach space. Then

K(T ) = XT (C \ {0}) = {x ∈ X : 0 ∈ ρT (x)}.
Proof Let x ∈ K(T ). We can suppose that x �= 0. According to the
definition of K(T ), let δ > 0 and (un) ⊂ X be a sequence for which

x = u0, Tun+1 = un, ‖un‖ ≤ δn‖x‖ for every n ∈ Z+.

Then the function f : D(0, 1/δ) → X, where D(0, 1/δ) is the open disc
centered at 0 and radius 1/δ, defined by

f(λ) := −
∞∑

n=1

λn−1un for all λ ∈ D(0, 1/δ),

is analytic and verifies the equation (λI−T )f(λ) = x for every λ ∈ D(0, 1/δ).
Consequently 0 ∈ ρT (x).

Conversely, if 0 ∈ ρT (x) then there exists an open disc D(0, ε) and an
analytic function f : D(0, ε) → X such that

(38) (λI − T )f(λ) = x for every λ ∈ D(0, ε).
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Since f is analytic on D(0, ε) there exists a sequence (un) ⊂ X such that

(39) f(λ) = −
∞∑

n=1

λn−1un for every λ ∈ D(0, ε).

Clearly f(0) = −u1. and taking λ = 0 in (38) we obtain

Tu1 = −T (f(0)) = x.

On the other hand

x = (λI − T )f(λ) = Tu1 + λ(Tu2 − u1) + λ2(Tu3 − u2) + · · ·
for all λ ∈ D(0, ε). Since x = Tu1 we conclude that

Tun+1 = un for all n = 1, 2, · · · .

Hence letting u0 = x the sequence (un) satisfies for all n ∈ Z+ the first of
the conditions which define K(T ).

It remains to prove the condition ‖un‖ ≤ δn‖x‖ for a suitable δ > 0
and for all n ∈ Z+. Take µ > 1/ε. Since the series (39) converges then
|λ|n−1‖un‖ → 0 as n → ∞ for all ‖λ‖ < ε and, in particular, 1/µn−1‖un‖ →
0, so that there exists a c > 0 such that

(40) ‖un‖ ≤ c µn−1 for every n ∈ N.

From the estimates (40) we easily obtain

‖un‖ ≤
(

µ +
c

‖x‖

)n

‖x‖

and therefore x ∈ K(T ).

For a bounded operator T ∈ L(X) on a Banach space X and a closed set
Ω ⊆ C, let XT (Ω) denote the set of all x ∈ X such that there is an analytic
function f : C \ Ω → X such that

(λI − T )f(λ) = x for all λ ∈ C \ Ω.

It is easy to verify that XT (Ω) is a linear subspace of X. Clearly

(41) XT (Ω) ⊆ XT (Ω) for every closed subset Ω ⊆ C .

The set XT (Ω) is a linear subspace of X, called the glocal spectral sub-
space of T associated with Ω. This subspace is more appropriate for certain
general questions of local spectral theory than the classical analytic subspace
XT (Ω).

In the following theorem we show few basic properties of the glocal sub-
spaces. Some of these properties are rather similar to those of local spectral
subspaces. The interested reader may be found further results on glocal
spectral subspaces in Laursen and Neumann [214].

Theorem 2.19. For an operator T ∈ L(X), X a Banach space, the
following statements hold:

(i) XT (∅) = {0} and XT (σ(T )) = X;
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(ii) XT (Ω) = XT (Ω∩σ(T )) and (λI−T )XT (Ω) = XT (Ω) for every closed
set Ω ⊆ C and all λ ∈ C \ Ω;

(iii) XT (Ω1 ∪ Ω2) = XT (Ω1) + XT (Ω2) for all disjoint closed subsets Ω1

and Ω2 of C;

(iv) T has the SVEP if and only if XT (Ω) = XT (Ω), for every closed
subset Ω ⊆ C.

Proof (i) Suppose that x ∈ XT (∅) and let f : C → X be an analytic
function such that (λI − T )f(λ) = x for all λ ∈ C. Then f(λ) coalesces
with the resolvent function R(λ, T ) := (λI − T )−1 on ρ(T ), so f(λ) → 0 as
|λ| → ∞. By the vector-valued version of Liouville’s theorem f ≡ 0, and
therefore x = 0. The second equality of part (i) is straightforward.

The proof of (ii) easily follows from Theorem 2.2, whilst the proof of
the decomposition (iii) is similar to the proof of that given for spectral local
subspaces.

(iv) Clearly, if T has the SVEP and Ω ⊆ C is closed then XT (Ω) =
XT (Ω). Conversely, if XT (Ω) = XT (Ω) for all closed sets Ω ⊆ C then

XT (∅) = XT (∅) = {0},
so, by Theorem 2.8, T has the SVEP.

Let Dε denote the closed unit disc of C centered at 0 with radius ε ≥ 0.
The space XT (Dε) may be characterized in the following way.

Theorem 2.20. For every bounded operator T ∈ L(X), X a Banach
space, we have

(42) XT (Dε) =

{
x ∈ X : lim sup

n→∞
‖Tnx‖1/n ≤ ε

}
.

In particular, H0(T ) = XT ({0}) and if T has the SVEP then

(43) H0(T ) = XT ({0}) = {x ∈ X : σT (x) ⊆ {0}}.
Proof Let x ∈ X such that ρT (x) := lim supn→∞ ‖Tnx‖1/n ≤ ε. The series

f(λ) :=
∞∑

n=1

λ−nTn−1x, λ ∈ C \ Dε,

converges locally uniformly, so it defines an X-valued function on the set
C \ Dε. Evidently

(λI − T )f(λ) = x for all λ ∈ C \ Dε,

so x ∈ XT (Dε). Conversely, assume that x ∈ XT (Dε) and consider an
analytic function f : C \ Dε → X such that (λI − T )f(λ) = x holds for all
λ ∈ C \ Dε. For every |λ| > max {ε, ‖T‖} we then obtain

f(λ) = (λI − T )−1x =

∞∑

n

λ−nTn−1x,
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and therefore f(λ) → 0 as |λ| → ∞. Consider the open disc D(0, 1/ε) of C
centered at 0 with radius ε. The analytic function g : D(0, 1/ε) → X defined
by

g(µ) :=

{
f(

1

λ
) if 0 �= µ ∈ D(0, 1/ε),

0 if µ = 0,

verifies the equality

(44) g(µ) =
∞∑

n=1

µnTn−1x for all |µ| <
1

max{ε, ‖T‖} .

Since g is analytic on D(0, 1/ε) it follows, exactly as in the scalar setting,
from Cauchy’s integral formula that the equality (44) holds even for all
µ ∈ D(0, 1/ε). This shows that the radius of convergence of the power series
representing g(µ) is greater then 1/ε. The standard formula for the radius
of convergence of a vector valued power series then implies that ρT (x) < ε.
Therefore the equality (42) holds.

The latter assertions are clear, by part (ii) of Theorem 2.19 and taking
ε = 0 in the equality (42).

Later we shall give an example of operator T such that H0(T ) is not
closed. From the equality H0(T ) = XT ({0} we also obtain an example of
operator for which the glocal spectral subspaces need not be closed.

Given an element x ∈ X and T ∈ L(X), the quantity

rT (x) := lim sup
n→∞

‖Tnx‖1/n

is called the local spectral radius of T at x and the choice of this denomination
is justified by the following fact:

Theorem 2.21. Suppose that T ∈ L(X) has the SVEP. Then

(45) rT (x) = max{|λ| : λ ∈ σT (x)}.
Proof Let x ∈ X be a non zero element. From Theorem 2.8 we know that
σT (x) is a non-empty compact subset of C. Put r := max{|λ| : λ ∈ σT (x)}
and let D(0, r) denote the closed disc of C centered at 0 and radius r. Then
since T has the SVEP x ∈ XT (D(0, r)) = XT (D(0, r)), and hence rT (x) ≤ r
by Theorem 2.20. Again, from Theorem 2.20 we obtain that x belongs to the
glocal spectral space associated with the closed disc D(0, rT (x)) centered at
0 and radius rT (x), and therefore x ∈ XT (D(0, rT (x)). Therefore σT (x) ⊆
D(0, rT (x)). From this we easily conclude that r ≤ rT (x), so the proof is
complete.

2. The SVEP at a point

We have seen in Theorem 2.8 that T has the SVEP precisely when for
every element 0 �= x ∈ X we have σT (x) = ∅. The next fundamental result
establishes a localized version of this result.
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Theorem 2.22. Suppose that T ∈ L(X), X a Banach space. Then the
following conditions are equivalent:

(i) T has the SVEP at λ0;

(ii) ker (λ0I − T ) ∩ XT (∅) = {0};
iii) ker (λ0I − T ) ∩ K(λ0I − T ) = {0};
(iv) For every 0 �= x ∈ ker (λ0I − T ) we have σT (x) = {λ0}.

Proof By replacing T with λ0I−T we may assume without loss of generality
λ0 = 0.

(i) ⇔ (ii) Assume that for x ∈ ker T we have σT (x) = ∅. Then 0 ∈
ρT (x), so there is an open disc D(0, ε) and an analytic function f : D(0, ε) →
X such that (λI − T )f(λ) = x for every λ ∈ D(0, ε). Then

T ((λI − T )f(λ)) = (λI − T )T (f(λ)) = Tx = 0

for every λ ∈ D(0, ε). Since T has the SVEP at 0 then Tf(λ) = 0, and
therefore T (f(0)) = x = 0.

Conversely, suppose that for every 0 �= x ∈ ker T we have σT (x) �= ∅.
Let f : D (0, ε) → X be an analytic function such that (λI − T )f(λ) = 0
for every λ ∈ D (0, ε). Then f(λ) =

∑∞
n=0 λnun for a suitable sequence

(un) ⊂ X. Clearly Tu0 = T (f(0)) = 0, so u0 ∈ ker T . Moreover, from the
equalities σT (f(λ)) = σT (0) = ∅ for every λ ∈ D (0, ε) we obtain that

σT (f(0)) = σT (uo) = ∅,

and therefore by the assumption we conclude that u0 = 0. For all 0 �= λ ∈
D (0, ε) we have

0 = (λI − T )f(λ) = (λI − T )
∞∑

n=1

λnun = λ(λI − T )
∞∑

n=1

λnun+1,

and therefore

0 = (λI − T )(

∞∑

n=0

λnun+1) for every 0 �= λ ∈ D (0, ε).

By continuity this is still true for every λ ∈ D (0, ε). At this point, by using
the same argument as in the first part of the proof, it is possible to show that
u1 = 0, and by iterating this procedure we conclude that u2 = u3 = · · · = 0.
This shows that f ≡ 0 on D (0, ε), and therefore T has the SVEP at 0.

(ii) ⇔ (iii) It suffices to prove the equality

ker T ∩ K(T ) = ker T ∩ XT (∅).

To see this observe first that by Theorem 2.20 we have ker T ⊆ H0(T ) ⊆
XT ({0}). From Theorem 2.18 it follows that

ker T ∩ K(T ) = ker T ∩ XT (C \ {0}) ⊆ XT ({0}) ∩ XT (C \ {0}) = XT (∅).

Since XT (∅) ⊆ XT (C \ {0}) = K(T ) we then conclude that

ker T ∩ K(T ) = ker T ∩ K(T ) ∩ XT (∅) = ker T ∩ XT (∅),
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as required.

(ii) ⇒ (iv) Since ker T ⊆ H0(T ), from Theorem 2.20 it follows that
σT (x) ⊆ {0} for every 0 �= x ∈ ker T . By assumption σT (x) �= ∅, so
σT (x) = {0}.

(iv) ⇒ (ii) Obvious.

The following corollary is a more detailed version of the result established
in Theorem 2.8.

Corollary 2.23. Let T ∈ L(X), X a Banach space. Then T does
not have SVEP if and only if there exists λ ∈ σp(T ) and a corresponding
eigenvector x0( �= 0) such that σT (x0) = ∅. In such a case T does not have
SVEP at λ0.

Clearly, if λ0I − T is injective then T has the SVEP at λ0. The next
result shows that if λ0I − T is surjective then T has the SVEP at λ0 if and
only if λ0 belongs to the resolvent ρ(T ).

Corollary 2.24. Let T ∈ L(X), X a Banach space, be such that λ0I−T
is surjective. Then T has the SVEP at λ0 if and only if λ0I −T is injective.

Proof We can assume λ0 = 0. Assume that T is onto and has the SVEP
at 0. Then K(T ) = X and by Theorem 2.22 ker T ∩ X = ker T = {0}, so
T is injective. The converse is clear.

An immediate consequence of Corollary 2.24 is that every unilateral left
shift on the Hilbert space ℓ2(N) fails to have SVEP at 0. In the next chapter
we shall see that other examples of operators which do not have SVEP are
semi-Fredholm operators on a Banach space having index strictly greater
than 0. Another example of operator which does not have SVEP at 0 is
the adjoint T ⋆ of an isometric non-unitary operator T ∈ L(H) on a Hilbert
space H, see Colojoară and Foiaş [83, Example 1.7].

Remark 2.25. Evidently if Y is a closed subspace of the Banach space
X such that (λ0I − T )(Y ) = Y and the restriction (λ0I − T ) |Y does not
have SVEP at λ0 then also T does not have the same property at λ0.

This property, together with Corollary 2.24, suggests how to obtain op-
erators without the SVEP: if for an operator T ∈ L(X) there exists a closed
subspace Y such that

(λ0I − T )(Y ) = Y and ker (λ0I − T ) ∩ Y �= {0}
then T does not have SVEP at λ0.

In the remaining part of this section we want show that the relative po-
sitions of all the subspaces introduced in the previous chapter are intimately
related to the SVEP at a point.

To see that let us consider, for an arbitrary λ0 ∈ C and an operator
T ∈ L(X) the following increasing chain of kernel type of spaces:
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ker (λ0I − T ) ⊆ N∞(λ0I − T ) ⊆ H0(λ0I − T ) ⊆ XT ({λ0}),
and the decreasing chain of the range type of spaces:

XT (∅) ⊆ XT (C \ {λ0}) = K(λ0I − T ) ⊆ (λ0I − T )∞(X) ⊆ (λ0I − T )(X).

The next corollary is an immediate consequence of Theorem 2.22 and
the inclusions considered above.

Corollary 2.26. Suppose that T ∈ L(X), X a Banach space, verifies
one of the following conditions:

(i) N∞(λ0I − T ) ∩ (λ0I − T )∞(X) = {0};
(ii) N∞(λ0I − T ) ∩ K(λ0I − T ) = {0};
(iii) N∞(λ0I − T ) ∩ XT (∅) = {0};
(iv) H0(λ0I − T ) ∩ K(λ0I − T ) = {0};
(v) ker (λ0I − T ) ∩ (λ0I − T )(X) = {0}.
Then T has the SVEP at λ0.

The SVEP may be characterized as follows.

Theorem 2.27. Let T ∈ L(X), X a Banach space. Then T has the
SVEP if and only if H0(λI − T ) ∩ K(λI − T ) = {0} for every λ ∈ C.

Proof Suppose first that T has the SVEP. From Theorem 2.18 we know
that

K(λI − T ) = XλI−T (C \ {0}) = XT (C \ {λ}) for every λ ∈ C,

and, by Theorem 2.20,

H0(λI − T ) = XλI−T ({0}) = XT ({λ}) for every λ ∈ C .

Consequently by Theorem 2.8

H0(λI − T ) ∩ K(λI − T ) = XT ({λ}) ∩ XT (C \ {λ}) = XT (∅) = {0} .

The converse implication is clear by Corollary 2.26.

Corollary 2.28. Suppose that T ∈ L(X), X a Banach space. If T is
quasi-nilpotent then K(T ) = {0}.
Proof If T is quasi-nilpotent then H0(T ) = X by Theorem 1.68. On the
other hand, since T has the SVEP, from Theorem 2.27 we conclude that
{0} = K(T ) ∩ H0(T ) = K(T ).

Theorem 2.29. Let T ∈ L(X), X a Banach space, be essentially semi-
regular and quasi-nilpotent. Then X is finite-dimensional and T is nilpotent.
In particular, this holds for semi-Fredholm operators.
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Proof Suppose that (M, N) is a GKD for T such that T |N is nilpotent and
N is finite-dimensional. Since T is quasi-nilpotent, from Corollary 1.69 we
have X = H0(T ) = H0(T |M) ⊕ N . Moreover, T |M is semi-regular, hence
by Theorem 1.70 and Theorem 1.41 H0(T |M) ⊆ K(T |M) = K(T ). But
K(T ) = {0} by Corollary 2.28, so H0(T |M) = {0} and this implies that
X = {0}⊕N = N . Therefore X is finite-dimensional and T is nilpotent.

Example 2.30. The next example, based on theory of weighted shifts,
shows that the SVEP at a point does not necessarily implies that H0(λ0I −
T ) ∩ K(λ0I − T ) = {0}.
Let β := (βn)n∈� be the sequence of real numbers defined as follows:

βn :=

{
1 + |n| if n < 0,

e−n2

if n ≥ 0.

Let X := L2(β) denote the Hilbert space of all formal Laurent series

∞∑

n=−∞

anzn for which

∞∑

n=−∞

|αn|2βn
2 < ∞ ,

Let us consider the bilateral weighted right shift defined by

T (
∞∑

n=−∞

anzn) :=
∞∑

n=−∞

anzn+1 ,

or equivalently, Tzn := zn+1 for every n ∈ Z. The operator T is bounded
on L2(β) and

‖T‖ = sup

{
βn+1

βn
: n ∈ Z

}
= 1 .

Clearly T is injective, so it has the SVEP at 0. The following argument
shows that H0(T ) ∩ K(T ) �= {0}. From ‖zn‖β = βn for all n ∈ Z we obtain
that

lim
n→∞

‖zn−1‖β
1/n

= 0

and

lim
n→∞

‖z−n−1‖β
1/n

= 1 .

By the formula for the radius of convergence of a power series we then
conclude that the two series

f(λ) :=
∞∑

n=1

λ−nzn−1 and g(λ) := −
∞∑

n=1

λnz−n−1

converge in L2(β) for all |λ| > 0 and |λ| < 1, respectively. Clearly the
function f is analytic on C \ {0}, and

(λI − T )f(λ) = −
∞∑

n=1

λ−nzn −
∞∑

n=1

λ1−nzn−1 = 1 for all λ �= 0 ,
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whilst the function g is analytic on the open unit disc D and verifies

(λI − T )g(λ) =

∞∑

n=0

λnz−n −
∞∑

n=0

λ1+nz−n−1 = 1 for all λ ∈ D .

This means that 1 ∈ XT ({0}) ∩ XT (C \ D) = H0(T ) ∩ K(T ), where the last
equality follows from Theorem 2.18 and Theorem 2.20.

Theorem 2.31. Suppose that T ∈ L(X), where X is a Banach space,
has a closed quasi-nilpotent part H(λ0I−T ) or that H0(λ0−T )∩K(λ0I−T )
is closed. Then H0(λ0 −T )∩K(λ0I −T ) = {0} and hence T has the SVEP
at λ0.

Proof Without loss of generality we may consider λ0 = 0.

Assume first that H0(T ) is closed. Let T̃ denote the restriction of T to

the Banach space H0(T ). Clearly, H0(T ) = H0(T̃ ), so T̃ is quasi-nilpotent

and hence K(T̃ ) = {0}, by Corollary 2.28. On the other hand it is easily

seen that H0(T ) ∩ K(T ) = K(T̃ ).
Assume now that Y := H0(T ) ∩ K(T ) is closed. Clearly Y is invariant

under T , so we can consider the restriction S := T |Y . If y ∈ Y then

‖Sny‖1/n = ‖Tny‖1/n → 0 as n → ∞, so y ∈ H0(S) and hence H0(S) =
Y . From Theorem 1.68 we infer that S is quasi-nilpotent and hence, by
Corollary 2.28 K(S) = {0}. We show that Y = K(S). To prove this
equality choose y ∈ Y = H0(T ) ∩ K(T ). By the definition of K(T ) there is
then a sequence (yn) ⊂ X and a δ > 0 such

y0 = y, Tyn = yn−1 and ‖yn‖ ≤ δn‖y‖
for all n ∈ Z+. Since y ∈ Y ⊆ H0(T ), from Lemma 1.67 we obtain that
yn ∈ H0(T ) for all n ∈ N. Moreover, since y ∈ K(T ) = XT (C \ {0}, from
part (iv) of Theorem 2.6 we also obtain that yn ∈ K(T ) = for all n ∈ Z+,
so that yn ∈ Y and therefore y ∈ K(S). This shows that Y ⊆ K(S).

The opposite inclusion is clear since K(S) = K(T ) ∩ Y ⊆ Y . Thus
Y = K(T ) ∩ H0(T ) = K(S) = {0}, and hence by Corollary 2.26 T has the
SVEP at 0.

The last assertion is clear from Corollary 2.26.

The next example shows that an operator T ∈ L(X) may have the SVEP
at the point λ0 but fails the property of having a closed quasi-nilpotent part
H0(λ0I − T ).

Example 2.32. Let X := ℓ2 ⊕ ℓ2 · · · provided with the norm

‖x‖ :=

(
∞∑

n=1

‖xn‖2

)1/2

for all x := (xn) ∈ X,

and define

Tnei :=

{
ei+1 if i = 1, · · · , n ,
ei+1

i − n
if i > n.
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It is easy to verify that

‖Tn+k
n ‖ = 1/k! and (1/k!)1/n+k as k → ∞.

From this it follows that σ(Tn) = {0}. Moreover, Tn is injective and the
point spectrum σp(Tn) is empty, so Tn has the SVEP.

Now let us define T := T1 ⊕ · · · ⊕ Tn ⊕ · · · . From the estimate ‖Tn‖ = 1
for every n ∈ N, we easily obtain ‖T‖ = 1. Moreover, since σp(Tn) = ∅ for
every n ∈ N, it also follows that σp(T ) = ∅.

Let us consider the sequence x = (xn) ⊂ X defined by xn := e1/n for
every n. We have

‖x‖ =

(
∞∑

n=1

1

n2

) 1

2

< ∞ ,

which implies that x ∈ X. Moreover,

‖Tnx‖1/n ≥ ‖Tn
n

e1

n
‖1/n = (1/n)1/n

and the last term does not converge to 0. From this it follows that σT (x)
contains properly {0} and therefore, by Theorem 2.20, x /∈ H0(T ).
Finally,

ℓ2 ⊕ ℓ2 · · · ⊕ ℓ2 ⊕ {0} · · · ⊂ H0(T ),

where the non-zero terms are n. This holds for every n ∈ N, so H0(T ) is
dense in X. Since H0(T ) �= X it follows that H0(T ) is not closed.

Theorem 2.33. Suppose that for a bounded operator T ∈ L(X), the
sum H0(λ0I − T ) + (λ0I − T )(X) is norm dense in X. Then T ⋆ has the
SVEP at λ0.

Proof Also here we assume that λ0 = 0. From Theorem 1.70 we know that
K(T ⋆) ⊆ H0(T )⊥. From a standard duality argument we now obtain

ker (T ⋆) ∩ K(T ⋆) ⊆ T (X)⊥ ∩ H0(T )⊥ = (T (X) ∩ H0(T ))⊥.

If the subspace H(T ) + T (X) is norm-dense in X, then the last annihilator
is zero, so that ker T ⋆ ∩ K(T ⋆) = {0}, and consequently by Theorem 2.22
T ⋆ has the SVEP at 0.

Corollary 2.34. Suppose either that H0(λ0I − T ) + K(λ0I − T ) or
N∞(λ0I − T ) + (λ0I − T )∞(X) is norm dense in X. Then T ⋆ has the
SVEP at λ0.

It is easy to find an example of an operator for which T ⋆ has the SVEP
at a point λ0 and such that N∞(λ0I − T ) + (λ0I − T )∞(X) is not norm
dense in X.

Example 2.35. Let T denote the Volterra operator on the Banach space
X := C[0, 1] defined by

(Tf)(t) :=

∫ t

0
f(s)ds for all f ∈ C[0, 1] and t ∈ [0, 1].
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T is injective and quasi-nilpotent. Consequently N∞(T ) = {0} and K(T ) =
{0} by Corollary 2.28. It is easy to check that

T∞(X) = {f ∈ C∞[0, 1] : f (n)(0) = 0, n ∈ Z+},
thus T∞(X) is not closed and hence is strictly larger than K(T ) = {0}.
Clearly the sum N∞(T ) + T∞(X) is not norm dense in X, whilst T ⋆ has
the SVEP because it is quasi-nilpotent.

The next theorem is, in a certain sense, dual to Theorem 2.33.

Theorem 2.36. Suppose that for a bounded operator T ∈ L(X) the sum
H0(λ0I

⋆ − T ⋆) + (λ0I
⋆ − T ⋆)(X⋆) is weak ⋆ dense in X⋆. Then T has the

SVEP at λ0.

Proof From Theorem 1.70 we know that K(T ) ⊆⊥ H0(T
⋆). Therefore

ker T ∩ K(T ) ⊆⊥ T ⋆(X⋆) ∩⊥ H0(T
⋆) =⊥ (T ⋆(X⋆) + H0(T

⋆)).

But the sum H0(T
⋆) + T ⋆)(X⋆) is weak⋆ dense in X⋆, so by the Hahn–

Banach theorem the last annihilator is zero and therefore T has the SVEP
at 0, again by Theorem 2.22.

Corollary 2.37. Suppose that for a bounded operator T ∈ L(X), either
H0(λ0I − T ⋆) + K(λ0I − T ⋆) or N∞(λ0 − T ⋆) + (λ0 − T ⋆)∞(X⋆) is weak⋆

dense in X⋆. Then T has the SVEP at λ0.

3. A local spectral mapping theorem

Given an operator T ∈ L(X), X a Banach space, and an analytic func-
tion f defined on an open neighborhood U of σ(T ), and let f(T ) denote
the corresponding operator defined by the functional calculus. The classical
spectral theorem states that f(σ(T )) = σ(f(T )). We also know that an
analogous formula holds for the semi-regular spectrum σse(T ) and the es-
sential semi-regular spectrum σes(T ). One may be tempted to conjecture an
analogous result for the local spectrum, f(σT (x)) = σf(T )(x) for all x ∈ X,
but it can be easily seen that in general that is not true. Indeed, if we con-
sider the constant function f ≡ c on the neighborhood U and an operator T
without the SVEP, then there exists by Theorem 2.18 a vector 0 �= x ∈ X
such that σT (x) = ∅. Clearly f(σT (x) = ∅, whilst

σf(T )(x) = σ(f(T )) = {c} �= ∅.

However, in the next remark, where we collect some information about
the local spectra σf(T )(x), we see that the spectral theorem for the local
spectrum holds under certain additional assumptions on the function f or
on T .

Remark 2.38. Let T ∈ L(X), X a Banach space, and let f be an analytic
function f on the open neighborhood U of σ(T ). We have

(i) f(σT (x)) ⊆ σf(T )(x) for all x ∈ X [214, Theorem 3.3.8].
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(ii) If T has the SVEP or if the function f is non-constant on each of
the connected components of U then

f(σT (x)) = σf(T )(x) for all x ∈ X,

see Laursen and Neumann [214, Theorem 3.3.8]. The proof of this equality
depend upon the glocal spectral subspaces canonical behaviour with respect
to Riesz functional calculus, i.e., if f is analytic on an open neighbourhood
of σ(T ) then Xf(T )(Ω) = XT (f−1(Ω)) for all closed sets Ω ⊆ C. The proof
of this deep result may be found in Laursen and Neumann [214, Theorem
3.3.6].

For an arbitrary operator T ∈ L(X) on a Banach space X let

Ξ(T ) := {λ ∈ C : T does not have the SVEP at λ} .

From the identity theorem for analytic functions it readily follows that Ξ(T )
is open and consequently is contained in the interior of the spectrum σ(T ).
Clearly Ξ(T ) is empty precisely when T has the SVEP.

Theorem 2.39. Let T ∈ L(X), X a Banach space. Let f : U → C be
an analytic function on the open neighborhood U of σ(T ). Suppose that f is
non-constant on each of the connected components of U . Then f(T ) has the
SVEP at λ ∈ C if and only if T has the SVEP at every point µ ∈ σ(T ) for
which f(µ) = λ. Moreover, f(Ξ(T )) = Ξ((f(T )).

Proof Suppose first that f(T ) has the SVEP at λ0 ∈ C. By Theorem 2.22
then

ker (λ0I − f(T )) ∩ Xf(T )(∅) = {0}.
Suppose now that for some µ0 ∈ σ(T ) we have f(µ0) = λ0. To show the
SVEP of T at µ0 it suffices, again by Theorem 2.22, to show that ker (µ0I−
T ) ∩ Xµ0I−T (∅) = {0}.

Let x ∈ ker (µ0I − T ) ∩ XT (∅) be arbitrarily given and define by
h(µ) := λ0 − f(µ) for all µ ∈ U . Then h(T ) = λ0I − f(T ) and, since
h(µ0) = 0 we can write h(µ) = (µ0 − µ)g(µ), where g is analytic on U .
Clearly

h(T ) = (µ0I − T )g(T ) = g(T )(µ0I − T ),

so that x ∈ ker h(T ) = ker (λ0I − f(T ). On the other hand, from x ∈
XT (∅) we obtain σT (x) = ∅, and hence by part (ii) of Remark 2.38

σf(T )(x) = f(σT (x) = f(∅) = ∅,

so x ∈ Xf(T )(∅). Therefore

ker (µ0I − T ) ∩ XT (∅) ⊆ ker (λ0I − f(T )) ∩ Xf(T )(∅) = {0},
which shows that T has the SVEP at λ0.

Conversely, let λ0 ∈ C and assume that T has the SVEP at every µ0 ∈
σ(T ) for which f(µ0) = λ0. Write h(µ) := λ0 − f(µ), where µ ∈ U . By
assumption f is non-constant on each connected component of U , so, by the
identity theorem for analytic functions, the function h has only finitely many
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zeros in σ(T ) and these zeros are of finite multiplicity. Hence there exists
an analytic function g defined on U without zeros in σ(T ) and a polynomial
p of the form

p(µ) = (µ1 − µ) · · · (µn − µ),

with not necessarily distinct elements µ1, · · · , µn ∈ σ(T ) such that

h(µ) = λ0 − f(µ) = p(µ)g(µ) for all µ ∈ U .

Assume that x ∈ ker (λ0I − f(T )) ∩ Xf(T )(∅). In order to prove that
f(T ) has the SVEP at λ0 it suffices to show, again by Theorem 2.22, that
x = 0. From the classical spectral mapping theorem we know that g(T ) is
invertible, so the equality

λ0I − f(T ) = p(T )g(T ) = g(T )p(T )

implies that p(T )x ∈ ker g(T ) = {0}. If we put q(µ) := (µ2−µ) · · · (µn−µ)
and y = q(T )x then (µ1I − T )y = 0.

On the other hand, x ∈ Xf(T )(∅) and f is non-constant on each of the
connected components of U . Part (ii) of Remark 2.38 then ensures that

f(σT (x)) = σf(T )(x) = ∅

and therefore since T and q(T ) commute

σT (y) = σT (q(T )x) ⊆ σT (x) = ∅.

But T has the SVEP at µ1, by assumption, so, again by Theorem 2.22, y = 0.
A repetition of this argument for µ2, · · · , µn then leads to the equality x = 0,
thus f(T ) has the SVEP at λ0.

The last claim is obvious, being nothing else than a reformulation of the
equivalence proved above.

Theorem 2.40. Let T ∈ L(X), X a Banach space, and f : U → C an
analytic function on the open neighborhood U of σ(T ). If T has the SVEP
then f(T ) has the SVEP. If f is non-constant on each of the connected
components of U , then T has the SVEP if and only if f(T ) has the SVEP.

Proof The second assertion is immediate from Theorem 2.39, so we have
only to show the first assertion.

Assume that T has the SVEP and let f be an analytic defined on an open
neighborhood U of σ(T ). We may assume that f is not identically 0 on each
component of U . Since T has the SVEP the inclusion f(σT (x)) ⊆ σf(T )(x)
holds for any analytic function. Proceeding exactly as in the second part of
the proof of Theorem 2.39 we easily obtain that f(T ) has the SVEP.

An immediate consequence of Theorem 2.39 is that, in the characteri-
zation of the SVEP at a point λ0 ∈ C given in Theorem 2.22, the kernel
ker (λ0I − T ) may be replaced by the hyper-kernel N∞(λ0I − T ).
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Corollary 2.41. For every bounded operator on a Banach space X the
following properties are equivalent:

(i) T has the SVEP at λ0;

(ii) Tn has the SVEP at λ0 for every n ∈ N.

(iii) N∞(λ0I − T ) ∩ XT (∅) = {0};
(iv) N∞(λ0I − T ) ∩ K(λ0I − T ) = {0};

Proof The equivalence (i) ⇔ (ii) is obvious from Theorem 2.39. Combining
this equivalence with Theorem 2.22 we then obtain that T has the SVEP at
λ0 if and only if ker (λ0I −T )n ∩XT (∅) = {0}, for every n ∈ N. Therefore
the equivalence (i) ⇔ (iii) is proved. The equivalence (i) ⇔ (iv) follows from
Theorem 2.22 in a similar way.

Note that in the condition (ii) of Corollary 2.41 the power Tn may be
replaced by f(T ), where f is any analytic function on some neighborhood
U of σ(T ) such that f is non-constant on each of the connected components
of U and such that 0 is the only zero of f in σ(T ).

The spectrum of a bounded linear operator can be divided into subsets
in many different ways. In this section we shall consider some other parts
of the spectrum which play a relevant role in local spectral theory. In the
sequel we shall denote by

σsu(T ) := {λ ∈ C : λI − T is not surjective},
the surjectivity spectrum of T . It should be noted that the surjectivity spec-
trum has been called something else by several authors, e.g., approximate
defect spectrum. Since the terminology does not appear standard, we prefer
to point out its purely algebraic nature by using the term of surjectivity
spectrum .

The approximate point spectrum of T ∈ L(X), is defined to be the set

σap(T ) := {λ ∈ C : λI − T is not bounded below}.
We have already observed that λI − T is bounded below if and only if

there exists K > 0 such that ‖λI − Tx‖ ≥ K‖x‖ for all x ∈ X. From this it
easily follows that λ ∈ σap(T ) if and only if there exists a sequence (xn) ⊂ X
such that ‖xn‖ = 1 and (λI − T )xn → 0 as n → ∞.

The next result gives further informations on σap(T ).

Theorem 2.42. If T ∈ L(X), X a Banach space, then σsu(T ) =
σap(T

⋆) and σap(T ) = σsu(T
⋆). Moreover, σap(T ), as well as σsu(T ), is a

non-empty compact subset of C containing the topological boundary of σ(T ).

Proof The equalities σsu(T ) = σap(T
⋆) and σap(T ) = σsu(T

⋆) are obvious
from Lemma 1.30, part (i). From Lemma 1.30, part (ii), we also obtain
that both σap(T ) and σsu(T ) are closed because have open complements.
Obvious, the two spectra are compact, since both are subsets of σ(T ).

That σap(T ) contains the topological boundary ∂σ(T ) of the spectrum
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is an obvious consequence of part (ii) of Theorem 1.75, once observed that
σap(T ) ⊇ σse(T ). Furthermore, from the equality σsu(T ) = σap(T

⋆) we
conclude that σsu(T ) contains the topological boundary of σ(T ⋆) = σ(T ).

The following theorem shows that the surjectivity spectrum of an oper-
ator is closely related to the local spectra.

Theorem 2.43. For every operator T ∈ L(X) on a Banach space X we
have

σsu(T ) =
⋃

x∈X

σT (x).

Proof If λ /∈ ⋃x∈X σT (x) then λ ∈ ρT (x) for every x ∈ X and hence,
directly from the definition of ρT (x), we conclude that (λI−T )y = x always
admits a solution for every x ∈ X, λI − T is surjective. Thus λ /∈ σsu(T ).

Conversely, suppose λ /∈ σsu(T ). Then λI −T is surjective and therefore
X = K(λI − T ). From Theorem 2.18 it follows that 0 /∈ σλI−T (x) for every
x ∈ X, and consequently λ /∈ σT (x) for every x ∈ X.

Corollary 2.44. If X is a Banach space and T ∈ L(X) then σ(T ) =
Ξ(T )∪ σsu(T ). In particular, σsu(T ) contains ∂Ξ(T ), the topological bound-
ary of Ξ(T ).

Proof The inclusion Ξ(T ) ∪ σsu(T ) ⊆ σ(T ) is obvious. Conversely, if
λ /∈ Ξ(T ) ∪ σsu(T ) then λI − T is surjective and T has the SVEP at λ, so
by Corollary 2.24 λI − T is also injective. Hence λ /∈ σ(T ).

The last claim is immediate, ∂Ξ(T ) ⊆ σ(T ) and since Ξ(T ) is open it
follows that ∂Ξ(T )∩Ξ(T ) = ∅. This obviously implies that ∂Ξ(T ) ⊆ σsu(T ).

Corollary 2.45. Let X be a Banach space and T ∈ L(X) has the SVEP.
We have

(i) If T has the SVEP then σsu(T ) = σ(T ) and σse(T ) = σap(T ).

(ii) If T ⋆ has the SVEP then σap(T ) = σ(T ) and σse(T ) = σsu(T ).

(iii) If both T and T ⋆ have the SVEP then

σ(T ) = σsu(T ) = σap(T ) = σse(T ).

Proof The first equality (i) is an obvious consequence of Corollary 2.44,
since Ξ(T ) is empty. To prove the second equality of (i) observe first that
the inclusion σse(T ) ⊆ σap(T ) is trivial, since every bounded below operator
is semi-regular . Conversely, let λ /∈ σse(T ). From the definition of semi-
regularity and Theorem 1.10 we have

ker (λI − T ) ⊆ (λI − T )∞(X) = K(λI − T )

and therefore, since ker (λI − T ) ⊆ H0(λI − T ) for all λ ∈ C,

ker (λI − T ) ⊆ K(λI − T ) ∩ H0(λI − T )
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From Corollary 2.26 we then conclude that ker (λI − T ) = {0}, i.e. λI − T
is injective. This implies, since λI −T has closed range by assumption, that
λ /∈ σap(T ).

The two equalities of part (ii) are obvious consequence of Theorem 2.42,
whilst part (iii) follows from part (i) and part (ii).

Note that if T fails the SVEP then the local spectral formula (45) is not
valid. This is obvious, once it is observed that in this case σT (x) is empty for
some non-zero x ∈ X by Theorem 2.8. Other informations about the local
spectral radius rT (x) may be found in Chapter 3 of the book by Laursen
and Neumann [214].

It is easily seen that if XT (Ω) = {0} then Ω ∩ σp(T ) = ∅. In fact,
suppose that XT (Ω) = {0} and assume that there is λ0 ∈ Ω ∩ σp(T ). Then
there is 0 �= x ∈ ker(λ0I − T ). Clearly σT (x) ⊆ {λ0}, and since λ0 ∈ Ω this
implies that x ∈ XT (Ω) = {0}, a contradiction.

We also have that XT (Ω) = X precisely when σsu(T ) ⊆ Ω. In fact, if
XT (Ω) = X and λ /∈ Ω then

K(λI − T ) = XT (C \ {λ}) ⊇ XT (Ω \ {λ}) = XT (Ω) = X,

so that X = K(λI − T ) and hence λI − T is surjective, namely λ /∈ σsu(T ).
Conversely, suppose that σsu(T ) ⊆ Ω. By Theorem 2.43 we obtain that
σT (x) ⊆ Ω for all x ∈ X so that X = XT (Ω).

One of the deep results of local spectral theory shows that analogous
results hold for the glocal subspaces in the case where Ω is closed subset of
C. In the next theorem we only state this result and refer for a proof of it
to Laursen and Neumann [214, Theorem 3.3.12].

Theorem 2.46. Suppose that T ∈ L(X), where X is a Banach space,
and Ω is a closed subset of C. Then the following assertions hold:

(i) XT (Ω) = X if and only if σsu(T ) ⊆ Ω;

(ii) XT (Ω) = {0} implies that Ω ∩ σp(T ) = ∅;

(iii) If Ω ∩ σap(T ) = ∅ then XT (Ω) = {0}.

An interesting consequence of Theorem 2.43 is that the approximate
point spectrum σap(T ) and the surjectivity spectrum σsu(T ) behave canon-
ically under the Riesz functional calculus.

To see this we need first a preliminary remark. Suppose that a Banach
space X is the direct sum X = M ⊕ N , where the closed subspaces M and
N are T -invariant, and let PM denote the projection of X onto M . Clearly
PM commutes with T . It is easily seen that

ker T = kerT |M ⊕ ker T |N and T (X) = T (M) ⊕ T (N),

so that T is injective if and only if both the restrictions T |M and T |N are
injective. Moreover, T (X) is closed if and only if T (M) is closed in M and
T (N) is closed in N . In fact, if T (X) is closed then

T (M) = TPM (X) = PM (T (X)) = T (X) ∩ M
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so T (M) is closed, and analogously T (N) is closed.
Conversely, assume that T (M) is closed in M and T (N) is closed in N .

Since the mapping Ψ : M × N → M ⊕ N , defined by Ψ(x, y) := x + y is a
topological isomorphism, then the image

Ψ(T (M) × T (N)) = T (M) ⊕ T (N) = T (X)

is closed in X. Combining all these resuls we obtain

T is bounded below ⇔ T |M, T |N are bounded below,

and hence

σap(T ) = σap(T |M) ∪ σap(T |N).

Analogously, from the equality T (X) = T (M)⊕T (N) we easily deduce that
T is onto if and only if both T |M and T |N are onto, so that

σsu(T ) = σsu(T |M) ∪ σsu(T |N).

Clearly

σ(T ) = σ(T |M) ∪ σ(T |N).

Next we want to establish the spectral mapping theorem for the approx-
imate point spectrum and the surjectivity spectrum. To prepare this result
we first consider the very special case that the analytic function f is constant
on the connected components of its domain of definition.

Lemma 2.47. Let T ∈ L(X), X a Banach space, and suppose that
the function f is constant on each connected component of an open set U
containing σ(T ). Then

f(σsu(T )) = σsu(f(T )) = f(σ(T )) = σ(f(T )).

Analogously

σap(f(T )) = σap(f(T )) = f(σ(T )) = σ(f(T )).

Proof We shall prove first the equality for σsu(T ).
Since σ(T ) is compact we may assume that U has only a finite number

of components, say Ω1, · · · , Ωn. Assume also that

σi := Ωi ∩ σ(T ) �= ∅, i = 1, . . . , n.

Let f(λ) = ci for every λ ∈ Ωi and denote by χi the characteristic
function of Ωi. From the elementary functional calculus we know that Pi :=
χi(T ) is the spectral projection associated with the spectral set σi and that
the decomposition X = M1 ⊕ · · · ⊕ Mn holds, where Mi := Pi(X). The
subspaces Mi are invariant under T and under f(T ). Moreover,

f(λ) =
n∑

i=1

ciχi(λ) and f(T ) =
n∑

i=1

ciPi,

so that f(T )|Mi = ciIi, Ii the identity on Mi. Obviuously,,

σsu(f(T )|Mi) = σ(f(T )|Mi) = {ci},
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from which we obtain

σ(f(T )) = σsu(f(T )) = {c1, . . . , cn}.
On the other hand, σsu(T ) ⊆ σ(T ) implies

(46) f(σsu(T )) ⊆ f(σ(T )) = {c1, . . . , cn}.
The reverse inclusion of (46) is also true, since every Ωi contains some

points λ of σsu(T |Mi), since the latter set is non-empty, and therefore

ci = f(λ) ∈ f(σsu(T |Mi) ⊆ f(σsu(T )) for all i = 1, . . . , n.

Hence f(σsu(T )) = σsu(f(T )) = f(σ(T )). The equality σap(f(T )) = f(σap(T ))
easily follows by duality, since σap(f(T )) = σsu(f(T ∗)) and f(σap(T )) =
f(σsu(T

∗)).

Theorem 2.48. Let T ∈ L(X), X a Banach space, and suppose that
the function f : U → C defined on an open set U containing σ(T ). Then

σsu(f(T )) = f(σsu(T )) and σap(f(T )) = f(σap(T )).

Proof Assume first that f is non-constant on each component of U . As
noted in part (ii) of Remark 2.38 we have σf(T ))(x) = f(σT (x)) for all
x ∈ X. Taking the union over all x ∈ X, we obtain from Theorem 2.43 that
σsu(f(T )) = f(σsu(T )).

To show the general case consider the other possibility, i.e., suppose
that f is constant on some components of U . Denote by Ω1, · · · ,Ωn all the
components where f is constant, say f(λ) = cn for λ ∈ Ωn. Clearly we may
assume that σi := Ωi ∩ σ(T ) �= ∅ for every i = 1, . . . , n. Define

Ω :=

n⋃

i=1

Ωi and σ :=

n⋃

i=1

σi.

If P , Q denote the spectral projection associated with σ and σ(T ) \ σ, re-
spectively, then X = M⊕N , where M := P (X) and N := Q(X). Moreover,

σ(T |M) = σ ⊆ Ω, σ(T |N) = σ(T ) \ σ ⊆ U \ Ω.

Let g be the restriction of f on Ω and h the restriction of f onto U \ Ω.
The functions g and h are analytic on an open set containing σ(T |M) and
σ(T |N), respectively. Furthermore,

g(T |M) = f(T |M) = f(T )|M
and

h(T |N) = f(T |N) = f(T )|N.

Clearly g is constant on every connected component of Ω, whilst h is non-
constant on every connected component of U \ Ω. From Lemma 3.68 and
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from the first part of the proof, we then obtain

σsu(f(T )) = σsu(f(T )|M) ∪ σsu(f(T )|N) = σsu(g(T |M)) ∪ σsu(h(T |N))

= g(σsu(T |M)) ∪ h(σsu(T |N)) = f(σsu(T |M)) ∪ f(σsu(T |N))

= f(σsu(T |M) ∪ σsu(T |N)) = f(σsu(T )),

where the equality f(σsu(T |M)) ∪ f(σsu(T |N)) = f(σsu(T |M) ∪ σsu(T |N))
follows since σsu(T |M) and σsu(T |N) are disjoint. Therefore the proof of
the spectral mapping theorem for σsu(T ) is complete.

By duality it easily follows that σap(f(T )) = f(σap(T )), so also the
second equality is proved.

The following result shows that the SVEP at a point λ0 may be charac-
terized in a very simple way in the special case that T is semi-regular.

Theorem 2.49. Suppose that λ0I −T is a semi-regular operator on the
Banach space X. Then the following equivalences hold:

(i) T has the SVEP at λ0 precisely when λ0I − T is injective or, equiv-
alently, when λ0I − T is bounded below;

(ii) T ⋆ has the SVEP at λ0 precisely when λ0I − T is surjective.

Proof (i) Assume that λ0 = 0. Evidently we have only to prove that if
T has the SVEP at 0 then T is injective. Suppose that T is not injective.
The semi-regularity of T entails T∞(X) = K(T ) by Theorem 1.24, and
{0} �= kerT ⊆ T∞(X) = K(T ), thus T does not have the SVEP at 0 by
Theorem 2.22.

(ii) We know that if λ0I −T is semi-regular then also λ0I
⋆ −T ⋆ is semi-

regular and by Theorem 2.42 λ0I − T is surjective if and only if λ0I
⋆ − T ⋆

is bounded below .

Clearly Theorem 2.49 generalizes Corollary 2.24 because every surjective
operator is semi-regular.

Corollary 2.50. Let X be a Banach space and T ∈ L(X). The following
assertions hold:

(i) If λ0 ∈ σ(T ) \ σap(T ) then T has the SVEP at λ0, but T ⋆ fails to
have the SVEP at λ0.

(ii) If λ0 ∈ σ(T ) \ σsu(T ) then T ⋆ has the SVEP at λ0, but T fails to
have the SVEP at λ0.

Proof The condition λ0 ∈ σ(T ) \ σap(T ) implies that λ0I − T has closed
range, is injective but not surjective, so we can apply Theorem 2.49. Anal-
ogously, if λ0 ∈ σ(T ) \ σsu(T ) then λ0I − T is surjective but not injective,
so we can apply again Theorem 2.49.

From Theorem 1.31 we know that the semi-regular resolvent ρse(T ) is
an open subset of C, so it may be decomposed in connected disjoint open
non-empty components.
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Theorem 2.51. Let T ∈ L(X), X a Banach space, and Ω a component
of ρse(T ). Then we have the following alternative:

(i) T has the SVEP at every point of Ω. In this case σp(T ) ∩ Ω = ∅;

(ii) For every λ ∈ Ω, T does not have the SVEP. In this case σp(T ) ⊇ Ω.

Proof Suppose that T has the SVEP at a point λ0 ∈ Ω and consider an
arbitrary point λ of Ω. In order to show that T has the SVEP at λ it suffices
to show, by Theorem 2.49, that λI−T is injective. By Theorem 2.49 λ0I−T
is injective, so N∞(λ0I − T ) = {0} and therefore H0(λ0I − T ) = {0}, by
part (ii) of Theorem 1.70. From Theorem 1.72 we know that the subspaces

H0(λI − T ) are constant for λ ranging through Ω, so that H0(λI−T ) = {0}
for every λ ∈ Ω. This shows that T has the SVEP at every λ ∈ Ω.

The assertions on the point spectrum are clear from Theorem 2.49.

A very special situation is given when σap(T ) and σsu(T ) are contained
in the boundary ∂σ(T ) of the spectrum, or, equivalently, are equal since
both contain ∂σ(T ). Later we shall see that this situation is fulfilled by
several classes of operators. Note first that both T and T ⋆ have the SVEP
at every point λ ∈ ρ(T ).

Theorem 2.52. Suppose that for a bounded operator T ∈ L(X), X a
Banach space, we have σap(T ) = ∂σ(T ). Then T has the SVEP whilst Ξ(T ⋆)
coincides with the interior of σ(T ). Similarly, if σsu(T ) = ∂σ(T ) then T ⋆

has the SVEP whilst Ξ(T ) coincides with the interior of σ(T ).

Proof Suppose that σap(T ) = ∂σ(T ). If λ belongs to the interior of σ(T )
then λ ∈ σ(T )\σap(T ), hence T has the SVEP at λ whilst T ⋆ does not have
the SVEP at λ, by part (i) of Corollary 2.50. Similarly the last claim is a
consequence of part (ii) of Corollary 2.50.

Theorem 2.52 has another nice application to the so called Césaro oper-
ator Cp defined on the classical Hardy space Hp(D) , D the open unit disc
and 1 < p < ∞. The operator Cp is defined by

(Cpf)(λ) :=
1

λ

∫ λ

0

f(µ)

1 − µ
dµ for all f ∈ Hp(D) and λ ∈ D.

As noted by T.L. Miller, V.G. Miller and Smith [237], the spectrum
of the operator Cp is the entire closed disc Γp, centered at p/2 with radius
p/2, and σap(Cp) is the boundary ∂Γp. Hence, the Césaro operator has the
SVEP, whilst its adjoint does not have the SVEP at any point of the interior
of Γp.

In order to find applications to Theorem 2.52, let us consider, for an
arbitrary operator T ∈ L(X) on a Banach space X, the so called lower
bound of T defined by

k(T ) := inf{‖Tx‖ : x ∈ X, ‖x‖ = 1}.
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It is obvious that if T is invertible then k(T ) = ‖T−1‖. Clearly

(47) k(Tn)k(Tm) ≤ k(Tn+m) for all n, m ∈ N

and consequently k(T ) = 0 whenever k(Tn) = 0 for some n ∈ N. The
converse is also true: if k(T ) = 0 then 0 ∈ σap(T ) and therefore k(Tn) = 0
for all n ∈ N.

Theorem 2.53. If T ∈ L(X) then

(48) lim
n→∞

k(Tn)1/n = sup
n∈�

k(Tn)1/n.

Proof Fix m ∈ N and write for all n ∈ N, n = mq + r, 0 ≤ r ≤ m, where
q := q(n) and r := r(n) are functions of n. Note that

lim
n→∞

q(n)

n
=

1

m
and lim

n→∞

r(n)

n
= 0.

From (47) we obtain that k(Tn) ≥ k(Tm)qk(T )r and hence

lim
n→∞

inf(k(Tn))1/n ≥ k(Tm)1/m for all m ∈ N.

Therefore

lim
n→∞

inf(k(Tn))1/n ≥ sup
n∈�

k(Tn)1/n ≥ lim
n→∞

sup(k(Tn))1/n,

from which the equality (48) follows.

Put
i(T ) := lim

n→∞
k(Tn)1/n.

If r(T ) denotes the spectral radius of T it is obvious that i(T ) ≤ r(T ). For
every bounded operator T ∈ L(X), X a Banach space, let us consider the
(possible degenerated) closed annulus

Λ(T ) := {λ ∈ C : i(T ) ≤ |λ| ≤ r(T )}.
The next result shows that the approximate point spectrum is located in
Λ(T ).

Theorem 2.54. For every bounded operator T ∈ L(X), X a Banach
space, we have σap(T ) ⊆ Λ(T ).

Proof Clearly, if λ ∈ σap(T ) then |λ| ≤ r(T ). Assume |λ| < i(T ) and let
c > 0 be such that |λ| < c < i(T ). Take n ∈ N such that cn ≤ k(Tn). For
every x ∈ X we have cn‖x‖ ≤ ‖Tnx‖ and hence

‖(λnI − Tn)x‖ ≥ ‖Tnx‖ − |λn| ‖x‖ ≥ (cn − |λn‖)‖x‖,
thus λnI − Tn is bounded below, λn /∈ σap(T ). Writing

λnI − Tn = (λI − T )(Tn−1 + λTn−2 + · · · + λnI),

we then conclude that λ /∈ σap(T ).

As usual by D(0, ε) and D(0, ε) we shall denote the open disc and the
closed disc centered at 0 and radius ε, respectively.
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Theorem 2.55. For a bounded operator T ∈ L(X), X a Banach space,
the following properties hold:

(i) If T is invertible then D(0, i(T )) ⊆ ρ(T ), and consequently σ(T ) ⊆
Λ(T ). If T is non-invertible then D(0, i(T )) ⊆ σ(T );

(ii) Suppose that i(T ) = r(T ). If T is invertible then σ(T ) ⊆ ∂D(0, r(T )),
whilst if T is non-invertible then

σ(T ) = D(0, r(T )) and σap(T ) = ∂σ(T ).

Proof (i) Let T be invertible and assume that there is some λ ∈ σ(T ) such
that |λ| < i(T ). Since 0 ∈ ρ(T ) then there is some µ in the boundary of σ(T )
such that |µ| ≤ |λ| < i(T ). But this is impossible since, again by Theorem
2.42, µ ∈ σap(T ) and hence by Theorem 2.54 |µ| ≥ i(T ). This shows the
first assertion of (i).

Suppose now that T is non-invertible and that there is an element λ ∈
ρ(T ) for which |λ| ≤ i(T ). By assumption 0 ∈ σ(T ) and ρ(T ) is open,
so there exists 0 ≤ c < 1 such that cλ belongs to the boundary of σ(T ).
From Theorem 2.42 we then conclude that cλ ∈ σap(T ). On the other hand,
|cλ| < i(T ), so by Theorem 2.54 cλ /∈ σap(T ), a contradiction. This shows
the second assertion of part (i).

(ii) The inclusion σ(T ) ⊆ ∂D(0, r(T )), if T is invertible, and the equality
σ(T ) = D(0, r(T )), if T is non-invertible, are simple consequences of part
(i).
Suppose now that if T is non-invertible there exists some λ ∈ σ(T ) such that
|λ| = 1 and λ /∈ σap(T ). By Corollary 2.50 T ∗ then fails the SVEP at λ and
this contradicts the fact that λ belongs to the boundary of the spectrum.
Therefore ∂σ(T ) ⊆ σap(T ) and from Theorem 2.54 it then follows that
∂σ(T ) = σap(T ).

Theorem 2.56. Let T ∈ L(X), X a Banach space, and suppose that
λ ∈ C is a point for which |λ| < i(T ). Then T has the SVEP at λ, whilst
T ⋆ has the SVEP at λ if and only if T is invertible.

Proof From Theorem 2.54 we know that if |λ| < i(T ) then λ /∈ σap(T ).
Hence the assertions easily follow from Corollary 2.50.

The following corollary describes the SVEP in the special case i(T ) =
r(T ).

Corollary 2.57. Let T ∈ L(X), X a Banach space, and suppose that
i(T ) = r(T ). Then the following dichotomy holds:

(i) If T is invertible then both T and T ⋆ have the SVEP;

(ii) If T is non-invertible then T has the SVEP, whist T ⋆ has the SVEP
at a point λ precisely when |λ| ≥ r(T ).

Corollary 2.57 applies, in particular to an arbitrary isometry T ∈ L(X).
Hence every isometry has the SVEP, whilst the adjoint of a non-invertible
isometry has the SVEP at a point λ ∈ C if and only if |λ| ≥ 1.



88 2. THE SINGLE-VALUED EXTENSION PROPERTY

Trivially, an operator T ∈ L(X) has the SVEP at every point of the
resolvent ρ(T ) := C\σ(T ). Moreover, from the identity theorem for analytic
functions it easily follows that T ∈ L(X) has the SVEP at every point of
the boundary ∂σ(T ) of the spectrum. Hence, we have the implications:

(49) σap(T ) does not cluster at λ0 ⇒ T has the SVEP at λ0,

and

(50) σsu(T ) does not cluster at λ0 ⇒ T ⋆ has the SVEP at λ0.

The first implication may be proved by using the same argument of the
proof of part (c) of Remark 2.4. The second implication is an immediate
consequence of the equality σsu(T ) = σap(T

⋆).
It is easily seen that none of the implications (49) and (50) may be

reversed in general. In fact, as observed in Theorem 2.42, the boundary
∂σ(T ) of σ(T ) is contained in σap(T ) and in σsu(T ). Consequently, if σ(T )
contains a non-isolated boundary point λ0 of σ(T ) then σap(T ), as well as
σsu(T ), clusters at λ0 but, as observed before, both T and T ⋆ have the SVEP
at λ0. In the next chapter we shall see that for operators of Kato type the
implications (49) and (50) may be reversed.

From the implications (49) and (50) we know that T and T ⋆ have the
SVEP outside σap(T ) and σsu(T ), respectively. The question of the extent to
which an operator T or its adjoint T ⋆ may have SVEP, or not, at the points
inside the approximate point or surjectivity spectrum is a more delicate
issue.

The next result on non-invertible isometries will be useful to settle this
question in the case of certain operators.

Theorem 2.58. Let T ∈ L(X) be a non-invertible isometry and suppose
that f : U → C is a non-constant analytic function on some connected open
neighborhood of the closed unit disc. Then the following assertions hold:

(i) σ(f(T )) = f(D) and σap(f(T )) = f(∂D), where D denotes the open
unit disc of C.

(ii) f(T ) has the SVEP.

(iii) f(T )⋆ has the SVEP at a point λ if and only if λ /∈ f(D).

(iv) f(∂D) ∩ f(D) = {λ ∈ C : f(T )⋆ does not have the SVEP at λ}.
Proof Since σ(f(T )) = D and, by Theorem 2.54, σap(T ) = ∂D, the equal-
ities (i) follow from the canonical spectral mapping theorem and Theorem
2.48, respectively. The assertion (ii) is a consequence of Corollary 2.57 and
the spectral mapping Theorem 2.39.

(iii) Since f(T )⋆ = f(T ⋆), from Theorem 2.39 it follows that f(T )⋆ has
the SVEP at the point λ ∈ C if and only if T ⋆ has the SVEP at each point
µ ∈ U for which f(µ) = λ. Corollary 2.57 then ensures that the latter
condition holds precisely when λ /∈ f(D).

The assertion (iv) easily follows from part (i) and part (iii).
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Part (iv) of Theorem 2.58 leads to many examples in which the SVEP
for the adjoint fails to hold at points which belong to the approximate point
spectrum of T . In fact, if f is a non-constant analytic function on some
connected open neighborhood U of the closed unit disc and Λ := f(∂D) ∩
f(D) is non empty then for every λ ∈ Λ the adjoint of f(T ) does not have
SVEP at λ. This situation is, for instance, fulfilled for every function of the
form

f(λ) := (λ − γ)(λ − ω)g(λ) for λ ∈ U ,

where g is an arbitrary analytic function on U , |γ| = 1 and |ω| < 1.
In the next example we give an application of Theorem 2.58 to operators

which act on the Hardy space H2(D).

Example 2.59. Let D denote the open unit disc of C and 1 ≤ p < infty.
If g ∈ H∞(D). The operator Tf on Hp(D) defined by the assignment

Tfg := fg for every g ∈ Hp(D)

is called the analytic Toeplitz operator with symbol f .
Let f be a non-constant analytic function on some connected open neigh-

borhood of the closed unit disc, and consider the multiplication Toeplitz
operator Tf on H2(D). It is clear that Tf = f(T ), where T denotes the
operator of multiplication by the independent variable,

(Tg)(λ) := λg(λ) for all g ∈ H2(D), λ ∈ D.

The operator T is a non-invertible isometry (actually, is unitary equivalent
to the unilateral right shift on ℓ2(N)), thus by part (i) of Theorem 2.58 we
have

σ(Tf ) = f(σ(T )) = f(D) and σap(Tf ) = f(∂D).

Moreover, from part (iv) of Theorem 2.58, we conclude that the adjoint Tf
⋆

has the SVEP at λ ∈ C if and only if λ /∈ f(D).
Note that similar results holds for Toeplitz operators with arbitrary

bounded analytic symbols. In fact, if f ∈ H∞(D) the approximate point
spectrum σap(Tf ) coincides with the essential range of the boundary function
that is obtained by taking non-tangential limits of f almost everywhere on
the unit circle, and operator the Tf does not have the SVEP at any λ /∈ f(D).
These results may be established using standard tools from theory of Hardy
spaces, see [265].

Example 2.60. We conclude this section by mentioning an example
from theory of composition operators on Hardy spaces. It is well known
that every analytic function ϕ : D → D on the open unit disc D induces a
bounded linear operator on Hp(D) defined by

Tϕ(f) := f ◦ ϕ for all f ∈ Hp(D).
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The operator Tϕ is an isometry which is invertible if and only if ϕ is an
automorphism of D, a mapping of the form

ϕ(λ) =
aλ + b

bλ + a
for all λ ∈ D ,

where a and b are complex numbers for which |a|2 − |b|2 = 1. The automor-
phisms ϕ are classified as follows:

• ϕ is elliptic if | Im a| > |b|;
• ϕ is parabolic if | Im a| = |b|;
• ϕ is hyperbolic if | Im a| < |b|.

If ϕ is either elliptic or parabolic then a result of Smith [300] shows that the
composition operator Tϕ on Hp(D) and its adjoint has the SVEP (actually
we have much more, Tϕ is generalized scalar and therefore decomposable,
see § 1.5 of Laursen and Neumann [214]).

On the other hand, from an inspection of the proof of Theorem 6 of
Nordgreen [249] and Theorems 1.4 and 2.3 of Smith [300] it easily follows
that if ϕ is hyperbolic the spectrum of the corresponding composition op-
erator Tϕ on H2(D) is the annulus Γr := {λ ∈ C : 1/r ≤ |λ| ≤ r} for some
r > 1. Moreover, Tϕ does not have the SVEP at λ if and only if λ belongs
to the interior of Γr. We mention that the adjoint Tϕ

⋆ has the SVEP since
it is subnormal, see [214].

In contrast, if an automorphism of D is either elliptic or parabolic, then,
as shown by Smith [300], the corresponding composition operator is gener-
alized scalar on Hp(D) for arbitrary 1 ≤ p < ∞, thus both T and T ⋆ have
SVEP.

4. Algebraic spectral subspaces

In this section we shall introduce an important class of subspaces related
to an operator T ∈ L(X), where X is a Banach space. These spaces are
defined in purely algebraic terms.

Definition 2.61. Let X be a vector space and T : X → X be a linear
mapping. Given an arbitrary subset Ω ⊆ C the algebraic spectral subspace
ET (Ω) is defined as the algebraic sum of all subspaces M of X with the
property that (λI − T )(M) = M for every λ ∈ C \ Ω.

Evidently ET (Ω) is the largest subspace of X on which all the restrictions
of λI − T , λ ∈ C \ Ω, are surjective, in particular

(λI − T )(ET (Ω)) = ET (Ω) for every λ ∈ C \ Ω.

Note that

ET (C \ {λ}) = C(λI − T )

where, as usual, C(λI − T ) denotes the algebraic core of λI − T . If λI − T
is semi-regular then by Theorem 1.24

ET (C \ {λ}) = K(λI − T ) = (λI − T )∞(X).
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Clearly, if Ω1 ⊆ Ω2 are two subsets of C then ET (Ω1) ⊆ ET (Ω2).
The subspace ET (∅) is of particular interest. By definition ET (∅) is

the largest linear subspace M of X for which (λI − T )(M) = M holds for
every λ ∈ C. It is easily seen that ET (∅) = ET (Ω) whenever σ(T )∩Ω = ∅.
The space ET (∅), which is usually called the largest divisible subspace for T ,
plays a remarkable role in theory of automatic continuity where it is often
necessary to exclude the existence of non-trivial divisible subspaces. For an
extensive treatment of this theory we refer to the monograph by Laursen
and Neumann [214].

Our next results concern some other basic properties of the subspaces
ET (Ω).

Theorem 2.62. Let X be a Banach space and T ∈ L(X). For each
proper subset Ω ⊆ C the subspace ET (Ω) is hyper-invariant under T , i.e.,
ET (Ω) is invariant under any linear map S commuting with T .

Proof In fact, for λ /∈ Ω we have

(λI − T )S(ET (Ω)) = S(λI − T )(ET (Ω)) = ET (Ω),

thus S(ET (Ω)) ⊆ ET (Ω).

Corollary 2.63. For each proper subset Ω ⊆ C we have ET (Ω) =
ET (Ω ∩ σ(T )).

Proof Clearly, for each λ ∈ Ω\σ(T ) the operator (λI−T )−1 commutes with
T . Hence (λI − T )−1(ET (Ω)) ⊆ ET (Ω), and so ET (Ω) = (λI − T )ET (Ω)
for all λ ∈ Ω \ σ(T ) as well as for all λ /∈ Ω. It follows that ET (Ω) ⊆
ET (Ω ∩ σ(T )). The other inclusion is obvious.

Theorem 2.64. Let T be a linear operator on a vector space X , Ω ⊆ C
and λ0 ∈ Ω. Then x ∈ ET (Ω) if and only if (λ0I − T )x ∈ ET (Ω).

Proof Let λ0 ∈ Ω and suppose that x ∈ ET (Ω). Since (λI − T )ET (Ω) =
ET (Ω) for every λ /∈ Ω, we see that

(λ0I − T )x = (λI − T )x + (λ0 − λ)x ∈ ET (Ω).

Conversely, let y0 ∈ X such that (λ0I−T )y0 ∈ ET (Ω). Let Y := ET (Ω)+Cy0

and consider z := y + αy0 ∈ Y , with y ∈ ET (Ω) and α ∈ C.
Clearly, if λ /∈ Ω we have

y − α

λ − λ0
(λ0I − T )y0 ∈ ET (Ω).

From the equality (λI − T )(ET (Ω)) = ET (Ω) we obtain an element y1 ∈
ET (Ω) such that

(λI − T )y1 = y − α

λ − λ0
(λ0I − T )y0.

For the element
z0 := y1 +

α

λ − λ0
y0
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we have

(λI − T )z0 = (λI − T )y1 +
α

λ − λ0
(λI − T )y0

= y − α

λ − λ0
(λ0I − T )y0 +

α

λ − λ0
(λ0I − T )y0 + αy0

= y + αy0 = z.

Hence z ∈ (λI − T )(Y ) and therefore the inclusion Y ⊆ (λI − T )(Y ) is
verified for every λ /∈ Ω. It is easy to see that also the inverse inclusion
holds. Indeed, for every element z = y + αy0 ∈ Y and λ /∈ Ω we have

(λI − T )z = (λI − T )y + (λI − T )αy0 = (λI − T )y +

α(λ0I − T )y0 + α(λ − λ0)y0 ∈ ET (Ω) + Cy0 = Y

This implies that Y ⊆ ET (Ω) and therefore y0 ∈ ET (Ω).

Corollary 2.65. ker (λ0I − T ) ⊆ ET (Ω) for every λ0 ∈ Ω.

Theorem 2.66. Let X be a Banach space, T ∈ L(X), Ω ⊆ C. Then

σ(T |ET (Ω)) ⊆ σ(T |ET (Ω)) ⊆ σ(T ).

Proof Let Y := ET (Ω) and suppose λ ∈ ρ(T |Y ). Then λI − T is injective
on ET (Ω). Let y ∈ ET (Ω) and let z ∈ Y be chosen so that (λI − T )z = y.
Observe that if λ /∈ Ω then by Theorem 2.64 z ∈ ET (Ω) (indeed there is a
pre-image of y in ET (Ω) and since λ ∈ ρ(T |Y ) this pre-image is unique in
Y , so it must be z). Hence λI − T is injective and onto ET (Ω). Therefore

ρ(T |Y ) ⊆ C \ σ(T |ET (Ω))

and hence σ(T |ET (Ω)) ⊆ σ(T |Y ).
The second inclusion is almost obvious: if λ /∈ σ(T ) then λ /∈ σ(T ) ∩ Ω,

and consequently,

(λI − T )(ET (Ω)) = (λI − T )(ET (σ(T ) ∩ Ω)) = ET (σ(T ) ∩ Ω) = ET (Ω).

Therefore (λI − T )(Y ) = Y . Since λI − T is injective, this shows that
λ /∈ σ(T |Y ).

Next we want show that the algebraic spectral subspace of the intersec-
tion of any family of proper subsets (Ωj) of C coincides with the intersection
of all ET (Ωj). First we need some preliminary results.

Let π : X → X/ET (Ω) denote the canonical quotient map and let

T̃ : X/ET (Ω) → X/ET (Ω) be the map

T̃ x̃ := T̃ x, with x ∈ x̃.

It is evident that T̃ π = πT .

Lemma 2.67. Let Ω ⊆ Ω be proper subsets of C. Then E
�T
(Ω) =

π(ET (Ω)).
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Proof Observe first that if λ /∈ Ω then

(λĨ − T̃ )(π(ET (Ω))) = π(λI − T )(ET (Ω)) = π(ET (Ω)),

thus π(ET (Ω)) ⊆ E
�T
(Ω).

To prove the inverse inclusion, let us consider M := π−1E
�T
(Ω). We shall

prove that (λI − T )(M) = M for each λ /∈ Ω. Clearly,

π(λI − T )(M) = (λĨ − T̃ )(π(M)) = (λĨ − T̃ )(E
�T
(Ω)) = E

�T
(Ω),

and therefore
(λI − T )(M) = π−1(E

�T
(Ω)) = M.

On the other hand, if x ∈ M then x̃ = πx ∈ E
�T
(Ω), thus there exists

an element ỹ = πy ∈ E
�T
(Ω) such that (λĨ − T̃ )ỹ = x̃ This implies that

x− (λI − T )y ∈ ET (Ω). Since λ /∈ Ω the equality (λI − T )(ET (Ω) = ET (Ω)
also holds, so there exists z ∈ ET (Ω) for which

x = (λI − T )y + (λI − T )z = (λI − T )(y + z).

From the equality π(y + z) = πy ∈ E
�T
(Ω) follows that y + z ∈ M so

M ⊆ (λI − T )(M). Hence M = (λI − T )(M) for every λ /∈ M and this
implies M = π−1(E

�T
(Ω)) ⊆ ET (Ω).

Hence also the inclusion E
�T
(Ω) ⊆ π(ET (Ω)) holds, so the proof is com-

plete.

Lemma 2.68. Let {Ω1, . . . ,Ωn} be a finite family of proper subsets of
C. Then

ET

(
n⋂

k=1

Ωk

)
=

n⋂

k=1

ET (Ωk).

Proof Obviously it suffices to consider only the case of two sets Ω1 and Ω2.
Moreover, by Corollary 2.63 we may assume that Ω1 and Ω2 are subsets of
σ(T ).

Suppose first that Ω1 ∪ Ω2 = σ(T ). Let Y := ET (Ω1) ∪ ET (Ω2) and
let λ /∈ Ω1 ∩ Ω2. As we have seen in the proof of Corollary 2.63, ET (Ω) =
(λI − T )ET (Ω) for any Ω ⊂ C and λ /∈ σ(T ). So we may assume λ ∈ σ(T )
and hence λ ∈ Ω1 \ Ω2 or λ ∈ Ω2 \ Ω1.

Consider the case λ ∈ Ω1 \ Ω2. If x0 ∈ Y then there exists y ∈ ET (Ω2)
so that x0 = (λI − T )y. But λ ∈ Ω1 and x0 ∈ ET (Ω1), so by Theorem
2.64 we have y ∈ ET (Ω1). Hence (λI − T )(Y ) = Y for every λ /∈ Ω1 ∩ Ω2

and, by maximality, Y ⊆ ET (Ω1 ∩Ω2). As the other inclusion is obvious we
conclude that Y = ET (Ω1 ∩ Ω2).

Now let us consider the general case Ω1 and Ω2 are arbitrary subsets of
σ(T ) . Let Ω3 := Ω2 ∪ (σ(T ) \ Ω1). Then

ET (Ω1) ∩ ET (Ω2) ⊆ ET (Ω1) ∩ ET (Ω3) = ET (Ω1 ∩ Ω3)

= ET (Ω1 ∩ Ω2) ⊆ ET (Ω1) ∩ ET (Ω2),

so the proof is complete.
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Theorem 2.69. Suppose (Ωj)j∈J) is a family of proper subsets of C.
Then

ET

⎛
⎝⋂

j∈J

Ωj

⎞
⎠ =

⋂

j∈J

ET (Ωj).

Proof Let Y :=
⋂

j∈J ET (Ωj). Clearly
⋂

j∈J ET (Ωj) ⊆ Y . Since the
statement has already been proved whenever J is a finite set, there is no
harm in replacing the index set J by the set of finite subsets of J , ordered
by inclusion. Thus we may assume without loss of generality that J is a
directed set and that j1 ≥ j2 implies Ωj1 ⊆ Ωj2 .

Let λ /∈ ⋂j∈J Ωj and choose jo such that λ /∈ Ωjo . Let

Z :=
⋂

j≥jo

ET (Ωj).

Clearly Y ⊆ Z. On the other hand, if z ∈ Z and if ET (Ωj) is given then
there exists some j′ ≥ jo for which j′ ≥ j also holds. From this we then ob-
tain that z ∈ ET (Ωj′) ⊆ ET (Ωj), so z ∈ Y . To show that (λI − T )(Y ) = Y
holds for each λ /∈ ⋂j∈J Ωj it therefore suffices to show that (λI−T )(Z) = Z
for the λ chosen above.

Consider first the case ET (∅) = {0}. Since λ /∈ ⋂j∈J Ωj there corre-

sponds to our given z ∈ Z an element zj ∈ ET (Ωj) such that

(λI − T )zj = z for every j ≥ jo.

Let us consider j′, j′′ ≥ jo and take j′′′ ≥ j′, j′′′ ≥ j′′. If zj′ = zj′′ then
zj′′′ = zj′ , say. Hence zj′′′ − zj′ ∈ ker (λI − T ) ⊆ ET ({λ}) and therefore

zj′′′ − zj′ ∈ ET (Ωj′) ∩ ET ({λ}) = ET (∅).

From this it follows that if (λI − T )zj = z then zj ∈ ET (Ωj) is independent
of j ≥ jo. Thus zj ∈ Z and the surjectivity of λI − T has been established
for every λ /∈ ⋂j∈J Ωj . This completes the proof in the case ET (∅) = {0}.

To remove this additional assumption we can invoke Lemma 2.67. In
X \ ET (∅) we have E

�T
(∅) = π(ET (∅)) = {0}. Hence, by our previous

results,

E
�T

⎛
⎝⋂

j∈J

Ωj

⎞
⎠ =

⋂

j∈J

E
�T
(Ωj)

and so

ET

⎛
⎝⋂

j∈J

Ωj

⎞
⎠ = π−1

⎛
⎝E

�T
(
⋂

j∈J

Ωj)

⎞
⎠ =

⋂

j∈J

π−1(E
�T
(Ωj)) =

⋂

j∈J

ET (Ωj).

As an immediate consequence of Theorem 2.69, we can express an alge-
braic spectral subspace as intersection of cores.
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Corollary 2.70. For every proper subset Ω of C we have

ET (C \ Ω) =
⋂

λ∈Ω

ET (C \ {λ}) =
⋂

λ∈Ω

C(λI − T )

Next, we shall introduce a property, introduced by Dunford, which is
strictly stronger than the SVEP. First we give some additional informations
on the relationships between the SVEP and local spectral subspaces XT (Ω).

Theorem 2.71. Let T ∈ L(X), X a Banach space, has the SVEP and
let Ω ⊆ C be a closed subset such that XT (Ω) is closed. Then

σ(T |XT (Ω)) ⊆ Ω ∩ σ(T ).

Proof Let T̃ denote the restriction of T to the invariant closed subspace

XT (Ω). Clearly, λĨ− T̃ has the SVEP and by Theorem 2.6, part (iii), λĨ− T̃

is surjective for every λ /∈ Ω. By Corollary 2.24, then λI − T̃ is invertible

for every λ /∈ Ω, hence σ(T̃ ) ⊆ Ω.

It remains to prove that σ(T̃ ) ⊆ σ(T ). Suppose that λ /∈ σ(T ). Clearly,

if λ /∈ Ω from the inclusion σ(T̃ ) ⊆ Ω, it follows that λ /∈ σ(T̃ ). Consider
the other case λ ∈ Ω. Since λI − T is bijective, for every y ∈ XT (Ω) there
exists x ∈ X such that y = (λI − T )x. From Theorem 2.6, part (iv), it
then follows that x ∈ XT (Ω), thus XT (Ω) ⊆ (λI − T )(XT (Ω)). Since the
reverse inclusion is always true, see Theorem 2.6, part (i), it follows that

XT (Ω) = (λI − T )(XT (Ω)), so λI − T̃ is bijective. Hence also in this case

λ /∈ σ(T̃ ).

Theorem 2.72. For every bounded operator T ∈ L(X), X a Banach
space, we have

XT (Ω) ⊆ ET (Ω) for every Ω ⊆ C.

Moreover, if Ω ⊆ C is closed and ET (Ω) is closed then ET (Ω) = XT (Ω).

Proof Consider any subset Ω ⊆ C. If x ∈ XT (Ω) then (λI − T )x ∈ XT (Ω)
for every λ ∈ ρT (x). The inclusion ρT (x) ⊇ C \ Ω then ensures that

XT (Ω) ⊆ (λI − T )XT (Ω) for all λ ∈ C \ Ω.

The reverse inclusion is an obvious consequence of part(i) of Theorem
2.6. Hence

(λI − T )XT (Ω) = XT (Ω) for every λ ∈ C \ Ω

and this implies XT (Ω) ⊆ ET (Ω).
To prove the second assertion, suppose that Ω ⊆ C is closed and that

ET (Ω) is closed. Let Y := ET (Ω). By Theorem 2.43 we know that

σsu(T |Y ) =
⋃

y∈Y

σT |Y (x).
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Obviously, if x ∈ Y then ρT |Y (x) ⊆ ρT (y) and therefore

σT (x) ⊆ σT |Y (x) ⊆ σsu(T |Y ).

Since Y = ET (Ω), by definition the restriction λI −T on Y is surjective
for every λ /∈ Ω, so σsu(T |Y ) ⊆ Ω. This proves that inclusion ET (Ω) is
contained in XT (Ω), and since the inverse inclusion has already been proved,
the proof is complete.

Later we shall exhibit an example for which XT (Ω) is a proper subset
of ET (Ω). In Chapter 7 we shall prove that for the super-decomposable
operators T ∈ L(X), for which ET (∅) = {0}, then the equality ET (Ω) =
XT (Ω) holds for every closed set Ω ⊆ C.

Theorem 2.73. Let X be a Banach space, T ∈ L(X) and Ω ⊆ C a
connected component of the semi-regular resolvent ρse(T ). For any λ ∈ Ω
we have

(λI − T )∞(X) = K(λI − T ) = ET (C \ Ω)

= XT (C \ Ω) =
⋂

|µ|<ε

(µI − T )(X),

where ε > 0 is such that µ ∈ Ω for all |λ| < ε.

Proof By Theorem 1.36 the spaces C(λI−T ) = K(λI−T ) are constant as
λ ranges through Ω, and hence by Corollary 2.70 ET (C\Ω) = K(λI−T ). By
Theorem 1.24 we know that K(λI −T ) is closed, and therefore by Theorem
2.72

K(λI − T ) = ET (C \ Ω) = XT (C \ Ω).

Let ε > 0 be such that µ ∈ Ω for all |µ| < ε. From Theorem 1.39 it
easily follows that

(51) K(λI − T ) ⊇
⋂

|µ|<ε

(µI − T )(X).

On the other hand, again by Theorem 1.24 we have

K(λI − T ) = K(µI − T ) = (µI − T )∞(X) ⊆ (µI − T )(X)

for arbitrary λ, µ ∈ Ω, so the reverse inclusion of (51) holds.

The following result may be viewed as the local version of the inclusion
∂σ(T ) ⊆ σse(T ) established in Theorem 1.75.

Corollary 2.74. Let T ∈ L(X) be a bounded operator on a Banach
space X. Then ∂σT (x) ⊆ σse(T ) for every x ∈ X.

Proof Let x ∈ X be arbitrarily given and suppose that there is a point
λ ∈ ∂σT (x) for which λI − T is semi-regular. Let Ω be the component
which contains λ. The set Ω is open and λ ∈ ∂σT (x) ∩Ω, thus Ω cannot be
contained in σT (x). Consider a point µ ∈ Ω \ σT (x). By Theorem 2.73 it
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follows that x ∈ XT (C \ {µ}) = XT (C \ Ω) and hence σT (x) ⊆ C \ Ω, but
this is impossible since λ ∈ ∂σT (x) ∩ Ω.

Corollary 2.75. Suppose that T ∈ L(X), X a Banach space, has a
spectrum σ(T ) with connected interior Γ such that σ(T ) = Γ. If T has the
SVEP and σap(T ) = ∂σ(T ) then for every x ∈ X either σT (x) = σ(T ) or
σT (x) = ∂σ(T ).

Proof From Corollary 2.45 we know that σap(T ) = σse(T ). Suppose that
σT (x) �= σ(T ). If σT (x) is not included in the boundary ∂σ(T ) then there
exists two points λ1 ∈ Γ\σT (x) and λ2 ∈ σT (x)\Γ. Since Γ is connected then
there is a third point µ ∈ ∂σT (x)∩Γ. From Theorem 2.74 we then conclude
that µ ∈ σT (x)∩Γ, which contradicts our assumption that Γ∩ σap(T ) = ∅.

As has been observed before, the local spectral subspaces XT (Ω) need
not be closed, also in the case that T has the SVEP. In fact, the operator T
of Example 2.32 has the SVEP, its quasi-nilpotent part H0(T ) is not closed
and by Theorem 2.20 H0(T ) = XT ({0}.

Definition 2.76. A bounded operator T ∈ L(X), X a Banach space,
is said to have the Dunford property (C), shortly the property (C), if the
analytic subspace XT (Ω) is closed for every closed subset Ω ⊆ C.

Clearly, every spectral operator T with spectral measure E()̇ has the
property (C), since XT (Ω) for every closed Ω is the range of the projection
E(Ω).

The property (C) dates back to the earliest days of local spectral theory,
and was introduced first by Dunford. In the book by Dunford and Schwartz
[97] this property plays a fundamental role since, as noted above, every
spectral operator has the property (C).

Trivially, by Theorem 2.8, we have the following relevant fact:

Theorem 2.77. If T ∈ L(X), X a Banach space, has the property (C)
then T has the SVEP.

Note that if an operator T has the property (C), and hence the SVEP,
then the quasi-nilpotent part H0(T ) is closed since H0(T ) = XT ({0}, see
Theorem 2.20. The operator T considered in Example 2.32 shows that
the implication of Theorem 2.77 cannot be reversed in general. Further
examples of operators with the SVEP but without the property (C) will
be given amongst the class of all multipliers of semi-simple commutative
Banach algebras. These operators, as we shall show later, have the SVEP,
whilst the property (C) plays a distinctive role in this context.

A first example of operators which have the property (C) is given by
quasi-nilpotent operators.

Theorem 2.78. Let T ∈ L(X) be a quasi-nilpotent operator on a Ba-
nach space X. Then T has the property (C).
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Proof Consider any closed subset of Ω ⊆ C. Consider first the case 0 /∈ Ω.
Then since T has the SVEP

XT (Ω) = XT (Ω ∩ σ(T )) = XT (∅) = {0}
is trivially closed. On the other hand, if 0 ∈ Ω then by Theorem 1.68 and
Theorem 2.20

XT (Ω) = XT (Ω ∩ σ(T )) = XT ({0}) = H0(T ) = X.

Hence, also in this case XT (Ω) is closed.

The next result shows that the property (C) is inherited by restrictions
to closed invariant subspaces.

Theorem 2.79. Suppose that T ∈ L(X), where X is a Banach space,
has the property (C). If Y is a T -invariant closed subspace of X then the
restriction T |Y has the property (C).

Proof Set S := T | Y and let Ω be a closed subset of C. Suppose that
the sequence (xn) ⊂ YS(Ω) converges at x ∈ X. We have to show that
x ∈ YS(Ω). Evidently YS(Ω) ⊆ XT (Ω) ∩ Y , so that x ∈ YS(Ω) ⊆ XT (Ω).
By Theorem 2.77 we know that T has the SVEP, so there exists an analytic
function f : C \ Ω → X such that (λI − T )f(λ) = x for all λ ∈ C \ Ω.

To show that x ∈ YS(Ω) it suffices to prove that f(λ) belongs to Y for
all λ ∈ C\Ω. Since T has the SVEP, for every n ∈ N there exists an analytic
function fn : C\Ω → Y such that (λI −T )fn(λ) = xn for all λ ∈ C\Ω. The
elements x and xn belong to XT (Ω), so Theorem 2.2 implies that f(λ) and
fn(λ) belong to XT (Ω) for all λ ∈ C \Ω and n ∈ N. From Theorem 2.71 we
know that σ(T | XT (Ω)) ⊆ Ω, so the bounded operator λI − T | XT (Ω) on
XT (Ω) has an inverse (λI − T | XT (Ω))−1 for every λ ∈ C \ Ω.

From this we then obtain that fn(λ) = (λI −T | XT (Ω))−1xn converges
to the element (λI −T | XT (Ω))−1x, as n → ∞. Therefore f(λ) ∈ Y , so the
proof is complete.

Note that if T has the property (C)then so does f(T ) for every function f
analytic on an open neighbourhood U of σ(T ), see Theorem 3.3.6 of Laursen
and Neumann [214]. It could be reasonable to expect that the converse is
true if we assume that f is non-constant on each connected component of
U , as it happens, by Theorem 2.40, for the SVEP; but this is not known.

In chapter 6 we shall see that every decomposable operator has the
property (C), and, in particular, that every bounded operator having a
totally disconnected spectrum on a Banach space, enjoys the property of
being super-decomposable, a property which is stronger than the property
(C). Furthermore, the property (C) will be studied in the framework of
multipliers of commutative Banach algebras.

The following example shows that the inclusion XT (Ω) ⊆ ET (Ω) may
be strict.
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Example 2.80. Let X := C[0, 1] and T be the quasi-nilpotent Volterra
operator defined in Example 2.35. By Theorem 2.78 T has the property (C)
and hence XT (∅) = {0}. On the other hand, the non-trivial subspace

T∞(X) := {f ∈ C∞[0, 1] : f (n)(0) = 0 for all n ∈ Z+}
is T -divisible for X, Y ⊆ ET (∅). Hence XT (∅) �= ET (∅).

We conclude this section by giving a result which shows the connec-
tion between algebraic local spectral subspaces and local spectral subspaces
associated with closed subsets of C.

Theorem 2.81. For an arbitrary operator T ∈ L(X), X a Banach
space, the following statements are equivalent:

(i) ET (Ω) is closed for every closed subset Ω ⊆ C;

(ii) T has the property (C) and ET (Ω) = XT (Ω) for every closed subset
Ω ⊆ C.

Proof (i) ⇒ (ii) Suppose that ET (Ω) is closed for every closed subset Ω ⊆
C. From the inclusion XT (∅) ⊆ ET (∅) = {0} and Theorem 2.8 we then
infer that T has the SVEP . By Theorem 2.45 we now have σ(T |ET (Ω) =
σsu(T |ET (Ω) ⊆ Ω and therefore from Theorem 2.6, part (vi), ET (Ω) ⊆
XT (Ω). Hence the equality ET (Ω) = XT (Ω) holds for every closed subset
Ω ⊆ C and, since ET (Ω) is closed by assumption, T has the property (C).

The implication (ii) ⇒ (i) is trivial.

5. Weighted shift operators and SVEP

In this section we want explore the question of the SVEP for both uni-
lateral and bilateral weighted shifts. For a thorough discussion of the basic
theory of weighted shifts in the Hilbert setting we refer to Shields [297], or
Laursen and Neumann [214] for weighted shifts in ℓp(N).

In the first part we shall establish some results in the more general sit-
uation of operators T ∈ L(X), X a Banach space, for which the condition
T∞(X) = {0} holds. This condition may be viewed, in a certain sense,
as an abstract shift condition, since it is satisfied by every weighted right
shift operator T on ℓp(N). Clearly the condition T∞(X) = {0} entails that
T is non-surjective and hence non-invertible. This condition also implies
that K(T ) = {0}, since K(T ) is a subset of T∞(X), but the quasi-nilpotent
Volterra operator defined in Example 2.35 shows that in general the converse
is not true. In fact, for this operator we have by Corollary 2.28 K(T ) = {0},
whilst T∞(X) �= {0}, see Example 2.80.

As usual, in the sequel we shall denote by D(0, i(T )) the closed disc
centered at 0 with radius i(T ).

Theorem 2.82. Suppose that for T ∈ L(X) we have T∞(X) = {0}.
Then:

(i) ker (λI − T ) = {0} for all 0 �= λ ∈ C;
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(ii) T has the SVEP ;

(iii) σT (x) and σ(T ) are connected, and the closed disc D(0, i(T )) is
contained in σT (x) for all x �= 0.

(iv) H0(λI − T ) = {0} for all 0 �= λ ∈ C.

Proof (i) For every λ �= 0 we have ker (λI − T ) ⊆ T∞(X).

(ii) This may be seen in several ways, for instance from Theorem 2.22,
since ker (λI − T ) ∩ K(λI − T ) = {0} for every λ ∈ C.

(iii) It is easy to see that 0 ∈ σT (x) for every non-zero x ∈ X. Indeed,
from Theorem 2.18 we have

{0} = K(T ) = {x ∈ X : 0 ∈ ρT (x)},
and hence 0 ∈ σT (x) for every x �= 0. Now, suppose that σT (x) is non-
connected for some element x �= 0. Then there exists two non-empty closed
subsets Ω1, Ω2 of C such that:

σT (x) = Ω1 ∪ Ω2, and Ω1 ∩ Ω2 = ∅.

From the local decomposition property established in Theorem 2.17, there
exist two elements x1, x2 ∈ X such that

x = x1 + x2 with σT (xi) ⊆ Ωi (i = 1, 2),

Now, from Theorem 2.17 we have x1 �= 0 and x2 �= 0, and hence

0 ∈ σT (x1) ∩ σT (x2) ⊆ Ω1 ∩ Ω2 = ∅,

a contradiction. Hence σT (x) is connected.
To prove that σ(T ) is connected observe that since T has the SVEP we

have by Theorem 2.43 and Corollary 2.45

σ(T ) = σsu(T ) =
⋃

x∈X

σT (x).

By Theorem 2.82 the local spectra σT (x) are connected for every non-zero
x ∈ X, and σ(0) = ∅, thus σ(T ) is connected.

It remains to prove the inclusion D(0, i(T )) ⊆ σT (x) for all x �= 0. By
Theorem 2.74 we have ∂σT (x) ⊆ σse(T ) ⊆ σap(T ) for all x ∈ X. Since
i(T ) ≤ |λ| for all λ ∈ σap(T ), it follows easily that D(0, i(T )) ⊆ σT (x), as
desired.

(iv) Since T has the SVEP then H0(λI − T ) = {x ∈ X : σT (x) ⊆ {λ}}
for every λ ∈ C, see Theorem 2.20. Now, if x �= 0 and x ∈ H0(λI − T ) the
SVEP ensures that σT (x) �= ∅, so σT (x) = {λ}. On the other hand, from
part (iii) we have 0 ∈ {λ}, a contradiction.

It is evident that the proof of theorem 2.82 works also if we assume
K(T ) = {0}, a condition which is less restrictive with respect to the condi-
tion T∞(X) = {0}. However, the next result shows that these two conditions
are equivalent if i(T ) > 0.
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Corollary 2.83. Suppose that for a bounded operator T ∈ L(X), X
a Banach space, we have i(T ) > 0. Then the following statements are
equivalent:

(i) T∞(X) = {0};
(ii) D(0, i(T )) ⊆ σT (x) for all x �= 0;
(iii) K(T ) = {0}.

Proof the implication (i) ⇒ (ii) has been proved in Theorem 2.82, whilst
(ii) ⇒ (iii) is obvious. It remains only to prove the implication (iii) ⇒ (i).
From Theorem 2.54 the condition i(T ) > 0 implies that 0 /∈ σap(T ), T is
bounded below and therefore semi-regular. By Theorem 1.24 it follows that
T∞(X) = K(T ) = {0}.

Corollary 2.84. Suppose that for a bounded operator T ∈ L(X), X a
Banach space, we have T∞(X) = {0} and i(T ) = r(T ). Then we have

(52) σT (x) = σ(T ) = D(0, r(T )),

for every x �= 0, where D(0, r(T )) denotes the closed disc centered at 0 and
radius r(T ). Furthermore, if i(T ) = r(T ) > 0 then the equalities (52) hold
for every x �= 0 if and only if T∞(X) = {0}.
Proof If T∞(X) = {0} then T is non-invertible, so by Theorem 2.55
the condition i(T ) = r(T ) entails that σ(T ) = D(0, r(T )), and therefore
σT (x) ⊆ σ(T ) = D(0, r(T )). The opposite inclusion is true by part (iii) of
Theorem 2.82, so (52) is satisfied. The equivalence in the last assertion is
clear from Corollary 2.83.

It should be noted that if T ∈ L(X) satisfies the conditions of the
preceding corollary then T has the property (C). In fact, for every closed
subset Ω of C we have:

XT (Ω) =

{
X if Ω ⊇ D(0, r(T )),
{0} otherwise,

and hence all XT (Ω) are closed.

Let 1 ≤ p < ∞ and denote by ω := {ωn}n∈� any bounded sequence of
strictly positive real numbers. The corresponding unilateral weighted right
shift operator on the Banach space ℓp(N) is the operator defined by:

Tx :=
∞∑

n=1

ωnxnen+1 for all x := (xn)n∈� ∈ ℓp(N).

It is easily seen that T does not admit eigenvalues, thus T has the SVEP.
Furthermore, the lower bound and the norms of the iterates Tn may be easily
computed as follows:

k(Tn) = inf
k∈�

ωk · · ·ωk+n−1 for all n ∈ N,
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and
‖Tn‖ = sup

k∈�
ωk · · ·ωk+n−1 for all n ∈ N.

Moreover, a routine calculation shows that the numbers i(T ) and r(T ) may
be computed as follows:

i(T ) = lim
n→∞

inf
k∈�

(ωk · · ·ωk+n−1)
1/n

and
r(T ) = lim

n→∞
sup
k∈�

(ωk · · ·ωk+n−1)
1/n.

To determine further properties of the spectrum of an unilateral weighted
right shift we recall two simple facts which will be used in the sequel.

Remark 2.85. (i) Let α ∈ C, with |α| = 1 and define, on ℓp(N), the
linear operator Uαx := (αnxn)n∈� for all x = (xn)n∈� ∈ ℓp(N). Evidently,
λTUα = UαT and

UαUα = UαUα = I.

From this it follows that the operators αT and T are similar, and conse-
quently have the same spectrum. This also shows that σ(T ) is circular
symmetry about the origin.

(ii) Let K be a non-empty compact subset of C. If K is connected and
invariant under circular symmetry about the origin, then there are two real
numbers a and b, with 0 ≤ a ≤ b, such that K = {λ ∈ C : a ≤ |λ| ≤ b}.

Theorem 2.86. For an arbitrary unilateral weighted right shift T on
ℓp(N) we have σ(T ) = D(0, r(T )).

Proof We know by Theorem 2.82 that σ(T ) is connected and contains the
closed disc D(0, i(T )). Since, by part (i) of Remark 2.85 σ(T ) is circularly
symmetric about the origin, from part (ii) of the same Remark we deduce
that σ(T ) is the whole closed disc D(0, r(T )).

Remark 2.87. Theorem 2.54 shows that the approximate point spectrum
is located in the annulus Λ(T ). For an arbitrary unilateral weighted right
shift we can say more. In fact, in this case

σap(T ) = {λ ∈ C : i(T ) ≤ |λ| ≤ r(T )}.
For a proof of this result we refer to Proposition 1.6.15 of Laursen and
Neumann [214].

It is easily seen that the adjoint of an unilateral weighted right shift T
is the unilateral weighted left shift on ℓq(N) defined by:

T ⋆x :=
∞∑

n=1

ωnxn+1en for all x := (xn)n∈� ∈ ℓq(N),

where, as usual,
1

p
+

1

q
= 1, and ℓq(N) is canonically identified with the dual

(ℓp(N))⋆ of ℓp(N). Finally, from Corollary 2.57 we deduce that T ⋆ does not
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have SVEP whenever i(T ) > 0.
To investigate more precisely the question of the SVEP for T ⋆ we intro-

duce the following quantity:

c(T ) := lim
n→∞

inf(ω1 · · ·ωn)1/n.

It is clear that i(T ) ≤ c(T ) ≤ r(T ).
The next result shows that every unilateral weighted right shift on ℓp(N)

has the SVEP and gives a precise description of the SVEP for T ⋆.

Theorem 2.88. Let T be an unilateral weighted right shift on ℓp(N) for
some 1 ≤ p < ∞. Then T ⋆ has the SVEP at a point λ ∈ C precisely when
|λ| ≥ c(T ). In particular, T ⋆ has the SVEP if and only if c(T ) = 0.

Proof By the classical formula for the radius of convergence of a vector-
valued power series we see that the series

f(λ) :=
∞∑

n=1

en λn−1

ω1 · · ·ωn−1

converges in ℓq(N) for every |λ| < c(T ). Moreover, this series defines an
analytic function f on the open disc D(0, c(T )).

Clearly

(λI − T ⋆)f(λ) = 0 for all λ ∈ D(0, c(T )),

and hence Ξ(T ⋆) ⊆ D(0, c(T )).
On the other hand, it is not difficult to check that T ⋆ has no eigenvalues

outside the closed disc D(0, c(T )). This implies that T ⋆ has the SVEP at
every point λ for which |λ| ≥ c(T ), so the proof is complete.

The preceding result has a certain interest, since for every triple of real
numbers i, c, and r for which 0 ≤ i ≤ c ≤ r it is possible to find a weighted
right shift T on ℓp(N) for which i(T ) = i, c(T ) = c and r(T ) = r. The details
for the construction of the sequences {ωn}n∈� for which the corresponding
weighted right shift T has these properties are outlined in Shields [297].

It is clear that for every weighted right shift operator T on ℓp(N) we
have e1 ∈ ker T ⋆ ∩ T ⋆∞(X), so N∞(T ⋆) ∩ T ⋆∞(X) is non-trivial. On the
other hand, if we consider a weighted right shift T such that c(T ) = 0 then
by Theorem 2.88 T ⋆ has the SVEP at 0 whilst N∞(T ⋆) ∩ T ⋆∞(X) �= {0}.
This observation illustrates that the implication established in Corollary
2.26 cannot be reversed in general.

The next result shows that also the converse of the implications provided
in Theorem 2.33 and Theorem 2.36 fails to be true in general.

Theorem 2.89. Let 1 ≤ p < ∞ arbitrarily given and let T be a weighted
right shift operator on ℓp(N) with weight sequence ω := (ωn)n∈�. Then:

(i) H0(T ) + T (X) is norm dense in ℓp(N) if and only if

(53) lim
n→∞

sup(ω1 · · ·ωn)1/n = 0;
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(ii) T ⋆ has the SVEP at 0 if and only if

lim
n→∞

inf(ω1 · · ·ωn)1/n = 0.

Proof By Theorem 2.88 we need only to prove the equivalence (i). Since

‖Tne1‖ = ω1 · · ·ωn for all n ∈ N,

the equality (53) holds precisely when e1 ∈ H0(T ). From this it follows that
(53) implies that the sum H0(T ) + T (X) is norm dense in ℓp(N) because
en ∈ T (X) for all n ≥ 2.

Conversely, suppose that H0(T ) + T (X) is norm dense in ℓp(N), and for
every k ∈ N choose uk ∈ H0(T ) and vk ∈ T (X) such that uk + vk → e1 as
k → ∞. Let P denote the projection on ℓp(N) defined by

Px := x1e1 for every x := (xn)n∈� ∈ ℓp(N).

It is clear that P vanishes on T (X) and leaves H0(T ) invariant. Moreover,
the subspace H0(T )∩T (X) is closed, since its dimension is at most 1. Finally,

P (uk + vk) → Pe1 = e1 as k → ∞,

so that e1 ∈ H0(T ), which concludes the proof.

Every weighted right shift operator T on ℓp(N) is injective, thus N∞(T ) =
{0}. Moreover, T∞(ℓp(N)) = {0}, and consequently K(T ) = {0}. From this
it follows that for these operators the implications provided in Corollary 2.34
and the implications provided in Corollary 2.37 are considerably weaker than
those provided in Theorem 2.33 and Theorem 2.36.

We conclude this section with a brief discussion on the SVEP for bi-
lateral weighted right shift operators. Given a two-sided bounded sequence
ω := {ωn}n∈� of strictly positive real numbers, the corresponding bilateral
weighted right shift operator on ℓp(Z), for 1 ≤ p ≤ ∞, is defined by

Tx := (ωn−1xn−1)n∈� for all x = (xn)n∈� ∈ ℓp(Z).

Contrary the unilateral case, a bilateral weighted right shift T may admit
eigenvalues. In fact, we shall see that T need not have SVEP. To see that,
first we define the following bilateral sequence:

αo := 1, αn := ωo · · ·ωn−1, and α−n := ω−n · · ·ω−1,

for all n ∈ N. Define

c±(T ) := lim
n→∞

inf α±n
1/n and d±(T ) := lim

n→∞
supα±n

1/n.

Theorem 2.90. Let T be a bilateral weighted right shift on ℓp(Z) for
some 1 ≤ p ≤ ∞. Then

(54) Ξ(T ) = {λ ∈ C : d+(T ) < |λ| < c−(T )}.
In particular, T has the SVEP precisely when c−(T ) < d+(T ).
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Proof Suppose that λ is an eigenvalue of T and consider a corresponding
non-zero eigenvector x ∈ ℓp(Z). A simple computation shows that λ �= 0
and that the equations

xn =
x0 αn

λn
and x−n =

x0 λn

α−n

hold for every n ∈ N. From x ∈ ℓp(Z) it then follows that d+(T ) < |λ| <
c−(T )}. On the other hand, if d+(T ) < c−(T )} we can define the analytic
function

f(λ) :=
∞∑

n=0

en αn

λn
+

∞∑

n=1

e−n λn

α−n

for all λ ∈ C with d+(T ) < |λ| < c−(T ). Proceeding as in the proof of
Theorem 2.89, the classical formula for the radius of convergence of a series
guarantees that the equation

(λI − T )f(λ) = 0 holds for all d+(T ) < |λ| < c−(T )},
which shows the identity (2.90).
The last assertion is obvious.

The following result establishes the SVEP for the dual of the bilateral
weighted right shift on ℓp(Z).

Theorem 2.91. For every bilateral weighted right shift on ℓp(Z), 1 ≤
p < ∞, the following properties hold:

(i) Ξ(T ⋆) = {λ ∈ C : d−(T ) < |λ| < c+(T )};
(ii) T ⋆ has the SVEP if and only if c+(T ) ≤ d−(T );

(iii) At least one of the operators T or T ⋆ has the SVEP.

Proof It is clear that the adjoint of T is bilateral weighted left shift on
ℓq(Z), defined by

T ⋆x := (ωnxn+1)n∈� for all x = (xn)n∈� ∈ ℓq(Z),

where, as usual,
1

p
+

1

q
= 1. Moreover, if we choose

ω̂ := (ω−n−1)n∈� and Sx := (x−n)n∈�

for all x = (xn)n∈� ∈ ℓq(Z), it follows that

(ST ⋆S)x = (ωn−1xn−1)n∈� for all x = (xn)n∈� ∈ ℓq(Z).

This shows that T ⋆ is similar to the bilateral weighted right shift on ℓq(Z)
with weight sequence ω̂. In the sense of the right shift representation of T ⋆,
we obtain the identities

c±(T ⋆) = c∓(T ) and d±(T ⋆) = d∓(T ),

because α̂n = α−n for all n ∈ Z. From Theorem 2.90 we then conclude that
the assertion (i) is valid.

The assertion (ii) is clear from (i).
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To prove (iii) assume that both T and T ⋆ fail to have the SVEP. Then
the preceding results entail that d+(T ) < c−(T ) and d−(T ) < c+(T ). But
this is an obvious contradiction because c−(T ) < d−(T ) and c+(T ) < d+(T ).

It should be noted that in part (iii) of the preceding theorem it is possible
that both T and T ⋆ have the SVEP . In fact, there are several examples of
bilateral weighted shift which are decomposable and for these operators, as
remarked before, both T and T ⋆ have the SVEP.

5.1. Comments. A modern and extensive treatment of the role of the
local spectral subspaces in theory of spectral decomposition may be found
in the recent monograph of Laursen and Neumann [214]. This book also
provides a large variety of examples and applications to several concrete
cases. The local decomposition property given in Theorem 2.17 dates back
to Radjabalipour [269], whilst the characterization of the analytical core of
an operator given in Theorem 2.18 is owed to Vrbová [313] and Mbekhta
[227].

The concept of glocal spectral subspace dates back to the early days
of local spectral theory, see Bishop [70]. However, the precise relationship
between local spectral subspaces and glocal spectral subspaces has been es-
tablished, together with some other basic property, only recently by Laursen
and Neumann [212] and [213]. Theorem 2.20 is owed to L. Miller and Neu-
mann [236], see also Laursen [201]. The equality H0(T ) = XT ({0} for an
operator having the SVEP may be also found in Mbekhta [227].

The counter example of the bilateral right shift on Hilbert space of all for-
mal Laurent series is owed to Aiena, L. Miller, and Neumann [30]. Note that
this counter example, which shows that the condition K(T ) ∩ H0(T ) = {0}
does not characterize the SVEP at 0, corrects a claim made in Theorem 1.4
of Mbekhta [229].

The localized SVEP at a point has been introduced by Finch [115]. The
characterization of the SVEP at a single point λ0 given in Theorem 2.22 is
taken from Aiena and Monsalve [31], whilst the classical result of Corollary
2.24 is owed to Finch [115].

Except for Theorem 2.27 and Corollary 2.28, owed to Mbekhta [229],
the source of the results of the second section is essentially that of Aiena,
T.L. Miller and Neumann [30], and Aiena, Colasante, and González [16].
Also the spectral mapping result of Theorem 2.39, as well as all the material
on isometries, Toeplitz operators, and shift operators is taken from Aiena,
T.L. Miller, and Neumann [30], see also V.G. Miller, T.L. Miller and Neu-
mann [239].

The relations between the local spectrum and the surjectivity spectrum
established in Theorem 2.43 are taken from Laursen and Vrbová [215] and
Vrbová [313]. The propertty of a decomposable operator the aproximate
point spectrum being the entire spectrum dates back to Colojoară and Foiaş
[83]. Theorem 2.49 and the alternative for the SVEP on the components of
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the semi-regular resolvent established in Theorem 2.51 are from Aiena and
Monsalve [31].

The concept of algebraic spectral subspace was first introduced by John-
son and Sinclair [178]. This concept has been revisited by several authors,
but the definition considered in this book was first given by Laursen and
Neumann [209]. The material developed here, in the section of the algebraic
spectral subspaces, is part of [200], whilst the results of the section on local
spectral subspaces are mostly contained in Laursen [200] and Laursen and
Vrbová [215]. Further informations on algebraic and divisible subspaces
may be found in Bade, Curtis, and Laursen [54].

The property (C) was introduced by Dunford and plays a large role in
the development of theory of spectral operators. In the book by Dunford
and Schwartz [97] the property (C) was one of the three basic conditions
used in the abstract characterization of spectral operators, and another was
the SVEP. Note that it has been observed only recently, by Laursen and
Neumann [212], that the SVEP is actually a consequence of the property
(C).

Theorem 2.73 extends to semi-regular operators a result of Ó Searcóid
and West [253], which showed that the hyper-range of a semi-regular semi-
Fredholm operator is the intersection of neighbouring ranges. The more
general case, here established in Theorem 2.73, is obtained by adapting to
the local spectral language previous results of Goldman and Kračkovskǐi
[143], and Förster [116] .

The final results on algebraic spectral subspaces are owed to Laursen
[200]. For more results on algebraic spectral subspaces see also Pták and
Vrbová [267].





CHAPTER 3

The SVEP and Fredholm theory

An operator which does not have the single-valued extension property
hides in its spectrum a pathology which does not permit the construction of
a satisfactory spectral theory. For this reason it is useful to find conditions
for an operator which ensure that this property is satisfied.

In the first part of this chapter we shall see that some of these con-
ditions are related to the finiteness of some classical quantities associated
with an operator T . These quantities, such as the ascent, and the descent
of an operator are defined in the first section and are the basic bricks in the
construction of one of the most important branches of spectral theory, the
theory of Fredholm operators.

In the preceeding chapter we have exhibited a variety of conditions which
imply the SVEP at a point λ0 ∈ C. In this chapter we shall see that for semi-
Fredholm operators, or more generally for operators of Kato type, all these
conditions are actually equivalent to the SVEP at λ0. These equivalences
also show how deeply Fredholm theory and local spectral theory interact.

In fact, many classical results of Fredholm theory may be explained in
terms of the SVEP, for instance the classification of the connected open
components Ω of the semi-Fredholm resolvent ρsf(T ) := C \ σsf(T ), or more
generally of the Kato type of resolvent ρk(T ), is a consequence of the SVEP
at a point λ0 ∈ Ω implying the SVEP at every point of Ω. Since this clas-
sification is established in the more general framework of the Kato type of
operators, these results subsume some classical results contained in standard
texts on Fredholm theory, such as Kato’s book [182] or Heuser’s book [159].

The SVEP at a point for operators of Kato type may be also character-
ized by means of the approximate point spectrum, to be precise, if λ0I − T
is of Kato type then T has the SVEP at a point λ0 precisely when the ap-
proximate point spectrum σap(T ) does not cluster at λ0. Dually, T ⋆ has the
SVEP at λ0 precisely when the surjectivity spectrum σsu(T ) does not cluster
at λ0. These two properties lead to many results on the cluster points of
some distinguished parts of the spectrum.

In the fifth section we shall study some spectra originating from the clas-
sical Fredholm theory, the semi-Browder spectra and the Browder spectrum,
defined by means of the ascent and the descent, and the Weyl spectrum.
We establish some characterizations of these spectra as the intersection of
spectra of compact perturbations, as well as of compressions. The more
remarkable result of this section shows that a classical result on the spectral
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theory of normal operators on Hilbert spaces may be extended to the more
general case of operators T having the SVEP together with its adjoint T ⋆.
In fact, the Browder spectrum and the Weyl spectrum coincide when T or
T ⋆ has the SVEP, and coincide with the Fredholm spectrum σf(T ) if T and
T ⋆ have both the SVEP.

The Riesz functional calculus yields for an analytic function f defined
on an open subset containing the spectrum an operator f(T ) ∈ L(X). The
classical spectral mapping theorem asserts that f(σ(T )) = σ(f(T )) and a
natural question is whether a similar result holds for distinguished parts
of the spectrum. We shall prove the spectral mapping theorem for many
of the spectra mentioned above and, in particular, we shall show, via the
local spectral theory, that the spectral mapping theorem holds for the semi-
Browder spectra and the Browder spectrum.

An interesting situation is obtained when the two subspaces K(λ0I−T )
and H0(λ0I−T ) are relative to an isolated point λ0 of the spectrum σ(T ). In
this case we establish a very illuminating description of these two subspaces.
Indeed, they coincide with the kernel and the range of the spectral projec-
tion associated with λ0, respectively. These properties lead to a very simple
characterization of the poles of the resolvent in terms of the single-valued
extension property at λ0 . Moreover, these characterizations are useful tools
for studyng some important classes of operators: the class of operators which
satisfy Weyl’s theorem and the class of all Riesz operators.

The last section of the chapter is devoted to operators T ∈ L(X) hav-
ing hyper-range T∞(X) = {0}. In particular, the results obtained apply to
isometries and give useful information about the spectra of these operators.

1. Ascent, descent, and the SVEP

We have already seen that the kernels and the ranges of the iterates of
a linear operator T , defined on a vector space X, form two increasing and
decreasing chains, respectively. In this section we shall consider operators
for which one, or both, of these chains becomes constant at some n ∈ N.

Definition 3.1. Given a linear operator T on a vector space X, T is
said to have finite ascent if N∞(T ) = kerT k for some positive integer k.
Clearly, in such a case there is a smallest positive integer p = p(T ) such that
ker T p = ker T p+1. The positive integer p is called the ascent of T . If there
is no such integer we set p(T ) := ∞. Analogously, T is said to have finite
descent if T∞(X) = T k(X) for some k. The smallest integer q = q(T ) such
that T q+1(X) = T q(X) is called the descent of T . If there is no such integer
we set q(T ) := ∞.

Clearly p(T ) = 0 if and only if T is injective and q(T ) = 0 if and
only if T is surjective. The classical Riesz–Schauder theory asserts that
p(λI − T ) = q(λI − T ) < ∞ for every compact operator T on a Banach
space X, see Heuser [159, Chapter VI].
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The following lemma establishes useful and simple charaterizations of
finite ascent and finite descent.

Lemma 3.2. Let T be a linear operator on a vector space X. For a
naturalm ∈ Z+, the following assertions hold:

(i) p(T ) ≤ m < ∞ if and only if for every n ∈ N we have Tm(X) ∩
ker Tn = {0};

(ii) q(T ) ≤ m < ∞ if and only if for every n ∈ N there exists a subspace
Yn ⊆ ker Tm such that X = Yn ⊕ Tn(X).

Proof (i) Suppose p(T ) ≤ m < ∞ and n any natural number. Consider an
element y ∈ Tm(X) ∩ ker Tn. Then there exists x ∈ X such that y = Tmx
and Tny = 0. From that we obtain Tm+nx = Tny = 0 and therefore
x ∈ ker Tm+n = ker Tm. Hence y = Tmx = 0.

Conversely, suppose Tm(X) ∩ ker Tn = {0} for some natural m and let
x ∈ ker Tm+1. Then Tmx ∈ ker T and therefore

Tmx ∈ Tm(X) ∩ ker T ⊆ Tm(X) ∩ ker Tn = {0}.
Hence x ∈ ker Tm. We have shown that ker Tm+1 ⊆ ker Tm. Since the
opposite inclusion is verified for all operators we conclude that ker Tm =
ker Tm+1.

(ii) Let q := q(T ) ≤ m < ∞ and Y be a complementary subspace to
Tn(X) in X. Let {xj : j ∈ J} be a basis of Y . For every element xj of
the basis there exists, since T q(Y ) ⊆ T q(X) = T q+n(X), an element yj ∈ X
such that T qxj = T q+nyj . Set zj := xj − T y

j . Then

T qzj = T qxj − T q+nyj = 0.

From this it follows that the linear subspace Yn generated by the elements
zj is contained in ker T q and a fortiori in ker Tm. From the decomposition
X = Y ⊕ Tn(X) we obtain for every x ∈ X a representation of the form

x =
∑

j∈J

λjxj + Tny =
∑

j∈J

λj(zj + Tnyj) + Tny =
∑

j∈J

λjzj + Tnz,

so X = Yn + Tn(X). We show that this sum is direct. Indeed, suppose that
x ∈ Yn ∩Tn(X). Then x =

∑
j∈J µjzj = Tnv for some v ∈ X, and therefore

∑

j∈J

µjxj =
∑

j∈J

µjT
nyj + Tnv ∈ Tn(X).

From the decomposition X = Y ⊕Tn(X) we then obtain that µj = 0 for all
j ∈ J and hence x = 0. Therefore Yn is a complement of Tn(X) contained
in kerTm. Conversely, if for n ∈ N the subspace Tn(X) has a complement
Yn ⊆ ker Tm then

Tm(X) = Tm(Yn) + Tm+n(X) = Tm+n(X),

and therefore q(T ) ≤ m.
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Theorem 3.3. If both p(T ) and q(T ) are finite then p(T ) = q(T ).

Proof Set p := p(T ) and q := q(T ). Assume first that p ≤ q, so that
the inclusion T q(X) ⊆ T p(X) holds. Obviously we may assume q > 0.
From part (ii) of Lemma 3.2 we have X = kerT q +T q(X), so every element
y := T p(x) ∈ T p(X) admits the decomposition y = z+T qw, with z ∈ ker T q.
From z = T px − T qw ∈ T q(X) we then obtain that z ∈ ker T q ∩ T q(X)
and hence the last intersection is {0} by part (i) of Lemma 3.2. Therefore
y = T qw ∈ T q(X) and this shows the equality T p(X) = T q(X), from whence
we obtain p ≥ q, so that p = q.

Assume now that q ≤ p and p > 0, so that ker T q ⊆ ker T p. From part
(ii) of Lemma 3.2 we have X = ker T q +T p(X), so that an arbitrary element
x of ker T p admits the representation x = u + T pv, with u ∈ ker T q. From
T px = T pu = 0 it then follows that T 2pv = 0, so that v ∈ ker T 2p = ker T p.
Hence T pv = 0 and consequently x = u ∈ ker T q. This shows that ker T q =
ker T p, hence q ≥ p. Therefore p = q.

Let ∆(X) denote the set of all linear operators on vector space X for
which the nullity α(T ) and β(T ) are both finite. We recall that for every
T ∈ ∆(X), the index of T , defined by

ind T := α(T ) − β(T ),

satisfies the basic index theorem:

ind (TS) = ind T + ind S for all T, S ∈ ∆(X),

see Theorem 23.1 of Heuser [159].

In the next theorem we establish the basic relationships between the
quantities α(T ), β(T ), p(T ) and q(T ).

Theorem 3.4. If T is a linear operator on a vector space X then the
following properties hold:

(i) If p(T ) < ∞ then α(T ) ≤ β(T );

(ii) If q(T ) < ∞ then β(T ) ≤ α(T );

(iii) If p(T ) = q(T ) < ∞ then α(T ) = β(T ) (possibly infinite);

(iv) If α(T ) = β(T ) < ∞ and if either p(T ) or q(T ) is finite then
p(T ) = q(T ).

Proof (i) Let p := p(T ) < ∞. Obviously if β(T ) = ∞ there is nothing to
prove. Assume that β(T ) < ∞. It is easy to check that also β(T n) is finite.
By Lemma 3.2, part (i), we have kerT ∩ T p(X) = {0} and this implies that
α(T ) < ∞. From the index theorem we obtain for all n ≥ p the following
equality:

n · ind T = ind Tn = α(T p) − β(Tn).

Now suppose that q := q(T ) < ∞. For all integers n ≥ max{p, q} the
quantity n · ind T = α(T p) − β(T p) is then constant, so that ind T = 0,
α(T ) = β(T ). Consider the other case q = ∞. Then β(Tn) → 0 as n → ∞,
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so n · ind T eventually becomes negative, and hence ind T < 0. Therefore
in this case we have α(T ) < β(T ).

(ii) Let q := q(T ) < ∞. Also here we can assume that α(T ) < ∞,
otherwise there is nothing to prove. Consequently, as is easy to check, also
β(Tn) < ∞ and by part (ii) of Lemma 3.2 X = Y ⊕ T (X) with Y ⊆ ker T q.
From this it follows that β(T ) = dim Y ≤ α(T q) < ∞. If we use, with
appropriate changes, the index argument used in the proof of part (i) then
we obtain that β(T ) = α(T ) if p(T ) < ∞, and β(T ) < α(T ) if p(T ) = ∞.

(iii) It is clear from part (i) and part (ii).

(iv) This is an immediate consequence of the equality α(Tn)− β(Tn) =
ind Tn = n · ind T = 0, valid for every n ∈ N.

The finiteness of p(T ) or q(T ) has also some remarkable consequences
on T | T∞(X), the restriction of T on T∞(X). Recall that the hyper-range
T∞(X) is a T -invariant subspace of X.

Theorem 3.5. Let T be a linear operator on the vector space X. We
have:

(i) If either p(T ) or q(T ) is finite then T |T∞(X) is surjective. To be
precise

T∞(X) = C(T ),

where, as usual, C(T ) denotes the algebraic core of T ;

(ii) If either α(T ) < ∞ or β(T ) < ∞ then

p(T ) < ∞ ⇔ T |T∞(X) is injective.

Proof (i) The assertion follows immediately from Lemma 1.9 because if
p = p(T ) < ∞ then by Lemma 3.2

ker T ∩ T p(X) = ker T ∩ T p+k(X) for all integers k ≥ 0;

whilst if q = q(T ) < ∞ then

ker T ∩ T q(X) = ker T ∩ T q+k(X) for all integers k ≥ 0.

(ii) Assume that p(T ) < ∞. We have C(T ) = T∞(X) and hence

T (T∞(X)) = T∞(X). Let T̃ := T |T∞(X). Then T̃ is surjective, thus

q(T̃ ) = 0. From our assumption and from the equality ker T̃n = kerTn ∩
T∞(X) we also obtain p(T̃ ) < ∞. From part (iii) of Theorem 3.4 we con-

clude that p(T̃ ) = q(T̃ ) = 0, and therefore the restriction T̃ is injective.

Conversely, if T̃ is injective then kerT ∩ T∞(X) = {0}. By assumption
α(T ) < ∞ or β(T ) < ∞, and this implies (see the proof of Theorem 1.10)
that kerT ∩Tn(X) = {0} for some positive integer n. By Lemma 3.2 it then
follows that p(T ) < ∞.

The finiteness of the ascent and the descent of a linear operator T is
related to a certain decomposition of X.
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Theorem 3.6. Suppose that T is a linear operator on a vector space X.
If p = p(T ) = q(T ) < ∞ then we have the decomposition

X = T p(X) ⊕ ker T p.

Conversely, if for a natural number m we have the decomposition X =
Tm(X) ⊕ ker Tm then p(T ) = q(T ) ≤ m. In this case T |T p(X) is bijective.

Proof If p < ∞ and we may assume that p > 0, then the decomposition
X = T p(X) ⊕ ker T p immediately follows from Lemma 3.2. Conversely,
if X = Tm(X) ⊕ ker Tm for some m ∈ N then p(T ), q(T ) ≤ m, again by
Lemma 3.2, and hence p(T ) = q(T ) < ∞ by Theorem 3.3.

To verify the last assertion observe that T∞(X) = T p(X), so from The-

orem 3.5 T̃ := T |T p(X) is onto. On the other hand, ker T̃ ⊆ ker T ⊆ ker T p,

but also ker T̃ ⊆ T p(X), so the decomposition X = T p(X) ⊕ ker T p entails

that ker T̃ = {0}.

Remark 3.7. The following statements establish some other basic rela-
tionships between the ascent and the descent of a bounded operator T ∈
L(X) on a Banach space X in the case of semi-Fredholm operators.

(a) If T ∈ Φ±(X) then the chain lengths of T and its dual T ⋆ are related
by the equalities p(T ⋆) = q(T ) and p(T ) = q(T ⋆). This can be easily seen,
because if T ∈ Φ±(X) then Tn ∈ Φ±(X), and hence the range of Tn is closed
for all n. Analogously, also T ⋆n has closed range, and therefore for every
n ∈ N,

ker Tn⋆ = Tn(X)⊥, ker Tn =⊥ Tn⋆(X⋆) =⊥ T ⋆n(X⋆).

Obviously these equalities imply that p(T ⋆) = q(T ) and p(T ) = q(T ⋆). Note
that these equalities hold in the Hilbert space sense: in the case of Hilbert
space operators T ∈ Φ±(H) the equalities p(T ⋆) = q(T ) and p(T ) = q(T ⋆)
hold for the adjoint T ⋆.

(b) The chain lengths of (λI − T ) are intimately related to the poles of
the resolvent R(λ, T ). In fact,

λ0 ∈ σ(T ) is a pole of R(λ, T ) ⇔ 0 < p(λ0I − T ) = q(λ0I − T ) < ∞.

Moreover, if p := p(λ0I − T ) = q(λ0I − T ) then p is the order of the pole,
every pole λ0 ∈ σ(T ) is an eigenvalue of T , and if P0 is the spectral projection
associated with {λ0} then

P0(X) = ker (λ0I − T )p, ker P0 = (λ0I − T )p(X),

see Heuser [159, Proposition 50.2].
(c) If λ0 ∈ σ(T ) then λ0I−T is a Fredholm operator having both ascent

and descent finite if and only if λ0 is an isolated spectral point of T and the
corresponding spectral projection P0 is finite-dimensional, see Heuser [159,
Proposition 50.3].

The following theorem establishes a first relationship between the ascent
and the descent of λ0I − T and the SVEP at λ0 ∈ C.
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Theorem 3.8. For a bounded operator T on a Banach space X and
λ0 ∈ C, the following implications hold:

p(λ0I − T ) < ∞ ⇒ N∞(λ0I − T ) ∩ (λ0I − T )∞(X) = {0}
⇒ T has the SVEP at λ0,

and

q(λ0I − T ) < ∞ ⇒ X = N∞(λ0I − T ) + (λ0I − T )∞(X)

⇒ T ⋆ has the SVEP at λ0.

Proof There is no loss of generality in assuming λ0 = 0.
Assume that p := p(T ) < ∞. Then N∞(T ) = kerT p, and therefore

from Lemma 3.2 we obtain that

N∞(T ) ∩ T∞(X) ⊆ ker T p ∩ T p(X) = {0}.
From Theorem 2.22 we then conclude that T has the SVEP at 0.

To show the second chain of implications suppose that q := q(T ) < ∞.
Then T∞(X) = T q(X) and

(55) N∞(T ) + T∞(X) = N∞(T ) + T q(X) ⊇ ker T q + T q(X).

Now, the condition q = q(T ) < ∞ yields that T 2q(X) = T q(X), so
for every element x ∈ X there exists y ∈ T q(X) such that T qy = T q(x).
Obviously x − y ∈ ker T q, and therefore X = kerT q + T q(X). From the
inclusion (55) we conclude that X = N∞(T ) + T∞(X), and therefore by
Corollary 2.34 T ⋆ has the SVEP at 0.

The previous theorem indicates that the two notions of ascent and de-
scent are quite useful for establishing the SVEP for some important classes
of operators.

It is well known that if T is a normal operator on a Hilbert space H
then

H = ker(λI − T ) ⊕ (λI − T )(H) for every λ ∈ C,

(see [159, Proposition 70.3]), so by Lemma 3.2 we have for these operators

(56) p(λI − T ) ≤ 1 for all λ ∈ C.

Consequently, every normal operator on a complex Hilbert space has the
SVEP. Later we shall see that the condition (56) is also satisfied for every
multiplier of a semi-prime Banach algebra.

The next example shows that the condition (56) is satisfied by classes of
operators strictly larger than the class of all normal operators.

Example 3.9. A bounded operator T on a Banach space is said to be
paranormal if

‖Tx‖2 ≤ ‖T 2x‖‖x‖ for all x ∈ X .

It is easy to see that every paranormal operator T is normaloid, in the
sense that r(T ) = ‖T‖, where r(T ) is the spectral radius of T , or, equiva-
lently, ‖Tn‖ = ‖T‖n for every n ∈ N. Obviously, if T is paranormal then
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the restriction of T to every closed invariant subspace is also paranormal,
so T is spectrally normaloid in the sense of Heuser [159, §54].

An operator T on a Banach space X is said to be totally paranormal if
λI − T is paranormal for every λ ∈ C. Examples of totally paranormal op-
erators are all the operators T on a Hilbert space H which are hyponormal.
Recall that T ∈ L(H) is said to be hyponormal if

‖T ⋆x‖ ≤ ‖Tx‖ for every x ∈ H.

Now, if T is hyponormal then

‖Tx‖2 = 〈T ⋆Tx, x〉 ≤ ‖T ⋆Tx‖‖x‖ ≤ ‖T 2x‖‖x‖ for all x ∈ H,

so T is paranormal. Clearly T is totally paranormal, since every operator T
is hyponormal if and only if λI − T is hyponormal for every λ ∈ C.

It is immediate from the definition that every totally paranormal oper-
ator has ascent p(λI − T ) ≤ 1 for every λ ∈ C, so these operators have the
SVEP. The SVEP of a totally paranormal operator T is also consequence
of Theorem 2.31, once noted that for these operators we have

H0(λI − T ) = ker(λI − T ) for all λ ∈ C.

To show this observe first that if T is totally paranormal then for every
x ∈ X and λ ∈ C we have

‖(λI − T )nx‖1/n ≥ ‖(λI − T )x‖ for all n ∈ N.

If x ∈ H0(λI − T ) then ‖(λI − T )nx‖1/n → 0 as n → ∞, and consequently
(λI − T )x = 0, so H0(λI − T ) ⊆ ker(λI − T ). Since the reverse inclusion is
always true for every operator it follows that H0(λI − T ) = ker(λI − T ).

It should be noted that every totally paranormal operator has the prop-
erty (C), see Laursen [201].

Example 3.10. Other examples of operators T for which the condition
p(λI −T ) < ∞ is verified for all λ ∈ C, and hence that have the SVEP, may
be found amongst the class Pg(X) of operators on a Banach space X which
satisfy a polynomial growth condition. An operator T satisfies this condition
if there exists a K > 0, and a δ > 0 for which

(57) ‖exp(iλT )‖ ≤ K(1 + |λ|δ) for all λ ∈ R,

Examples of operators which satisfy a polynomial growth condition are
Hermitian operators on Hilbert spaces, nilpotent and projection operators,
algebraic operators with real spectra, see Barnes [61] .

In Laursen and Neumann [214, Theorem 1.5.19] it is shown that Pg(X)
coincides with the class of all generalized scalar operators having real spec-
tra, see also Colojoară and Foiaş [83, Theorem 5.4.5].

To show the condition (56) we first note that the polynomial growth con-
dition may be reformulated as follows: T ∈ Pg(X) if and only if σ(T ) ⊆ R
and there is a constant K > 0 and a δ > 0 such that

(58) ‖(λI − T )−1‖ ≤ K(1 + |Im λ|−δ) for all λ ∈ C with Im λ �= 0,
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see Theorem 1.5.19 of Laursen and Neumann [214], or Barnes [61].
We claim that if T ∈ Pg(X) and c := Im λ > 0 then

(59) (λI − T )−1 = −i

∫ ∞

0
eiλte−itT dt.

Indeed, for every s > 0,

i(λ − T )

∫ s

0
ei(λI−T )t dt =

∫ s

0

d

dt

(
ei(λI−T )t

)
dt = ei(λI−T )s − I.

From the estimates

‖ei(λI−T )s‖ = e−cs‖e−isT ‖ ≤ Ke−cs(1 + sδ),

it follows that ‖ei(λ−T )s‖ → 0 as s → ∞. From this we obtain that

i(λI − T )

∫ ∞

0
ei(λI−T )t dt = −I,

from which the equality (59) follows.
Now, in order to establish the finiteness of p(λI−T ) we may only consider

the case λ ∈ σ(T ). Of course, there is no loss of generality if we assume
λ = 0. If δ is as in (58), put m := [δ] + 1. Then

lim
t→0+

(it)m(itI − T )−1 = 0.

Suppose p(T ) > m. Choose x ∈ X and f ∈ X⋆ such that

Tm+1x = 0, Tmx �= 0, and f(Tmx) = 1.

Define a linear continuous functional φ on the Banach space L(X) by
the assignment

φ(T ) := f(Tx) for every T ∈ L(X).

From (59) we have for all t > 0

(itI − T )−1 = −i

∫ ∞

0
e−txe−ixT dx ,

and therefore, for all t > 0,

φ((itI − T )−1) = −i

∫ ∞

0
e−tx

(
∞∑

n=0

(−ix)n

n!
φ(Tn)

)
dx.

Clearly φ(Tn) = f(Tnx) = 0 for all n > m, so for every t > 0 we have

(it)mφ((itI − T )−1) = −(i)m+1tm
m∑

n=0

−in

n!

[
∞∑

0

xne−tx

]

= −(i)m+1tm
m∑

n=0

(−i)n

n!

[
(n + 1)!

tn+1

]
φ(Tn)

= − (i)2m+1(m + 1)t−1

+ { terms involving non-negative powers of t}.
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This shows that (it)mφ((it − T )−1) does not converge at 0 as t → 0+, a
contradiction. Hence p(λI − T ) ≤ m for every λ ∈ C .

It is easy to see that if T ∈ Pg(X) and (λ0I − T )(X) has closed range
for some λ0 ∈ C then also q(λ0I − T ) is finite. In fact, if T ∈ Pg(X) then
T ⋆ ∈ P(X⋆), so p := p(λ0I − T ) < ∞. This means that

ker(λ0I − T ⋆)p = ker(λ0I − T ⋆)p+k

for every k ∈ N, and hence

(λ0I − T )p(X) = (λ0I − T )p+k(X), k ∈ N.

Finally, if (λ0I − T )(X) is closed then (λ0I − T )k(X) is closed for every
k = 0, 1, · · · , thus q(λ0I − T ) < ∞. It follows from part (c) of Remark 3.7
that if λ0 ∈ σ(T ) is such that λ0I − T has a closed range then λ0 is a pole
of the resolvent R(λ, T ) = (λI − T )−1.

The next example shows that T may have the SVEP, although the point
spectrum σp(T ) is non empty.

Example 3.11. Let Ω denote a compact subset of C with a non-empty
interior. Let X := B(Ω) denote the Banach space of all bounded complex-
valued functions on Ω and consider the operator T : X → X defined by the
assignment

(Tf)(λ) := λf(λ) for all f ∈ X and λ ∈ Ω.

It is easy to see that p(µI −T ) is less than or equal to 1 for every µ ∈ C,
so T has the SVEP. Clearly σp(T ) = Ω �= ∅ .

As we observed in Theorem 5.4 and Theorem 2.31, each one of the two
conditions p(λ0I−T ) < ∞ or H0(λ0I−T ) closed implies the SVEP at λ0. In
general these two conditions are not related. Indeed, the operator T defined
in Example 2.32 has its quasi-nilpotent part H0(T ) not closed whilst, being
T injective, p(T ) = 0.

In the following example we find an operator T which has a closed quasi-
nilpotent part but ascent p(T ) = ∞.

Example 3.12. Let T : ℓ2(N) → ℓ2(N) be defined

Tx :=
(x2

2
, . . . ,

xn

n
, . . .
)

, where x = (xn) ∈ ℓ2(N).

It is easily seen that

‖T k‖ =
1

(k + 1)!
for every k = 0, 1, . . .

and from this it easily follows that the operator T is quasi-nilpotent and
therefore H0(T ) = ℓ2(N) by Theorem 1.68. Obviously p(T ) = ∞.

Note that the operator T above shows that the reverse of the implication

p(λ0I − T ) < ∞ ⇒ T has the SVEP at λ0
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established in Theorem 5.4 generally is not true. In fact, T has the SVEP
at 0 since T is quasi-nilpotent, and p(T ) = ∞.

2. The SVEP for operators of Kato type

In this section we shall characterize the SVEP at a point λ0 ∈ C in
the cases of operators of Kato type. In fact, we shall see that most of the
conditions which ensure the SVEP at a point λ0, established in Chapter 2
and in the previous section, are actually equivalences.

Recall that if λ0I − T is of Kato type then also λ0I
⋆ − T ⋆ is of Kato

type. More precisely, the pair (N⊥, M⊥) is a GKD for λ0I
⋆ − T ⋆ with

λ0I
⋆ − T ⋆|N⊥ semi-regular and λ0I

⋆ − T ⋆|M⊥ nilpotent.

Lemma 3.13. Suppose that λ0I − T has a GKD (M, N). Then

λ0I − T |M is surjective ⇔ λ0I
⋆ − T ⋆|N⊥is injective.

Proof We can assume λ0 = 0. Suppose first that T (M) = M and consider
an arbitrary element x⋆ ∈ ker T ⋆|N⊥ = kerT ⋆∩N⊥. For every m ∈ M then
there exists m′ ∈ M such that Tm′ = m. Then we have

x⋆(m) = x⋆(Tm′) = (T ⋆x⋆)(m′) = 0,

and therefore x⋆ ∈ M⊥ ∩ N⊥ = {0}.
Conversely, suppose that T |M is not onto, i.e., T (M) ⊆ M and T (M) �=

M . By assumption T (M) is closed, since T |M is semi-regular, and hence
via the Hahn–Banach theorem there exists z⋆ ∈ X⋆ such that z⋆ ∈ T (M)⊥

and z⋆ /∈ M⊥.
Now, from the decomposition X⋆ = N⊥ ⊕ M⊥ we have z⋆ = n⋆ + m⋆

for some n⋆ ∈ N⊥ and m⋆ ∈ M⊥. For every m ∈ M we obtain

T ⋆n⋆(m) = n⋆(Tm) = z⋆(Tm) − m⋆(Tm) = 0.

Hence T ⋆n⋆ ∈ N⊥ ∩ M⊥ = {0}, and therefore 0 �= n⋆ ∈ ker T ⋆ ∩ N⊥.

The first result shows that the SVEP at λ0 of a bounded operator which
admits a GKD (M, N) depends essentially on the behavior of λ0I − T on
the first subspace M .

Theorem 3.14. Suppose that λ0I − T ∈ L(X) admits a GKD (M, N).
Then the following assertions are equivalent:

(i) T has the SVEP at λ0;

(ii) T |M has the SVEP at λ0;

(iii) (λ0I − T ) |M is injective;

(iv) H0(λ0I − T ) = N ;

(v) H0(λ0I − T ) is closed;
(vi) H0(λ0I − T ) ∩ K(λ0I − T ) = {0};
(vii) H0(λ0I − T ) ∩ K(λ0I − T ) is closed.

In particular, if λ0I − T is semi-regular then the conditions (i)–(vii) are
equivalent to the following statement:
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(viii) H0(λ0I − T ) = {0}.

Proof Also here we shall consider the particular case λ0 = 0.
The implication (i) ⇒ (ii) is clear, since the SVEP at 0 of T is inherited

by the restrictions on every closed invariant subspaces.

(ii) ⇒ (iii) T |M is semi-regular, so by Theorem 2.49 T |M has the SVEP
at 0 if and only if T |M is injective.

(iii) ⇒ (iv) If T |M is injective, from Theorem 1.70 the semi-regularity

of T |M implies that H0(T |M) = N∞(T |M) = {0}, and hence

H0(T ) = H0(T |M) ⊕ H0(T |N) = {0} ⊕ N = N.

The implications (iv) ⇒ (v) and (vi) ⇒ (vii) are obvious, whilst the
implications (v) ⇒ (vi) and (vii) ⇒ (i) have been proved in Theorem 2.31.

The last assertion is clear since the pair M := X and N := {0} is a
GKD for every semi-regular operator.

The next result shows that if the operator λ0I − T admits a generalized
Kato decomposition then all the implications of Theorem 2.33 are actually
equivalences.

Theorem 3.15. Suppose that λ0I − T ∈ L(X) admits a GKD (M, N).
Then the following assertions are equivalent:

(i) T ⋆ has SVEP at λ0;

(ii) (λ0I − T ) |M is surjective;

(iii) K(λ0I − T ) = M ;

(iv) X = H0(λ0I − T ) + K(λ0I − T );
(v) H0(λ0I − T ) + K(λ0I − T ) is norm dense in X.

In particular, if λ0I − T is semi-regular then the conditions (i)–(v) are
equivalent to the following statement:

(vi) K(λ0I − T ) = X.

Proof Also we suppose λ0 = 0 here.
(i) ⇔ (ii) We know that the pair (N⊥, M⊥) is a GKD for T ⋆, and hence

by Theorem 3.14 T ⋆ has SVEP at 0 if and only if T ⋆ |N⊥ is injective. By
Lemma 3.13 T ⋆ then has the SVEP at 0 if and only if T |M is onto.

(ii) ⇒ (iii) If T |M is surjective then M = K(T |M) = K(T ), by Theorem
1.70.

(iii) ⇒ (iv) By assumption X = M ⊕ N = K(T ) ⊕ N , and therefore
X = H0(T ) + K(T ), since N = H0(T |N) ⊆ H0(T ).

The implication (iv) ⇒ (v) is obvious, whilst (v) ⇒ (i) has been estab-
lished in Theorem 2.33.

The last assertion is obvious since M := X and N := {0} provides a
GKD for T .



2. THE SVEP FOR OPERATORS OF KATO TYPE 121

Now let us consider the case λ0I − T is of Kato type. In this case, by
Theorem 1.74 and Theorem 3.15 we have

T has the SVEP at λ0 ⇔ N∞(λ0I − T ) ∩ (λ0I − T )∞(X) = {0}.
The next result shows that in this case to the equivalent conditions (i)–(vii)
of Theorem 3.14 we can add the condition p(λ0I − T ) < ∞.

Theorem 3.16. Let T ∈ L(X), X a Banach space, and assume that
λ0I − T is of Kato type. Then the conditions (i)–(vii) of Theorem 3.14 are
equivalent to the following assertions:

(viii) p(λ0I − T ) < ∞;

(ix) N∞(λ0I − T ) ∩ (λ0I − T )∞(X) = {0}.
In this case, if p := p(λ0I − T ) then

(60) H0(λ0I − T ) = N∞(λ0I − T ) = ker(λ0I − T )p.

Proof Here we assume also that λ0 = 0.
Let (M, N) be a GKD for which T |N is nilpotent. Assume that one of

the equivalent conditions (i)–(vii) of Theorem 3.14 holds, for instance the
condition H0(T ) = N . We also have that kerTn ⊆ N∞(T ) ⊆ H0(T ) for
every n ∈ N. On the other hand, from the nilpotency of T |N we know that
there exists a k ∈ N for which (T |N)k = 0. Therefore H0(T ) = N ⊆ ker T k

and hence H0(T ) = N∞(T ) = ker T k. Obviously this implies that p(T ) ≤ k,
so the equivalent conditions (i)–(vii) of Theorem 3.14 imply (viii).

The implication (viii) ⇒ (ix) has been established in Theorem 5.4 and
the condition (ix) implies the SVEP at 0, again by Theorem 5.4. The equal-
ities (60) are clear because ker T k = kerT p.

Theorem 3.17. Let Y ∈ L(X), X a Banach space, and assume that
λ0I − T is of Kato type. Then the conditions (i)–(v) of Theorem 3.15 are
equivalent to the following conditions:

(vi) q(λ0I − T ) < ∞;

(vii) X = N∞(λ0I − T ) + (λ0I − T )∞(X);

(viii) N∞(λ0I − T ) + (λ0I − T )∞(X) is norm dense in X.

In this case, if q := q(λ0I − T ) then

(λ0I − T )∞(X) = K(λoI − T ) = (λ0I − T )q(X).

Proof Assume that λ0 = 0. Since T is of Kato type then K(T ) = T∞(X),
by Theorem 1.42. Suppose that one of the equivalent conditions (i)–(v) of
Theorem 3.15 holds, in particular suppose that K(T ) = M . Then M =
T∞(X) ⊆ Tn(X) for every n ∈ N.

On the other hand, by assumption there exists a positive integer k such
that (T |N)k = 0, so for all n ≥ k we have

Tn(X) ⊆ T k(X) = T k(M) ⊕ T k(N) = T k(M) ⊆ M,
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and hence Tn(X) = M for all n ≥ k. Therefore q(T ) < ∞, so (vi) is proved.
The implication (vi) ⇒ (vii) has been established in Theorem 5.4 whilst

the implication (vii) ⇒ (viii) is obvious. Finally, by Corollary 2.34 the
condition (viii) implies the SVEP at 0 for T ⋆, which is the condition (i) of
Theorem 3.15.

The last assertion is clear since T q(X) = T k(X).

In the next result we consider the case where λ0I − T is essentially
semi-regular, namely N is finite-dimensional and M is finite-codimensional.

Theorem 3.18. Suppose that λ0I − T ∈ L(X) is a essentially semi-
regular. Then the conditions (i)–(vii) of Theorem 3.14 and the conditions
(viii)–(ix) of Theorem 3.16 are equivalent to the following condition:

(a) The quasi-nilpotent part H0(λ0I − T ) is finite-dimensional.

In particular, if T has the SVEP at λ0 then λ0I − T ∈ Φ+(X).
Again, the conditions (i)–(v) of Theorem 3.15 and the conditions (vi)–

(viii) of Theorem 3.17 are equivalent to the following condition:

(b) The analytical core K(λ0I − T ) is finite codimensional.

In particular, if T ⋆ has the SVEP at λ0 then λ0I − T ∈ Φ−(X).

Proof The condition (iv) of Theorem 3.14 implies (a) and this implies the
condition (v) of Theorem 3.14. Analogously, the condition (iii) of Theorem
3.15 implies (b) whilst from (b) it follows that (λ0I−T )∞(X) = K(λ0I−T )
is finite-codimensional, see Theorem 1.42. Because (λ0I−T )∞(X) ⊆ (λ0I−
T )q(X) for every q ∈ N we then may conclude that q(λ0I − T ) < ∞, which
is the condition (vi) of Theorem 3.17.

It remains to establish that (a) implies that λ0I − T ∈ Φ+(X). Clearly
if H0(λ0I −T ) is finite- dimensional then its subspace ker(λ0I −T ) is finite-
dimensional. Moreover, if (M, N) is a GKD for λ0I − T such that N is
finite-dimensional then

(λ0I − T )(X) = (λ0I − T )(M) + (λ0I − T )(N)

is closed since it is the sum of the closed subspace (λ0I − T )(M) and a
finite-dimensional subspace of X. This shows that λ0I − T ∈ Φ+(X).

Analogously, from the inclusion K(λ0I − T ) ⊆ (λ0I − T )(X) we see
that if K(λ0I − T ) finite codimensional then also (λ0I − T )(X) is finite
codimensional, so λ0I − T ∈ Φ−(X).

Corollary 3.19. Let T ∈ L(X), X a Banach space, and suppose that
λ0I − T ∈ Φ±(X). We have:

(i) If T has the SVEP at λ0 then ind (λ0I − T ) ≤ 0;

(ii) If T ⋆ has the SVEP at λ0 then ind (λ0I − T ) ≥ 0.

Consequently, if both the operators T and T ⋆ have the SVEP at λ0 then
λ0I − T has index 0.
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Proof By Theorem 3.16 if T has the SVEP then p(λ0I − T ) < ∞, and
hence α(λ0I − T ) ≤ β(λ0I − T ) by part (i) of Theorem 3.4. This shows
the assertion (i). The assertion (ii) follows similarly from Theorem 3.17 and
part (ii) of Theorem 3.4. The last assertion is clear.

The following example shows that a Fredholm operator T having index
less than 0 may be without the SVEP at 0.

Example 3.20. Let R and L denote the right shift operator and the
left shift operator, respectively, on the Hilbert space H := ℓ2(N), defined by

R(x) := (0, x1, x2, . . .) and L(x) := (x2, x3, . . .)

for all (x) := (xn) ∈ ℓ2(N). Clearly

α(R) = β(L) = 0 and α(L) = β(R) = 1,

so L and R are Fredholm. Let en := (0, · · · , 0, 1, 0, . . .) ∈ ℓ2(N), where
1 is the n-th term and all others are equal to 0. It is easily seen that
en+1 ∈ ker Ln+1 whilst en+1 /∈ ker Ln for every n ∈ N, so p(L) = ∞.
Moreover, p(R) = 0 being R injective, and hence, since R and S are each
one the adjoint of the other,

p(L) = q(R) = ∞ and q(L) = p(R) = 0.

Consider the operator L ⊕ R ∈ L(H × H) defined by

(L ⊕ R)(x, y) := (Lx, Ry), with x, y ∈ ℓ2(N).

It is easy to verify that

α(L ⊕ R) = α(L) = 1, β(L ⊕ R) = 1 and p(L ⊕ R) = ∞.

Analogously, if T := L ⊕ R ⊕ R ∈ L(H × H × H) then

β(T ) = 2, α(T ) = α(L) = 1 and p(T ) = ∞,

so T is a Fredholm operator having index ind T < 0 which by Theorem 5.4
does not have the SVEP at 0.

Corollary 3.21. Let λ0 ∈ σ(T ) and assume that λ0I − T ∈ Φ±(X).
Then the following statements are equivalent:

(i) T and T ⋆ have the SVEP at λ0;

(ii) X = H0(λ0I − T ) ⊕ K(λ0I − T );

(iii) H0(λ0I − T ) is closed and K(λ0I − T ) is finite-codimensional;

(iv) λ0 is a pole of the resolvent (λI−T )−1, equivalently 0 < p(λ0I−T ) =
q(λ0I − T ) < ∞;

(v) λ0 is an isolated point of σ(T ).

In particular, if any of the equivalent conditions (i)–(v) holds and p :=
p(λ0I − T ) = q(λ0I − T ) then

H0(λ0I − T ) = N∞(λ0I − T ) = ker(λ0I − T )p,
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and
K(λ0I − T ) = (λ0I − T )∞(X) = (λ0I − T )p(X).

Proof The equivalences of (i), (ii), (iii), and (iv) are obtained by combining
all the results previously established. The implication (iv) ⇒ (v) is obvious
whilst the implication (v) ⇒ (i) is an immediate consequence of the fact
that both T and T ⋆ have the SVEP at every isolated point of the spectrum
σ(T ) = σ(T ⋆).

The next result shows that also the implications of Theorem 2.36 and
Corollary 2.37 are actually equivalences if we assume that λ0I − T is essen-
tially semi-regular.

Theorem 3.22. Suppose that λ0I − T ∈ L(X), X a Banach space, is
essentially semi-regular. Then T has the SVEP at λ0 if and only if one of
the following conditions hold:

(c) N∞(λ0I − T ⋆) + (λ0I − T ⋆)(X⋆) is weak ⋆-dense in X⋆;

(d) H0(λ0I − T ⋆) + (λ0I − T ⋆)(X⋆) is weak ⋆-dense in X⋆;

(e) H0(λ0I − T ⋆) + K(λ0I − T ⋆) is weak ⋆-dense in X⋆.

Proof Assume λ0 = 0. If one of the conditions (c), (d) and (e) holds then,
by Theorem 2.36 and Corollary 2.37, T has the SVEP at 0.

Conversely, suppose that T has the SVEP at 0 or, equivalently by The-
orem 2.22, that K(T )∩ker T = {0}. We know from Theorem 1.70 that if T
is essentially semi-regular then ⊥N∞(T ⋆) = K(T ). Since ker T =⊥ T ⋆(X⋆)
we then obtain

{0} = K(T ) ∩ ker T =⊥ N∞(T ⋆) ∩ ⊥T ⋆(X⋆),

which implies via the Hahn–Banach theorem that the sum N∞(T ⋆)+T ⋆(X⋆)
is weak ⋆- dense in X⋆.

The proof that the SVEP of T at 0 implies each one of the conditions
(d) and (e) is similar, and therefore is omitted.

If λ0I − T is of Kato type, the SVEP at λ0 is simply characterized in
terms of the approximate point spectrum as follows:

Theorem 3.23. Suppose that λ0I − T , X a Banach space, is of Kato
type. Then the following statements are equivalent:

(i) T has SVEP at λ0;

(ii) σap(T ) does not cluster at λ0.

Proof If σap(T ) does not cluster at λ0 then T has the SVEP at λ0, see
the observation just before Theorem 2.58. Hence we need only to prove the
implication (i) ⇒ (ii). We may suppose that λ0 = 0.

Assume that T has SVEP at 0 and let (M, N) be a GKD for T . From
Theorem 1.44 we know that there exists ε > 0 such that λI − T is semi-
regular, and hence has closed range for every 0 < |λ| < ε. If Dε denotes the
open disc centered at 0 with radius ε then λ ∈ (Dε \ {0}) ∩ σap(T ) if and



2. THE SVEP FOR OPERATORS OF KATO TYPE 125

only if λ is an eigenvalue for T .
Now, from the inclusion ker(λI − T ) ⊆ T∞(X) for every λ �= 0 we infer

that every non-zero eigenvalue of T belongs to the spectrum of the restriction
T |T∞(X).

Finally, assume that 0 is a cluster point of σap(T ). Let (λn) be a sequence
of non-zero eigenvalues which converges to 0. Then λn ∈ σ(T |T∞(X)) for
every n ∈ N, and hence 0 ∈ σ(T |T∞(X)), since the spectrum of an operator
is closed. But T has the SVEP at 0, so by Theorem 3.14 the restriction T |M
is injective, and hence by Theorem 1.41 {0} = kerT |M = kerT ∩ T∞(X).
This shows that the restriction T |T∞(X) is injective.

On the other hand, from the equality T (T∞(X)) = T∞(X) we know
that T |T∞(X) is surjective, so 0 /∈ σ(T |T∞(X)); a contradiction.

The result of Theorem 3.23 is quite useful for establishing the member-
ship of cluster points of some distinguished parts of the spectrum to the
Kato type spectrum σk(T ).

A first application is given from the following result which improves a
classical Putnam theorem about the non-isolated boundary points of the
spectrum as a subset of the Fredholm spectrum.

Corollary 3.24. If T ∈ L(X), X a Banach space, every non-isolated
boundary point of σ(T ) belongs to σk(T ). In particular, every non-isolated
boundary point of σ(T ) belongs to the Fredholm spectrum σf(T ).

Proof If λ0 ∈ ∂σ(T ) is non-isolated in σ(T ) then σap(T ) clusters at λ0,
since by Theorem 2.42 ∂σ(T ) ⊆ σap(T ). But T has the SVEP at every point
of ∂σ(T ), so by Theorem 3.23 λ0I − T is not of Kato type.

The last assertion is obvious since σk(T ) ⊆ σf(T ).

Corollary 3.25. Suppose that T ∈ L(X), X a Banach space, has the
SVEP. Then all cluster points of σap(T ) belong to σk(T ) and in particular
to σf(T ).

Proof Suppose that λ0 /∈ σk(T ). Since T has the SVEP , and in particular
has the SVEP at λ0, by Theorem 3.23 it follows that σap(T ) does not cluster
at λ0.

The next result gives a clear description of the points λ0 /∈ σk(T ) which
belong to the boundary of σ(T ).

Theorem 3.26. Let T ∈ L(X), X a Banach space, and suppose that
λ0 ∈ ∂σ(T ). Then λ0I − T is of Kato type if and only if λ0 is a pole of the
resolvent R(λ, T ).

Proof By Corollary 3.24 if λ0I − T is of Kato type then λ0 is isolated in
σ(T ). Moreover T and T ⋆ have the SVEP at λ0 ∈ ∂σ(T ) = ∂σ(T ⋆), so
by Theorem 3.23 and Theorem 3.27 it follows that both p(λ0I − T ) and
q(λ0I − T ) are finite,.
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Conversely, assume that λ0 is a pole of the resolvent R(λ, T ) or, equiv-
alently, that d := p(λ0I − T ) = q(λ0I − T ) < ∞. Put M := (λ0I − T )d(X)
and N := ker(λ0I − T )d. Then the restriction λ0I − T |M is bijective by
Theorem 3.6, and hence semi-regular. Obviously the restriction λ0I − T |N
is nilpotent.

The following result is dual to that established in Theorem 3.23.

Theorem 3.27. Suppose that λ0I − T , X a Banach space, is of Kato
type. Then the following properties are equivalent:

(i) T ⋆ has the SVEP at λ0;

(ii) σsu(T ) does not cluster at λ0.

Proof The equivalence immediately follows from Theorem 3.23 since σap(T
⋆) =

σsu(T ).

Corollary 3.28. Suppose that for T ∈ L(X), X a Banach space, T ⋆

has the SVEP. Then all cluster points of σsu(T ) belong to σk(T ).

Proof Suppose that λ0 /∈ σk(T ). Since T ⋆ has the SVEP at λ0 by Theorem
3.27 it follows that σsu(T ) does not cluster at λ0.

Since σse(T ), σes(T ) and σk(T ) are subsets of σap(T ), one may ask if T
has the SVEP at a point λ0 whenever one of these spectra does not cluster
at λ0. Generally this is not true. To see this it suffices to consider the case
that σse(T ) does not cluster at λ0, since σes(T ) and σk(T ) are subsets of
σse(T ).

Let T ∈ L(X) be any non-injective semi-regular operator T . Then 0 is a
point of the semi-regular resolvent ρse(T ) := C\σse(T ) . This implies, ρse(T )
being an open set of C, that σse(T ) does not cluster at 0. On the other hand,
since T is not injective then by Theorem 2.49 T does not have the SVEP at 0.

Theorem 3.29. Suppose that for T ∈ L(X), X is a Banach space, the
semi-regular spectrum σse(T ) clusters at λ0. Then λ0 ∈ σsf(T ).

Proof Suppose that σse(T ) clusters at λ0 and λ0I − T ∈ Φ±(X). Then
λ0 ∈ ρsf(T ), where ρsf(T ) := C \σsf(T ) is the semi-Fredholm resolvent of T .
Let Ω denote the component of the open set ρsf(T ) which contains the point
λ0. If we set Γ := Ω∩ σse(T ) then Γ ⊆ σse(T ) \ σsf(T ) and by Theorem 1.65
the last set is denumerable.

This shows that there exists a an open disc D(λ0) centered at λ0 such that
λ /∈ σse(T )\σsf(T ) for every λ ∈ D(λ0)\{λ0}. But λI−T are semi-Fredholm
for all λ ∈ Ω, so λ /∈ σse(T ) for all λ ∈ D(λ0) \ {λ0}; a contradiction.

Example 3.30. Let 1 ≤ p < ∞ and let T denote an arbitrary weighted
right shift operator on ℓp(N). It has been already observed that

σap(T ) = {λ ∈ C : i(t) ≤ |λ| ≤ r(T )},
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where the quantity i(T ) is defined before Theorem 2.54. Since T has the
SVEP, see Theorem 2.88, by part (i) of Theorem 2.45 we have that σap(T ) =
σse(T ). We prove that

σf(T ) = σk(T ) = σes(T ) = σsf(T ) = σap(T ).

The inclusion σap(T ) ⊆ σf(T ) follows from Corollary 3.25. We show now
the opposite inclusion.

Assume that λ /∈ σap(T ). In the case |λ| > r(T ) then λI−T is invertible,
so λ /∈ σf(T ).

Assume the other case |λ| < i(T ) and therefore |λ| < c(T ), where the
quantity c(T ) is defined as in the discussion after Example 2.60. To show
that λI−T is Fredholm we need only to prove that β(λI−T ) < ∞, because
by assumption α(λI−T ) = 0. Now, λI−T is bounded below so (λI−T )(X)
is closed and hence ker (λI − T ⋆) = [(λI − T )(X)]⊥. The last space is
canonically isomorphic to the quotient space (X/(λI − T )(X))⋆ so, to show
that (λI−T )(X) is finite-codimensional, it suffices to prove that ker (λI−T ⋆)
is finite-dimensional. We prove that dim ker (λI∗ − T ⋆) = 1.

Assume that T ⋆x = λx. Then xn+1ωn = λxn for every n ∈ N, where
{ωn} is the sequence which defines T . If we impose the normalization x1 = 1
and define the empty product to be 1, a simple recursive argument shows
that this system has the unique solution

x = (xn)n∈�, where xn :=
λn−1

ω1 · · ·ωn−1
.

The standard formula for the radius of convergence of a series then
yields that the series

∑∞
n=1 enxn converges for all |λ| < c(T ). This shows

that x = (xn) ∈ ℓq(N). Hence the solutions of the equation T ⋆x = λx form
a 1-dimensional subspace of ℓq(N), and hence

β(λI − T )(X) = α(λI⋆ − T ⋆) = 1.

Therefore λ /∈ σf(T ), so the reverse inclusion σf(T ) ⊆ σap(T ) is proved.
From this we then conclude that σse(T ) = σap(T ) = σf(T ), as desired.

The inclusions σk(T ) ⊆ σap(T ) and σsf (T ) ⊆ σap(T ) are true for every
operator. The opposite of these inclusions follows from Corollary 3.25 and
Theorem 3.29, respectively. The equality of all these spectra with σes(T ) is
then clear, since σk(T ) ⊆ σes(T ) ⊆ σf(T ) for every T ∈ L(X).

3. The SVEP on the components of ρk(T )

In this section we shall give a closer look at the connected components of
resolvent sets associated with the various spectra introduced in the previous
chapters. In particular, we shall obtain a classification of these components
by using the equivalences between the SVEP at a point and the kernel type
and range type conditions established in the previous section.

The results of Theorem 1.36 and Theorem 1.72 show that the mappings
λ → K(λI − T ) and λ → H0(λI − T ) are constant as λ ranges through a
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connected component of the semi-regular resolvent ρse(T ). Now, also the
Kato type resolvent ρk(T ) is an open subset of C, so it may be decomposed
in connected maximal components. The first result of this section shows the
constancy of some mappings on the components of ρk(T ).

Theorem 3.31. Let T ∈ L(X), X a Banach space, be of Kato type.
Then there is an ε > 0 such that:

(i) K(λI − T ) + H0(λI − T ) = K(T ) + H0(T ) for all 0 < |λ| < ε,

and

(ii) K(λI − T ) ∩ H0(λI − T ) = K(T ) ∩ H0(T ) for all 0 < |λ| < ε.

Proof (i) Let (M, N) be a GKD for T such that T |N is nilpotent. From the
proof of part (i) of Theorem 1.74 we know that K(T )+H0(T ) = K(T )+N .

Now, from Theorem 1.44 there exists ε > 0 such that λI − T is semi-
regular for all 0 < |λ| < ε, and hence by Theorem 1.70,

(61) H0(λI − T ) ⊆ K(λI − T ) for all 0 < |λ| < ε.

Clearly, the nilpotency of T |N implies that (λI − T )n(N) = N for all
λ �= 0 and n ∈ N. From Theorem 1.24 it then follows that

K(λI − T ) = (λI − T )∞(X) = (λI − T |M)∞(M) + (λI − TN)∞(N)

= K(λI − T |M) + N,

for all λ �= 0. Since T |M is semi-regular by Theorem 1.36 we may choose
ε > 0 such that K(λI − T |M) = K(T |M) = K(T ), and hence

(62) K(λI − T ) = K(T ) + N for all 0 < |λ| < ε.

By Theorem 1.22 the equality (λI − T )(N) = N implies that

N ⊆ K(λI − T ) for all λ �= 0.

Finally, from (61) and (62) for all 0 < |λ| < ε we obtain that

H0(λI − T ) + K(λI − T ) = K(λI − T ) = K(T ) + N = K(T ) + H0(T ),

so the first statement is proved.

(ii) Recall that from the proof of part (ii) of Theorem 1.74, if λI − T is
of Kato type then

H0((λI − T )|M) = H0(λI − T ) ∩ M = H0(λI − T ) ∩ M.

Now, by Theorem 1.44 we know that there is ε > 0 such that λI − T is
semi-regular for all 0 < |λ| < ε. Hence by Theorem 1.70 and Theorem 1.24,
we have

H0(λI − T ) ⊆ K(λI − T ) = K(λI − T ) for all 0 < |λ| < ε,

and therefore

(63) H0(λI − T ) = H0(λI − T ) ∩ K(λI − T ) for all 0 < |λ| < ε.

From Lemma 1.3 and Theorem 1.70 we also have

(64) H0(λI − T ) = N∞(λI − T ) ⊆ T∞(X) = K(T ) ⊆ M,
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for all 0 < |λ| < ε. By Theorem 1.70 the semi-regularity of T |M yields that

H0(T |M) ⊆ K(T |M) = K(T ), so

H0(T ) ∩ K(T ) = H0(T ) ∩ (M ∩ K(T )) = H0(T ) ∩ M ∩ K(T )

= H0(T |M) ∩ K(T ) = H0(T |M).

Finally, by Theorem 1.72 we may chosen ε > 0 such that

H0(T |M) = H0(λI − T |M) = H0(λI − T ) ∩ M for all |λ| < ε.

Using the inclusions (64) and (63) we then conclude that

H0(T ) ∩ K(T ) = H0(T |M) = H0(λI − T ) ∩ M

= H0(λI − T ) = H0(λI − T ) ∩ K(λI − T )

for all |λ| < ε, so also (ii) is proved.

By using a compactness argument similar to that which has been used
in the proof of Theorem 1.36 we obtain the following result:

Corollary 3.32. Let T ∈ L(X), X a Banach space. If Ω is a component
of ρk(T ) and λ0 ∈ Ω is arbitrarily given, then

K(λI − T ) + H0(λI − T ) = K(λ0I − T ) + H0(λ0I − T )

and

H0(λI − T ) ∩ K(λI − T ) = H0(λ0I − T ) ∩ K(λ0I − T )

for all λ ∈ Ω. Therefore the mappings

λ → K(λI − T ) + H0(λI − T )

and

λ → H0(λI − T ) ∩ K(λI − T )

are constant on the connected components of ρk(T ).

Remark 3.33. As an obvious consequence of Theorem 1.74 we obtain
that the mappings

λ → H0(λI − T ) + K(λI − T ), λ → N∞(λI − T ) + (λI − T )∞(X),

and

λ → H0(λI − T ) ∩ K(λI − T ), λ → N∞(λI − T ) ∩ (λI − T )∞(X)

assume the same values on each component of ρk(T ).

From Theorem 3.31 and the results established in the previous section
we now obtain the following classification of the components of ρk(T ).
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Theorem 3.34. Let T ∈ L(X), X a Banach space, and Ω a component
of the Kato type resolvent ρk(T ). Then the following alternative holds:

(i) T has the SVEP for every point of Ω. In this case p(λI−T ) < ∞ for
all λ ∈ Ω. Moreover, σap(T ) does not have limit points in Ω; every point of
Ω is not an eigenvalue of T , except a subset of Ω which consists of at most
countably many isolated points.

(ii) T has the SVEP at no point of Ω. In this case p(λI − T ) = ∞ for
all λ ∈ Ω. Every point of Ω is an eigenvalue of T .

Proof (i) Suppose that T has the SVEP at λ0 ∈ Ω. Then by Theorem 3.14
H0(λI − T ) is closed and

H0(λ0I − T ) ∩ K(λ0I − T ) = H0(λ0I − T ) ∩ K(λ0I − T ) = {0}.
By Corollary 3.32 the mapping λ → H0(λI − T ) ∩ K(λI − T ) are constant
on Ω, so

H0(λI − T ) ∩ K(λI − T ) = {0} for all λ ∈ Ω

and therefore, again by Theorem 3.14, T has the SVEP at every λ ∈ Ω.
This is equivalent by Theorem 3.16 to saying that p(λI − T ) < ∞ for all
λ ∈ Ω.

By Theorem 3.23 σap(T ) does not clusters in Ω, and consequently every
point of Ω is not an eigenvalue of T , except a subset of Ω which consists of
at most countably many isolated points.

(ii) It is clear, again by Theorem 3.16.

Recall that λ ∈ C is said to be a deficiency value for if λI − T is not
surjective.

Theorem 3.35. Let T ∈ L(X), X a Banach space, and Ω a component
of ρk(T ). Then the following alternative holds:

(i) T ⋆ has the SVEP for every point of Ω. In this case q(λI − T ) < ∞
for all λ ∈ Ω and σsu(T ) does not have limit points in Ω and λI − T is not
a deficiency value, except a subset of Ω which consists of at most countably
many isolated points.

(ii) T ⋆ has the SVEP at no point of Ω. In this case q(λI − T ) = ∞ for
all λ ∈ Ω and every λ ∈ Ω is a deficiency value of T .

Proof Proceed as in the proof of Theorem 3.34, combining the constancy
of the mapping

λ ∈ Ω → K(λI − T ) + H0(λI − T )

with Theorem 3.16, Theorem 3.17 and Theorem 3.15.

Let us consider the Fredholm resolvent ρsf(T ) := C \ σsf(T ). Clearly

ρsf(T ) ⊆ ρes(T ) ⊆ ρk(T ),

and all these sets are open. It is natural to ask what happens for the compo-
nents of ρsf(T ) and the components of ρes(T ) := C\σes(T ). The classification
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of the components of ρes(T ) may be easily obtained from Theorem 3.34 and
Theorem 3.35, once observed, by Corollary 1.45, that the two sets ρes(T )
and ρk(T ) may be different only for a denumerable set.

A more interesting situation is that relative to the components of ρsf(T ),
since for semi-Fredholm operators we can consider the index. Clearly, by
Theorem 3.34 and Theorem 3.35 T , as well as T ⋆, has the SVEP either for
every point or no point of a component Ω of ρsf(T ).

We can classify the components of ρsf(T ) as follows:

Theorem 3.36. Let T ∈ L(X), X a Banach space, and Ω a component
of ρsf(T ). For the SVEP, the index, the ascent and the descent on Ω, there
are exactly the following four possibilities:

(i) Both T and T ⋆ have the SVEP at every point of Ω. In this case we
have ind (λI − T ) = 0 and p(λI − T ) = q(λI − T ) < ∞ for every λ ∈ Ω.
The eigenvalues and deficiency values do not have a limit point in Ω. This
case occurs exactly when Ω intersects the resolvent ρ(T );

(ii) T has the SVEP at the points of Ω, whilst T ⋆ fails to have the SVEP
at the points of Ω. In this case we have ind (λI − T ) < 0, p(λI − T ) < ∞,
and q(λI − T ) = ∞ for every λ ∈ Ω. The eigenvalues do not have a limit
point in Ω, every point of Ω is a deficiency value;

(iii) T ⋆ has the SVEP at the points of Ω, whilst T fails to have the SVEP
at the points of Ω. In this case we have ind (λI − T ) > 0, p(λI − T ) = ∞,
and q(λI − T ) < ∞ for every λ ∈ Ω. The deficiency values do not have a
limit point in Ω, whilst every point of Ω is an eigenvalue;

(iv) Neither T or T ⋆ have the SVEP at the points of Ω. In this case we
have p(λI − T ) = q(λI − T ) = ∞ for every λ ∈ Ω. The index may assume
every value in Z; all the points of Ω are eigenvalues and deficiency values.

Proof The case (i) is clear from the results established in the previous
section, from Theorem 3.34 and Theorem 3.34. In the case (ii) the condition
p(λI − T ) < ∞ implies that ind (λI − T ) ≤ 0, by part (iii) of Theorem 3.4,
whilst the condition q(λI − T ) = ∞ excludes that ind (λI − T ) = 0, again
by Theorem 3.4, part (iv).
A similar argument shows in the case (iii) that ind (λI − T ) > 0.

The statements of (iv) are clear.

The following corollary establishes that a very simple classification of
the semi-Fredholm is obtained in the case that T or T ⋆ has the SVEP. Note
that the case that both T and T ⋆ have the SVEP applies in particular to
the decomposable operators, which will be studied later.

Corollary 3.37. Let T ∈ L(X), X a Banach space, and Ω any compo-
nent of ρsf(T ). If T has the SVEP then only the case (i) and (ii) of Theorem
3.36 are possible, whilst if T ⋆ has the SVEP only the case (i) and (iii) are
possible. Finally, if both T and T ⋆ have the SVEP then only the case (i) is
possible.
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4. The Fredholm, Weyl, and Browder spectra

Two important classes of operators in Fredholm theory are given by the
classes of semi-Fredholm operators which possess finite ascent or a finite
descent. We shall distinguish two classes of operators. The class of all upper
semi-Browder operators on a Banach space X that is defined by

B+(X) := {T ∈ Φ+(X) : p(T ) < ∞},
and the class of all lower semi-Browder operators that is defined by

B−(X) := {T ∈ Φ−(X) : q(T ) < ∞}.
The class of all Browder operators (known in the literature also as Riesz

Schauder operators) is defined by

B(X) := B+(X) ∩ B−(X) = {T ∈ Φ(X) : p(T ), q(T ) < ∞}.
Clearly, from part (i) and part (ii) of Theorem 3.4 we have

T ∈ B+(X) ⇒ ind T ≤ 0,

and
T ∈ B−(X) ⇒ ind T ≥ 0,

so that
T ∈ B(X) ⇒ ind T = 0.

From Remark 3.7 and Remark 1.54, we also obtain that

T ∈ B+(X) ⇔ T ⋆ ∈ B−(X⋆)

and, analogously,
T ∈ B−(X) ⇔ T ⋆ ∈ B+(X⋆).

A bounded operator T ∈ L(X) is said to be a Weyl operator if T is a
Fredholm operator having index 0. Denote by W(X) the class of all Weyl
operators. Obviously B(X) ⊆ W(X) and the inclusion is strict, see the
operator L ⊕ R of Example 3.20. Combining Theorem 3.16, Theorem 3.17,
and Theorem 3.4, we easily obtain for a Weyl operator T the following
equivalence:

T has the the SVEP at 0 ⇔ T ⋆ has the SVEP at 0.

Moreover, if T or T ⋆ has SVEP at 0 from Theorem 3.4 we deduce that

T is Weyl ⇔ T is Browder.

Note that by part (c) of Remark 3.7 if 0 ∈ σ(T ) and T is Browder then 0 is
an isolated point of σ(T ). Furthermore, from Theorem 3.16 and Theorem
3.17 it follows that

X = N∞(T ) ⊕ T∞(X) = H0(T ) ⊕ K(T ) = kerT p ⊕ T p(X),

where p := p(T ) = q(T ).
The classes of operators defined above motivate the definition of several

spectra. The upper semi-Browder spectrum of T ∈ L(X) is defined by

σub(T ) := {λ ∈ C : λI − T /∈ B+(X)},
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the lower semi-Browder spectrum of T ∈ L(X) is defined by

σlb(T ) := {λ ∈ C : λI − T /∈ B−(X)},
whilst the Browder spectrum of T ∈ L(X) is defined by

σb(T ) := {λ ∈ C : λI − T /∈ B(X)}.
Clearly

σb(T ) = σub(T ) ∪ σlb(T ).

The Weyl spectrum of T ∈ L(X) is defined by

σw(T ) := {λ ∈ C : λI − T /∈ W(X)}.
Obviously

(65) σf(T ) ⊆ σw(T ) ⊆ σb(T ).

Moreover, part (g) of Remark 1.54 ensures that if X is infinite-dimensional
then σf(T ) is non-empty, and consequently also σw(T ) and σb(T ) are non-
empty.
It is clear that

σsf(T ) ⊆ σuf(T ) ⊆ σub(T ) ⊆ σb(T ),

and

σsf(T ) ⊆ σlf(T ) ⊆ σlb(T ) ⊆ σb(T ).

It is easy to see that, in general, the inclusions (65) are proper. For instance,
for the right shift operator R on ℓ2(N) of Example 3.20 we have 0 ∈ σw(T ),
whilst 0 /∈ σf(T ). Furthermore, if T := L ⊕ R then 0 /∈ σw(T ), whilst
0 ∈ σb(T ).

Remark 3.38. Recall that by F (X) we denote the ideal in L(X) of all
finite-dimensional operators. A basic result of operator theory establishes
that every finite-dimensional operator T ∈ L(X) may be always represented
in the form

Tx =

n∑

k=1

fk(x)xk,

where the vectors x1, . . . , xn from X and the vectors f1, . . . , fn from X⋆ are
linearly independent, see Heuser[159, p. 81]. Clearly T (X) is contained in
the subspace Y generated by the vectors x1, . . . , xn.

Conversely, if y := λ1x1 + . . .+λnxn is an arbitrary element of Y we can
choose z1, . . . , zn in X such that fi(zj) = δi,j , where δi,j denote the delta
of Kronecker (a such choice is always possible, see Heuser [159, Proposition
15.1]). If we define z :=

∑n
k=1 λkzk then

Tz =
n∑

k=1

fk(z)xk =
n∑

k=1

fk

(
n∑

k=1

λkzk

)
xk =

n∑

k=1

λkxk = y.

This shows that the set {x1, . . . , xn} forms a basis for the subspace T (X).
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Theorem 3.39. For a bounded operator T on a Banach space X, the
following assertions are equivalent:

(i) λ0I − T is a Weyl operator;

(ii) There exists a finite-dimensional operator K ∈ F (X) such that λ0 /∈
σ(T + K);

(iii) There exists a compact operator K ∈ K(X) such that λ0 /∈ σ(T+K).

Proof We can assume λ0 = 0.
(i) ⇒ (ii) Assume that T is a Fredholm operator having index ind T =
α(T ) − β(T ) = 0 and let m := α(T ) = β(T ). Let P ∈ L(X) denote
the projection of X onto the finite-dimensional space ker T . Obviously,
ker T ∩ ker P = {0} and according Remark 3.38 we can represent the
finite-dimensional operator P in the form

Px =
m∑

i=1

fi(x)xi,

where the vectors x1, . . . , xm from X, the vectors f1, · · · , fm from X⋆, are
linearly independent. As observed in Remark 3.38, the set {x1, . . . , xm}
forms a basis of P (X) and therefore Pxi = xi for every i = 1, . . . , m, from
which we obtain that fi(xk) = δi,k.

Denote by Y the topological complement of the finite-codimensional
subspace T (X). Then Y is finite-dimensional with dimension m, so we can
choose a basis {y1, . . . , ym} of Y . Let us define

Kx :=
m∑

i=1

fi(x)yi

Clearly K is a finite-dimensional operator, so by part (f) of Remark 1.54
S := T + K is a Fredholm operator, and from Remark 3.38 we know that
K(X) = Y .

Finally, consider an element x ∈ ker S. Then Tx = Kx = 0, and this
easily implies that fi(x) = 0 for all i = 1, . . . , m. From this it follows that
Px = 0 and therefore x ∈ ker T ∩ ker P = {0}, so S is injective.

In order to show that S is surjective observe first that

fi(Px) = fi

(
m∑

k=1

fk(x)xk

)
= fi(x).

From this we obtain that

(66) KPx =
m∑

i=1

fi(Px)yi =
m∑

i=1

fi(x)yi = Kx.

Now, we have X = T (X) ⊕ Y = T (X) ⊕ K(X), so every z ∈ X may be
represented in the form z = Tu + Kv, with u, v ∈ X. Set

u1 := u − Pu and v1 := Pv.
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From (66) and from the equality P (X) = kerT we easily obtain that

Ku1 = 0, Tv1 = 0, Kv1 = Kv and Tu1 = Tu.

Therefore

S(u1 + v1) = (T + K)(u1 + v1) = Tu + Kv = z,

and hence S is surjective. Therefore S = T + K is invertible.

(ii)⇒ (iii) Clear.

(iii)⇒ (i) Suppose T + K = U , where U is invertible and K is compact.
Obviously U is a Fredholm operator having index 0, and hence by part (f)
of Remark 1.54 we conclude that T ∈ W(X).

Remark 3.40. By means of a modest modification of the proof of Theo-
rem 3.39 we easily obtain the following equivalence:

(a) The operator λ0I −T ∈ Φ+(X) has ind (λ0I −T ) ≤ 0 precisely when
λ0 /∈ σap(T + K) for some K ∈ K(X).

To show this equivalence take m := α(T ) and proceed as in the proof
of Theorem 3.39. The operator S = T + K is then injective and has closed
range, since T + K ∈ Φ+(X), by part (f) of Remark 1.54.

Analogously we have:

(b) The operator λ0I−T ∈ Φ−(X) has ind (λ0I−T ) ≥ 0 precisely when
λ0 /∈ σsu(T + K) for some K ∈ K(X).

The proof of equivalence (b) is easily obtained taking m := β(T ) and
proceeding as in the proof of Theorem 3.39.

Corollary 3.41. Let T ∈ L(X), X a Banach space. Then σw(T ) is
closed and

(67) σw(T ) =
⋂

K∈F (X)

σ(T + K) =
⋂

K∈K(X)

σ(T + K).

Proof Let ρw(T ) := C \ σw(T ). The equality (67) may be restated, taking
the complements, as follows

(68) ρw(T ) =
⋃

K∈F (X)

ρ(T + K) =
⋃

K∈K(X)

ρ(T + K).

The equalities (68) are now immediate from Theorem 3.39. The last asser-
tion is clear

Lemma 3.42. Suppose that T ∈ L(X) and K ∈ K(X) commute.

(i) If T is bounded below then p(T − K) < ∞;

(ii) If T is onto then q(T − K) < ∞.

Proof We first establish the implication (ii). The implication (i) will follows
then by duality.

(ii) Obviously T is lower semi-Fredholm, and hence by part (f) of Remark
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1.54 we have S := T −K ∈ Φ−(X). Consequently, from part (c) of Remark
1.54 also Sk ∈ Φ−(X) for every k ∈ N, and hence the range Sk(X) is finite-
codimensional.

Let us consider the map T̂ : X/Sk(X) → X/Sk(X), defined canonically
by

T̂ x̂ := T̂ x for all x̂ := x + Sk(X).

Since T is onto, for every y ∈ X there exists an element z ∈ X such that

y = Tz, and therefore ŷ = T̂ z = T̂ ẑ, thus T̂ is onto.

Since X/Sk(X) is a finite-dimensional space then T̂ is also injective and
this easily implies that kerT ⊆ Sk(X). The surjectivity of T also implies
that γ(T ) > 0, γ(T ) the minimal modulus of T , and

‖Tx‖ ≥ γ(T ) dist(x, ker T ) for all x ∈ X.

Let z ∈ Sk(X) be arbitrarily given. The equalities

T (Sk(X)) = (SkT )(X) = Sk(X)

show that there is some y ∈ Sk(X) for which Ty = z. For every x ∈ X we
have

‖Tx − z‖ = ‖T (x − y)‖ ≥ γ(T ) dist(x − y, ker T )

≥ γ(T ) dist(x − y, Sk(X)),

where the last inequality follows from the inclusion kerT ⊆ Sk(X). Conse-
quently, for every x ∈ X we obtain that

‖Tx − z‖ ≥ γ(T ) dist(x, Sk(X)) for all z ∈ Sk(X),

and this implies that

dist(Tx, Sk(X)) ≥ γ(T ) dist(x, Sk(X)) for all k ∈ N.

Suppose that q(S) = ∞. Then there is a bounded sequence (xn)n∈�

with xn ∈ Sn(X) and dist(xn, Sn+1(X)) ≥ 1 for every n ∈ N. For m > n,
m and n ∈ N, we have

Kxm − Kxn = (Kxm + (T − K)xn) − Txn.

Now
Kxm ∈ K(Sm(X)) = SmK(X) ⊆ Sm(X),

and
(TK)xn ∈ (T − K)n + 1(X) = Sn+1(X),

hence w := Kxm + (T − K)xn ∈ Sn+1(X) for all m > n. Therefore

‖Kxm − Kxn‖ = ‖w − Txn‖ ≥ dist(Txn, Sn+1(X))

≥ dist(xn, Sn+1(X)) ≥ γ(T ),

which contradicts the compactness of K. Therefore S = T − K has finite
descent.

(i) If K is a compact operator and T is bounded below then K⋆ is

compact and T ⋆ is onto, see Lemma 1.30. Moreover, by part (f) of Remark
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1.54 the operators T −K and T ⋆−K⋆ are semi-Fredholm, hence p(T −K) =
q(T ⋆ − K⋆) < ∞.

Theorem 3.43. Let T ∈ L(X), K ∈ L(X) be commuting operators on
a Banach space X. If K ∈ K(X) we have the following equivalences:

(i) If T ∈ Φ+(X) then p(T + K) < ∞ if and only if p(T ) < ∞;

(ii) If T ∈ Φ−(X) then q(T + K) < ∞ if and only if q(T ) < ∞.

Proof Suppose first that T ∈ Φ−(X) and q := q(T ) < ∞. Then T q(X) =
T q+1(X) and T q(X) is a closed subspace of finite-codimension, since by
Remark 1.54, part (c), also T q ∈ Φ−(X). Let S := T + K. We know from
part (f) of Remark 1.54 that S ∈ Φ−(X). The restriction of T to T q(X) is
surjective, so by Lemma 3.42 the restriction of S to T q(X) has finite descent.
From this it follows that there is a positive integer k for which

Sm(X) ⊃ (SmT q)(X) = (SkT q)(X) for all m ≥ k.

We have SkT q ∈ Φ−(X), again from part (c) of Remark 1.54, thus the
subspace SkT q(X) has finite-codimension. From this we then conclude that
S = T + K has finite descent.

Conversely, assume that q(T + K) < ∞. Since T + K ∈ Φ−(X), from
the first part of the proof we obtain that q(T ) = q(T +K −K) < ∞. Hence
the equivalence (ii) is proved.

The equivalence (i) follows by duality from (ii), since T and S = T + K
are upper semi-Fredholm if and only if T ⋆ and S⋆ = T ⋆ +K⋆ are lower semi-
Fredholm, respectively, and hence p(T ) = q(T ⋆), p(S) = q(S⋆), see part (a)
of Remark 3.7.

It should be noted that the equivalence (i) of Theorem 3.43 may be also
deduced directly from the assertion (i) of Lemma 3.42.

We now give a characterization of semi-Browder operators by means of
the SVEP.

Theorem 3.44. For an operator T ∈ L(X), X a Banach space, the
following statements are equivalent:

(i) λ0I − T is essentially semi-regular and T has the SVEP at λ0;

(ii) There exists a finite-dimensional operator K ∈ L(X) such that TK =
KT and λ0 /∈ σap(T + K);

(iii) There exists a compact operator K ∈ L(X) such that TK = KT
and λ0 /∈ σap(T + K);

(iv) λ0I − T ∈ B+(X).

Proof (i) ⇒ (ii) Suppose that λ0I − T is essentially semi-regular and that
T has SVEP at λ0. Let (M, N) be a GKD for λ0I−T , where (λ0I−T )|N is
nilpotent and N is finite-dimensional. Let P denote the finite-dimensional
projection of X onto N along M . Clearly P commutes with T , because N
and M reduce T . Since T has the SVEP at λ0 it follows that (λ0I − T )|M
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is injective, by Theorem 3.14 . Furthermore, the restriction (λ0I −T − I)|N
is bijective, since from the nilpotency of (λ0I − T )|N we have 1 /∈ σ((λ0I −
T )|N). Therefore (λIo − T − I)(N) = N and ker((λ0I − T − I)|N) = {0}.

From this it follows that

ker(λ0I − T − P ) = ker((λ0I − T − P )|M) ⊕ ker((λ0I − T − P )|N)

= ker((λ0I − T )|M) ⊕ ker((λ0I − T − I)|N)

= {0}.
so that the operator (λ0I − T − P ) is injective.

On the other hand, the equalities

(λ0I − T − P )(X) = (λ0I − T − P )(M) ⊕ (λ0I − T − P )(N)

= (λ0I − T )(M) ⊕ (λ0I − T − I)(N)

= (λ0I − T )(M) ⊕ N,

show that the subspace (λ0I − T − P )(X) is closed, since it is the sum
of the subspace (λ0I − T )(M), which is closed by semi-regularity, and the
finite-dimensional subspace N . This shows that λ0 /∈ σap(T + P ).

(ii) ⇒ (iii) Clear.

(iii) ⇒ (iv) Suppose that there exists a commuting compact operator
K such that λ0I − (T + K) is bounded below, and therefore upper semi-
Fredholm. The class Φ+(X) is stable under compact perturbations, as noted
in part (f) of Remark 1.54, and hence λ0I−(T +K)−K = λ0I−T ∈ Φ+(X).

On the other hand, p(λ0I − (T + K)) = 0, and hence from Lemma 3.42
also p(λ0I − T ) = p(λ0I − (T + K) − K) is finite.

The implication (iv) ⇒ (i) is clear from Theorem 3.14 since every semi-
Fredholm operator is essentially semi-regular and hence of Kato type.

Corollary 3.45. Let T ∈ L(X), X a Banach space. Then σub(T ) is
closed and

(69) σub(T ) =
⋂

K∈F (X), KT=TK

σap(T + K) =
⋂

K∈K(X), KT=TK

σap(T + K).

Later we shall see that the Browder spectrum σb(T ) is the intersection
of all spectra of commuting compact perturbations of T . For this reason
σub(T ) is sometimes called the Browder essential approximate point spectrum
of T ∈ L(X).

The next result is dual to that given in Theorem 3.44.

Theorem 3.46. Let T ∈ L(X), X a Banach space. Then the following
properties are equivalent:

(i) λ0I − T is essentially semi-regular and T ⋆ has the SVEP at λ0;

(ii) There exists a finite-dimensional operator K ∈ L(X) such that TK =
KT and λ0 /∈ σsu(T + K);
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(iii) There exists a compact operator K ∈ L(X) such that TK = KT
and λ0 /∈ σsu(T + K);

(iv) λ0I − T ∈ B−(X).

Proof (i) ⇒ (ii) Let λ0I − T be essentially semi-regular and suppose that
T ⋆ has SVEP at λ0. Let (M, N) be a GKD for λ0I −T , where (λ0I −T ) |N
is nilpotent and N is finite-dimensional. Then (N⊥, M⊥) is a GKD for
λ0I

⋆ − T ⋆, see Theorem 1.43.
Let P denote the finite rank projection of X onto N along M . Then P

commutes with T , since N and M reduce T . Moreover, (λ0I − T ⋆) |N⊥ is
injective by Theorem 3.14, and this implies that (λ0I − T ) |M is surjective,
see Lemma 3.13. From the nilpotency of (λ0I − T ) |N we know that the
restriction (λ0I − T − I) |N is bijective, so we have

(λ0I − T − P )(X) = (λ0I − T − P )(M) ⊕ (λ0I − T − P )(N)

= (λ0I − T )(M) ⊕ (λ0I − T − I)(N)

= M ⊕ N = X.

This shows that λ0 /∈ σsu(T + P ).

(ii) ⇒ (iii) Obvious.

(iii) ⇒ (iv) Suppose that there exists a commuting compact operator K
such that λ0I−(T +K) is surjective and therefore lower semi-Fredholm. The
class Φ−(X) is stable under compact perturbations, so λ0I− (T +K)−K =
λ0I − T ∈ Φ−(X).

On the other hand, q(λ0I − (T + K)) = 0, and hence, again by Lemma
3.42, also q(λ0I − T ) = q(λ0I − (T + K) − K) is finite.
(iv) ⇒ (i) This is clear from Theorem 3.15.

Corollary 3.47. Let T ∈ L(X), X a Banach space. Then σlb(T ) is
closed and

(70) σlb(T ) =
⋂

K∈F (X), KT=TK

σsu(T + K) =
⋂

K∈K(X), KT=TK

σsu(T + K).

The spectrum σlb(T ) is sometime called the Browder essential approxi-
mate defect spectrum of T ∈ L(X).

Combining Theorem 3.44 and Theorem 3.46 and recalling that σ(T ) =
σap(T )∪σsu(T ) we readily obtain the following characterizations of Browder
operators.

Theorem 3.48. Let T ∈ L(X), X a Banach space. Then the following
properties are equivalent:

(i) λ0I − T is essentially semi-regular, T and T ⋆ have the SVEP at λ0;

(ii) There exists a finite-dimensional operator K ∈ L(X) such that TK =
KT and λ0 /∈ σ(T + K);



140 3. THE SVEP AND FREDHOLM THEORY

(iii) There exists a compact operator K such that TK = KT and λ0 /∈
σ(T + K);

(iv) λ0I − T ∈ B(X).

From the preceding characterizations of the Browder operators we read-
ily obtain the following characterization of the Browder spectrum.

Corollary 3.49. Let T ∈ L(X), X a Banach space. Then σb(T ) is
closed and

σb(T ) =
⋂

K∈F (X), KT=TK

σ(T + K) =
⋂

K∈K(X), KT=TK

σ(T + K).

Later we shall see that the ideal F (X) or K(X) in the intersections above
may be replaced by any ideal of operators T in L(X) for which λI − T is
a Fredholm operator for every λ �= 0. Of course, this is also true for the
intersections (69) and (70).

The following corollary is an immediate consequence of Theorem 3.48,
once observed that both the operators T and T ⋆ have the SVEP at every
boundary point of σ(T ).

Corollary 3.50. Let T ∈ L(X), X a Banach space, and suppose that
λ0 ∈ ∂σ(T ). Then λ0I −T is essentially semi-regular if and only if λ0I −T
is semi-Fredholm, and this is the case if and only if λ0I − T is Browder.

It is immediate from Corollary 3.48 that if T ∈ Φ±(X) and both opera-
tors T and T ⋆ have the SVEP at 0, then T is a Browder operator.

An immediate consequence of Theorem 2.39 is given by the following
result.

Corollary 3.51. Suppose that T ∈ L(X) is a bounded operator on a
Banach space X and

p(λ) :=

k∏

i=1

(λi − λ)ni , ni ∈ N.

Then p(T ) ∈ B+(X) if and only if λiI − T ∈ B+(X) for every i. A similar
statement holds if we replace B+(X) by B−(X), or by B(X).

Proof From Remark 1.54, part (c), we know that

p(T ) ∈ Φ+(X) ⇔ λiI − T ∈ Φ+(X) for every i = 1, . . . , k.

From Theorem 2.39 we also have

p(T ) has the SVEP at 0 ⇔ T has the SVEP at λi, i = 1, . . . , k.

The equivalence is then a consequence of Theorem 3.44. The other state-
ments may be obtained in a similar way from part (c) of Remark 1.54,
Theorem 3.46 and Theorem 3.48, respectively.
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The preceding result implies the spectral mapping theorem for the semi-
Browder spectra and the Browder spectrum in the special case the analytic
function is a polynomial. This result will be extended later to arbitrary
functions analytic on an open neighborhood of σ(T ).

For an arbitrary operator T ∈ L(X) let us consider the set

Ξ(T ) := {λ ∈ C : T does not have the SVEP at λ}.
The following theorem describes the relationships between the semi-

Browdwer spectra, the spectrum σes(T ) and the points where T , or T ⋆,
do not have the SVEP.

Theorem 3.52. Let T ∈ L(X), X a Banach space. Then

(71) σub(T ) = σes(T ) ∪ Ξ(T ) = σuf(T ) ∪ Ξ(T )

and

(72) σlb(T ) = σes(T ) ∪ Ξ(T ⋆) = σlf(T ) ∪ Ξ(T ⋆).

Moreover,

(73) σb(T ) = σw(T ) ∪ Ξ(T ) = σw(T ) ∪ Ξ(T ⋆),

Again,

(74) σb(T ) = σf(T ) ∪ Ξ(T ) ∪ Ξ(T ⋆)

and

(75) σb(T ) = σub(T ) ∪ Ξ(T ⋆) = σlb(T ) ∪ Ξ(T ).

Proof If λ0 /∈ σub(T ) then λ0I − T ∈ Φ+(X) and p(λ0I − T ) < ∞, so, by
Theorem 3.14, λ0 /∈ σes(T ) ∪ Ξ(T ). Hence σes(T ) ∪ Ξ(T ) ⊆ σub(T ).

Conversely, if λ0 /∈ σes(T )∪Ξ(T ) then λ0I−T is upper semi-Browder, by
Theorem 3.44. Hence the first equality in (71) is proved. The second equal-
ity of (71) follows from this, that if T has the SVEP at λ0 then by Theorem
3.44 λ0I − T is essentially semi-regular if and only if λ0I − T ∈ Φ+(X).

The equality of (72) follows in a similar way from Theorem 3.27 and
Theorem 3.46.

To prove the first equality of (73) it is sufficient to observe that if T fails
to have the SVEP at λ0 then p(λ0I −T ) = ∞, by Theorem 5.4, so from the
inclusion σw(T ) ⊆ σb(T ) we may conclude that σw(T ) ∪ Ξ(T ) ⊆ σb(T ).

To show the opposite inclusion assume that λ0 /∈ σw(T ) ∪ Ξ(T ). Then
λ0I −T is a Fredholm operator of index 0 and T has the SVEP at λ0. From
Theorem 3.16 we know that p(λ0I − T ) < ∞ and this implies that also
q(λ0I − T ) < ∞, see part (iv) of Theorem 3.4. Hence λ0 /∈ σb(T ).

The second equality of (73) can be proved in similar way by using Theo-
rem 5.4 , Theorem 3.15, and Theorem 3.4. The equality (74) is a consequence
of Theorem 3.48.

It remains only to prove the equalities (75). Clearly σub(T ) ⊆ (T ) and if
T ⋆ fails to have the SVEP at λ0 then q(λ0I −T ) = ∞, again from Theorem



142 3. THE SVEP AND FREDHOLM THEORY

5.4, so the inclusion σub(T ) ∪ Ξ(T ⋆) ⊆ σb(T ) is verified.
On the other hand, the opposite inclusion readily follows from the prop-

erty that if λ0 /∈ σub(T ) ∪ Ξ(T ⋆) then λ0I − T is an upper semi-Fredholm
operator having finite ascent. Since T ⋆ has SVEP at λ0 then λ0I − T has
finite descent by Theorem 3.15, so λ0 /∈ σb(T ).

The second equality of (75) follows from a similar argument, by using
Theorem 5.4 and Theorem 3.14.

An useful consequence of the preceding result is that under the assump-
tion of the SVEP for T , or for T ⋆, various of the spectra considered above
coalesce. This also generalizes some classical results on the spectra of normal
operators on Hilbert spaces to operators having the SVEP.

Corollary 3.53. Suppose that T ∈ L(X), X a Banach space. We have

(i) If T has the SVEP then

(76) σes(T ) = σsf(T ) = σuf(T ) = σub(T ),

and

(77) σlb(T ) = σb(T ) = σw(T );

(ii) If T ⋆ has the SVEP then

(78) σes(T ) = σsf(T ) = σlf(T ) = σlb(T ),

and

(79) σub(T ) = σb(T ) = σw(T );

(iii) If both T and T ⋆ have the SVEP then all the spectra in (76), (77), (78)
and (79) coincide and are equal to the Fredholm spectrum σf(T ).

Proof (i) For every bounded operator T ∈ L(X) we have

σes(T ) ⊆ σsf(T ) ⊆ σuf(T ) ⊆ σub(T ).

If T has SVEP then Ξ(T ) = ∅, and hence from the equality (110) we obtain
σes(T ) = σub(T ). The equalities (77) are obvious from (73) and (75) of
Theorem 3.52.

(ii) The proof of (78) and (79) is similar to the proof of (76) and (77) of
part (i).

(iii) Clearly, all the spectra in (76), (77), (78) coincide, by part (i) and
part (ii). Moreover, these spectra coincide with σf(T ) since σf(T ) = σuf(T )∪
σlf(T ).

In the next theorem we consider a situation which occurs in some con-
crete cases.

Theorem 3.54. Let T ∈ L(X) be an operator for which σap(T ) = ∂σ(T )
and every λ ∈ ∂σ(T ) is not isolated in σ(T ). Then T has the SVEP and

σap(T ) = σk(T ) = σse(T ) = σes(T )
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Moreover, these spectra coincide with all the spectra of (76) of Corollary
3.53.

Proof By Corollary 3.24 we have σap(T ) = ∂σ(T ) ⊆ σk(T ), whilst the
inclusion σk(T ) ⊆ σap(T ) is true for every T ∈ L(X). Hence σap(T ) = σk(T ).

Moreover, these last two spectra coincide with σse(T ) and σes(T ) because
the inclusions σk(T ) ⊆ σes(T ) ⊆ σse(T ) ⊆ σap(T ) are verified for every
T ∈ L(X). Finally, T has the SVEP at every point of the boundary as well
as at every point λ which belongs to the remaining part of the spectrum,
since σap(T ) does not cluster at λ.

Hence T has the SVEP, so all these spectra coincide with the spectra of
(76).

The proof of the following result is similar to that of Corollary 3.14,
taking into account the equality (78) of Corollary 3.53, and that T ⋆ has the
SVEP at λ0 whenever σsu(T ) does not cluster at λ0.

Corollary 3.55. Let T ∈ L(X) be an operator for which σsu(T ) =
∂σ(T ) and every λ ∈ ∂σ(T ) is not isolated in σ(T ). Then T ⋆ has the SVEP
and

σsu(T ) = σk(T ) = σse(T ) = σes(T ).

Moreover, these spectra coincide with all the spectra of (78) of Corollary
3.53.

5. Compressions

In this section we establish further characterizations of the semi-Browder
spectra by means of compressions.

Let P(X) denote the set of all bounded projections P ∈ L(X), where
X is a Banach space, such that codim P (X) < ∞. Let T ∈ L(X) and
P(X). The compression generated from P is the bounded linear operator
TP : P (X) → P (X) defined by

TP y := PTy for every y ∈ P (X).

Lemma 3.56. Let P ∈ P(X), where X is a Banach space. If T is
semi-Fredholm then TP is semi-Fredholm and indTP = indT .

Proof From the decomposition X = kerP ⊕ P (X) we obtain that α(P ) =
β(P ) < ∞, so P is a Fredholm operator and hence PTP is semi-Fredholm.
It is easily seen that

(80) α(TP ) = α(PTP ) − α(P ),

and

(81) β(TP ) = β(PTP ) − β(P ).

Moreover, since

T = PT + (I − P )T = PTP + PT (I − P ) + (I − P )T,
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where PT (I − P ) + (I − P )T is a finite-dimensional operator, we conclude
that indT = indPTP . By subtracting (80) and (81) we then conclude that
ind (TP ) = ind (T ).

Observe that if TP = PT then P (X) is T -invariant and TP coincides
with the restriction T |P (X). In fact, for every y = Px ∈ P (X) we have

TP y = PTPx = TP 2x = TPx = Ty.

By Corollary 3.49 the Browder spectrum σb(T ) is the intersection of
the spectra of all commuting compact perturbations of T . The following
result shows that σb(T ) is the intersection of the spectra of all commuting
compressions of T .

Theorem 3.57. For every bounded operator T ∈ L(X), where X is a
Banach space, we have

(82) σb(T ) =
⋂

P∈P(X), PT=TP

σ(TP ).

Proof Suppose that λ does not belong to the right hand side of (82). Then
there is a projection P ∈ L(X) commuting with T which is such that P (X)
is finite-codimensional and λIP − TP = (λI − T )P is invertible on P (X).
Since PT = TP the compression (λI −T )P coincides with the restriction of
λI − T to P (X), so that (λI − T )P (X) is closed.

From the decomposition X = P (X) ⊕ ker P , where ker P is finite-
dimensional, we then obtain that

(λI − T )(X) = (λI − T )P (X) ⊕ (λI − T )(kerP ),

and hence (λI −T )(X) is closed since it is the sum of a closed subspace and
a finite-dimensional subspace.

On the other hand, α((λI−T )| kerP ) < ∞ since ker P is finite-dimensional.
Consequently

α(λI − T ) = α((λI − T )|P (X)) + α((λI − T )| ker P )

= α((λI − T )| ker P ) < ∞,

so λI−T is an upper semi-Fredholm operator. By Lemma 3.56 we also have
ind (λI − T ) = ind (λI − T )P = 0, and hence α(λI − T ) = β(λI − T ) < ∞.
Therefore λI − T is a Fredholm operator having index 0.

Now we show that λ /∈ σb(T ). Obviously, if λI − T is invertible on X
then λ /∈ σb(T ). Suppose the other case, that λI −T is not invertible on X.

Let Q := I − P . Clearly Q is a finite-dimensional operator which
commutes with λI − T . The restriction of λI − T to the invariant finite-
dimensional subspace Q(X) has ascent finite, whilst the restriction of λI−T
on ker Q = P (X) has ascent zero, since λI −T |P (X) is invertible on P (X).
Therefore from the decomposition X = Q(X) ⊕ ker Q we then infer that

p(λI − T ) = p((λI − T |Q(X)) + p((λI − T |ker Q)

= p((λI − T |Q(X)) < ∞.
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Since λI−T is a Fredholm operator having index 0, part (iv) of Theorem
3.4 entails that the descent q(λI − T ) is finite. This shows that λ /∈ σb(T ).
Consequently, σb(T ) is contained in the right hand side of (82).

Conversely, suppose that λ /∈ σb(T ). We have two possibilities: λI − T
invertible or non-invertible. If λI − T is invertible in X then λ /∈ σ(TP ) for
P = I. Suppose that λI − T is not invertible in X. Then λ is an isolated
point of σ(T ) and λI − T is Fredholm. Let Q be the spectral projection
associated with the spectral set λ. If P := I − Q then P commutes with T
and the subspace P (X) = kerQ is finite-codimensional. Hence P ∈ P(X).
Moreover, λ /∈ σ(TP ) = σ(T |P (X)) = σ(T ) \ {λ}. Therefore the right-hand
side of (82) is contained in σb(T ), and this completes the proof.

We show now that a similar result holds for the upper and lower semi-
Browder spectra. In this case the spectra of the compressions are replaced
by the approximate point spectra and by the surjectivity spectra of the
compressions, respectively.

Theorem 3.58. For every bounded operator T ∈ L(X) on a Banach
space X we have

(83) σub(T ) =
⋂

P∈P(X), PT=TP

σap(TP ),

and

(84) σlb(T ) =
⋂

P∈P(X), PT=TP

σsu(TP ).

Proof To show the equality (83) suppose that λ does not belong to the right
hand side of (83). Then there is a projection P ∈ P(X) such that PT = TP
and λI − T |P (X) is bounded below and hence upper semi-Fredholm. From
the decomposition X = P (X) ⊕ kerP , since dim ker P < ∞ it follows that
α(λI − T ) = α((λI − T )|ker P )) < ∞ and

(λI − T )(X) = (λI − T )(P (X)) ⊕ (λI − T )(ker P )

is closed. Therefore λI − T ∈ Φ+(X). Moreover, p((λI − T )P ) = 0 and
hence

p(λI − T ) = p(λIP − TP ) + p((λI − T )| ker P ) < ∞,

which implies that λ /∈ σub(T ).
Conversely, suppose that λ /∈ σub(T ). Then λI − T is upper semi-

Fredholm with finite ascent. According to Theorem 1.62 let (M, N) be a
Kato decomposition for λI − T such that dim N < ∞, λI − T |M is semi-
regular and λI − T |N is nilpotent. Let P be the projection of X onto M
along N . Obviously P ∈ P(X) and commutes with T , because M and N
reduce T . Since λI −T has finite ascent then by Theorem 3.16 (λI −T )P =
(λI−T )|M is injective. Moreover, (λI−T )P (P (X)) = (λI−T )(M) and the
last subspace is closed since λI − T |M is semi-regular. Therefore λIP − TP

is bounded below and hence λ /∈ σap(TP ).
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Analogously, to prove the equality (84) suppose that λ does not belong
to the right hand side of (84). Then there is a projection P ∈ P(X) such
that PT = TP and λI − T is surjective on P (X). This implies that λI − T
is lower semi-Fredholm.

Moreover, q((λIP − TP ) = 0, and since ker P is finite-dimensional from
the decomposition X = P (X) ⊕ ker P we then obtain that

q(λI − T ) = q((λIP − TP ) + q((λI − T )| ker P ) < ∞.

Hence λ /∈ σlb(T ).
Conversely, suppose that λ /∈ σlb(T ). Then λI − T is lower semi-

Fredholm with finite descent. Again, by Theorem 1.62 let (M, N) be a
generalized Kato decomposition for λI − T such that dim N < ∞. By The-
orem 3.17 the condition q(λI − T ) < ∞ entails that λI − T |M is surjective.
Hence, if P is the projection of X onto M , then P ∈ P(X), PT = TP and

(λI − T )P (P (X) = (λI − T )(M) = M = P (X).

Thus λ /∈ σsu(TP ).

6. Some spectral mapping theorems

We wish now to show that for many of the spectra introduced in the
previous sections, the spectral mapping theorem holds. We begin first with
a preliminary result on the abstract setting of Banach algebras. This result
provides an unifying tool in order to establish the spectral mapping theorem
for some of the spectra previously introduced.

Let A be a complex Banach algebra with identity u and J a closed
ideal two-sided ideal of A. Let φ be the canonical homomorphism of A onto

Â := A/J . Moreover, let us denote by Ĝ the group of all invertible elements

in Â.

Definition 3.59. An open semigroup S of A is said to be a Φ-semigroup
if the following properties hold:

(i) If a, b ∈ A and ab = ba ∈ S then a ∈ S and b ∈ S;

(ii) There exists a closed two-sided ideal J and an open semi-group R̂
in Â = A/J such that Ĝ ⊆ R̂, R̂ \ Ĝ is open and S = φ−1(R̂).

Obviously a Φ-semi-group S contains all invertible elements of A and
S + J ⊆ S.
For every a ∈ S let Sa denote the component of S containing a. If b ∈ J
and

Λ := {a + tb : 0 ≤ t ≤ 1}
is a path joining a to a+ b then the inclusion S +J ⊆ S implies that Λ ⊆ S.
From this it follows that a + J ⊆ Sa. This also implies that S = S1 ∪ S2,
S1 and S2 open disjoint subsets of S then Si + J ⊆ Si for i = 1, 2.
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An index on a Φ-semigroup S is defined as a locally constant homomor-
phism of J into N. Evidently, if i : S → N is an index, then

i(a + b) = i(a) for all a ∈ S, b ∈ J .

By Remark 1.54 the sets Φ(X), Φ+(X) and Φ−(X) satisfy the condition
(i) of Definition 3.59. The Atkinson characterization of Fredholm operators

establishes that Φ(X) = φ−1(Ĝ), where Ĝ is the set of all invertible elements

of Â := L(X)/K(X), so Φ(X) satisfies also the condition (ii) and hence is
Φ-semigroup of A = L(X). Clearly,

Φ+(X) \ Φ(X) = {T ∈ Φ+(X) : indT = −∞}
and

Φ−(X) \ Φ(X) = {T ∈ Φ−(X) : indT = +∞}
are open sets. Since the canonical homomorphism φ is an open mapping, it
follows that also Φ+(X) and Φ−(X) are Φ-semigroups of A := L(X)/K(X).

For every a ∈ A and a Φ-semigroup S of A let

σS(a) := {λ ∈ C : λu − a /∈ S}.
The following result establishes an abstract spectral mapping theorem

for spectra generated by Φ-semigroups.

Theorem 3.60. Let A be a Banach algebra with identity u and S any
Φ-semigroup. Suppose that i : S → N is an index such that i(b) = 0 for all
invertible elements b ∈ A. If f is an analytic function on an open domain
D containing σ(a), σ(a) the spectrum of a relative to A, then the following
statements hold:

(i) f(a) ∈ S if and only if f(λ) �= 0 for all λ ∈ σS(a);

(ii) σS(f(a)) = f(σS(a)).

Proof (i) Suppose that f(a) ∈ S and f(λ0) = 0. Define on D the function
g(λ) := f(λ)(λ − λ0)

−1. Clearly g is analytic and (a − λ0u)g(a) ∈ S. From
property (i) of Definition 3.59 we have a − λ0u ∈ A, and hence λ0 /∈ σS(a).

Conversely, assume that f(λ) �= 0 on σS(a). Consider first the case
that f does not vanish identically on any component of D. Then f has
only a finite number of zeros on σ(a). Let λ1, . . . , λk be these zeros with
multiplicities n1, . . . , nk, respectively. Since

g(λ) = f(λ)
k∏

i=1

(λ − λi)
−ni

is invertible on σ(a) then g(a) is invertible in A, thus g(a) ∈ S. Moreover,
from λi /∈ σS(a), i = 1, . . . , k, we obtain that

f(a) = g(a)
k∏

i=1

(a − λiu)−ni
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belongs to S.
Suppose the case that f vanishes identically on at least one component

Ω of D. Let σ := σ(a) ∩ Ω. Clearly, σ is a spectral set so we can consider
the idempotent associated with σ:

p :=
1

2πi

∫

Γ
(λu − a)−1dλ,

where Γ is a simple closed Jordan curve in Ω \ σ.
We claim that p ∈ J , where J is the ideal given by (ii) of Definition

3.59. From our assumption on f we easily obtain that λu−a ∈ S for λ ∈ σ,
so that

{λu − a : λ ∈ Ω \ σ} ⊆ S.

This implies that the set

B̂ := {λφ(u) − φ(a) : λ ∈ Ω \ σ} ⊆ φ(S) = R̂.

Clearly B̂ is connected, since Ω is connected and φ is continuous. Fur-

thermore, for λ0 ∈ Ω \ σ we have λ0φ(u) − φ(a) ∈ B̂ ∩ Ĝ, so B̂ ⊆ Ĝ by
property (ii) of Definition 3.59.

Finally, let us consider the function λ ∈ Ω → (λφ(u) − φ(a))−1. This
function is analytic on Ω and

φ(p) =
1

2πi

∫

Γ
(λφ(u) − φ(a))−1dλ = 0 ∈ A/J ,

which proves that p ∈ J .
To conclude the proof let

g(λ) :=

{
f(λ) on components of D where f �= 0,
1 on components of D where f ≡ 0,

and let h(λ) := g(λ) − f(λ). Then h(a) is the finite sum of projections
corresponding to the spectral sets where f vanishes identically and this
implies that h(a) ∈ J . Furthermore, g(a) ∈ S since g does not vanish
identically on any component of D. From this we then conclude that

f(a) = g(a) − h(a) ∈ S + J ⊆ S,

which completes the proof of the equivalence (i).

(ii) Clearly µ /∈ f(σS(a)) precisely when µ− f(λ) has no zeros on σS(a).
From part (i) this is true if and only if µ − f(a) ∈ A, or equivalently,
µ /∈ σS(f(a)).

As usual, let H(σ(T )) denote the set of all analytic function defined
on an open set containing σ(T ). Since Φ(X), Φ+(X) and Φ−(X) are Φ-
semigroups, Theorem 3.60 has as a consequence that the spectral mapping
theorem holds for the spectra related to these classes of operators:

Corollary 3.61. Let T ∈ L(X) be an arbitrary operator on a Banach
space X. If g ∈ H(σ(T )) then the following equalities hold:
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(i) g(σf(T )) = σf(g(T ));

(ii) g(σuf(T )) = σuf(g(T ));

(iii) g(σlf(T )) = σlf(g(T )).

It should be noted that the equality g(σf(T )) = σf(g(T )) may be ob-
tained from the ordinary spectral mapping theorem, since by the Atkinson

characterization of Fredholm operators we have σf(T ) = σ(T̂ ), where T̂ is
the element T + K(X) of the Calkin algebra L(X)/K(X).

Let a ∈ A and S a Φ-semigroup of A with an index i. For every n ∈ N
let us define

σn := {λ ∈ σ(T ) : i(λu − a) = n}.
Lemma 3.62. Suppose that f(a) ∈ S and let αn be the number of zeros

of f on σn, counted according to their multiplicities, ignoring components
of σn where f is identically 0. Then

(85) i(f(a)) =
∑

n

nαn.

Proof If f(a) ∈ S then f does not vanish on σS(a). If we define g and h
as in the proof of Theorem 3.60 then

(86) i(f(a)) = i(g(a) − h(a)) = i(g(a)).

The equalities (86) suggest that in order to prove (85) we may only
consider a function f which has at most a finite number of zeros on σ(a).
For every n ∈ N, let λni, i = 1, · · · , kn, be the zero of the function f on
σn(a) with multiplicities αni. Define

q(λ) := f(λ)
∏

n,i

(λ − λni)
−αni .

Then q is invertible on σ(a), thus q(a) is invertible in A and i(q(a) = 0.
From this we obtain

i(f(a)) = i

⎛
⎝q(a)

∏

n,i

(a − λniu)−αni

⎞
⎠

= i(q(a) +
∑

n,i

nαni =
∑

n

nαn,

where αn :=
∑kn

i=1 αn,i.

Theorem 3.63. Let T ∈ L(X) a bounded operator on the Banach space
X. If g ∈ H(σ(T )), then the following inclusions hold:

(i) g(σsf(T )) ⊆ σsf(g(T ));

(ii) g(σw(T )) ⊇ σw(g(T )).
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Proof (i) From Corollary 3.61 we have

σsf(g(T )) = σuf(g(T )) ∩ σuf(g(T )) = g(σuf(T )) ∩ g(σlf(T ))

⊇ g[σuf(T ) ∩ (σlf(T )] = g(σsf(T )).

(ii) For every n ∈ N let

Φn(X) := {T ∈ Φ(X) : ind T = n},
and

Ωn := {λ ∈ C : λI − T ∈ Φn(X)}.
Obviously

(87) σw(T ) = σf(T ) ∪

⎛
⎝⋃

n�=0

Ωn

⎞
⎠ .

Now, if µ /∈ g(σw(T )) then µ − g(λ) has no zeros on σw(T ), and in
particular has no zero on σf(T ). From part (i) of Theorem 3.60 applied to
the Φ-semigroup Φ(X) we then conclude that µ − f(T ) ∈ Φ(X) and

ind (µI − g(T ) =
∑

n�=0

nαn,

where αn is the number of isolated zeros of µ−g(λ) on Ωn, counted according
to their multiplicities. From the equality (87) we infer that αn = 0 for every
n �= 0. Hence ind (µI − g(T )) = 0 and consequently µ /∈ σw(g(T )).

The next examples show that in general the inclusions (i) and (ii) of
Theorem 3.63 are proper.

Example 3.64. Let us consider an operator T ∈ L(X), X a Banach
space, for which (I + T )(X) is closed and that is such that

α(I + T ) < ∞, β(I + T ) = ∞, α(I − T ) = ∞, β(I − T ) < ∞.

Clearly I + T ∈ Φ+(X) and I − T ∈ Φ−(X), so {1,−1} ⊆ σsf(T ). Define

g(λ) := (1 + λ)(1 − λ).

Then α(g(T )) = β(g(T )) = ∞, thus 0 ∈ σsf(g(T )). On the other hand, it is
clear that 0 /∈ g(σsf(T )). This shows that the equality (i) of Theorem 3.63
does not hold.

To show that the inclusion (ii) of Theorem 3.63 generally is proper, let
us consider a bounded operator T ∈ Φ(X) such that ind (λI +T ) = −1 and
ind (λI − T ) = 1. Then

ind [(λI − T )(λI + T )] = ind (λI − T ) + ind (λI + T ) = 0,

so that 0 /∈ σw(g(T )), where as before g(λ) := (1 + λ)(1 − λ).
On the other hand, {1,−1} ⊆ σw(T ) and hence 0 ∈ g(σw(T )).
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The Weyl approximate point spectrum is defined by

σwa(T ) :=
⋂

K∈K(X)

σap(T + K),

whilst the Weyl surjectivity spectrum is defined by

σws(T ) :=
⋂

K∈K(X)

σsu(T + K).

These denominations are motivated by Corollary 3.41 and Corollary
3.47.

The next result shows some basic properties of σwa(T ) and σws(T ). De-
note by acc σ the set of all accumulation point of σ ⊆ C.

Theorem 3.65. For a bounded operator T ∈ L(X), where X is a Ba-
nach space, the following statements hold:

(i) λ /∈ σwa(T ) if and only if λI − T ∈ Φ+(X) and ind (λI − T ) ≤ 0.
Dually, λ /∈ σws(T ) if and only if λI − T ∈ Φ−(X) and ind (λI − T ) ≥ 0;

(ii) σwa(T ) = σws(T
⋆), σws(T ) = σwa(T

⋆) and

σw(T ) = σwa(T ) ∪ σws(T );

(iii) σwa(T ) ⊆ σub(T ) and σws(T ) ⊆ σlb(T );

(iv) If λ ∈ σap(T ) is an isolated point of σap(T ) and p(λI−T ) = ∞ then
λ ∈ σwa(T ). If λ ∈ σsu(T ) is an isolated point of σsu(T ) and q(λI −T ) = ∞
then λ ∈ σws(T );

(v) We have

(88) σub(T ) = σwa(T ) ∪ acc σap(T ),

(89) σlb(T ) = σws(T ) ∪ acc σsu(T ),

and

(90) σb(T ) = σw(T ) ∪ acc σ(T ).

Proof (i) See Remark 3.40.

(ii) Clear, from part (i).

(iii) Obvious, from Theorem 3.44 and Theorem 3.46.

(iv) If λ ∈ σap(T ) is an isolated point of σap(T ) then T has SVEP at
λ, by Theorem 3.23. Suppose that p(λI − T ) = ∞ and λ /∈ σwa(T ). Then
λI−T ∈ Φ+(X) and hence by Theorem 3.16 p(λI−T ) < ∞, a contradiction.
The second statement may proved in a similar way.

(v) If λ /∈ σwa(T )∪ acc σap(T ) then λ is an isolated point of σap(T ) and
λI − T ∈ Φ+(X), by part (i). From part (iv) we also have p(λI − T ) < ∞
and hence λ /∈ σub(T ). Conversely, if λ ∈ acc σap(T ) then λ ∈ σwa(T ) or
λ /∈ σwa(T ). In the first case λ ∈ σub(T ), since σwa(T ) ⊆ σub(T ). In the
second case λI−T ∈ Φ+(X), so by Theorem 3.23 T does not have the SVEP
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at λ, and hence p(λI − T ) = ∞ by Theorem 3.16. From this we conclude
that λ /∈ σub(T ). Therefore the equality (88) is proved. The proof of the
equality (89) is similar. The equality (90) follows combining (88) with (89)
and taking into account that σ(T ) = σap(T ) ∪ σsu(T ).

By passing we mention that similar formulas to those established in The-
orem 3.57 and Theorem 3.58 hold for the Weyl spectrum σw(T ), the Weyl
approximate point spectrum σwa(T ), and the Weyl surjectivity spectrum
σws(T ). Precisely,

σw(T ) =
⋂

P∈P(X)

σ(TP ),

and

σwa(T ) =
⋂

P∈P(X)

σap(TP ), σws(T ) =
⋂

P∈P(X)

σsu(TP ).

The interested reader may be find the proofs of these equalities in Zemánek
[333].

Theorem 3.66. Suppose that for T ∈ L(X), T or T ∗ has the SVEP.
Then

σwa(T ) = σub(T ) and σws(T ) = σlb(T ).

Proof Suppose first that T has the SVEP. By part (iv) of Theorem 3.65, to
show that σub(T ) = σwa(T ), it suffices to prove that acc σap(T ) ⊆ σwa(T ).
Suppose that λ /∈ σwa(T ). Then λI−T ∈ Φ+(X) and the SVEP at λ ensures
that σap(T ) does not cluster at λ, by Theorem 3.23. Hence λ /∈ acc σap(T ).

To prove the equality σlb(T ) = σws(T ) it suffices to show that σlb(T ) ⊆
σws(T ). Suppose that λ /∈ σws(T ). Then λI −T ∈ Φ−(X) with β(λI −T ) ≤
α(λI − T ). Again, the SVEP at λ gives p(λI − T ) < ∞, and hence by part
(i) of Theorem 3.4 α(λI − T ) = β(λI − T ). At this point the finiteness of
p(λI−T ) implies by part (iv) of Theorem 3.4 that also q(λI−T ) is finite, so
λ /∈ σlb(T ). Therefore σlb(T ) ⊆ σws(T ), and the proof of the second equality
is complete in the case that T has the SVEP.

Suppose now that T ∗ has SVEP. Then by the first part σub(T
∗) =

σwa(T
∗) and σlb(T

∗) = σws(T
∗). By duality it follows that σlb(T ) = σws(T )

and σub(T ) = σwa(T ).

Theorem 3.67. Let T ∈ L(X), X a Banach space, and let f ∈ H(σ(T )).
Then

σwa(f(T )) ⊆ f(σwa(T ))

and

σws(f(T )) ⊆ f(σws(T )).

Proof For every n ∈ N define

Ωn := {λ ∈ σ(T ) : λI − T ∈ Φ+(X), ind (λI − T ) = n}.
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Clearly

(91) σwa(T ) = σuf(T ) ∪

⎛
⎝⋃

n≥1

Ωn

⎞
⎠ .

Now, if µ /∈ f(σwa(T )) then µI − f(λ) has no zeros on σwa(T ) and in
particular has no zeros on σuf(T ). From Theorem 3.60 and Lemma 3.62 we
conclude that µI − T ∈ Φ+(X) and

ind(µ − f(T )) =
∑

n

nαn,

where, as in Lemma 3.62, αn is the number of isolated zeros of µ−f(λ) on Ωn,
counted according to their multiplicities. From (91) we obtain that αn = 0
for n ≥ 1 and hence ind(µ − f(T )) ≤ 0. This implies that µ /∈ σwa(f(T )).

The last inclusion is an obvious consequence of the equality f(σws(T )) =
f(σwa(T

⋆)).

Suppose that a Banach space X is the direct sum X = M⊕N , where the
closed subspaces M and N are T -invariant, and let PM denote the projection
of X onto M . Clearly, PM commutes with T and

p(T ) < ∞ ⇔ p(T |M), p(T |N) < ∞
and

ker T = kerT |M ⊕ kerT |N, T (X) = T (M) ⊕ T (N).

Moreover, as observed before Lemma 2.47, T (X) is closed if and only if T (M)
is closed in M and T (N) is closed in N . Combining all these properties we
obtain

T ∈ B+(X) ⇔ T |M ∈ B+(M), T |N ∈ B+(N),

and hence
σub(T ) = σub(T |M) ∪ σub(T |N).

Similar equivalences may be established for B−(X) and B(X), so

σlb(T ) = σlb(T |M) ∪ σlb(T |N),

and
σb(T ) = σb(T |M) ∪ σb(T |N).

Lemma 3.68. Let T ∈ L(X), X a Banach space, and suppose that the
function f ∈ H(σ(T )) is constant on each connected component of an open
set U containing σ(T ). Then

f(σub(T )) = f(σlb(T )) = f(σb(T )) = f(σ(T )) =

σub(f(T )) = σlb(f(T )) = σb(f(T )) = σ(f(T )).

Proof The proof is similar to that given in the proof of Lemma 2.47.

In the proof of the following result we shall use the spectral mapping
theorems for ≮(T ) and σap(T ). We have seen that for these spectra the
spectral mapping theorem holds only in the cases that the analytic function
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f is non-constant on the connected components of its domain of definition.
For this reason we will consider in the proof two distinct cases. Lemma 3.68
will be then employed to prove the result also in the case that f is constant
on some components of its domain.

Theorem 3.69. Let T ∈ L(X) be a bounded operator on a Banach space
X and f ∈ H(σ(T )). Then

(92) σub(f(T )) = f(σub(T )) and σlb(f(T )) = f(σlb(T )).

Proof We show the inclusion f(σub(T )) ⊆ σub(f(T )).
Suppose first that f is non-constant on each connected component of U .

Then by Theorem 3.52, Theorem 1.78, and Theorem 2.39

f(σub(T )) = f (σuf(T ) ∪ Ξ(T )) ⊆ f(σuf(T )) ∪ f(Ξ(T ))

= σuf(f(T )) ∪ Ξ(f(T )) = σub(f(T )).

It remains to prove the opposite inclusion f(σub(T )) ⊇ σub(f(T )).
Suppose that λ ∈ σub(f(T )). We distinguish two cases.
First case: Suppose that λ ∈ σwa(f(T )). In this case λ ∈ f(σwa(T )),

by Theorem 3.67, and from the inclusion σwa(T ) ⊆ σub(T ) it follows that
λ ∈ f(σub(T )).

Second case: Suppose that λ /∈ σwa(f(T )). In this case by Theorem
3.65 λ is a limit point of σap(f(T )), so there is a sequence {λn} of points
of σap(f(T )) such that λn → λ. From the equality σap(f(T )) = f(σap(T )),
see Theorem 2.48, it follows that there is a sequence {µn} ⊂ σap(T ) such
that f(µn) = λn. The sequence {µn} is bounded, hence there exists a con-
vergent subsequence and we may assume that µn → µ ∈ σap(T ). Then
λ = f(µ) ∈ f(acc σap(T ), so λ ∈ f(σub(T )) by part (v) of Theorem 3.65.

This completes the proof of the first equality of (92) in the case that f
is non-constant on each connected component of U .

Consider now the other possibility, i.e., f is constant on some compo-
nents of U . Proceeding as in the proof of Theorem 2.48 we can find two
closed subspaces T -invariant M and N such that X = M ⊕N and an open
set Ω such that σ(T |M) ⊆ Ω, σ(T |N) ⊆ U \ Ω and the restriction g of f
on Ω, as well as the restriction h of f onto U \ Ω are analytic. Further-
more, g is constant on every connected component of Ω, h is non-constant
on every connected component of U \ Ω. From g(T |M) = f(T ) |M and
h(T |N) = f(T )|N , and taking into account Lemma 3.68 and the first part
of the proof, we then obtain

σub(f(T )) = σub(f(T )|M) ∪ σub(f(T )|N) = σub(g(T |M)) ∪ σub(h(T |N))

= g(σub(T |M)) ∪ h(σub(T |N)) = f(σub(T |M)) ∪ f(σub(T |N))

(since σub(T |M) and σub(T |N) are disjoint)

= f(σub(T |M) ∪ σub(T |N)) = f(σub(T )),
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which completes the proof of the first equality of (92).
The second equality of (92) easily follows from the equality σlb(f(T )) =

σub(f(T ⋆)).

We now establish the spectral mapping theorem for the Browder spec-
trum. Note that in the proof we use a argument similar to that used in the
proof of preceding theorem.

Theorem 3.70. Let T ∈ L(X) be a bounded operator on a Banach space
X and f ∈ H(σ(T )). Then

σb(f(T )) = f(σb(T ))

Proof From Theorem 3.69 we have

f(σb(T )) = f(σub(T ) ∪ σlb(T )) ⊆ f(σub(T )) ∪ f(σlb(T ))

= σub(f(T )) ∪ σlb(f(T )) = σb(f(T )).

Conversely, let λ ∈ σb(f(T )) and proceed as in the first part of the proof
of Theorem 3.69. We have two possible alternatives: λ ∈ f(σw(T )) or
λ /∈ f(σw(T )).

If λ ∈ f(σw(T )) then λ ∈ f(σb(T )), since σw(T ) ⊆ σb(T ). Consider the
other possibility, λ /∈ f(σw(T )). By part (v) of Theorem 3.65 there exists
a sequence {λn} ⊆ σ(f(T )) = f(σ(T )) such that λn → λ. Let µn ∈ σ(T )
be such that f(µn) = λn. The sequence µn is bounded so there exists
a subsequence converging to a certain µ ∈ σ(T ). We may assume that
µn → µ, so λ = f(µ) is a limit point of a sequence of f(σ(T )). From part
(v) of Theorem 3.65 we then conclude that λ ∈ f(σb(T )), which completes
the proof.

The spectral mapping theorem for the Browder spectrum may be proved
in a different way, by showing that the Browder spectrum σb(T ) is the
ordinary spectrum of an element of a suitable Banach algebra. In fact,
as noted by Gramsch and Lay in [141], see also Theorem 3.48, if A is the
maximal commutative subalgebra of L(X) containing T and π : A → A/A∩
K(X) is the canonical quotient homomorphism, then σb(T ) = σ(π(T )).
Moreover, for every analytic function on an open set U containing σ(T ) we
have σ(π(f(T )) = f(π(T )) and f(T ) ∈ A, so the result follows from the
usual spectral mapping theorem in A/A ∩ K(X). The spectral mapping
theorem for the spectra σb(T ), σub(T ) and σlb(T ) may be proved by using
different methods. For instance, Oberai [252] proved this result by showing
first that the mapping T → σb(T ) is upper semi-continuous. The spectral
mapping theorem for the upper semi-Browder spectrum σub(T ) has been
proved by Rakočević [272], through a similar argument, by proving that the
mapping T → σub(T ) is upper semi-continuous. Another proof may be also
found in Schmoeger[294].
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Theorem 3.71. Let T ∈ L(X) be a bounded operator on a Banach space
X and f ∈ H(σ(T )). If T or T ∗ has SVEP then

(93) σwa(f(T )) = σub(f(T )), σws(f(T )) = σlb(f(T )),

and

(94) σw(f(T )) = σb(f(T )).

Proof Suppose first that T has the SVEP. Then f(T ) has SVEP by The-
orem 2.40, so the equalities of (93) follow from Theorem 3.66.
The proof in the case T ∗ has the SVEP follows by duality and Theorem
3.69. In fact, f(T ∗) has the SVEP so, from the first part of the proof, we
have

σwa(f(T )) = σws(f(T )∗) = σws(f(T ∗)) = σlb(f(T ∗))

= f(σlb(T
∗)) = f(σub(T )) = σub(f(T )).

The proof of the equality σws(f(T )) = σlb(f(T )) is analogous.
Finally,

σw(f(T )) = σwa(f(T )) ∪ σws(f(T ))

= σub(f(T )) ∪ σlb(f(T )) = σb(f(T )),

so also (94) is proved.

Corollary 3.72. If T or T ∗ has the SVEP and f ∈ H(σ(T )), then
f(σw(T )) = σw(f(T )). Analogous equalities hold for σwa(T ) and σws(T ).
Moreover,

σw(f(T )) = σb(f(T )) = f(σw((T )) = f(σb((T )),

for every f ∈ H(σ(T )).

Proof By Theorem 3.71 and Theorem 3.70 we have σw(f(T )) = σb(f(T )) =
f(σb(T )) and σb(T ) = σw(T ), by Corollary 3.53.

The assertions for σwa(T ) and σws(T ) follow in a similar way.

For an operator T ∈ L(X), X a Banach space, we say that the a-
Browder’s theorem holds if σwa(T ) = σub(T ). Note that if T satisfies a-
Browder’s theorem then σw(T ) = σb(T ). Indeed, if σwa(T ) = σub(T ) and
λ /∈ σw(T ) from the inclusion σwa(T ) ⊆ σw(T ) it follows that λ /∈ σwa(T ) =
σub(T ), and hence p(λI − T ) < ∞. But λI − T is Weyl, hence by Theorem
3.4 q(λI − T ) is also finite, and consequently λ /∈ σb(T ). This shows that
σb(T ) ⊆ σw(T ), and since the opposite inclusion is always verified we con-
clude that σw(T ) = σb(T ).

In literature a bounded operator on a Banach space for which the equal-
ity σw(T ) = σb(T ) holds is said to satisfy Browder’s theorem. Taking into
account that σwa(T

∗) = σws(T ) and σub(T
∗) = σlb(T ), from Theorem 3.71

we immediately obtain the following result.
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Corollary 3.73. Let T ∈ L(X) be a bounded operator on a Banach
space X and f ∈ H(σ(T )). If either T or T ∗ has SVEP then both f(T )
and f(T ∗) obey to a-Browder’s theorem. In particular, T and T ∗ obey a-
Browder’s theorem.

7. Isolated points of the spectrum

In this section we shall take a closer look at the isolated points of the
spectrum. Recall that from the functional calculus, if λ0 is an isolated point
of the spectrum and P0 is the spectral projection associated with the spectral
set {λ0}, then the subspaces P0(X) and kerP0 are invariant under T and
σ(T |P0(X)) = {λ0}, whilst σ(T | ker P0) = C \ {λ0}.

The first result of this section shows that for an isolated point λ0 of σ(T )
the quasi-nilpotent part H0(λ0I − T ) and the analytical core K(λ0I − T )
may be precisely described as a range or a kernel of a projection.

Theorem 3.74. Let T ∈ L(X), where X is a Banach space, and suppose
that λ0 is an isolated point of σ(T ). If P0 is the spectral projection associated
with {λ0}, then:

(i) P0(X) = H0(λ0I − T );

(ii) ker P0 = K(λ0I − T ).

In particular, if {λ0} is a pole of the resolvent, or equivalently p :=
p(λ0I − T ) = q(λ0I − T ) < ∞, then

P0(X) = H0(λ0I − T ) = ker(λ0I − T )p,

and
ker P0 = K(λ0I − T ) = (λ0I − T )p(X).

Proof (i) Since λ0 is an isolated point of σ(T ) there exists a positively
oriented circle Γ := {λ ∈ C : |λ − λ0| = δ} which separates λ0 from the
remaining part of the spectrum. We have

(λ0I − T )nP0x =
1

2πi

∫

Γ
(λ0I − T )n(λI − T )−1x dλ for all n = 0, 1, · · · .

Now, assume that x ∈ P0(X). We have P0x = x and it is easy to verify
the following estimate:

‖(λ0I − T )nx‖ ≤ 1

2π
2πδn+1 max

λ∈Γ
‖(λI − T )−1‖‖x‖.

Obviously this estimate also holds for some δo < δ, and consequently

(95) lim sup ‖(λ0I − T )nx‖1/n < δ.

This proves the inclusion P0(X) ⊆ H0(λ0I − T ).
Conversely, assume that x ∈ H0(λ0I − T ) and hence that the inequality

(95) holds. Let S ∈ L(X) denote the operator

S := I − 1

λ0 − λ
(λ0I − T ).
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Evidently the Neumann series

∞∑

n=0

Snx =
∞∑

n=0

(
I − 1

λ0 − λ
(λ0I − T )

)n

x

converges for all λ ∈ Γ. If yλ denotes its sum for every λ ∈ Γ, from a
standard argument of functional analysis we obtain that (I − S)yλ = x. A
simple calculation also shows that

yλ = (λ − λ0)(λI − T )−1x

and therefore

(λI − T )−1x = −
∞∑

n=0

λ0I − T )nx

(λ0 − λ)n+1
for all λ ∈ Γ.

A term by term integration then yields

P0x =
1

2πi

∫

Γ
(λI − T )−1x dλ = − 1

2πi

∫

Γ

1

(λ0 − λ)
x dλ = x,

and this proves the inclusion H0(λ0I − T ) ⊆ P0(X). This completes the
proof of the equality (i).

(ii) There is no harm in assuming that λ0 = 0. We have σ(T |P0(X)) =
{0}, and 0 ∈ ρ(T |ker P0). From the equality T (ker P0) = kerP0 we obtain
ker P0 ⊆ K(T ), see Theorem 1.22.

It remains to prove the reverse inclusion K(T ) ⊆ ker P0. To see this we
first show that H0(T )∩K(T ) = {0}. This is clear because H0(T )∩K(T ) =
K(T |H0(T )), and the last subspace is {0} since the restriction of T on the
Banach space H0(T ) is a quasi-nilpotent operator, see Corollary 2.28. Hence
H0(T ) ∩ K(T ) = {0}. From this it then follows that

K(T ) ⊆ K(T ) ∩ X = K(T ) ∩ [kerP0 ⊕ P0(X)]

= kerP0 + K(T ) ∩ H0(T ) = kerP0,

so the desired inclusion is proved.
The last assertion is clear from Remark 3.7, part (b).

Corollary 3.75. Let T ∈ L(X), where X is a Banach space. The
following statements are equivalent:

(i) T is quasi-nilpotent;

(ii) K(T ) = {0} and 0 is an isolated point of the spectrum;

(iii) H0(T ) = X and 0 is an isolated point of the spectrum.

Proof (i)⇔(ii) Obviously, if T is quasi-nilpotent then 0 is an isolated point
of σ(T ) and K(T ) = {0}, by Corollary 2.28.

Conversely, if 0 is isolated in σ(T ) then P0(X) = H0(T ) = X and
K(T ) = ker P0 = {0}. Obviously this implies that P0 is the identity, so
H0(T ) = X. From Theorem 1.68 we conclude that T is quasi-nilpotent.
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(iii)⇒(i) If 0 is an isolated point of the spectrum then H0(T ) = P0(X)
is closed and therefore H0(T ) = X. Again, by Theorem 1.68 we conclude
that T is quasi-nilpotent.

(i)⇒(iii) Obvious.

From Theorem 3.74 we infer that if λ0 is isolated in σ(T ) then X =
K(λ0I − T ) ⊕ H0(λ0I − T ). The following result show that the reverse
implication holds if we assume that K(λ0I − T ) is closed .

Theorem 3.76. For a bounded operator T ∈ L(X), where X is a Ba-
nach space, the following assertions are equivalent:

(i) λ0 is an isolated point of σ(T );

(ii) K(λ0I − T ) is closed and X = K(λ0I − T ) ⊕ H0(λ0I − T ).

Proof Also here we assume λ0 = 0. Since K(T ) is closed, by Theorem 1.22
we know T (K(T )) = K(T ). Moreover, since kerT ⊆ H0(T ) the operator
T : K(T ) → K(T ) is invertible. Hence there exists a ε > 0 such that λI −T
is invertible for every |λ| < ε. It follows that

(96) (λI − T )(K(T )) = K(T ) for every |λ| < ε.

Since ker (λI − T ) ⊆ K(T ) for all λ �= 0, we have

(97) ker (λI − T ) = {0} for every 0 < |λ| < ε.

By Theorem 3.74, we also have

(98) H0(T ) ⊆ (λI − T )(X) for every λ �= 0.

The equality (96) and the inclusion (97) imply

X = K(T ) ⊕ H0(T ) ⊆ (λI − T )(X) for every 0 < |λ| < ε.

Consequently
{λ ∈ C : 0 < |λ| < ε} ⊆ ρ(T ),

and hence 0 is an isolated point of σ(T ).

Theorem 3.77. Let λ0 be an isolated point of σ(T ). Then the following
assertions are equivalent:

(i) λ0I − T ∈ Φ±(X);

(ii) λ0I − T is Browder;

(iii) Ho(λ0I − T ) is finite-dimensional;

(iv) K(λ0I − T ) is finite-codimensional.

Proof The equivalence (i) ⇔ (ii) follows from Corollary 3.50. The im-
plication (ii) ⇒ (iii) is clear from Theorem 3.18 since T has the SVEP at
every isolated point of σ(T ). The implication (iii) ⇒ (iv) is clear, since, as
observed above, X = Ho(λ0I − T ) ⊕ K(λ0I − T ).

(iv) ⇒ (i) We have K(λ0I − T ) ⊆ (λ0I − T )∞(X) ⊆ (λ0I − T )(X), so
the finite-codimensionality of K(λ0I − T ) implies that also (λ0I − T )(X) is
finite-codimensional and hence λ0 ∈ Φ−(X).
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Now, σ(T ) = σap(T ) ∪ σsu(T ). In the next result, instead of isolated
points of σ(T ) we shall consider, separately, spectral points isolated in
σap(T ), or isolated in σsu(T ).

Theorem 3.78. Let T ∈ L(X), X a Banach space, and λ0 ∈ C. We
have:

(i) If λ0 is isolated in σap(T ) then

λ0I − T ∈ Φ±(X) ⇔ dim Ho(λ0I − T ) < ∞ and (λ0I − T )(X) is closed.

(ii) If λ0 is isolated in σsu(T ), then

λ0I − T ∈ Φ±(X) ⇔ codim K(λ0I − T ) < ∞.

Proof (i) Let λ0 be a spectral point isolated in σap(T ). Then T has the
SVEP at λ0, and hence by Theorem 3.44 λ0I − T ∈ Φ±(X) precisely when
λ0I −T ∈ B+(X). In this case the range of λ0I −T is closed, Ho(λ0I −T ) is
finite dimensional and coincides with ker(λ0I − T )p, where p := p(λ0I − T ),
by Theorem 3.16 and Theorem 3.18.

Conversely, if Ho(λ0I −T ) is finite-dimensional the inclusion ker (λ0I −
T ) ⊆ Ho(λ0I − T ) entails that ker (λ0I − T ) is finite-dimensional, so if
λ0I − T has closed range then λ0I − T ∈ Φ+(X).

(ii) Let λ0 be a spectral point isolated in σsu(T ). Then T ⋆ has the
SVEP at λ0, and hence by Theorem 3.46 λ0I − T ∈ Φ±(X) precisely when
λ0I − T ∈ B+(X). In this case K(λ0I − T ) is finite-codimensional and
coincides with (λ0I − T )q(X), where q := q(λ0I − T ), again by Theorem
3.17 .

Conversely, if K(λ0I − T ) is finite-codimensional, from K(λ0I − T ) ⊆
(λ0I − T )(X) we obtain that also (λ0I − T )(X) is finite-codimensional, and
hence λ0 ∈ Φ−(X).

The following result gives a description of σsf(T ) or σf(T ) from the point
of view of local spectral theory.

Theorem 3.79. Let T ∈ L(X) and λ0 ∈ C. Then we have:

(i) If T has the SVEP then λ0 ∈ σsf(T ) if and only if λ0 is a cluster point
of σap(T ) or λ0 is an isolated point of σap(T ) for which either Ho(λoI − T )
is infinite-dimensional or λoI − T has closed range.

(ii) If T ⋆ has the SVEP then λ0 ∈ σsf(T ) if and only if λ0 is a cluster
point of σsu(T ) or λ0 is an isolated point of σsu(T ) for which K(λoI − T ) is
infinite-codimensional.

(iii) If both T and T ⋆ have the SVEP then λ0 ∈ σf(T ) if and only if
λ0 is a cluster point of σ(T ) or λ0 is an isolated point of σ(T ) for which
K(λoI−T ) is infinite-codimensional, or equivalently, Ho(λoI−T ) is infinite-
dimensional.

Proof (i) If T has the SVEP and λ0 is a cluster point of σap(T ) then
λ0 ∈ σkt(T ) ⊆ σsf(T ), by Corollary 3.25. If λ0 is isolated in σap(T ) and
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Ho(λoI − T ) is infinite-dimensional, or λoI − T has closed range, then λ0 ∈
σsf(T ), by part (i) of Theorem 3.78.

Conversely, suppose that λ0 ∈ σsf(T ). Obviously λ0 is a cluster point
of σap(T ) or is isolated in σap(T ). In the second case, again by part (i) of
Theorem 3.78, either Ho(λoI − T ) is infinite-dimensional, or λoI − T has
closed range.

(ii) If T ⋆ has the SVEP and λ0 is a cluster point of σsu(T ) then λ0 ∈
σkt(T ) ⊆ σsf(T ) by Corollary 3.28. If λ0 is isolated in σsu(T ) and K(λoI−T )
is infinite-codimensional then λ0 ∈ σsf(T ) by part (ii) of Theorem 3.78.

Conversely, if λ0 is an isolated point of σsu(T ) then K(λoI−T ) is infinite-
codimensional, again by part (ii) of Theorem 3.78.

(iii) If both T and T ⋆ have the SVEP then by Corollary 3.53 σ(T ) =
σap(T ) = σsu(T ) and σf(T ) = σsf(T ). The assertion then follows from part
(ii).

It has been observed in Remark 2.25 that if an operator T ∈ L(X) has
the SVEP atλ0, and if Y is a closed subspace of X such that (λ0I−T )(Y ) =
Y then ker (λ0I − T ) ∩ Y = {0}.

The following useful result shows that this result is even true when-
ever we assume that Y is complete with respect to a new norm and Y is
continuously embedded in X.

Lemma 3.80. Suppose that X is a Banach space and that the oper-
ator T ∈ L(X) has the SVEP at λ0. Let Y be a Banach space which
is continuously embedded in X and satisfies (λ0I − T )(Y ) = Y . Then
ker (λ0I − T ) ∩ Y = {0}.
Proof It follows from the closed graph theorem that the restriction T |Y is
continuous with respect to the given norm ‖·‖1 on Y . Moreover, since every
analytic function f : U → (Y, ‖ · ‖1) on an open set U ⊆ C remains analytic
when considered as a function from U to X, it is clear that T |Y inherits the
SVEP at λ0 from T . Hence Corollary 2.24 applies to T |Y with respect to
the norm ‖ · ‖1.

By Theorem 3.16, if λ0I −T a semi-Fredholm operator T has the SVEP
at λ0 precisely when p(λ0I − T ) < ∞. The next result shows that this
equivalence holds also under the assumption that q(λ0I − T ) < ∞.

Theorem 3.81. Let T ∈ L(X), X a Banach space, and suppose that
q(λ0I − T ) < ∞. Then the following conditions are equivalent:

(i) T has the SVEP at λ0;

(ii) p(λ0I − T ) < ∞;

(iii) λ0 is a pole of the resolvent;

(iv) λ0 is an isolated point of σ(T ).

Proof There is no harm in assuming λ0 = 0.
(i) ⇒ (ii) Let q := q(T ) and Y := T q(X). Let us consider the map
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T̂ : X/ker T q → Y defined by T̂ (x̂) := Tx where x ∈ x̂. Clearly, since T̂ is
continuous and bijective we can define in Y a new norm

‖y‖1 := inf{‖x‖ : T q(x) = y},
for which (Y, ‖ · ‖1) becomes a Banach space. Moreover, if y = T q(x) from
the estimate

‖y‖ = ‖T q(x)‖ ≤ ‖T q‖‖x‖
we deduce that Y can be continuously embedded in X. Since T (T q(X)) =
T q+1(X) = T q(X), by Corollary 3.80 we conclude that ker T ∩T q(X) = {0}
and hence by Lemma 3.2 p(T ) < ∞.

(ii) ⇒ (iii) If p := p(λ0I − T ) = q(λ0I − T ) < ∞ then λ0 is a pole of
order p, see Remark 3.7, part (c).

(iii) ⇒ (iv) Obvious.

(iii) ⇒ (iv) This has been observed above.

The preceding result is reminiscent of the equivalences established in
Corollary 3.21 under the assumption that λ0I − T is semi-Fredholm.

Theorem 3.82. For a bounded operator T ∈ L(X), X a Banach space,
the following statements are equivalent:

(i) λ0 is a pole of the resolvent of T ;

(ii) There exists p ∈ N such that ker (λ0I − T )p = H0(λ0I − T ) and
(λ0I − T )p(X) = K(λ0I − T ).

Proof Suppose that λ0 ∈ σ(T ) is a pole of the resolvent of T . Then
p(λ0I − T ) and q(λ0I − T ) are finite and hence equal, see Remark 3.7 and
Theorem 3.3. Moreover, if p := p(λ0I − T ) = q(λ0I − T ) then P0(X) =
ker (λI−T )p and ker P0 = (λI−T )p(X), where P0 is the spectral projection
associated with {λ0}, so the assertion (ii) is true by Theorem 3.74.

Conversely, assume that (ii) is verified. We show that p(λ0I − T ) and
q(λ0I − T ) are finite. From

ker (λ0I − T )p+1 ⊆ H0(λ0I − T ) = ker (λ0I − T )p

we obtain that ker (λ0I − T )p+1 = ker (λ0I − T )p, thus p(T ) ≤ p.
From the inclusion

(λ0I − T )p+1(X) ⊇ (λ0I − T )∞(X) ⊇ K(λ0I − T ) = (λ0I − T )p(X)

we then conclude that (λ0I − T )p+1(X) = (λ0I − T )p(X), thus also q(T ) is
finite. Therefore λ0 is a pole of R(λ, T ).

Recall that T ∈ L(X) is algebraic if there exists a non-trivial polynomial
h such that h(T ) = 0. The next result characterizes the operators having
the Kato type of spectrum empty.

Theorem 3.83. Let T ∈ L(X), where X is a Banach space. Then the
following statements are equivalent:

(i) σkt(T ) is empty;
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(ii) λI − T has finite descent for every λ ∈ C;

(iii) λI − T has finite descent for every λ ∈ ∂σ(T ), where ∂σ(T ) is the
topological boundary of σ(T );

(iv) σ(T ) is a finite set of poles of R(λI, T );

(v) T is algebraic.

Proof (i) ⇒ (ii) Suppose that σkt(T ) = ∅. Then ρkt(T ) has an unique
component Ω = C and therefore by Theorem 3.34 T has the SVEP at every
point of C since T has the SVEP at the point of the resolvent ρ(T ).

On the other hand, if λI − T is of Kato type then also λI⋆ − T ⋆ is of
Kato type. Therefore C = ρkt(T ) = ρkt(T

⋆), and consequently by Theorem
3.35 also T ⋆ has the SVEP. Since λI − T is of Kato type by Theorem 3.17
we then conclude that q(λI − T ) < ∞ for every λ ∈ C.

(ii)⇒ (iii) Obvious.

(iii) ⇒ (iv) Since T has the SVEP at every λ ∈ ∂σ(T ) then the condition
q(λI − T ) < ∞ entails that every λ ∈ ∂σ(T ) is a pole of R(λ, T ), by
Theorem 3.81, and hence an isolated point of σ(T ). Clearly this implies
that σ(T ) = ∂σ(T ), so σ(T ) is a finite set of poles.

(iv) ⇒ (i) It suffices to prove that λI−T is of Kato type for all λ ∈ σ(T ).
Suppose that σ(T ) is a finite set of poles of R(λ, T ). If λ ∈ σ(T ) let P be the
spectral projection associated with the singleton {λ}. Then X = M ⊕ N ,
where M := K(λI − T ) = ker P and N := H0(λI − T ), by Theorem 3.74.
Since I − T has positive finite ascent and descent, if p := p(λ0I − T ) =
q(λI − T ) then N = ker(λI − T )p, see Remark 3.7, part (b). From the
classical Riesz functional calculus we know that σ(T |M) = σ(T ) \ {λ}, so
that (λI − T )|M is bijective, whilst (λI − T |N)p = 0. Therefore λI − T is
of Kato type for every λ ∈ C.

(iv) ⇒ (v) Assume that σ(T ) is a finite set of poles {λ1, . . . , λn}, where
for every i = 1, . . . , n with pi we denote the order of λi. Let h(λ) :=
(λ1 − λ)p1 . . . (λn − λ)pn . Then by Lemma 1.76

h(T )(X) =
n⋂

i=1

(λiI − T )pi(X) =
n⋂

i=1

K(λiI − T ),

where the last equality follows since T has SVEP and λiI − T is of Kato
type, see Theorem 3.17. But the last intersection is {0}, because if x ∈
K(λiI − T )∩K(λjI − T ), with λi �= λj , then σT (x) ⊆ {λi} ∩ {λj} = ∅ and
hence x = 0, since T has the SVEP. Therefore h(T ) = 0.

(v) ⇒ (i) Let h be a polynomial such that h(T ) = 0. From the spectral
mapping theorem we easily deduce that σ(T ) is a finite set {λ1, . . . , λn}.
The points λ1, . . . , λn are zeros of finite multiplicities of h, say k1, · · · , kn,
respectively, so that h(λ) = (λ1 − λ)k1 . . . (λn − λ)kn and hence by Lemma
1.76

X = kerh(T ) =
n⊕

i=1

ker(λiI − T )ki .



164 3. THE SVEP AND FREDHOLM THEORY

Now suppose that λ = λj for some j and define

h0(λ) :=
∏

i�=j

(λi − λ)ki .

We have

M := kerh0(T ) =
⊕

i�=j

ker(λiI − T )ki ,

and if N := ker(λjI − T )kj then X = M ⊕N and M, N are invariant under

λjI − T . From the inclusion ker(λjI − T ) ⊆ ker(λjI − T )kj = N we infer
that the restriction of λjI − T on M is injective. It is easily seen that

(λjI − T )(ker(λiI − T )ki) = ker(λiI − T )ki , i �= j,

so (λjI − T )(M) = M . Hence the restriction of λjI − T on M is also

surjective and therefore bijective. Obviously (λjI − T )|N)kj = 0, so λI − T
is of Kato type also at the points of the spectrum, and the proof is complete.

8. Weyl’s theorem

In 1909 H. Weyl [325] studied the spectra of all compact perturbations
T +K of a Hermitian operator T acting on a Hilbert space and showed that
λ ∈ C belongs to σw(T ) precisely when λ is not an isolated point of finite
multiplicity in σ(T ). Today this classical result is known as Weyl’s theorem,
and it has been extended to several classes of operators acting in Banach
spaces. In this section Weyl’s theorem will be related to the single-valued
extension property. We shall emphasize the role of the quasi-nilpotent part
H0(λI − T ) and shall see that the reason for which Weyl’s theorem holds
for many classes of operators essentially depends upon the form which the
subspaces H0(λI − T ), λ ∈ C, assume.

The first result of this section establishes several equivalences for bounded
operators defined on Banach spaces. For a bounded operator T ∈ L(X) we
set

p00(T ) := σ(T ) \ σb(T ) = {λ ∈ σ(T ) : λI − T is Browder},
and

π00(T ) := {λ ∈ iso σ(T ) : 0 < α(λI − T ) < ∞}.
By part (b) of Remark 3.7 we have

(99) p00(T ) ⊆ π00(T ) for every T ∈ L(X).

Recall that the reduced minimum modulus of a non-zero operator T is
defined by

γ(T ) := inf
x/∈ker T

‖Tx‖
dist(x, ker T )

.
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Theorem 3.84. For a bounded operator T ∈ L(X) the following state-
ments are equivalent:

(i) π00(T ) = p00(T );

(ii) σw(T ) ∩ π00(T ) = ∅;

(iii) σsf(T ) ∩ π00(T ) = ∅;

(iv) (λI − T )(X) is closed for all λ ∈ π00(T );

(v) H0(λI − T ) is finite-dimensional for all λ ∈ π00(T );

(vi) K(λI − T ) is finite-codimensional for all λ ∈ π00(T );

(vii) (λI − T )∞(X) is finite-codimensional for all λ ∈ π00(T );

(viii) β(λI − T ) < ∞ for all λ ∈ π00(T );

(ix) q(λI − T ) < ∞ for all λ ∈ π00(T );

(x) The mapping λ → γ(λI − T ) is not continuous at each λ0 ∈ π00(T ).

Proof (i) ⇒ (ii) Evidently p00(T ) = σ(T ) \ σb(T ), so

p00(T ) ∩ σb(T ) = π00(T ) = ∅,

and since σw(T ) ⊆ σb(T ) this implies that σw(T ) ∩ π00(T ) = ∅.

(ii) ⇒ (iii) Obvious, since σsf(T ) ⊆ σw(T ).

(iii) ⇒ (iv) If λ ∈ π00(T ) then λI −T is semi-Fredholm, so (λI − T )(X)
is closed.

(iv) ⇒ (v) If (λI − T )(X) is closed for all λ ∈ π00(T ) then λ0I − T ∈
Φ+(X). Since T has the SVEP at every isolated point of σ(T ), by Theorem
3.18 it follows that H0(λI − T ) is finite-dimensional.

(v) ⇒ (vi) If λ is an isolated point of σ(T ) then the decomposition
X = H0(λI − T ) ⊕ K(λI − T ) holds by Theorem 3.74. Consequently, if
H0(λI − T ) is finite-dimensional then K(λI − T ) is finite-codimensional.

(vi) ⇒ (vii) Immediate, since K(λI − T ) ⊆ (λI − T )∞(X) for every
λ ∈ C.

(vii) ⇒ (viii) It is obvious since (λI − T )∞(X) ⊆ (λI − T )(X) for every
λ ∈ C.

(viii) ⇒ (i) For every λ ∈ π00(T ) we have α(λI − T ) < ∞, so if β(λI −
T ) < ∞ then λI − T ∈ Φ(X). Since λ is an isolated point of σ(T ) the
SVEP of T and T ∗ at λ ensures that p(λI − T ) and q(λI − T ) are both
finite, by Theorem 3.16 and Theorem 3.17. Hence π00(T ) ⊆ p00(T ) and
since the opposite inclusion is satisfied by every operator it then follows
that π00(T ) = p00(T ).

(i) ⇒ (ix) Clear.

(ix) ⇒ (viii) This is immediate. In fact, by Theorem 3.4 if q(λI−T ) < ∞
then β(λI − T ) ≤ α(λI − T ) < ∞ for all λ ∈ π00(T ).

(iv) ⇔ (x) Observe first that if λ0 ∈ π00(T ) then there exists a punctured
open disc D0 centered at λ0 such that

(100) γ(λI − T ) ≤ |λ − λ0| for all λ ∈ D0.
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In fact, if λ0 is isolated in σ(T ) then λI−T is invertible, and hence has closed
range in an open punctured disc D centered at λ0. Take 0 �= x ∈ ker(λ0I−T ).
Then

γ(λI − T ) ≤ ‖(λI − T )x‖
dist (x, ker(λI − T ))

=
‖(λI − T )x‖

‖x‖

=
‖(λI − T )x − (λ0I − T )x‖

‖x‖ = |λ − λ0|.

Clearly, from the estimate (100) it follows that γ(λI − T ) → 0 as λ → λ0,
so the mapping λ → γ(λI − T ) is not continuous at a point λ0 ∈ π00(T )
precisely when γ(λ0I − T ) > 0, or, equivalenty, by Theorem 1.13 when
(λ0I − T )(X) is closed. Therefore the condition (iv) is equivalent to the
condition (x).

Following Coburn [81] we say that Weyl’s theorem holds for T ∈ L(X)
if

σ(T ) \ σw(T ) = π00(T ).

Note that
Weyl’s theorem ⇒ σb(T ) = σw(T ).

Indeed, if λ ∈ σ(T ) does not belong to σw(T ) then λ ∈ σ(T ) \ σw(T ) =
π00(T ), and hence λ is an isolated point of σ(T ). Since λI − T ∈ Φ(X)
the SVEP for T and T ∗ at λ ensures that p(λI − T ) and q(λI − T ) are
both finite, by Theorem 3.16 and Theorem 3.17. Therefore, λ /∈ σb(T ) so
σb(T ) ⊆ σw(T ). The reverse inclusion holds for every T ∈ L(X), and hence
σb(T ) = σw(T ).

Theorem 3.85. Suppose that T ∈ L(X) or T ∗ has the SVEP. Then
Weyl’s theorem holds for T if and only if one of the equivalent conditions
(i)–(x) of Theorem 3.84 holds. If both T and T ∗ have the SVEP then Weyl’s
theorem holds for T if and only if σf(T ) ∩ π00(T ) = ∅.

Proof By Corollary 3.53 if T or T ∗ has the SVEP then σw(T ) = σb(T ). If
Weyl’s theorem holds for T then

π00(T ) = σ(T ) \ σw(T ) = σ(T ) \ σb(T ) = p00(T ),

so the condition (i) of Theorem 3.84 is satisfied. Conversely, suppose that
π00(T ) = p00(T ). Then

π00(T ) = p00(T ) = σ(T ) \ σb(T ) = σ(T ) \ σw(T ).

Finally, if both T and T ∗ have the SVEP by Corollary 3.53 we know
that σf(T ) = σw(T ).

Example 3.86. In general, we cannot expect that Weyl’s theorem holds
for an operator satisfying the SVEP. For instance, if T ∈ L(ℓ2)(N) is defined
by

T (x0, x1, . . . ) := (
1

2
x1,

1

3
x2, . . . ) for all (xn) ∈ ℓ2,
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then T is quasi-nilpotent and hence has the SVEP. But T does not satisfy
Weyl’s theorem, since σ(T ) = σw(T ) = {0} and π00(T ) = {0}.

Definition 3.87. T ∈ L(X), X a Banach space, is said to be relatively
regular if there exists an operator S ∈ L(X) for which

T = TST and STS = S.

There is no loss of generality if we require in the definition above only
T = TST . In fact, if T = TST holds then the operator S′ := STS will
satisfy both the equalities

T = TS′T and S′ = S′TS′.

We now establish a basic result.

Theorem 3.88. A bounded operator T ∈ L(X) is relatively regular if
and only if ker T and T (X) are complemented

Proof If T = TST and STS = S then P := TS and Q := ST are
idempotents, hence projections. Indeed

(TS)2 = TSTS = TS and (ST )2 = STST = ST.

Moreover, from the inclusions

T (X) = (TST )(X) ⊆ (TS)(X) ⊆ T (X),

and
ker T ⊆ ker(ST ) ⊆ ker(STS) = kerT,

we obtain P (X) = T (X) and kerQ = (I − Q)(X) = kerT .
Conversely, suppose that kerT and T (X) are complemented. Write

X = kerT ⊕ U and X = T (X) ⊕ V and let us denote by P the projection
of X onto kerT along U and by Q0 the projection of Y onto T (X) along V .
Define T0 : U → T (X) by T0x = Tx for all x ∈ X. Clearly T0 is bijective.
Put S := T0

−1Q0. If we represent an arbitrary x ∈ X in the form x = y + z,
with y ∈ ker T and z ∈ U , we obtain

STx = T0
−1Q0T (y + z) = T0

−1Q0Tz

= T0
−1Tz = z = x − y = x − Px.

Similarly one obtains TS = Q0. If Q := I − Q0 then

(101) ST = IX − P and TS = IQ.

If we multiply the first equation in (101) from the left by T we obtain
TST = T , and analogously multiplying the second equation in (101) from
the left by S we obtain STS = S.

A bounded operator T ∈ L(X) is said to be isoloid if every isolated
point of σ(T ) is an eigenvalue of T . A bounded operator T ∈ L(X) is said
to be reguloid if for every isolated point λ of σ(T ) the operator λI − T
is relatively regular. Note that if T is reguloid then T is isoloid. To see
this, suppose that T is reguloid and λ ∈ iso σ(T ). If α(λI − T ) = 0 then
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λI − T ∈ Φ+(X), since (λI − T )(X) is closed. But T ∗ has the SVEP at
λ, so by Theorem 3.17 we know that q(λI − T ) < ∞, and consequently by
Theorem 3.3 q(λI − T ) = p(λI − T ) = 0. This implies that λ /∈ σ(T ), a
contradiction. Hence λ is an eigenvalue of T .

Lemma 3.89. For every T ∈ L(X), X a Banach space, and f ∈
H(σ(T )) we have

(102) σ(f(T )) \ π00(f(T )) ⊆ f (σ(T ) \ π00(T )) .

Furthermore, if T is isoloid then

(103) σ(f(T )) \ π00(f(T )) = f (σ(T ) \ π00(T )) .

Proof To show the inclusion (102) suppose that λ0 ∈ σ(f(T )) \ π00(f(T )).
We distinguish two cases:

Case I. λ0 is not an isolated point of f(σ(T )). In this case there ex-
ists a sequence (λn) ⊆ f(σ(T )) such that λn → λ0 as n → ∞. Since
f(σ(T )) = σ(f(T )) there exists a sequence (µn) in σ(T ) such that f(µn) =
λn → λ0. The sequence (µn) contains a convergent subsequence and we may
assume that limn→∞ µn = µ0. Hence λ0 = limn→∞ f(µn) = f(µ0). Since
µ0 ∈ σ(T ) \ π00(T ) it then follows that λ0 ∈ f(σ(T ) \ π00(T )).

Case II. λ0 is an isolated point of σ(f(T )), so either λ0 is not an eigen-
value of f(T ) or it is an eigenvalue for which α(λ0 − f(T )) = ∞. Put
g(λ) := λ0 − f(λ). The function g(λ) is analytic and admits only a finite
number of zeros in σ(T ), say {λ1, . . . , λk}. Write

g(λ) = p(λ)h(λ) with p(λ) :=

k∏

i=1

(λi − λ)ni ,

where ni is the multiplicity of λi for every i = 1, . . . , k. Clearly, λ0I−f(T ) =
g(T ) = p(T )h(T ) and h(T ) is invertible.

Now, suppose that λ0 is not an eigenvalue of f(T ). Then none of
λ1, . . . , λk can be an eigenvalue of T , and hence λ0 ∈ f(σ(T ) \ π00(T )).

Consider the other possibility, i.e., λ0 is an eigenvalue of T of infinite
multiplicity. Then at least one of λ1, . . . , λk, say λ1, is an eigenvalue of T
of infinite multiplicity. Consequently λ1 ∈ σ(T ) \ π00(T ) and f(λ1) = λ0, so
λ0 ∈ f(σ(T ) \ π00(T )). This concludes the proof of the inclusion (102).

To prove the equality (103) suppose that T is isoloid. We need only to
prove the inclusion

(104) f(σ(T ) \ π00(T )) ⊆ σ(f(T )) \ π00(f(T )).

Let λ0 ∈ f(σ(T ) \ π00(T )). From the equality f(σ(T )) = σ(f(T )) we know
that λ0 ∈ σ(f(T )). If possible let λ0 ∈ π00(f(T )), in particular, λ0 is an
isolated point of σ(f(T )). As above we can write λ0I − f(T ) = p(T )h(T ),
with

(105) p(T ) =
k∏

i=1

(λiI − T )ni
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From the equality (105) it follows that any of λ1, . . . , λk must be an isolated
point of σ(T ) and hence an eigenvalue of T , since by assumption T is isoloid.
Moreover, since λ0 is an eigenvalue of finite multiplicity any λi must also be
an eigenvalue of finite multiplicity, and hence λi ∈ π00(T ). This contradicts
that λ0 ∈ f(σ(T ) \ π00(T )). Therefore, λ0 /∈ π00(f(T ), so the proof of the
equality (103)is complete.

By Theorem 3.85 every reguloid operator T for which T or T ∗ has the
SVEP obeys Weyl’s theorem since the condition (iv) of Theorem 3.84 is
satisfied. The next result shows that we have much more.

Theorem 3.90. Suppose that T ∈ L(X) is reguloid and let f ∈ H(σ(T )).
If either T or T ∗ has the SVEP then Weyl’s theorem holds for f(T ).

Proof Suppose that T is reguloid. Since T is isoloid by Lemma 3.89 we have
σ(f(T ))\π00(f(T )) = f(σ(T )\π00(T )). If either T or T ∗ has the SVEP then
f(σw(T )) = σw(f(T )) by Corollary 3.72. As observed above the SVEP for
T or T ∗ entails that Weyl’s theorem holds for T , so σ(T ) \ π00(T ) = σw(T ).
Hence

σ(f(T )) \ σw(f(T )) = f(σ(T ) \ π00(T )) = f(σw(T )) = σw(f(T )),

from which we see that Weyl’s theorem holds for f(T ).

The condition (v) of Theorem 3.84 generally does not ensure that T has
SVEP. However, if we let

π0f (T ) := {λ ∈ σ(T ) : 0 < α(λI − T ) < ∞}
we have the following result.

Theorem 3.91. If T ∈ L(X) then the following statements hold:

(i) If H0(λI − T ) is closed for every λ ∈ σ0f (T ) then σb(T ) = σw(T );

(ii) If H0(λI−T ) is finite-dimensional for every λ ∈ σ0f (T ) then Weyl’s
theorem holds for T .

Proof (i) Let λ ∈ σ(T )\σw(T ). Clearly λ ∈ π0f (T ), and hence by assump-
tion H0(λI−T ) is closed. Since λI−T is Weyl from Theorem 3.16 it follows
that p(λI − T ) < ∞ and this implies, since α(λI − T ) = β(λI − T ), that
q(λI − T ) < ∞. Therefore λ /∈ σb(T ), and consequently σb(T ) ⊆ σw(T ).
Since the opposite inclusion is verified for every operator we then conclude
that σb(T ) = σw(T ).

(ii) We have π00(T ) ⊆ π0f (T ), so H0(λI − T ) is finite-dimensional for
every λ ∈ π00(T ). By Theorem 3.84 it then follows that π00(T ) = p00(T ),
and hence from the inclusion σw(T ) ⊆ σb(T ) we obtain that π00(T ) =
σ(T ) \ σb(T ) ⊆ σ(T ) \ σw(T ).

Conversely, to show the inclusion σ(T ) \ σw(T ) ⊆ π00(T ) assume that
λ ∈ σ(T ) \ σw(T ). Then 0 < α(λI − T ) = β(λI − T ) < ∞, so λ ∈ σ0f (T ).
Since H0(λI−T ) is finite-dimensional then, by Theorem 3.16, p(λI−T ) < ∞.
The equality α(λI − T ) = β(λI − T ) then implies by Theorem 3.4 that
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q(λI − T ) < ∞. Therefore λ ∈ p00(T ) ⊆ π00(T ), and hence the equality
σ(T ) \ σw(T ) = π00(T ) is proved.

The condition (v) of Theorem 3.84, is an useful tool in order to prove
that Weyl’s theorem holds for several important classes of operators. To see
this we need to introduce a new class of operators.

Definition 3.92. A bounded operator T ∈ L(X) on a Banach space X
is said to have the property (H) if

H0(λI − T ) = ker(λI − T ) for all λ ∈ C.

Although the property (H) seems to be rather strong, the class of op-
erators having property (H) is considerably large. In the next chapter we
shall show that every multiplier of a semi-simple Banach algebra A has the
property (H).

Example 3.93. In the sequel we give some other important classes of
operators which satisfy this property.

(a) As observed in Example 3.9 every totally paranormal operator has
the property (H), and in particular every hyponormal operator has the prop-
erty (H). The class of totally paranormal operators includes also subnormal
operators and quasi-normal operators. In fact, these operators are hyponor-
mal, see Conway [85].

(b) A bounded operator T ∈ L(X) is said to be transaloid if the spectral
radius r(λI − T ) is equal to ‖λI − T‖ for every λ ∈ C. It is easy to check
that every transaloid operator satisfies the property (H), see Lemma 2.3
and Lemma 2.4 of [86].

Recall that operator S ∈ L(X) is said to be a quasi-affine transform
of T ∈ L(X) if there is U ∈ L(X) injective with dense range such that
TU = US. The next result shows that property (H) is preserved by quasi-
affine transforms.

Theorem 3.94. Suppose that T ∈ L(X) has the property (H) and S is
a quasi-affine transform of T . Then S has the property (H).

Proof Suppose TU = US with U injective, λ ∈ C, and x ∈ H0(λI − S).
Then

‖(λI − T )nUx‖1/n = ‖U(λI − S)nx‖1/n ≤ ‖U‖1/n‖(λI − S)nx‖1/n,

from which we obtain that Ux ∈ H0(λI − T ) = ker (λI − T ). Hence

U(λI − S)x = (λI − T )Ux = 0,

and since U is injective this implies that (λI − S)x = 0. Consequently
H0(λI − S) = ker(λI − S) for all λ ∈ C.

As a consequence of Theorem 3.94 we obtain some other examples of
operators which satisfy the property (H). To see this, for any operator
T ∈ L(H), where H is a complex Hilbert space, let us denote by T = W |T |
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the polar decomposition of T . Then R := |T |1/2W |T |1/2 is called the Aluthge
transform of T , see Aluthge [44]. If R = V |R| is the polar decomposition of
R define

(106) T̃ := |R|1/2V |R|1/2.

Example 3.95. An operator T ∈ L(H) is said to be log-hyponormal if
T is invertible and satisfies log (T ∗T ) ≥ log (TT ∗). If T is log-hyponormal

then the operator T̃ defined in (106) is hyponormal and T = KT̃K−1,

where K := |R|1/2|T |1/2, see Tanahashi [303] and Chō, Jeon and J.I. Lee
[80]. Therefore T is similar to a hyponormal operator and consequently
satisfies the property (H).

An operator T ∈ L(H) is said to be be p-hyponormal, with 0 < p ≤ 1, if
(T ∗T )p ≥ (TT ∗)p. Every invertible p-hyponormal T is quasi-similar to a log-
hyponormal operator and consequently has the property (H), see Aluthge
[44] and Duggal [98]).

Theorem 3.96. Suppose that the operator T ∈ L(X) has the property
(H). Then T has the SVEP and p(λI − T ) ≤ 1 for all λ ∈ C. Furthermore
both T and T ∗ are reguloid.

Proof From the inclusion

ker(λI − T )n ⊆ H0(λI − T ) = ker(λI − T ) for all n ∈ N

we obtain that p(λI − T ) ≤ 1 for all λ ∈ C. Note T has the SVEP by
Theorem 5.4 or by Theorem 2.31.

To show that T is reguloid we prove that every isolated point λ of the
spectrum σ(T ) is a simple pole of the resolvent. There is no loss of generality
if we suppose that λ = 0. Let P denote the spectral projection associated
with the spectral set {0}. By Theorem 3.74 we know that P (X) = H0(T ) =
ker T , and hence TP = 0. Now, 0 is an isolated in σ(T ) and hence a non-
removable singularity of (λI −T )−1. Let us consider the Laurent expansion

(λI − T )−1 =
∞∑

n=1

Pn

λn
+

∞∑

n=0

λnQn

for every λ such that 0 < |λ| < ε, with Pn, Qn ∈ L(X). Since P1 = P and
Pn = Tn−1P for all n = 1, 2, . . ., the equality TP = 0 yields Pn = 0 for all
n ≥ 2. Hence 0 is a simple pole of the resolvent (λI − T )−1. This implies
by part (b) of Remark 3.7 that p(T ) = q(T ) = 1 and 0 is an eigenvalue of
T . Moreover, by Theorem 3.74 we have kerP = K(T ) = T (X), so ker T
and T (X) are complemented, and consequently T is relatively regular. This
shows that T is reguloid.

To show that T ∗ is reguloid let λ0 be an isolated point of σ(T ∗) = σ(T ).
From the first part of the proof we know that λ0 is a simple pole of (λI−T )−1.
As above we have X = ker(λ0I − T ) ⊕ (λ0I − T )(X), and hence

X∗ = ker(λ0I − T )⊥ ⊕ (λ0I − T )(X)⊥.
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On the other hand, (λ0I − T )(X) is closed implies that (λ0I
∗ − T ∗)(X∗) is

also closed, and from the equalities

(λ0I
∗ − T ∗)(X∗) = ker(λ0I − T )⊥, ker(λ0I

∗ − T ∗) = (λ0I − T )(X)⊥

we may conclude that both (λ0I
∗−T ∗)(X∗) and ker(λ0I

∗−T ∗) are comple-
mented. Therefore λ0I

∗ − T ∗ is relatively regular and hence T ∗ is reguloid.

By Theorem 3.85 it is immediate that every operator T having the prop-
erty (H) obeys Weyl’s theorem. As a consequence of Theorem 3.96 and
Theorem 3.90 we readily obtain the following result.

Corollary 3.97. If T ∈ L(X) has the property (H) and f ∈ H(σ(T ))
then Weyl’s theorem holds for f(T ).

We have already observed that every invertible p-hyponormal T has the
property (H), so Weyl’s theorem holds for these operators. Actually, every
p-hyponormal operator satisfies Weyl’s theorem. To prove this result we
first introduce a new property formally weaker than the property (H).

Definition 3.98. A bounded operator satisfies the property (H0) is for
every λ ∈ C there exists an integer pλ ∈ N such that

H0(λI − T ) = ker(λI − T )pλ for all λ ∈ C.

The first result shows that the property (H0) implies Weyl’s theorem.

Theorem 3.99. Let T ∈ L(X) be a bounded operator on a Banach space
X. Then the following statements hold:

(i) If T has the property (H0) then Weyl’s theorem holds for T and T ∗;

(ii) If T ∈ L(X) has the property (H0) and S is a quasi-affine transform
of T then S has property (H0);

(iii) If T ∈ L(X) has the property (H0) and Y is a closed T -invariant
subspace of X then T |Y has the property (H0).

Proof (i) By Theorem 2.31 the property (H0) implies the SVEP for T , and
by Theorem 3.74 for every λ ∈ π00(T ) we have X = ker(λI−T )p⊕K(λI−T ),
from which it follows that (λI−T )p(X) = (λI−T )(K(λI−T )) = K(λI−T ).
Consequently, λ is a pole of the resolvent and q(λI − T ) is finite for all
λ ∈ π00(T ), so by Theorem 3.85 T satisfies Weyl’s theorem.

To show that T ∗ satisfies Weyl’s theorem, assume that λ ∈ π00(T
∗).

Evidently, (λI − T )p(X) is closed, and hence (λI∗ − T ∗)p(X∗) is closed.
An inductive argument shows that ker(λI∗ − T ∗)p is finite-dimensional, so
(λI∗ − T ∗)p, and hence also λI∗ − T ∗, is semi-Fredholm. By Theorem 3.77
it follows that H0(λI∗ − T ∗) is finite-dimensional, or equivalently we have
p(λI∗ − T ∗) = q(λI∗ − T ∗) < ∞, so λ ∈ p00(T

∗). Hence π00(T
∗) = p00(T

∗),
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and by Theorem 3.85 this equality implies that Weyl’s theorem holds for
T ∗.

(ii) The proof is analogous to that of Theorem 3.94.

(iii) If H0(λI − T ) = ker(λI − T )pλ then

H0((λI − T )|Y ) ⊆ ker(λI − T )pλ ∩ Y = ker((λI − T )|Y )pλ ,

from which we obtain H0((λI − T )|Y ) = ker((λI − T )|Y )pλ .

Remark 3.100. It should be noted that Weyl’s theorem is not generally
inherited by the restriction on invariant subspaces, even if the operator has
the SVEP. For instance, let T be the operator defined in Example 3.86 and
let S be the unilateral left shift on ℓ2(N). Define U on X := ℓ2(N) ⊕ ℓ2(N)
by U := T ⊕ S. Clearly T is quasi-nilpotent, and hence has SVEP, S has
SVEP and its spectrum is the unit closed disc D(0, 1), see Theorem 2.86.
By Theorem 2.9 it follows that also U has the SVEP and, as it easy to see,
σ(U) = D(0, 1). Therefore σ(U) does not have any isolated point, and this
implies that Weyl’s theorem holds for U . However, the restriction T of U
does not satisfy Weyl’s theorem.

Lemma 3.101. Let T ∈ L(X) and let p be a complex polynomial. If
p(λ0) �= 0 then H(λ0I − T ) ∩ ker p(T )) = {0}. If, additionaly, T has the
SVEP then

H0(p(T )) = H0(λ1I − T ) ⊕ H0(λ2I − T ) · · · ⊕ H0(λnI − T ),

where λ1, λ2, . . . , λn are the distinct roots of p.

Proof Suppose that there is a non-zero element x ∈ H(λ0I−T )∩ker p(T ))
and set p(λ0)I−p(T ) = q(T )(λ0I−T ), where q denotes a polynomial. Then
q(T )(λ0I − T )x = p(λ0)x and hence q(T )(λ0I − T )nx = p(λ0)

nx. Therefore

|p(λ0)|‖x‖1/n‖ ≤ ‖q(T )n‖1/n‖(λ0I − T )x‖1/n for all n ∈ N.

Since x is a non-zero element of H(λ0I−T ) we then obtain p(λ0) = 0, which
is a contradiction.

To show the second assertion, let x ∈ H0(p(T )). By Theorem 2.20
H0(p(T )) = Xp(T )({0}), so there exists an analityc function f such that
x = (µI − p(T ))f(µ) for all µ ∈ C \ {0}. Hence for λ ∈ C \ {λ1, . . . , λn} we
have

x = (p(λ)I − p(T ))f(p(λ)) = (λI − T )Q(T, λ)f(p(λ)),

where Q is a polynomial of T and λ. Consequently σT (x) ⊆ {λ1, . . . , λn},
and hence

x ∈ XT ({λ1, . . . , λn}) =
n⊕

i=1

XT ({λi}).
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Since T has the SVEP, Theorem 2.20 also implies that XT ({λi}) = H0(λiI−
T ) for all i = 1, . . . , n, and hence

H0(p(T )) ⊆
n⊕

i=1

H0(λiI − T ).

The opposite inclusion is clear, since each λi is a root of the polynomial p.

Theorem 3.102. For a bounded operator T ∈ L(X) the following as-
sertions are equivalent:

(i) T has the property (H0);

(ii) f(T ) has the property (H0) for every f ∈ H(σ(T ));

(iii) There exists an analytic function h defined in an open neighbourhood
U of σ(T ), not identically constant in any component of U , such that h(T )
has the property (H0).

Proof (i) ⇒ (ii) Suppose that T has the property (H0). Let µ ∈ C be
arbitrarily given. If µ /∈ f(σ(T )) = f(σ(T )) then µI − f(T ) is invertible,
and hence

H0(µI − f(T )) = ker(µI − f(T )) = {0}.
Therefore we may assume that µ ∈ f(σ(T )). Let g := f − µ and suppose
first that g has only finitely many zeros in σ(T ). Then g(λ) = p(λ)h(λ),
where h is analytic on U without zeros in σ(T ), p is a polynomial of the
form p(λ) = Πn

i=1(λi − λ)ni , with λi ∈ σ(T ) distinct roots of p. Then
g(T ) = p(T )h(T ) and h(T ) is invertible, so by Lemma 3.101

H0(g(T )) = H0(p(T )) =
n⊕

i=1

H0(λiI − T ).

On the other hand, since T has the property (H0) we can choose an
integer d ∈ N such that H0(λiI − T ) = ker(λiI − T )d for all i = 1, . . . , n.
Clearly the condition (H0) entails that λI −T has finite ascent for all λ ∈ C
and consequently

H0(λiI − T ) = ker(λiI − T )nid for all i = 1, . . . , n.

From this it follows that

H0(g(T )) =

n⊕

i=1

ker(λiI − T )nid = ker (Πn
i=1(λiI − T )nid

= ker (p(T ))d = ker (g(T ))d,

from which we conclude that f(T ) has the property (H0).
Suppose now that g has infinitely many zeros on σ(T ). Then there are

two disjoint open subsets U1, U2 such that U = U1 ∪ U2, g ≡ 0 on U1 and g
has only finitely many zeros on U2. It follows that σ(T ) = σ1 ∪ σ2, where
σ1 and σ2 are two closed disjoint subsets of C and σi ⊆ Ui for i = 1, 2.
Therefore, if P1 and P2 are the spectral projections associated with σ1 and
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σ2, respectively, then X = X1 ⊕X2, X1 := P1(X), X2 := P2(X), σ(T |Xi) =
σi; in particular g(T )|X1 = g(T |X1) = 0. Since T |X2 has the property
(H0) by Teorem 3.99, and g has only finitely many zeros in σ(T |X2), the
same argument as in the first part of the proof shows that g(T |X2) has the
property (H0), and consequently H0(µI − f(T )) = ker(g(T )k|X2) for some
k ≥ 1. Finally,

H0(µI − f(T )) = H0(g(T )) = X1 ⊕ ker(g(T )k|X2)

= ker(g(T )k) = ker(µI − f(T ))k,

which completes the proof.

(ii) ⇒ (iii) is obvious.

(iii) ⇒ (i) Suppose that λ0 ∈ σ(T ) and let µ := f(λ0). Since f is non-
constant on the components of U it follows that µ−f(λ) = (λ0−λ)rp(λ)g(λ),
where p is a polynomial such that p(λ0) �= 0 and g is an analytic function
which does not vanish in σ(T ). Therefore

µI − f(T ) = (λ0I − T )rp(T )g(T )

with g(T ) invertible. On the other hand, by hypothesis there exists a natural
d ≥ 1 such that H0(µI − f(T )) = ker(µI − f(T ))d. Hence

H0(λ0I − T ) ⊆ H0(µI − f(T )) = ker(λ0I − T )dr ⊕ ker p(T ))d.

From the inclusion ker(λ0I − T )dr ⊆ H0(λ0I − T ) and since H0(λ0I − T ) ∩
ker p(T ) = {0} we may then conclude that H0(λ0I − T ) = ker(λ0I − T )dr,
see Lemma 3.101; so the proof is complete.

The class of operators having the property (H0) is rather large. Ob-
viously it contains every operator having the property (H). An operator
T ∈ L(X), X a Banach space, is said to be generalized scalar if there ex-
ists a continuous algebra homomorphism Ψ : C∞(C) → L(X) such that
Ψ(1) = I and Ψ(Z) = T , where C∞(C) denote the Fréchet algebra of all
infinitely differentiable complex-valued functions on C, and Z denotes the
identity function on C. An operator similar to a restriction of a generalized
scalar operator to one of its closed invariant subspaces is called subscalar.
The interested reader can find a well organized study of these operators in
the Laursen and Neumann book [214]. Note that every quasi-nilpotent gen-
eralized scalar operator is nilpotent, [214, Proposition 1.5.10]. Moreover,
every generalized scalar operator possesses Dunford property (C) since it is
super-decomposable, see Theorem 1.5.4 of [214].

We show now that every subscalar operator T has the property (H0).
By Theorem 3.99 we may assume that T is generalized scalar. Consider a
continuous algebra homomorphism Ψ : C∞(C) → L(X) such that Ψ(1) = I
and Ψ(Z) = T . Let λ ∈ C. Since T has the property (C) we know from
Theorem 2.77 that T has the SVEP and H0(λI − T ) = XT ({λ}) is closed.
On the other hand, if f ∈ C∞(C) then Ψ(f)(H0(λI − T )) ⊆ H0(λI − T )
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because T = Ψ(Z) commutes with Ψ(f). Define Ψ̃ : C∞(C) → L(X) by

Ψ̃(f) = ψ(f)|H0(λI − T ) for every f ∈ C∞(C).

Clearly T |H0(λI−T ) is generalized scalar and quasi-nilpotent, so it is nilpo-
tent. Thus there exists d ≥ 1 for which H0(λI − T ) = ker(λI − T )d.

Example 3.103. We give some other examples of operators having the
property (H0).

A bounded operator T on a Hilbert space is said to be M -hyponormal if
there is M > 0 such that TT ∗ ≤ MT ∗T . Every M -hyponormal operator is
subscalar, see [214, Proposition 2.4.9], so it satisfies the property (H0).

Every p-hyponormal operator is subscalar, see C. Lin, Y. Ruan and Z.
Yan [219], so it satisfies the property (H0). An operator T ∈ L(H) is
said algebraically p-hyponormal if there exists a non-constant polynomial q
such that q(T ) is p-hyponormal. By Theorem 3.102 every algebraically p-
hyponormal operator has the property (H0). Evidently every hyponormal
operator is algebraically hyponormal whilst the converse is not true. To

see this set T :=

(
1 1
0 1

)
on ℓ2 ⊕ ℓ2. It is easy to check that T k is not

hyponormal for every k ∈ N, whereas g(T ) = 0 with g(λ) := (λ − 1)2.

Theorem 3.104. Let T ∈ L(X), X a Banach space, and suppose that
there exists an analytic function h defined on an open neighbourhood of
σ(T ), not identically constant in any component of U , such that h(T ) has
the property (H0). Then Weyl’s theorem holds for both f(T ) and f(T ∗) for
every f ∈ H(σ(T ). In particular, if T has the property (H0) then Weyl’s
theorem holds for both f(T ) and f(T ∗) for every f ∈ H(σ(T )).

Proof By Theorem 3.102 f(T ) has the property (H0) for every f ∈ H(σ(T ).
Therefore Weyl’s theorem holds for both f(T ) and f(T ∗) by part (i) of
Theorem 3.99.

Define

πa
00(T ) := {λ ∈ iso σap(T ) : 0 < α(λI − T ) < ∞}.

Clearly, for every T ∈ L(X) we have

p00(T ) ⊆ π00(T ) ⊆ πa
00(T ).

Theorem 3.105. For a bounded operator T ∈ L(X) the following state-
ments are equivalent:

(i) σub(T ) ∩ πa
00(T ) = ∅;

(ii) σuf(T ) ∩ πa
00(T ) = ∅;

(iii) (λI − T )(X) is closed for all λ ∈ πa
00(T );

(iv) H0(λI−T ) is finite-dimensional for all λ ∈ π00(T ) and (λI−T )(X)
is closed for all λ ∈ πa

00(T ) \ π00(T );
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(v) q(λI − T ) < ∞ for all λ ∈ π00(T ) and (λI − T )(X) is closed for all
λ ∈ πa

00(T ) \ π00(T );

(vi) The mapping λ → γ(λI −T ) is not continuous at each λ0 ∈ πa
00(T ).

Proof (i) ⇒ (ii) is clear since σuf(T ) ⊆ σub(T ).

(ii) ⇒ (iii) The implication follows since λI − T ∈ Φ+(X) for every
λ ∈ πa

00(T ).

(iii) ⇒ (iv) We have π00(T ) ⊆ πa
00(T ) so λI − T ∈ Φ+(X) for each

λ ∈ π00(T ). The SVEP at every λ ∈ π00(T ) is equivalent by Theorem 3.18
to saying that H0(λI − T ) is finite-dimensional for all λ ∈ π00(T ). The
second assertion is obvious.

(iv) ⇒ (v) By Theorem 3.74 we have X = H0(λI − T )⊕K(λI − T ) for
every isolated point λ ∈ σ(T ), so K(λI−T ) has finite-codimension for every
λ ∈ π00(T ). For every λ ∈ C the inclusion K(λI − T ) ⊆ (λI − T )(X) holds,
and this obviously implies that β(λI − T ) < ∞. Therefore λI − T ∈ Φ(X)
for all λ ∈ π00(T ). Finally, by Theorem 3.17 the SVEP of T ∗ at λ implies
that q(λI − T ) < ∞ for all λ ∈ π00(T ).

(v) ⇒ (i) Suppose that λ ∈ πa
00(T ) \ π00(T ). Then (λI − T )(X) is

closed, and since α(λI − T ) < ∞ this implies that λI − T ∈ Φ+(X). By
assumption σap(T ) does not cluster at λ, hence from Theorem 3.23 we obtain
p(λI − T ) < ∞. Therefore λ /∈ σub(T ).

Suppose now the other case, λ ∈ π00(T ). By Theorem 3.4 the condition
q(λI − T ) < ∞ implies that β(λI − T ) ≤ α(λI − T ) < ∞, and hence
λI − T ∈ Φ(X). Finally, since T has the SVEP at every isolated point of
the spectrum, by Theorem 3.16 we may conclude that p(λI − T ) < ∞, and
hence λ /∈ σub(T ).

(vi) ⇔ (iv) The proof is analogous to the proof of the equivalence (iv)
⇔ (x) established in Theorem 3.84.

Following Rakočević [273] we say that a-Weyl’s theorem holds for T ∈
L(X) if

πa
00(T ) = σap(T ) \ σwa(T ).

An immediate example of operator which satisfies a-Weyl’s theorem is
given by any compact operator T on a Banach space having infinite spec-
trum. In fact, from the Riesz Schauder theory we know that σwa(T ) = 0,
σap(T ) = σ(T ), and πa

00(T ) = σ(T ) \ {0} = σa(T ) \ σwa(T ).

Theorem 3.106. Suppose that T ∈ L(X) satisfies a-Weyl’s theorem.
Then both Weyl’s theorem and a-Browder’s theorem hold for T .

Proof Suppose that a-Weyl’s theorem holds for T and let λ ∈ σ(T )\σw(T ).
From the inclusion σwa(T ) ⊆ σw(T ) it follows that λ /∈ σwa(T ), and since
λI − T is Weyl we also have 0 < α(λI − T ) < ∞, otherwise we would
have 0 = α(λI − T ) = β(λI − T ) and hence λ /∈ σ(T ). Therefore λ ∈
σap(T ) \ σwa(T ) = πa

00(T ). Hence λ is an isolated point of σap(T ) and this
implies that T has the SVEP at λ. By Theorem 3.16 it then follows that
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p(λI − T ) < ∞. Since α(λI − T ) = β(λI − T ), by Theorem 3.4 we then
deduce that q(λI − T ) < ∞, and hence λ is an isolated point of σ(T ), see
Remark 3.7, part (b). This shows that σ(T ) \ σw(T ) ⊆ π00(T ).

Conversely, suppose that λ ∈ π00(T ). Obviously,

λ ∈ πa
00(T ) = σap(T ) \ σwa(T ) ⊆ σ(T ) \ σwa(T ).

Consequently, λI − T ∈ Φ+(X) with index less than or equal to 0. Since
both T and T ∗ have the SVEP at every isolated point of σ(T ) then p(λI−T
and q(λI−T are finite, again by Theorem 3.16 and Theorem 3.17. Hence by
Theorem 3.4 we conclude that α(λI − T ) = β(λI − T ) < ∞, so λ /∈ σw(T ).

This shows the inclusion π00(T ) ⊆ σ(T )\σw(T ), from which we conclude
that Weyl’s theorem holds for T .

To show that a-Browder’s theorem holds suppose first that λ ∈ acc σap(T ).
If were λ /∈ σwa(T ) then λ ∈ σap(T ) \ σwa(T ) = λ ∈ πa

00(T ), so λ is an iso-
lated point of σap(T ) and this is impossible. Therefore acc σap(T ) ⊆ σwa(T )
and this implies by part (v) of Theorem 3.65 that σwa(T ) = σub(T ).

Theorem 3.107. If T or T ∗ has the SVEP, then a-Weyl’s theorem holds
for T if and only if one of the equivalent conditions (i)–(vi) of Theorem 3.105
holds.

Proof Observe first that both πa
00(T ) and σub(T ) are subsets of σap(T ) and

the condition σub(T ) ∩ πa
00(T ) = ∅ obviuously implies that

πa
00(T ) ⊆ σap(T ) \ σub(T ) ⊆ σap(T ) \ σwa(T ).

To prove that a-Weyl’s theorem holds for T we need to show the reverse
inclusion σap(T ) \ σwa(T ) ⊆ πa

00(T ).
Suppose that T has SVEP and λ ∈ σap(T ) \ σwa(T ). Then λ ∈ σap(T )

and λI − T ∈ Φ+(X). Clearly, since (λI − T )(X) is closed, λI − T is not
injective and hence 0 < α(λI−T ) < ∞. On the other hand, λI−T ∈ Φ+(X)
so by Theorem 3.23 the SVEP at λ is equivalent to saying that σap(T ) does
not cluster at λ. Hence λ ∈ πa

00(T ).
Finally, suppose that T ∗ has SVEP and λ ∈ σap(T )\σwa(T ). The SVEP

for T ∗ implies by Corollary 3.53 and Theorem 3.66 that

σwa(T ) = σub(T ) = σw(T ) = σb(T ).

Moreover, by Corollary 2.45 we know that σap(T ) = σ(T ), and hence

λ ∈ σap(T ) \ σb(T ) = σ(T ) \ σb(T ) = p00(T ) ⊆ πa
00(T ),

so the proof is complete.

Theorem 3.108. If T ∗ has SVEP then the following statements are
equivalent:

(i) Weyl’s theorem holds for T ;

(ii) a-Weyl’s theorem holds for T .
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Proof We have only to show the implication (i) ⇒ (ii). By Corollary 2.45
we know that if T ∗ has the SVEP then σap(T ) = σ(T ), so πa

00(T ) = π00(T ).
On the other hand, by Corollary 3.53 the SVEP for T ∗ yields the equalities

σw(T ) = σb(T ) = σub(T ) = σwa(T ).

If Weyl’s theorem holds for T then

πa
00(T ) = π00(T ) = σ(T ) \ σw(T ) = σap(T ) \ σwa(T ),

so a-Weyl’s theorem holds for T .

Corollary 3.109. Suppose that T ∈ L(X) is reguloid and let f ∈
H(σ(T )). If T ∗ has the SVEP then a-Weyl’s theorem holds for f(T ). In
particular, a-Weyl’s theorem holds for f(T ) whenever T has property (H)
and T ∗ has the SVEP.

Proof By Theorem 2.40 we know that if T ∗ has the SVEP then f(T ∗) =
f(T )∗ has SVEP. Since by Theorem 3.90 Weyl’s theorem holds for f(T ) we
then conclude, by Theorem 3.108, that a-Weyl’s theorem holds for f(T ).
The second assertion follows from Corollary 3.97.

9. Riesz operators

We now introduce a class of operators T on Banach spaces for which
every non-zero spectral point is a pole of R(λ, T ).

Definition 3.110. A bounded operator T ∈ L(X) on a Banach space
X is said to be a Riesz operator if λI − T ∈ Φ(X) for every λ ∈ C \ {0}.

The classical Riesz–Schauder theory of compact operators establishes
that every compact operator is Riesz, see Heuser [159]. Other classes of
Riesz operators will be investigated in Chapter 7. Clearly, if T ∈ L(X) is
Riesz then σf(T ) ⊆ {0} and if X is infinite-dimensional then σf(T ) = {0}
since σf(T ) is non-empty.

Theorem 3.111. For a bounded operator T on a Banach space the
following statements are equivalent:

(i) T is a Riesz operator;

(ii) λI − T ∈ B(X) for all λ ∈ C \ {0};
(iii) λI − T ∈ W(X) for all λ ∈ C \ {0};
(iv) λI − T ∈ B+(X) for all λ ∈ C \ {0};
(v) λI − T ∈ B−(X) for all λ ∈ C \ {0};
(vi) λI − T ∈ Φ+(X) for all λ ∈ C \ {0};
(vii) λI − T ∈ Φ−(X) for all λ ∈ C \ {0};
(viii) λI − T is essentially semi-regular for all λ ∈ C \ {0};
(ix) Each spectral point λ �= 0 is isolated and the spectral projection

associated with {λ} is finite-dimensional.



180 3. THE SVEP AND FREDHOLM THEORY

Proof (i) ⇒ (ii) If T is a Riesz operator the semi-Fredholm resolvent has
a unique component C \ {0}. From this it follows by Theorem 3.36 that
both T , T ⋆ have SVEP at every λ �= 0. Therefore, again by Theorem 3.36,
λI − T ∈ B(X) for all λ �= 0.

The implications (ii) ⇒ (iii) ⇒ (i) are clear, so (i), (ii), and (iii) are
equivalent. The implications (ii) ⇒ (iv) ⇒ (vi) ⇒ (viii), (ii) ⇒ (v) ⇒
(viii) are evident, so in order to show that all these assertions are actually
equivalences we need to show that (viii) ⇒ (ii).

(viii) ⇒ (ii) Suppose that (viii) holds. Then the Kato type of resolvent
ρk(T ) contains C \ {0}, and hence, since T , T ⋆ have the SVEP at every
λ ∈ ρ(T ), both the operators T and T ⋆ have the SVEP at every λ �= 0,
by Theorem 3.34 and Theorem 3.35. From Theorem 3.48 we then conclude
that λI − T ∈ B(X) for all λ �= 0.

(i) ⇒ (ix) As above, T and T ⋆ have the SVEP at every λ �= 0, so by
Corollary 3.21 every non-zero spectral point λ is isolated in σ(T ). From
Theorem 3.77 and Theorem 3.74 it then follows that the spectral projection
associated with {λ} is finite-dimensional.

(ix) ⇒ (ii) If the spectral projection associated with the spectral set {λ}
is finite-dimensional then H0(λI − T ) is finite-dimensional, so by Theorem
3.77 λI − T is Browder.

Since every non-zero spectral point of a Riesz operator T is isolated, the
spectrum σ(T ) of a Riesz operator T ∈ L(X) is a finite set or a sequence
of eigenvalues which converges to 0. Moreover, since λI − T ∈ B(X) for all
λ ∈ C \ {0}, every spectral point λ �= 0 is a pole of R(λ, T ). Clearly, if X
is an infinite-dimensional complex space the spectrum of a Riesz operator
T contains at least the point 0. In this case T ∈ L(X) is a Riesz operator

if and only if T̂ := T + K(X) is a quasi-nilpotent element in the Calkin

algebra L̂ := L(X)/K(X). This result is a consequence of the Atkinson
characterization of Fredholm operators and in the literature is known as the
Ruston characterization of Riesz operators.

Generally, the sum and the product of Riesz operators T, S ∈ L(X) need
not to be Riesz. However, the next result shows that is true if we assume T
and S commutes.

Theorem 3.112. If T, S ∈ L(X) on a Banach space X the following
statements hold:

(i) If T and S are commuting Riesz operators then T + S is a Riesz
operator;

(ii) If S commutes with the Riesz operator T then the products TS and
ST are Riesz operators;

(iii) The limit of uniformly convergent sequence of commuting Riesz op-
erators is a Riesz operator;
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(iv) If T is a Riesz operator and K ∈ K(X) then T + K is a Riesz
operator.

Proof If T, S commutes the equivalences classes T̂ , Ŝ commutes in L̂, so (i),
(ii), and (iii) easily follow from Ruston characterization of Riesz operators
and from the well known spectral radius formulas

r(T̂ + Ŝ) ≤ r(T̂ ) + r(Ŝ) and r(T̂ Ŝ) ≤ r(T̂ )r(Ŝ).

The assertion (iv) is obvious, by the Ruston characterization of Riesz oper-
ators.

It should be noted that in part (i) and part (ii) of Theorem 3.112 the
assumption that T and K commute may be relaxed into the weaker assump-
tion that T, S commute modulo K(X), i.e., TS − ST ∈ K(X).

Theorem 3.113. Let T ∈ L(X), where X is a Banach space, and let f
be an analytic function on a neighbourhood of σ(T ).

(i) If T is a Riesz operator and f(0) = 0 then f(T ) is a Riesz operator.

(ii) If f(T ) is a Riesz operator and f ∈ H(σ(T ) does not vanish on
σ(T )\{0} then T is a Riesz operator. In particular, if Tn is a Riesz operator
for some n ∈ N then T is a Riesz operator.

((iii) If M is a closed T -invariant subspace of a Riesz operator T then
the restriction T |M is a Riesz operator.

Proof (i) Suppose that T is a Riesz operator. Since f(0) = 0 there exists
an analytic function g on a neighbourhood of σ(T ) such that f(λ) = λg(λ).
Hence f(T ) = Tg(T ) and since T, g(T ) commute it then follows by part (ii)
of Theorem 3.112 that f(T ) is a Riesz operator.

(ii) Assume that f(T ) is a Riesz operator and f vanishes only at 0.
Then there exist an analytic function g on a neighbourhood of σ(T ) and
n ∈ N such that f(λ) = λng(λ) holds on the set of definition of f and
g(λ) �= 0. Hence f(T ) = Tng(T ) and g(T ) is invertible. The operators
f(T ), g(T )−1 commute, so by part (ii) of Theorem 3.112 Tn = f(T )g(T )−1

is a Riesz operator. Hence Tn is quasi-nilpotent modulo K(X) and from
this it easily follows that T is quasi-nilpotent modulo K(X). By the Ruston
characterization we then conclude that T is a Riesz operator.

(iii) We show first that (λI−T )(M) = M for all λ ∈ ρ(T ). The inclusion
(λI−T )(M) ⊆ M is clear. Let |λ| > r(T ). If Rλ := (λI−T )−1 from the well
known representation Rλ =

∑∞
n=0 Tn/λn+1 it follows that Rλ(M) ⊆ M . For

every x′ ∈ M⊥ and x ∈ M let us consider the analytic function λ ∈ ρ(T ) →
x′(Rλx). This function vanishes outside the spectral disk of T , so since ρ(T )
is connected we infer from the identity theorem for analytic functions that
x′(Rλx) = 0 for all λ ∈ ρ(T ). Therefore Rλx ∈ M⊥⊥ = M and consequently
x = (λI − T )Rλx ∈ (λI − T )(M). This shows that M ⊆ (λI − T )(M), and
hence (λI − T )(M) = M for all λ ∈ ρ(T ).

Now, λI−T is injective for all λ ∈ ρ(T ), so if T̃ := T |M then ρ(T ) ⊆ ρ(T̃ )
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and hence σ(T̃ ) ⊆ σ(T ). Let λ0 be an isolated spectral point of T , and hence

an isolated point of σ(T̃ ). If P denotes the spectral projection associated

with {λ0} and T and P̃ denotes the spectral projection associated with {λ0},
T and T̃ then, as is easy to verify, Px = P̃ x for all x ∈ M . Hence P̃ is

the restriction of P to M , so that, since P is finite-dimensional, P̃ is finite-

dimensional. From part (ix) of Theorem 3.111 we then conclude that T̃ is a
Riesz operator.

Corollary 3.114. A bounded operator T of the complex Banach spaces
X is a Riesz operator if and only if T ∗ is a Riesz operator.

Proof By definition, if T is a Riesz operator then λI − T ∈ Φ(X) for all
λ �= 0. Therefore λI∗−T ∗ ∈ Φ(X∗) for all λ �= 0, so T ∗ is Riesz. Conversely,
if T ∗ is a Riesz operator, by what we have just proved the bi-dual T ∗∗ is
also a Riesz operator. Since the restriction of T ∗∗ to the closed subspace X
of X∗∗ is T , it follows from part (iii) of Theorem 3.113 that T itself must be
a Riesz operator.

If T ∈ L(X) for any closed T -invariant subspace M of X, let x̃ denote

the class rest x + M . Define T̃M : X/M → X/M as

T̃M x̃ : T̃ x for each x ∈ X.

Evidently T̃M is well-defined. Moreover, T̃M ∈ L(X/M) since it is the
composition QMT , where QM is the canonical quotient map of X onto
X/M .

Theorem 3.115. If T ∈ L(X) is a Riesz operator and M is a closed

T -invariant subspace M of X then T̃M is a Riesz operator.

Proof By Corollary 3.114 T ∗ is a Riesz operator. The annihilator M⊥ of
M is a closed subspace of X∗ invariant under T ∗, so by part (iii) of Theorem
3.113 the restriction T ∗|M⊥ is a Riesz operator. Now, a standard argument

shows that the dual of T̃M may be identified with T ∗|M⊥, so by Corollary

3.114 we may conclude that T̃M is a Riesz operator.

Further insight into the classes of Riesz operators will be given in Chap-
ter 7.

10. The spectra of some operators

In this section we shall describe in some concrete cases the various spec-
tra studied before, and in particular, in the case of unilateral weighted right
shifts. As in the preceeding chapter we shall first consider bounded op-
erators T on a Banach space X which satisfy the abstract shift condition
T∞(X) = {0}, where T∞(X) as usual denotes the hyper-range . Recall that
this condition entails that 0 ∈ σ(T ) since T is not surjective.
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Theorem 3.116. Let T ∈ L(X), where X an infinite-dimensional Ba-
nach space, and suppose that T∞(X) = {0}. Then we have:

(i) σ(T ) = σw(T ) = σb(T );

(ii) q(λI − T ) = ∞ for every λ ∈ σ(T ) \ {0};
(iii) T is nilpotent ⇔ q(T ) < ∞.

Proof (i) By Corollary 3.53 we have σw(T ) = σb(T ). We show that σb(T ) =
σ(T ). The inclusion σb(T ) ⊆ σ(T ) is obvious, so it remains to establish that
σ(T ) ⊆ σb(T ). Observe that if the spectral point λ ∈ C is not isolated in
σ(T ) then λ ∈ σb(T ).

Suppose first that T is quasi-nilpotent. Then σb(T ) = σ(T ) = {0} since
σb(T ) is non-empty whenever X is infinite-dimensional. Suppose that T
is not quasi-nilpotent and let 0 �= λ ∈ σ(T ). Since σ(T ) is connected, by
Theorem 2.82, and 0 ∈ σ(T ), it follows that λ is not an isolated point in
σ(T ). Hence σ(T ) ⊆ σb(T ).

(ii) Let λ ∈ σ(T ) \ {0} and suppose that q(λI − T ) < ∞. By Theorem
2.82 we have p(λI − T ) = 0 for every 0 �= λ, and hence by Theorem 3.3
q(λI − T ) = p(λI − T ) = 0, which implies λ ∈ ρ(T ), a contradiction.

(iii) Clearly the nilpotency of T implies that q(T ) < ∞. Conversely, if
q := q(T ) < ∞ then T q(X) = T∞(X) = {0}.

As in the previous chapter we set

i(T ) := lim
n→∞

k(Tn)1/n,

where k(T ) denotes the lower bound of T .

Theorem 3.117. Suppose that T ∈ L(X), X an infinite-dimensional
Banach space, is non-invertible and i(T ) = r(T ). Then

(107) σw(T ) = σb(T ) = σsu(T ) = σ(T ) = D(0, r(T )),

and

(108) σap(T ) = σsf(T ) = σse(T ) = σes(T ) = ∂D(0, r(T )).

In particular, these equalities hold if T∞(X) = {0} and i(T ) = r(T ).

Proof If T is non-invertible and i(T ) = r(T ) then, as noted in Theo-
rem 2.55, σ(T ) is the whole closed disc D(0, r(T )) and σap(T ) is the circle
∂D(0, r(T )). Since T has the SVEP then σsu(T ) = σ(T ) by Corollary 2.45,
and σw(T ) = σb(T ), by Corollary 3.53. Suppose first that i(T ) = r(T ) = 0.
Then T is quasi-nilpotent. The equalities (107) and (108) are then triv-
ially satisfied (note that since X is infinite-dimensional, σb(T ) is non-empty
and hence is {0}). Suppose then that i(T ) = r(T ) > 0. Also in this case
σ(T ) = σb(T ), since every non-isolated point of the spectrum lies on σb(T ).
Therefore the equalities (107) are proved. The equalities (108) follow by
part (i) of Corollary 3.53.
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Note that Theorem 3.117 applies to every unilateral weighted right shift
T on ℓp(N), 1 ≤ p < ∞, which satisfies the equality i(T ) = r(T ). In the
next result we shall consider a very special situation.

Corollary 3.118. Suppose that T is an unilateral weighted right shift
on ℓp(N), 1 ≤ p < ∞, with weight sequence (ωn)n∈�. If

c(T ) = lim
n→∞

inf(ω1 · · ·ωn)1/n = 0,

then

σsu(T ) = σap(T ) = σse(T ) = σes(T )

= σsf(T ) = σf(T ) = σw(T )

= σb(T ) = σ(T ) = D(0, r(T )).

Proof If c(T ) = 0 then both T and T ∗ have SVEP . The equalities of the
spectra then follow by combining part (iii) of Corollary 3.53, Theorem 2.86
and part (i) of Theorem 3.116.

Theorem 3.117 also applies to every non-invertible isometry T on a Ba-
nach space X since i(T ) = r(T ) = 1. Examples of non-invertible isometries
are the semi-shifts on Banach spaces. These are defined as the isometries
for which the condition T∞(X) = {0} is satisfied. It should be noted that
for Hilbert space operators the semi-shifts coincide with the isometries for
which none of the restrictions to a non-trivial reducing subspace is unitary,
see Chapter I of Conway [85].

An operator T ∈ L(X) for which the equality σT (x) = σ(T ) holds for
every x �= 0 is said to have fat local spectra, see Neumann [246]. Clearly,
by Corollary 2.84 an isometry T is a semi-shift if and only if T has fat local
spectra.

Examples of semi-shifts are the unilateral right shift operators of arbi-
trary multiplicity on ℓp(N), as well as every right translation operator on
Lp([0,∞)). In Laursen and Neumann [214, Proposition 1.6.9] it shown that
if X is the Banach space of all analytic functions on a connected open subset
U of C, f a non-constant analytic function on U , and if Tf ∈ L(X) denotes

the pointwise multiplication operator by f , then the condition σ(Tf ) ⊆ f(U)
implies that Tf has local fat spectra. In particular, these conditions are ver-
ified by every multiplication operator Tf on the disc algebra A(D) of all
complex-valued functions continuous on the closed unit disc of C and ana-
lytic on the open unit disc D, where f ∈ A(D), and the same result holds
for the Hardy algebra H∞(D). If f ∈ H∞(D) and 1 ≤ p < ∞ the analytic
Toeplitz operator on Hp(D) defined by the multiplication by f has also a
local fat spectra.

The next result generalizes the result of Corollary 2.83, which corre-
sponds to the case that T is bounded below.
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Theorem 3.119. Let T ∈ Φ±(X), X a Banach space, and let Ω denote
the connected component of ρsf(T ) which contains 0. Then the following
assertions are equivalent:

(i) T∞(X) = {0};
(ii) p := p(T ) < ∞ and

(109) Ω ⊆
⋂

x/∈ker T p

σT (x).

In this case the following assertions are valid:

(iii) q(λI − T ) = ∞ for all λ ∈ σ(T );

(iv) β(λI − T ) > 0 for all λ ∈ σ(T );

(v) T ∈ Φ+(X) and ind (λI − T ) < 0 for all λ ∈ Ω;

(v) T ⋆ does not have the SVEP.

Proof Suppose that T∞(X) = {0}. Then K(T ) = {0} and T has the SVEP
by Theorem 2.82. But T ∈ Φ±(X), so by Theorem 3.16 p := p(T ) < ∞ and
H0(T ) = N∞(T ) = kerT p.

Now, by Theorem 3.31 the mapping λ ∈ Ω → H0(λI − T ) + K(λI − T )
is constant on Ω, so

ker T p = H0(T ) + K(T ) = H0(λI − T ) + K(λI − T )

for all λ ∈ Ω. Again, from Theorem 2.82 we have H0(λI − T ) = {0} for all
λ �= 0, so by Theorem 2.18

ker T p = K(λI − T ) = {x ∈ X : λ /∈ σT (x)}.
for all λ ∈ Ω \ {0}. Thus for x /∈ ker T p we have Ω \ {0} ⊆ σT (x), and since
by Theorem 2.82 0 ∈ σT (x) for all x �= 0, we conclude that the inclusion
(109) holds.

Conversely, suppose that p = p(T ) < ∞ and that (109) holds. Then
0 ∈ σT (x) for every x /∈ ker T p. Suppose that there exists x ∈ T∞(X) with
x �= 0. By Theorem 5.4 then x /∈ ker T p, so 0 ∈ σT (x). But this is impossible
since

x ∈ T∞(X) = K(T ) = {x ∈ X : 0 /∈ σT (x)}.
Therefore T∞(X) = {0}.

(iii) By part (iii) of Theorem 3.116 we need only to prove that q(T ) = ∞.
Suppose q(T ) < ∞. By part (iii) of Theorem 3.116 T is then quasi-nilpotent,
and since p(T ) < ∞ this implies that T is a Fredholm operator, so σf(T ) is
empty, which is impossible since X is infinite-dimensional.

To show that β(λI − T ) for all λ ∈ σ(T ), recall that T is upper semi-
Fredholm since the SVEP at λ ensures that α(T ) ≤ β(T ), see Corollary
3.19. The SVEP at all the points λ ∈ Ω also implies, again by Corollary
3.19, that ind(λI − T ) ≤ 0 for all λ ∈ Ω ∩ σ(T ).

Finally, assume that ind(µI − T ) = 0 for some µ ∈ Ω ∩ σ(T ). Then µ /∈
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σw(T ) = σ(T ) by Theorem 3.116; a contradiction. Hence ind(λI − T ) < 0
for all λ ∈ Ω ∩ σ(T ).

(v) This is a consequence of Theorem 3.17, since q(λI − T ) = ∞ for all
λ ∈ Ω ∩ σ(T ).

Clearly, every isometry T ∈ L(X) on a Banach space satisfies the con-
dition i(T ) = r(T ) = 1, so if T∞(X) = {0} we have

σT (x) = σ(T ) = D(0, 1)

by Corollary 2.83. Moreover, since an isometry is bounded below, and there-
fore upper semi-Fredholm, Theorem 3.119 applies to every isometry which
satisfies the condition T∞(X) = {0}.

For every semi-Fredholm operator T ∈ L(X) we have by Theorem 1.70

⊥K(T ⋆) = N∞(T ) and K(T ) =⊥ N∞(T ⋆).

These equalities, together with the characterizations of the SVEP at a point
established in this chapter concerning semi-Fredholm operators allow us to
deduce the following dual result of Theorem 3.119. We shall state it omitting
the proof.

Theorem 3.120. Let T ∈ Φ±(X), X a Banach space, and let Ω be
the connected component of ρsf(T ) which contains 0. Then the following
assertions are equivalent:

(i) N∞(T ) = X;

(ii) q := q(T ) < ∞ and

Ω ⊆
⋂

x⋆ /∈ker T ⋆q

σT ⋆(x⋆).

In this case the following assertions are valid:

(iii) (λI − T )(X) = X for all λ �= 0;

(iv) T ⋆ has the SVEP ;

(v) T does not have the SVEP ;

(vi) For every x⋆ �= 0, 0 ∈ σT ⋆(x⋆) and σT ⋆(x⋆) is connected;
(vii) σ(T ) = σw(T ) = σb(T ) is connected;

(viii) T ∈ Φ−(X) and ind (λI − T ) > 0 for all λ ∈ ρsf(T ) ∩ σ(T );

(ix) p(λI − T ) = ∞ and α(λI − T ) > 0 for all λ ∈ σ(T ).

Theorem 3.54 also applies to the Césaro operator Cp defined on the
classical Hardy space Hp(D), D the open unit disc and 1 < p < ∞, by

(Cpf)(λ) :=
1

λ

∫ λ

0

f(µ)

1 − µ
dµ for all f ∈ Hp(D) and λ ∈ D.
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As noted by T. L. Miller, V. G. Miller, and Smith in [237], the spectrum of
the operator Cp is the closed disc Γp centered at p/2 with radius p/2, and

σf(Cp) ⊆ σap(Cp) = ∂Γp.

From Corollary 3.14 we also have σap(Cp) = σsf(Cp) ⊆ σf(T ) and there-
fore σap(Cp) = σsf(Cp) = σf(T ) = ∂Γp. Moreover, since T has the SVEP
by Corollary 3.14 we obtain that σw(T ) = σb(T ). It should be noted that
Cp

⋆ does not have SVEP at every point of the interior of Γp. In fact, if
λ0 ∈ Cp \ ∂Γp then λ0I − Cp is Fredholm and the SVEP of Cp

⋆ at λ0

would be equivalent to saying that q(λ0 − Cp) < ∞, by Theorem 3.17. But
λ0I − Cp is injective, so we would have q(λ0 − Cp) = q(λ0 − Cp) = 0 and
hence λ0 /∈ σ(Cp), which is impossible. This argument also shows that
σw(Cp) = σb(Cp) = Γp.

We shall now consider Weyl’s theorem for operators T ∈ L(X) for which
the condition K(T ) = {0} holds. Observe that Theorem 3.85 works for
unilateral weighted left shift on ℓp(N). In fact, although these operators
need not to have the SVEP, the adjoints T ∗ are left shifts and hence have
the SVEP. Moreover, Theorem 3.85 applies also to bilateral weighted shifts
on ℓp(Z), since by Theorem 2.91 at least one of the operators T and T ∗ has
the SVEP.

Theorem 3.121. Suppose that for a bounded operator T ∈ L(X) on
a Banach space X we have K(T ) = {0}. If T is not quasi-nilpotent and
f ∈ H(σ(T )) then f(T ) and f(T ∗) obey Weyl’s theorem.

Proof By Theorem 2.82 the condition K(T ) = {0} entails that T has the
SVEP. Moreover, see Theorem 3.116 and Theorem 2.82, σ(T ) = σb(T ) =
σw(T ) and σ(T ) is a connected set containing 0. In particular, σ(T ) does
not have any isolated point because otherwise σ(T ) = {0}.

Now, let f be an analytic function defined on an open neighbourhood
of σ(T ). Since the identity operator obeys Weyl’s theorem we may assume
that f is non-constant. Hence f(σ(T )) = σ(f(T )) = σ(f(T ∗)) is a connected
subset of C without isolated points and therefore

π00(f(T )) = π00(f(T ∗)) = iso σ(f(T )) = ∅.

Moreover, by Corollary 3.72 we have also

σ(f(T )) = f(σ(T )) = f(σw(T )) = σw(f(T )) = σw(f(T ∗)).

Consequently both f(T ) and f(T ) obey Weyl’s theorem.

Corollary 3.122. Let T ∈ L(X) be a non quasi-nilpotent weighted uni-
lateral right shift T on ℓp(N), 1 ≤ p < ∞, with weight ω = (ωn)n∈�. Then
T obeys Weyl’s theorem. Moreover, if

c(T ) := lim
n→∞

inf(ω1 · · ·ωn)1/n = 0,

then T obeys a-Weyl’s theorem.
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Proof The first assertion is clear. If c(T ) = 0 then T ∗ has SVEP, see
Theorem 2.88, and hence Theorem 3.108 applies to T .

Remark 3.123. The previous theorem cannot, in general, be reversed.
In fact, let V be the quasi-nilpotent Volterra operator on the Banach space
X := C[0, 1], defined in Example 2.35. V is quasi-nilpotent and K(V ) = {0}.
Since V is injective we have π00(V ) = ∅ = σ(V )\σw(V ). We note in passing
that this argument also shows that if T ∈ L(X), K(T ) = {0} and T is
injective then T obeys Weyl’s theorem. Consequently every weighted right
shift with none of the weights ωn = 0 obeys Weyl’s theorem.

10.1. Comments. A relevant part of the material of this chapter is a
sample of results of Aiena et al. [31] [32], [32], [16], [33], [34] and [14].
Some of these results, in the more special case of semi-Fredholm operators,
have been found in Finch [115], Schmoeger [295], and Mbekhta [229], see
also the book [17]. The property that the finiteness of the ascent p(λ0I−T )
implies that T has SVEP at λ0 was first noted by Finch [115], see also
Laursen [201]. However, Theorem 5.4 in the form stated here has been
taken from Aiena and Monsalve [32].

The class of paranormal and hyponormal operators has been investigated
in the literature by several authors, for instance in Heuser’s book [159] or
Istrătescu̧ [172]. A somewhat different notion of paranormal operator may
be found in Albrecht [39] and Mbekhta [226], whilst an extension of the
concept of hyponormal operators has been studied, in the framework of lo-
cal spectral theory by Duggal and Djordjević [101], [99] and [100]. That
every totally paranormal operator has the property (C) was first observed
by Laursen [201], who studied, by using different methods, the class of all
operators for which the ascent p(λI − T ) is finite for every λ ∈ C.

The material on the operators which satisfy a polynomial growth con-
dition is modeled after Barnes [61]. An illuminating discussion of these
operators may be found in Laursen and Neumann [214], see, in particu-
lar, Theorem 1.5.19, where the operators which satisfy a polynomial growth
condition are characterized as the generalized scalar operators having a real
spectrum. Further information may be found in Colojoară and Foiaş [83].

The section on the SVEP for operators of Kato type is modeled after
Aiena and Monsalve [32], Aiena, Colasante , and González [16]. The part
concerning the SVEP at the points where the approximate point spectrum,
as well as the surjectivity spectrum, does not cluster is taken from Aiena
and Rosas [33].

Theorem 3.32, owed to Mbekhta and Ouahab [233], generalizes to the

components of ρk(T ) the results obtained in [253] by Ó Searcóid and West,
which showed the constancy of the mappings

λ → N∞(λI − T ) + (λI − T )∞(X), λ → N∞(λI − T ) ∩ (λI − T )∞(X)

on the connected components of the semi-Fredholm spectrum ρsf(T ).

The work by Ó Searcóid and West [253] extended previous results
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established by Homer [165], by Goldman and Kračkovskǐi [143], [144],
and by Saphar [284], which have studied the continuity of the functions

λ → N∞(λI − T ) and λ → (λI −T )∞(X) on a connected component of the
semi-Fredholm resolvent, except for the discrete subset of points for which
λI − T is not semi-regular. In particular, the constancy of the mappings
λ → N∞(λI − T ) ∩ (λI − T )∞(X) and λ → N∞(λI − T ) + (λI − T )∞(X)
as λ ranges through a connected component of the semi-Fredholm resolvent
was noted by West [323].

The classification of the components of the semi-Fredholm region given
in Theorem 3.36 is classical. However, it should be noted that the methods
used here, inspired by the work of Aiena and Villafãne, which extend this
classification to the other resolvents and involve the SVEP seem to be new.

The classes of semi-Browder operators were introduced by Harte [147]
and have been investigated in latter years by several authors, see Rakočević
[276], V. Kordula, Müller, and Rakočević [192], Laursen [204], Aiena and
Carpintero [14]. Lemma 3.42 and Theorem 3.43 are taken from Grabiner
[139]. The equivalences (ii) ⇔ (iii) of Theorem 3.44 and Theorem 3.46
were proved by Rakočević in [272], see also [275], whilst the equivalences
(i) ⇔ (ii) of Theorem 3.44 and Theorem 3.46 were observed in Aiena and
Carpintero [14]. The interested reader may find results on Weyl and Brow-
der spectra in Harte [146], Harte and Raubenheimer [154], Harte, Lee and
Littlejohn [153]. The relationship between the Dunford property (C) and
the Weyl and Browder spectra for some special classes of operators has also
been investigated by Duggal and Djordjević [101], [99] and [100].

The characterizations of the Browder spectrum and the semi-Browder
spectra of an operator by means of the compressions are owed to Zemánek
[333].

The spectral mapping theorems for σuf(T ), σlf(T ) are modeled after
Gramsch and Lay [141]. The subsequent material on the spectral mapping
theorems for σub(T ), σlb(T ) is inspired in part by the work of Rakočević in
[272] and the work of Oberai [252]. The spectral mapping theorem for the
Browder spectrum was first proved by Nussbaum [250], and successively
proved, by using different methods, by Gramsch and Lay [141] and Oberai
[252]. However, the methods used here, which involve the local spectral the-
ory, are taken from Aiena and Biondi [13]. The interested reader may find
further results on the spectral mapping theorem also in Schmoeger [294].
A modern and unifying approach to the axiomatic theory of the spectrum
may also found in Kordula and Müller [190] and in Mbekhta and Müller
[232].

Theorem 3.66 and Theorem 3.71 are taken from Aiena and Biondi [13],
whilst Corollary 3.72 was established by Curto and Han [86]. The class of
operators for which a-Browder’s theorem holds has been studied recently by
several authors, see, for instance Harte and Lee [152], S. V. Djordjević and
Han [91], Curto and Han [86].
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Theorem 3.81 and the subsequent material on isolated points of the spec-
trum are modeled after Schmoeger [291]. The section concerning Weyl’s
theorem and a-Weil’s theorem contains ideas from S. V. Djordjević, I. H.
Jeon, E. Ko [92], Curto and Han [86], Aiena and Carpintero [15], Aiena and
Villafãne [35], Oudghiri [254]. Lemma 3.89 is owed to Oberai [251]. The
class of operators which satisfy Weyl’s theorem was introduced by Coburn
[81] and later studied by Berberian [65] and [66]. Berberian also showed
that every Toeplitz operator obeys Weyl’s theorem. These authors extended
to some other classes of operators a classical result obtained by Weyl [325]
for selfadjoint operators on Hilbert spaces. The interested reader may find
more recent results in Harte and W. Y. Lee [152], Harte, W. Y. Lee and
Littlejohn [153], Schmoeger [295], Barnes [58], Han and W. Y. Lee [145],
Rakočević [273], D. S. Djordjević, S. V. Djordjević [90], S. H. Lee and W. Y.
Lee [218], B. P. Duggal, S. V. Djordjević [101]. The class of operators which
satisfy a-Weyl’s theorem was introduced by Rakočević [273]. The class of
operators having property (H) has been studied by Aiena and Villafãne
[35]. All the material concerning the property (H0) is taken from Oudghiri
[254]. The interested reader may find some generalizations of these results
in Duggal and S. V. Djordjević [102].

The class of Riesz operators was introduced by Ruston [283] and has
received a lot of attention in many articles, see Caradus [79], West [321],
Aiena [1] [4], and standard books on Fredholm theory, see, for instance,
Heuser [159], Dowson [93], Caradus, Pfaffenberger, and Yood [76]. How-
ever, the methods here adopted for the study of this class of operators by
means of the SVEP seems to be new, and, in particular, the characteriza-
tion (viii) of Theorem 3.111 is taken from Aiena and Mbektha [29]. The
last section on isometries is a sample of results due to Schmoeger [295]
and Neumann [246], see also Laursen and Mbekhta [208], T.L. Miller and
V.G. Miller [235], Aiena and Biondi [12] for further results. Semi-shifts
were introduced by Holub [164] and studied by Laursen and Vrbová [216],
Neumann [246] which introduced the concept of fat local spectra [246].



CHAPTER 4

Multipliers of commutative Banach algebras

A significant sector of the development of spectral theory outside the
classical area of Hilbert spaces may be found among multipliers defined on a
complex commutative Banach algebra. In fact, the Fredholm theory and the
local spectral theory developed in the previous chapters find a significant,
and elegant, application to the study of the spectral properties of this class
of operators.

Multipliers first appeared in harmonic analysis in connection with the
theory of summability for Fourier series, but subsequently this notion has
been employed in many other contexts, amongst which we mention the study
of the Fourier transform, the investigation of homomorphisms of group al-
gebras, Banach modules, and the general theory of Banach algebras. Our
main concern will not be with the investigation of these applications, but
we shall address primarily the spectral theory of multipliers of commutative
semi-prime Banach algebras, in particular, to the Fredholm and local spec-
tral theory of multipliers.

The concept of multiplier extends that of a multiplication operator on
commutative Banach algebras, but one of the reasons of the interest in this
class of operators is given by the reason that the concept of multiplier pro-
viding an abstract frame for studying another important class of operators
which arises from harmonic analysisl, the class of all convolution operators
of group algebras. Of course, a thorough study of multipliers of commuta-
tive Banach algebras requires the knowledge of the basic tools of the theory
of Banach algebras, and, in particular, the machinery of the Gelfand repre-
sentation theory of commutative Banach algebras.

In the first section we shall develop the elementary properties of multipli-
ers of Banach algebras. For the most part we have restricted our attention
to faithful commutative algebras, although some notions are given in the
absence of commutativity. In the second section we see shall show that to
every multiplier T of a semi-simple commutative Banach algebra A there
corresponds an unique bounded continuous function, the Helgason–Wang
function ϕT defined on the maximal ideal space ∆(A) of A. The space
∆(A) may be viewed as an open subset, always with respect to the Gelfand
topology, of the maximal ideal space ∆(M(A) of M(A). The Helgason–

Wang function is the restriction of the Gelfand transform T̂ of the element
T ∈ M(A) to ∆(A) and this property leads, in the third section, to some
descriptions of the various parts of the spectrum of multipliers in terms of
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the range of this function. We shall see that if T is a multiplier of a semi-
prime Banach algebra then the ascent p(λI − T ) is finite for every λ ∈ C,
so T has the SVEP and therefore all the results proved in Chapter 2 and
Chapter 3 apply.

The subsequent sections of this chapter address the multiplier theory
of some concrete Banach algebras, such as group algebras, Banach alge-
bras with orthogonal basis, commutative C∗ Banach algebras, commutative
H∗ algebras. For these algebras we shall also give a precise description of
the ideal in M(A) of all multipliers which are compact operators. These
characterizations will be then used in the next Chapter for giving a precise
description of multipliers which are Fredholm.

1. Definitions and elementary properties

The purpose of this section is to introduce the basic properties of mul-
tipliers of Banach algebras. The material here presented is not exhaustive
and we shall limit ourselves essentially to the multiplier theory of faithful
commutative Banach algebras.

Let A denote a complex Banach algebra (not necessarily commutative)
with or without a unit.

Definition 4.1. The mapping T : A → A is said to be a multiplier of
A if

(110) x(Ty) = (Tx)y for all x, y ∈ A.

The set of all multipliers of A is denoted by M(A).

An immediate example of a multiplier of a Banach algebra A is given
by the multiplication operator La : x ∈ A → ax ∈ A by an element a
which commutes with every x ∈ A. In the case in which A is a commutative
Banach algebra with unit u the concept of multiplier reduces, trivially, to the
multiplication operator by an element of A. To see this, given a multiplier
T ∈ M(A), let us consider the multiplication operator LTu by the element
Tu. For each x ∈ A we have

LTux = (Tu)x = u(Tx) = Tx,

thus T = LTu. In this case we can identify A with M(A).
Given a nonempty subset B of A, we recall that the left annihilator and

the right annihilator of B are the sets lan(B), ran(B) defined by

lan(B) := {x ∈ A : xB = {0}},
and

ran(B) := {x ∈ A : Bx = {0}}.
The basic properties of multipliers that we develop are generally presented
in the framework of a very large class of Banach algebras.

Definition 4.2. The Banach algebra A is said to be faithful if ran(A) =
{0} or lan(A) = {0}.
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In the definition of faithful Banach algebras we follow the terminology
of Johnson [175] and of the recent book of Laursen and Neumann [214].
Faithful Banach algebras was also called proper by Ambrose [46] and with-
out order in the book of Larsen [200], as well as by several other authors.
Trivially, any Banach algebra with an identity is faithful. More generally,
every Banach algebra A with approximate units is faithful, where A is said
to have approximate units if for every x ∈ A and ε > 0 there is an element
u for which ‖x − ux‖ < ε.

We recall that an algebra A is said to be semi-prime if {0} is the only
two-sided ideal J for which J2 = {0}. It is easy to check that if J is a left
(or right) ideal of a semi-prime algebra A for which J2 = {0} then J = {0}.
In fact, lan(A) is a bi-ideal of A with

[lan(A)]2 ⊆ (lan(A))A = {0},
and hence lan(A) = {0}. Clearly JA is a bi-ideal of A and (JA)(JA) ⊆
J2A = {0}. Therefore JA = {0} so that J ⊆ lan(A) = {0}. This also shows
that any semi-prime algebra is faithful.

Note that if A is semi-prime and xAx = {0}, then x = 0. This follows
immediately from the equalities (Ax)2 = AxAx = {0}, which imply that
Ax = {0} and hence x = 0.

We recall that a left ideal J of a Banach algebra A is said to be regular
(or also modular) if there exists an element v ∈ A such that A(1 − v) ⊆ J ,
where

A(1 − v) := {x − xv : x ∈ A}.
Similar definitions apply to right regular ideals and regular ideals. It is clear
that if A has a unit u then every ideal, left, right, or two-sided, is regular.
A two-sided ideal J of A is called primitive if there exists a maximal regular
left ideal L of A such that

J = {x ∈ A : xA ⊆ L}.
It is well known that J is a primitive ideal of A if and only if J is the kernel
of an irreducible representation of A, see Bonsall and Duncan [72, Propo-
sition 24.12].

The (Jacobson) radical of an algebra is the intersection of the primitive
ideals of A, or, equivalently, the intersection of the maximal regular left
(right) ideals of A, see [72, Proposition 24.14]. An algebra A is said to be
semi-simple if its radical radA is equal to {0}. If A = radA then A is
said to be a radical algebra. Each semi-simple Banach algebra is semi-prime
and therefore faithful [72, Proposition 30.5]. Note that in a commutative
Banach algebra A the radical is the set of all quasi-nilpotent elements of A,
see Bonsall and Duncan [72, Corollary 17.7], and consequently A is semi-
simple precisely when it contains non-zero quasi-nilpotent elements, whilst
a commutative Banach algebra A is semi-prime if and only if it contains
non-zero nilpotent elements.
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The weighted convolution algebra L1(R+, ω), where the weight ω is cho-

sen so that ω1/t → 0 as t → 0, is an example of a semi-prime Banach algebra
which is not semi-simple [72], so these two classes of Banach algebras are
distinct.

A trivial example of a semi-primeBanach algebra is an integral domain.
This is a Banach algebra A for which the product of two nonzero elements
of A is always nonzero. On the other hand, it is easy to see that a nonzero
Banach algebra A for which the multiplication of any two elements is zero
will provide an example of a Banach algebra which is not faithful.

As usual, let L(A) denote the Banach algebra of all linear bounded op-
erators on A. Observe that in the definition of multipliers there are no
assumptions of linearity or continuity.

The next theorem shows that if A is faithful Banach algebra the linear-
ity and continuity of a multiplier are consequences of the definition (110).
Observe first that if A is faithful and x, y, z ∈ A, for each T ∈ M(A) we
have

z[x(Ty)] = z[(Tx)y] = (Tz)(xy) = zT (xy),

thus

[x(Ty) − T (xy)] ∈ ran(A) = {0}
and therefore the equalities

(111) x(Ty) = (Tx)y = T (xy)

hold for each x, y ∈ A.

Theorem 4.3. Let A be a faithful Banach algebra. Then:

(i) Every multiplier is a linear bounded operator on A. The multiplier
algebra M(A) is a closed commutative subalgebra of L(A) which contains
the identity I of L(A);

(ii) For every T ∈ M(A), T (A) is a two-sided ideal in A;

(iii) If the Banach algebra A is commutative then every multiplication
operator La : x ∈ A → ax ∈ A, where a ∈ A, is a multiplier of A. The
mapping a ∈ A → La ∈ M(A) is a continuous isomorphism of the algebra
A onto the ideal {La : a ∈ A} of M(A).

Proof (i) First we prove that any T ∈ M(A) is linear. For any x, y, z ∈ A
and λ, µ ∈ C we have

z[T (λx + µy)] = (Tz)(λx + µy) = λz(Tx) + µz(Ty) = z[λTx + µTy],

and since ran(A) = {0} this implies T (λx + µy) = λTx + µTy.
To prove that T is bounded let y, z ∈ A and (yn) ⊂ A be a sequence for

which ‖yn − y‖ → 0 and ‖Tyn − z‖ → 0. For each x ∈ A we have then

‖xz − x(Ty)‖ ≤ ‖x‖‖z − Tyn‖ + ‖(Tx)yn − (Tx)y‖
≤ ‖x‖‖z − Tyn‖ + ‖Tx‖‖yn − y‖ → 0,
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which implies that xz = x(Ty) and hence (z − Ty) ∈ ran(A). Therefore
z = Ty and by the closed graph theorem we then conclude that T is a
bounded operator.

Next, we show that M(A) is a commutative subalgebra of L(A). It
is easy to verify that the sum of multipliers is a multiplier. Moreover if
T, S ∈ M(A) and x, y ∈ A we have

[(TS)x]y = [T (Sx)]y = T [(Sx)y] = T [x(Sy)] = x[TS(y)],

so TS ∈ M(A). Furthermore, by applying (111) to the product TS we
obtain that

x[(TS)y] = (TS)(xy) = T [S(xy)] = T [(Sx)y]

= (Sx)(Ty) = x[(ST )y]

from which we conclude that (TS)y = (ST )y for all y ∈ A. Therefore M(A)
is commutative Banach algebra.

Now, let (Tn) ∈ M(A) be a sequence which converges to T ∈ L(A).
Then for every x, y ∈ A we have

‖(Tx)y − x(Ty)‖ ≤ ‖(Tx)y − (Tnx)y‖ + ‖(Tnx)y − x(Ty)‖
≤ 2‖T − Tn‖‖x‖‖y‖,

and this implies that (Tx)y = x(Ty). Hence M(A) is closed.

(ii) Clearly, if T ∈ M(A) the equalities (111) imply, since T is linear,
that T (A) is a two-sided ideal of A.

(iii) The proof is straightforward.

Theorem 4.4. If A is semi-prime then M(A) is semi-prime.

Proof Suppose that J is a two-sided ideal of M(A) with J2 = {0}. If
T ∈ J then T 2 = 0 and, from the equality (Tx)(Ty) = (T 2x)y = 0 for all
x, y ∈ A, it follows that [T (A)]2 = {0}. Since T (A) is a two-sided ideal of A
and A is semi-prime then T (A) = {0}. Hence T = 0, so that J = {0}.

By Theorem 4.3 a commutative faithful Banach algebra A may be iden-
tified the subset {La : a ∈ A} of the multiplier algebra M(A). Clearly, for
each a ∈ A we have ‖La‖ ≤ ‖a‖. Generally, if A is regarded as a subset of
M(A), the norm of A and the operator norm of M(A) are not equivalent.
A straightforward consequence of the open mapping theorem is that these
two norms are equivalent if and only if the ideal A is a closed in M(A).

We give now an example of a commutative faithful Banach algebra A
for which the two norms on A and M(A) are not equivalent.

Example 4.5. Let ω := (ωn) be a sequence of real number such that
ωn ≥ 1 for all n ∈ N and denote by c0(ω) the space of all complex sequences
x := (xn) for which xnωn → 0, as n → ∞. The space c0(ω) with respect
the coordinatewise operations and equipped with weighted supremum norm
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given by

‖x‖ω := sup
n∈�

|xnωn|

is a commutative Banach algebra. If we define φk(x) := xk for all elements
x = (xn) ∈ c0(ω) then φk is a multiplicative linear function on c0(ω) and it
is easily seen that c0(ω) is semi-simple. If ek := (δjk)j∈� then ‖ek‖ = 1 for
all k ∈ N. For every k ∈ N let us consider the multiplication operator Lek

.
It is clear that ‖Lek

‖ = 1 for all k ∈ N. Therefore if we choose ωn → ∞ as
n → ∞ the norm on M(c0(ω)) is not equivalent to the norm of c0(ω), and
consequently c0(ω) is not closed in the norm of its multiplier algebra .

A Banach algebra A is said to have an approximate identity if there
exists a net (eλ)λ∈Λ such that eλa → a in the norm of A for every a ∈
A. If the net (eλ)λ∈Λ is bounded we shall say that A possesses a bounded
approximate identity. It is straightforward to verify that a Banach algebra
with a bounded approximate identity is faithful. Moreover, it is easily seen
that for a commutative Banach algebra with a bounded approximate identity
the norm of A is equivalent to the operator norm of A regarded as subset of
M(A), so that A is a closed subset of M(A).

We show now that, in the commutative case, the algebra M(A) is the
maximal commutative extension of A into L(A).

Theorem 4.6. Let A be a faithful Banach algebra. Then the following
statements are equivalent:

(i) A is commutative;

(ii) M(A) is a maximal commutative subalgebra of L(A), i.e., there is
no proper subalgebra of L(A) containing properly M(A).

Proof The proof depends on Zorn’s Lemma. Suppose that A is commu-
tative. If M(A) were not maximal in L(A), by Zorn’s Lemma there exists
a maximal commutative subalgebra B of L(A) containing properly M(A).
Suppose that T ∈ B. For each x, y ∈ A we have

(112) x(Ty) = Lx(Ty) = (LxT )y = (TLx)(y) = T (xy).

Obviously we may interchange in (112) x with y and obtain y(Tx) = T (yx)
and since xy = yx from (112), it then follows that

x(Ty) = T (xy) = T (yx) = y(Tx) = (Tx)y.

Therefore T ∈ M(A) for each T ∈ B, contradicting that M(A) is properly
contained in B.

Conversely, suppose that M(A) is maximal subalgebra of L(A) and con-
sider an arbitrary element a ∈ A. If La is the left multiplication operator
by a and T ∈ M(A) then

(LaT )x = a(Tx) = T (ax) = (TLa)x
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for all x ∈ A. From this it follows that LaT = TLa for all T ∈ M(A) and
hence La ∈ M(A), by the maximality of A. This implies, for every x, y ∈ A,

yxa = Ly(xa) = x(Lya) = xya

for all a ∈ A. Consequently yx − xy ∈ lan(A) = {0}, hence yx = xy for all
x, y ∈ A. Therefore A is commutative.

Observe that the definition of a multiplier reminds us in a certain sense
of the definition of a symmetric operator T which is defined on a Hilbert
space H by

(113) 〈Tx, y〉 = 〈x, Ty〉 for all x, y ∈ H,

where 〈·, ·〉 denotes the inner product on H. The classical Hellinger Toeplitz
theorem establishes that the definition (113) implies the continuity of T ,
exactly as the definition (110)) implies the continuity of a multiplier on a
faithful Banach algebra.

Definition 4.7. We shall say that two elements x, y ∈ A are orthogonal
whenever xy = yx = 0. Given a nonempty subset B of A the orthogonal of
B is defined to be the set

B⊤ := {x ∈ A : xy = yx = 0 for each y ∈ B}.
Trivially, B⊤ is a two-sided ideal of A, and by the continuity of the

product it is also closed.

Definition 4.8. A projection P is said to be orthogonal if P projects A
onto a closed two-sided ideal B along its orthogonal B⊤, i.e.,

A = B ⊕ B⊤, P (A) = B, and ker P = (I − P )(A) = B⊤.

The following result is reminiscent of analogous properties of symmetric
operators on Hilbert spaces.

Theorem 4.9. Let A be a faithful Banach algebra. For each T ∈ M(A),
we have:

(i) ker T = T (A)⊤ and T (A) ⊆ ker T⊤;

(ii) If T is surjective then T is injective;

(iii) Eigenvectors of T corresponding to distinct eigenvalues are orthog-
onal to each other.

Proof (i) Let x ∈ ker T and y = Tz, where z ∈ A Then xy = x(Tz) =
(Tx)z = 0 and in the same way yx = 0.

Conversely, if y ∈ T (A)⊤, for every x ∈ A we have (Tx)y = x(Ty), and
this implies, since A is faithful, Ty = 0. Therefore T (A)⊤ ⊆ ker T .

To prove the second inclusion let us consider y ∈ T (A) and suppose that
Tyn → y ∈ A as n → ∞. For any x ∈ ker T and every n ∈ N we then have
0 = (Tx)yn = x(Tyn), which implies that xy = 0. Analogously yx = 0, so
y ∈ (ker T )⊤.
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(ii) If T (A) = A then by part (i) ker T = A⊤ = {0}.
(iii) Let Tx = λx , Ty = µy where λ �= µ and x, y �= 0. Then

λxy = (Tx)y = x(Ty) = µxy.

Therefore (λ − µ)xy = 0, thus xy = 0. Analogously we have yx = 0.

The next theorem shows that the orthogonal projections are exactly
all the projections which are multipliers. It also exhibits another strong
analogy between symmetric projections (which are orthogonal with respect
to the inner product) on a Hilbert space and multiplier projections on a
faithful Banach algebra .

Theorem 4.10. Let A be a faithful Banach algebra and P ∈ L(A) a
projection. Then P is orthogonal if and only if P is a multiplier.

Proof Let be P an orthogonal projection and let us suppose that A =
M ⊕M⊤, M a closed two-sided ideal of A, is the corresponding orthogonal
decomposition, i.e. P (A) = M and ker P = M⊤. Then for each z, v ∈ A
we have z = x + y, v = u + w, where u, v ∈ M , y, w ∈ M⊤. From these
decompositions it follows that

(Pz)v = P (x + y)v = xv = x(u + w) = xu = (x + y)u = z(Pv)

for each z, v ∈ A, hence P is a multiplier of A.
Conversely, let P ∈ M(A) be a projection. Then A = P (A)⊕(I−P )(A).

Let us consider the elements Px ∈ P (A) and (I − P )y ∈ (I − P )(A). We
have

P (x)[(I − P )y] = x[P (I − P )y] = 0

and, analogously, [(I − P )y](Px) = 0. Therefore P (A) ⊆ (I − P )(A)]⊤.
On the other hand, if we assume that z ∈ A is orthogonal to (I −P )(A),

because I − P is a multiplier then

z[(I − P )y] = (I − P )(zy) = 0 for each y ∈ A,

which gives

zy = P (zy) = (Pz)y for each y ∈ A.

Therefore z − Pz ∈ A⊤ = 0 and hence z = Pz. This proves also that the
inclusion [(I − P )(A)]⊤ ⊆ P (A) holds, so [(I − P )(A)]⊤ = P (A).

Let B denote a closed two-sided ideal of A and T ∈ M(A). We shall say
that B reduces T if A = B ⊕ B⊤ and B, B⊤ are both invariant under T .

Theorem 4.11. Let A be a faithful Banach algebra. We have:

(i) If B is a closed two-sided ideal invariant under T ∈ M(A), then also
B⊤ is invariant under T ;

(ii) If A admits the orthogonal decomposition A = B ⊕ B⊤, where B
a closed two-sided ideal, then B reduces any T ∈ M(A) under which B is
invariant.
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Proof (i) Let y ∈ B⊤ and let z be any element of B. We have 0 = y(Tz) =
(Ty)z and 0 = (Tz)y = z(Ty), thus Ty ∈ B⊤.

(ii) Suppose A = B ⊕ B⊤, B a closed two-sided ideal in A, and let
P denote the corresponding orthogonal projection of A onto B. Then by
Theorem 4.10 P ∈ M(A) and the commutativity of M(A) entails that PT =
TP for each T ∈ M(A). This is equivalent to the property that the two ideals
B and B⊤ are both invariant under T .

It is easily seen that every closed ideal in a Banach algebra with an
approximate identity is invariant under any T ∈ M(A).

In a Hilbert space a symmetric operator T on a complex inner product
space is uniquely determined by its quadratic form 〈Tx, x〉, see Heuser [159,
§68]. Similarly, a multiplier T of a faithful commutative Banach algebra may
be characterized by means of the products (Tx)x, x ∈ A. In fact, we have:

Theorem 4.12. Let A be a faithful commutative Banach algebra . Then
T ∈ M(A) if and only if Tx2 = x(Tx) = (Tx)x holds for each x ∈ A.

Proof Clearly we have only to show that if Tx2 = x(Tx) for each x ∈ A
then T ∈ M(A). To see this let x, z ∈ A be arbitrary. Then

(Tx)x + 2 T (xz) + (Tz)z

= T (x2 + 2xz + z2)

= T (x + z)2 = (x + z)T (x + z)

= (Tx)x + (Tz)x + (Tx)z + (Tz)z,

and hence

2T (xz) = (Tz)x + (Tx)z = x(Tz) + (Tx)z.

From this we obtain that

(2TLx − LxT )z = LTxz for every z ∈ A.

This implies that

(2TLx − LxT ) = LTx ∈ M(A),

and hence because M(A) is commutative 2TLx − LxT commutes with Lz.
Consequently,

(114) 2TLxLz − LxTLz = 2LzTLx − LzLxT = 2LzTLx − LxLzT.

Applying each side of the (114) to z, using the equality Tz2 = z(Tz), and
simplifying we then obtain

T (xz2) = zT (xz) for every x, z ∈ A.

In particular, T [y(x + z)2] = (x + z)T (x + z)y, and hence

Tx2y + 2T (xzy) + Tz2y = T [(x + z)2y]

= T [y(x + z)2] = (x + z)T (x + z)y

= x(T (xy) + xT (zy) + zT (xy) + zT (zy).
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Therefore

(115) 2TLxLz = LxTLz + LzTLx.

By substituting (119) into (114) and simplifying we then obtain LzTLx =
LzLxT , which gives zT (xy) = z[x(Ty)] for all z ∈ A. Since A is faithful we
then conclude that T (xy) = x(Ty) for each x, y ∈ A, so T ∈ M(A).

In the sequel we shall need the following result which shows that if A
has an approximate identity then every multiplier is the limit in the strong
topology of multiplication operators.

Theorem 4.13. Let A be a faithful commutative Banach algebra. Then
the following properties are equivalent:

(i) A has an approximate identity;

(ii) The set {Lx : x ∈ A} is dense in M(A) in the strong operator
topology.

Proof (i) ⇒ (ii) Suppose that (uβ) is an approximate identity of A. Then
the net (LTuβ

) converges strongly to the operator T for each T ∈ M(A).

(ii) ⇒ (i) Conversely if (ii) is satisfied the net (Luβ
) converges in the

strong topology to the identity I ∈ M(A), and this obviously implies that
(uβ) is an approximate identity of A.

2. The Helgason–Wang function

We first recall some basic elements of the classical Gelfand theory of
commutative Banach algebras. The reader will find more information in
Bonsall and Duncan [72] and Rickart [279].

Let ∆(A) denote the set of all maximal regular ideals of a commutative
Banach algebra A and let A∗ denote the dual of A. Recall that a mul-
tiplicative linear functional on a complex Banach algebra A is a non-zero
linear functional m ∈ A∗ such that m(xy) = m(x)m(y) for all x, y ∈ A, i.e.,
m is a non-zero homomorphism of A into C. It is well known that if A is
commutative the maximal regular ideals are precisely the kernels of the mul-
tiplicative linear functionals. Hence ∆(A) can be identified with the subset
of the unit ball of A∗ consisting of the multiplicative linear functionals on
A. Consequently if A is a commutative Banach algebra A then

rad A =
⋃

m∈∆(A)

ker m,

and from this it follows that rad A coincides with the set of all quasi-nilpotent
elements of A, see [72, Corollary 17.7].

In ∆(A) it is possible to consider the so called Gelfand topology. This
is the weak∗ topology on the unit ball of the dual restricted to ∆(A). The
set ∆(A) provided with this topology is a locally compact Hausdorff space
called the regular maximal space of A. Note that ∆(A) is compact with the
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Gelfand topology if the Banach algebra A has a unit, see Bonsall Duncan
[72, §17].

Now let x̂ denote the Gelfand transform of x ∈ A defined by

x̂(m) := m(x) for each m ∈ ∆(A),

and denote by C0(A) the Banach algebra of all continuous complex valued
functions which vanish at infinity, provided with the sup-norm. The cor-
respondence x ∈ A → x̂ ∈ C0(A) defines a continuous homomorphism of
A onto a subalgebra of C0(A) which is called the Gelfand representation of
A. If A has a unit the mapping x → x̂ is a continuous homomorphism of
A onto a subalgebra of C(∆), where C(∆) denotes the Banach algebra of
all continuous complex valued functions provided with the sup-norm, since
∆(A) is compact in this case.

Finally, A is semi-simple if and only if the Gelfand representation is in-
jective or equivalently that ∆(A) separates the points of A, i.e. for every
non-zero element of A there exists some m ∈ ∆(A) such that x̂(m) �= 0.
Obviously the last condition implies that if x̂(m) is zero for all m ∈ ∆(A)
then x = 0.

The following result, owed to Wang [314], plays a fundamental role in
the theory of multipliers of commutative semi-simple Banach algebras. It
shows that every multiplier of A may be represented as a bounded continuous
complex function on the locally compact Hausdorff space ∆(A).

Theorem 4.14. Let A be a semi-simple commutative Banach algebra.
Then for each T ∈ M(A) there exists a unique bounded continuous function
ϕT on ∆(A) such that the equation

(116) T̂ x(m) = ϕT (m)x̂(m)

holds for all x ∈ A and all m ∈ ∆(A). Moreover,

‖ϕT ‖∞ ≤ ‖T‖ for all T ∈ M(A).

Proof For each m ∈ ∆(A) take x ∈ A such that x̂(m) �= 0 and define

ϕT (m) :=
T̂ x(m)

x̂(m)
.

We show first that the definition of ϕT is independent of x. Indeed, let y
be any element of A such that ŷ(m) �= 0. Then because (Tx)y = x(Ty)

we have T̂ x(m)/x̂(m) = T̂ y(m)/ŷ(m), and hence the function ϕT is well
defined. Moreover, ϕT is a continuous function on ∆(A), so to prove the
equation (120) for all x ∈ A and m ∈ ∆(A) we only need to show that it is
still satisfied whenever x̂(m) = 0.

Suppose x̂(m) = 0 and let y ∈ A such that ŷ(m) �= 0. Then we have

T̂ x(m)ŷ(m) = x̂(m)T̂ y(m) = 0,

which implies T̂ x(m) = 0. Hence T̂ x(m) = ϕT (m)x̂(m) for all x ∈ A and
m ∈ ∆(A).
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To prove the uniqueness of ϕT denote by ψ a second complex-valued

function defined on ∆(A) for which T̂ x = ψx̂. Then

(ϕT (m) − ψ(m))x̂(m) = 0 for all x ∈ A,

and this trivially implies ϕT (m) = ψ(m).
To prove the last assertion let us denote

‖m‖ := sup{|x̂(m)| : ‖x‖ = 1}.
Because 0 < ‖m‖ ≤ 1, for each x ∈ A we have

|ϕT (m)x̂(m)| = |T̂ x(m)| ≤ ||m‖‖Tx‖‖x‖.
In particular, considering those elements x having norm 1 we obtain

|ϕT (m)| ≤ inf
‖x‖=1

‖m‖‖T‖
|x̂(m)| =

‖m‖‖Tx‖
sup‖x‖=1 |x̂(m)| = ‖T‖,

so ϕT is bounded and ‖ϕT ‖∞ ≤ ‖T‖.
The function ϕT which corresponds by the previous theorem to a mul-

tiplier T will be called the Helgason–Wang function of T .
Clearly, for a multiplication operator La we have

ϕLa = â for every a ∈ A.

Let us denote by M(A) the normed subalgebra of C(∆) defined as follows

M(A) := {ϕ ∈ C(∆) : ϕ is bounded and ϕÂ ⊆ Â},

where Â denotes the set {x̂ : x ∈ A}. It is evident that the equation

T̂ x(m) = ϕT (m)x̂(m) defines a continuous isomorphism T → ϕT of M(A)
onto the algebra M(A).

In the next theorem we give another characterization of multipliers of
commutative semi-simple Banach algebras.

Theorem 4.15. Let A be a commutative semi-simple Banach algebra
and T be a bounded operator on A. Then the following statements are equiv-
alent:

(i) T ∈ M(A);

(ii) Each maximal regular ideal of A is invariant under T , or, equiva-
lently, T (ker m) ⊆ ker m for each m ∈ ∆(A).

Proof Let T ∈ M(A) and m ∈ ∆(A). If x /∈ ker m, for every y ∈ ker m we
have

T̂ y(m)x̂(m) = ϕT (m)x̂(m) = 0.

Since x̂(m) �= 0 this implies T̂ y(m) = m(Ty) = 0, and hence Ty ∈ ker m.
Conversely, suppose that (ii) holds and consider two elements x, y of A.

Fix an arbitrary multiplicative linear functional m ∈ ∆(A). Suppose first
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the case that either x or y belongs to the maximal regular ideal M := ker m,
say x ∈ M . From Tx ∈ ker m we then obtain

(117) ̂[x(Ty) − (Tx)y](m) = 0.

Consider the other case in which both x, y do not belong to the maximal
regular ideal M . Since M has codimension 1 there then exist λ, µ ∈ C, an
element z /∈ M , and elements u, v ∈ M such that x = λz + u, y = µz + v.
Taking into account that both the elements Tu and Tv belong to M = kerm
we then have that

x̂(Ty)(m) = T̂ x)y(m) = λẑ(m)µT̂ z(m).

Hence also in this second case the equality ̂[x(Ty) − (Tx)y](m) = 0 is sat-
isfied. Therefore the equality (117) is verified for each m ∈ ∆(A) and
for all x, y ∈ A, so from the semi-simplicity of A we may conclude that
x(Ty) = (Tx)y for all x, y ∈ A, which shows that T ∈ M(A).

Since M(A) is a commutative Banach algebra we can consider the max-

imal regular ideal space ∆(M(A)). As usual, by T̂ we shall denote the
Gelfand transform of T as an elemente of the commutative Banach algebra
M(A). Observe that, since M(A) has a unit, ∆(M(A)) is compact with
respect to the Gelfand topology.

Next we want to exhibit for a commutative faithful Banach algebra the
relationships between ∆(A) and ∆(M(A)). We recall that by Theorem 4.3
A can be algebraically identified with the ideal {Lx : x ∈ A} of M(A). In
symbols we shall write A = {Lx : x ∈ A}.

Theorem 4.16. Let A be a commutative faithful Banach algebra. To
each m ∈ ∆(A) there corresponds an unique φ := φ(m) ∈ ∆(M(A)) such
that the restriction φ | A of φ on A coincides with m. Moreover, if ν ∈
∆(M(A)) then either ν = 0 on A or there is a unique m ∈ ∆(A) such that
ν | A = m.

Proof Suppose that m ∈ ∆(A) and let x be an element of A such that
m(x) �= 0. Let φ be defined as follows

φ(T ) :=
m(Tx)

m(x)
for any T ∈ M(A).

Observe that the definition of φ does not depend on the choice of x since if
m(y) �= 0 then

φ(T )m(y) =
m(Tx)m(y)

m(x)
= m((Tx)y) =

m(x(Ty))

m(x)
= m(Ty).

Evidently φ is a linear functional on M(A) and

φ(TS) =
m((TS)x)

m(x)
=

φ(T )m(Sx)

m(x)
= φ(T )φ(S),
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so φ ∈ ∆(M(A)). Moreover, for all y ∈ A we have

φ(Ly) =
m(Lyx)

m(x)
=

m(yx)

m(x)
= m(y),

which shows that φ | A = m.
To prove that φ is unique let us consider another multiplicative linear

functional µ ∈ ∆M(A) such that µ(Ly) = m(y) for all y ∈ A. Choosing any
x ∈ A such that m(x) �= 0, if T ∈ M(A) we then have

µ(T )m(x) = µ(TLx) = φ(LTx) = m(Tx) = φ(T )m(x),

and this obviously implies that µ = φ.
To prove the last part of the theorem let us consider a multiplicative

linear functional ν on M(A) such that ν(Ly) �= 0 holds for some y ∈ A.
The equation m(x) = ν(Lx), where x ∈ A, defines a multiplicative linear
functional m on A, and by the first part of the proof ν coincides with the
unique φ ∈ ∆(M(A)) for which φ | A = m, so the proof is complete.

Let Ω be the set defined by

Ω := {φ ∈ ∆(M(A)) : φ(Lx) �= 0 for some x ∈ A}.
As a consequence of Theorem 4.16 we know that there exists a bijective
mapping

(118) φ : m ∈ ∆(A) → φ = φ(m) ∈ Ω

of ∆(A) onto the subset Ω of ∆(M(A)).

Definition 4.17. Given an ideal J of a commutative Banach algebra B,
the hull of J is defined to be the set

hB(J) := {m ∈ ∆(B) : ker m ⊆ J}.
If E is a subset of ∆(B) the kernel of E is defined to be the ideal of B

kB(E) :=
⋂

m∈E

ker m = {x ∈ B : x̂(m) = m(x) = 0 for all m ∈ E}.

It is easily seen that hB(J) and kB(E) are closed subsets of ∆(B) and
B, respectively.
Now denote by hM(A)(A) the hull of the ideal A = {Lx : x ∈ A} in M(A):

hM(A)(A) = {φ ∈ ∆(M(A)) : φ | A ≡ 0 for each x ∈ A}.
Clearly we have

(119) ∆(M(A)) = Ω ∪ hM(A)(A).

The equality above is just a set-theoretic decomposition of ∆(M(A)). The
next theorem shows how these sets are also topologically linked in the
Gelfand topology of ∆(M(A)).

Theorem 4.18. Let A be a commutative faithful Banach algebra. Then
Ω is an open subset of ∆(M(A)) homeomorphic to ∆(A), and hM(A)(A) is
compact in ∆(M(A)) with respect to the Gelfand topology.
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Proof The hull hM(A)(A) is a closed subset of ∆(M(A)), so the equal-
ity (119) implies that Ω is open. The bijective mapping φ : m → φ(m),
described after Theorem 4.16 is a continuous mapping of ∆(A) onto Ω,
since φ(T ) = m(Tx)/m(x). The inverse mapping is also continuous, since
φ(Lx) = m(x) and {Lx : x ∈ A} is a subset of M(A). Hence the mapping
φ is an homeomorphism of ∆(A) onto Ω. This last fact implies, because
∆(M(A)) is compact, that hM(A)(A) is a compact subset of ∆(M(A)).

By the last theorem we can identify ∆(A) with Ω. For this reason we
shall always write in the sequel

(120) ∆(M(A)) = ∆(A) ∪ hM(A)(A).

It is easy to verify that when ∆(A) is regarded as a subset of ∆(M(A))
the Gelfand topology of ∆(A) coincides with the relative Gelfand topology

induced by ∆(M(A)). Moreover, if T̂ : ∆(M(A)) → C denotes the Gelfand
transform of T ∈ M(A) we have

(121) T̂ | ∆(A) = ϕT for each T ∈ M(A);

and for this reason we shall freely use both notations T̂ and ϕT for the
Helgason–Wang function defined on ∆(A).

As we observed before, the algebra A considered as a subalgebra of M(A)
is not generally closed in the M(A) norm. The following result provides an
information on the M(A) closure of A in M(A).

Theorem 4.19. Let A be a commutative faithful Banach algebra. Then
the M(A) closure of A is contained in kM(A)(hM(A)(A)).

Proof Let T ∈ M(A) be an element of the M(A)-norm closure of the
ideal A = {Lx : x ∈ A}. For each ε > 0 then there exists x ∈ A such

that ‖T − Lx‖ < ε. From the property that the Gelfand transform L̂x = x̂
vanishing identically on hM(A)(A)) we infer that

|T̂ (ψ)| = |T̂ (ψ) − L̂x(ψ)| ≤ ‖T − Lx‖ < ε for every ψ ∈ hM(A)(A)).

Therefore T̂ | hM(A)(A)) ≡ 0, so T ∈ kM(A)hM(A)(A)).

Let us consider the following two sets :

M0(A) := {T ∈ M(A) : T̂ | ∆(A) = ϕT vanishes at infinity in ∆(A)}
and

M00(A) := {T ∈ M(A) : T̂ ≡ 0 on hM(A)(A)}.
Clearly M0(A) and M00(A) are proper closed ideals of the Banach algebra
M(A), because these ideals do not contain the identity operator I. Because
the Gelfand transform â of an element a ∈ A vanishes at infinity on ∆(A)
we also have

A = {La : a ∈ A} ⊆ M00(A) ⊆ M0(A).
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Later we shall see that both of these inclusions may be strict, for instance
when A = L1(G), G a non-discrete locally compact Abelian group.

Let us consider the set hM0(A)(A), the hull of the ideal A = {La : a ∈ A}
relative to the algebra M0(A). The next theorem exhibits the connection
between the two spaces ∆(M0(A)) and ∆(A).

Theorem 4.20. Let A be a commutative semi-simple Banach algebra.
Then ∆(A) is homeomorphic to an open and closed subset of ∆(M0(A)).
Moreover, ∆(M0(A)) = ∆(A) ∪ hM0(A)(A).

Proof Clearly, as in Theorem 4.18 ∆(A) is homeomorphic to an open subset
Ω of ∆(M0(A)), and therefore by identifying ∆(M0(A)) with this set Ω we
can write ∆(M0(A)) = ∆(A) ∪ hM0(A)(A).

Now suppose that h0 is a boundary point of ∆(A) in ∆(M0(A)). If
T ∈ M0(A), for each ε > 0 there exists a compact K ⊂ ∆(A) such that

|T̂ (m)| < ε for each m ∈ ∆(A) \ K.

Since ∆(A) is open the point h0 cannot belong to any compact K of ∆(A),

so that T̂ must vanish at the point h0. But this contradicts that h0 �= 0.
Therefore the point at infinity is the unique boundary point of ∆(A) and
∆(M0(A)) \ ∆(A) in the compactification of ∆(M0(A)). This shows that
∆(A) is also a closed subset of ∆(M0(A)).

The maximal ideal space ∆(A) of a commutative Banach algebra A may
also be topologized by means of the so-called hull-kernel topology or hk-
topology. This is determined by the Kuratowski closure operation: given a
subset E ⊂ ∆(A) the hk-closure of E is the set

hA(kA(E)) = {m ∈ ∆(A) : m(x) = 0 for all x ∈ A with x̂ | E ≡ 0}.

Hence the closed sets of the hk-topology are all the sets hA(kA(E)), where
E ranges over the subsets of ∆(A).

The hk-topology is generally coarser than the Gelfand topology on ∆(A).
To show this let us consider for an arbitrary subset E of ∆(A) the comple-
ment ∆(A) \ hA(kA(E)). Clearly, from the definition of the hk-closure it
follows that the ∆(A)\hA(kA(E)) is the set of all m ∈ ∆(A) for which there
is an element a ∈ A with â ≡ 0 on E and â(m) = m(a) �= 0. From this we
infer that ∆(A)\hk(E) is always open in the Gelfand topology, hence every
kh-closed subset of ∆(A) is closed in the Gelfand topology.

In the sequel we shall need the following two classical results on the
maximal ideal spaces of ideals and quotients. A proof of these results may
be found in Rickart [279], or also in Proposition 4.3.3 and Proposition 4.3.4
of Laursen and Neumann [214].

Theorem 4.21. Let A be commutative complex Banach algebra and J
an ideal in A. Then we have
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(i) The set ∆(A) \ hA(J) is hk-open, and hence Gelfand open, in ∆(A).
Moreover, the mapping

m ∈ ∆(A) \ hA(J) → m | J

is a homeomorphism of ∆(A) \ hA(J) to ∆(J) with respect the Gelfand
topology, as well as with respect to the hk-topology.

(ii) There exists a bijective mapping Ψ : ∆(A/J) → hA(J) and this
mapping is a homeomorphism with respect the Gelfand and hk-topologies on
these two sets.

Because Theorem 4.21 we shall write

∆(J) = ∆(A) \ hA(J) and ∆(A/J) = hA(J),

for every ideal J of A. According to Theorem 4.21 these identifications hold
both for the Gelfand and the hk-topologies and

∆(A) = ∆(J) ∪ ∆(A/J),

where the two sets ∆(J) and ∆(A/J) are disjoint.
Recall that the Shilov idempotent theorem establishes that if ∆(A) =

∆1 ∩∆2, where ∆1, ∆2 are disjoint non-void compact sets, then there exists
an idempotent e ∈ A with m(e) = 1 for all m ∈ ∆1 and m(e) = 0 for all
m ∈ ∆2, see Shilov [298], or Theorem 21.5 of Bonsall and Duncan [72].

In the following theorem we collect some basic results on commutative
Banach algebras which will be used in the investigation of multipliers.

Theorem 4.22. For every commutative Banach algebra A the following
assertions holds:

(i) If E ⊆ ∆(A) is a hull then E is compact with respect to the Gelfand
topology if and only if kA(E) is a regular ideal;

(ii) If E ⊆ ∆(A) is a hull such that there exist an element a ∈ A and
a δ > 0 for which |â| ≥ δ on E, then there is an element b ∈ A for which

âb ≡ 1 on E;

(iii) If E1 and E2 are two disjoint hulls in ∆(A) and if E1 is compact with
respect to the Gelfand topology then there exists u ∈ A such that û | E1 ≡ 1
and û | E2 ≡ 0.

Proof See Proposition 4.3.12 and Proposition 4.3.13 of Laursen and Neu-
mann [214].

Definition 4.23. A commutative Banach algebra A is said to be regular
if for every closed subset E of ∆(A) in the Gelfand topology and every m0 ∈
∆(A) \ E there exists an x ∈ A such that x̂(m0) = 1 and x̂ ≡ 0 on E.

Examples of regular commutative Banach algebras are C0(Ω), the alge-
bra of all continuous complex-valued functions that vanish at infinity on a
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locally compact Hausdorff topological space Ω, see [198, p. 167], and L1(G),
G being a locally compact Abelian group, see [198, Corollary 7.2.3].

Note that if ∆(A) is totally disconnected in the Gelfand topology then A
is regular, for a proof see [214, Lemma 4.8.4]. An important example of non-
regular commutative Banach algebra is provided by the disc algebra A(D),
the algebra of all complex-valued functions continuous on the closed unit
disc of C and analytic on the open unit disc D provided with the uniform
norm:

‖f(t)‖ := sup
t∈�

|f(t)|.

The maximal regular ideal space of A(D) may be canonically identified with
the closed unit disc D and from the identity theorem for analytic functions
it immediately follows that A(D) is not regular.

It is not complicated to see that the Gelfand topology and the hk-
topology on ∆(A) coincide exactly when A is regular. In fact, if the two
topologies coincide then every Gelfand closed set E ⊆ ∆(A) is hk-closed.
Hence E = hA(kA(E)) so there exists for each m ∈ ∆(A) \ E an element
a ∈ A with â ≡ 0 on E and m(a) �= 0.

Conversely, if A is regular and E is a Gelfand closed subset of ∆(A) then
for every m ∈ ∆(A) \ E there is an element x ∈ kA(E) for which m(x) �= 0.
From this it follows that m ∈ ∆(A) \hA(kA(E)) and hence E = hA(kA(E)),
so E is hk-closed and consequently the two topologies coincide.

It should be noted that whilst the Gelfand topology is always Hausdorff
the hk-topology need not be Hausdorff. In fact, a classical result establishes
that in any unital commutative Banach algebra the hk-topology is Hausdorff
if and only if it coincides with the Gelfand topology, or equivalently A is
regular, see Theorem 28.3 of Bonsall and Duncan [72].

In the sequel, in order to avoid confusion, all topological references on
∆(A) will be with respect to the Gelfand topology unless explicitly stated
otherwise.

If A is a faithful commutative Banach algebra we can consider the hk-
topology on ∆(A) and ∆(M(A)). The next result show that if ∆(A) and
∆(M(A)) are endowed with the hull-kernel topologies then ∆(A) is dense
in ∆(M(A)).

Theorem 4.24. Let A be a semi-simple commutative Banach algebra .
Suppose that ∆(A) and ∆(M(A)) are endowed with the hk-topology. Then
∆(M(A)) = ∆(A)∪hM(A)(A), ∆(A) is open and dense in ∆(M(A)), whilst
hM(A)(A) is compact.

Proof Let us consider the following set

Ω := {ϕ ∈ ∆(M(A)) : ϕ(Lx) �= 0 for some x ∈ A}.
As we have already observed the set-theoretic decomposition ∆(M(A)) =
Ω ∪ hM(A)(A) holds and ∆(A) may be identified with Ω. It is evident that
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the set Ω is open and hM(A)(A) is compact in the hk-topology on ∆(M(A)).
We show now that the bijective mapping φ : m ∈ ∆(A) → m∗ := φ(m) ∈ Ω
described after Theorem 4.16 is also a homeomorphism if both ∆(A) and
∆(M(A)) are provided with the hull-kernel topology.

Let W be any subset of ∆(A) and consider the set W ∗ := φ(W ). It is
easily seen that the kernel in A of W is the set:

(122) kA(W ) = {x ∈ A : Lx ∈ kM(A)(W
∗)}.

Moreover, there is the following equivalence:

(123) ker m ⊇ kA(W ) ⇔ ker m∗ ⊇ kM(A)(W
∗).

From (122) and (123) it then follows that

φ(hA(kA(W ))) = Ω ∩ hM(A)(kM(A)(W
∗))

and this clearly implies that the mapping φ is an homeomorphism of ∆(A)
onto the set Ω with respect to the hk-topology. Finally, if we take Lx ∈
kM(A)(Ω) we have

m∗(Lx) = m(x) = 0 for all m ∈ ∆(A)

and therefore x = 0. This implies that kM(A)(Ω) = {0} and hence ∆(M(A)) =
hM(A)(kM(A)(Ω)). Thus Ω is hk-dense in ∆(M(A)).

Theorem 4.25. For a commutative faithful Banach algebra A the fol-
lowing statements are equivalent:

(i) A is semi-simple;

(ii) M00(A) is semi-simple;

(iii) M0(A) is semi-simple;

(iv) M(A) is semi-simple.

Moreover, if M(A) or M0(A) is regular then A is regular.

Proof Since A is an ideal in M00(A), M00(A) an ideal in M0(A) and M0(A)
an ideal in M(A), from Bonsall and Duncan [72, Corollary 20, p.126] it
follows that the implications (iv) ⇒ (iii) ⇒ (ii) ⇒ (i) hold.

To show the implication (i) ⇒(iv) let suppose that A is semi-simple and

let T ∈ M(A) such that the Gelfand transform T̂ = 0̂. Then T̂ x(m) =

T̂ (m)x̂(m) = 0 for every m ∈ ∆(A) and x ∈ A which implies that T̂ x = 0
for all x ∈ A. Since A is semi-simple this implies T = 0, thus the Gelfand

representation T → T̂ of M(A) into C(∆(M(A)) is injective and therefore
the algebra M(A) is semi-simple. Hence the statements (i), (ii), and (iii)
are equivalent.

Now, to show the last statement suppose that M0(A) is regular. Let F
be closed in ∆(A) and m0 ∈ ∆(A) \ F . Then by Theorem 4.20 F is closed
in ∆(M0(A)), so there exists a multiplier T ∈ M0(A) such that

T̂ | F ≡ 0 and T̂ (m0) = 1.
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Let x ∈ A such that x̂(m0) = 1. Then we have T̂ x(m) = 0 and (T̂ x)(m0) =
1. This shows that also A is regular. The proof in the case that M(A) is
regular is similar.

3. First spectral properties of multipliers

In this section we establish some basic properties of the spectrum of
a multiplier. First we need to fix some preliminary notations on Banach
algebras.

Let us denote by A any Banach algebra with unit u. The spectrum of
an element x ∈ A with respect to A is canonically defined by

σA(x) := {λ ∈ C : λu − x is invertible in A}.
We recall that a subalgebra B of A is said to be inverse closed if for every
x ∈ B which has an inverse x−1 ∈ A then x−1 ∈ B.

As usual, the spectrum of a bounded operator T , the spectrum of T with
respect to the Banach algebra L(A), will be denoted, as usual, by σ(T ).

Theorem 4.26. If A is any faithful Banach algebra, the following state-
ments holds:

(i) M(A) is an inverse closed subalgebra of L(A);

(ii) σ(T ) = σM(A)(T ) for each T ∈ M(A).

Proof (i) Suppose that T ∈ M(A) admits an inverse T−1 in L(A). For
each x, y ∈ A we have then

(T−1x)y = T−1T [(T−1x)y] = T−1[(TT−1x)y] = T−1(xy)

= T−1[x(TT−1y)] = T−1T [x(T−1y)] = x(T−1y),

hence T−1 ∈ M(A) and therefore the multiplier algebra M(A) is an inverse
closed subalgebra of L(A).

(ii) This is immediate by part (i).

Recall that for every T ∈ L(X), where X is a Banach space, the residual
spectrum of T is defined to be the set

σr(T ) := {λ ∈ C : λI − T is injective, (λI − T )(X) is not dense in X}.
The continuous spectrum σc(T ) of a bounded operator T on a Banach space
X is the set of all λ ∈ C such that λI − T is injective and (λI − T )(X) is a
proper non-dense subspace of X. Evidently the three spectra σp(T ), σc(T )
and σap(T ) are disjoint.

In the following theorem we collect some basic relationships between
these spectra.

Theorem 4.27. Let T ∈ L(X), where X is a Banach space. Then:,

(i) σp(T ) ∪ σc(T ) ⊆ σap(T );

(ii) σ(T ) = σp(T ) ∪ σc(T ) ∪ σr(T );

(iii) σr(T ) ⊆ σp(T
∗) ⊆ σp(T ) ∪ σr(T ).
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Proof The statements (i) and (ii) are immediate from definitions. To show

(iii) assume that λ ∈ σr(T ). Then λI−T is one to one but λI − T )(X) �= X.
Hence there exists a non-zero f ∈ X∗ such that

f [(λI − T )x] = [(λI∗ − T ∗)f ](x) = 0 for all x ∈ X.

Therefore T ∗f = λf , and consequently λ ∈ σp(T
∗). This shows the first

inclusion of (iii).
To show the second inclusion let λ ∈ σp(T

∗). If λI − T is not injective
then λ ∈ σp(T ). Suppose then that λI − T is injective. Since λ ∈ σp(T

∗),
there exists a non-zero f ∈ X∗ such that

[(λI∗ − T ∗)f ](x) = f [(λI − T )x] = 0 for all x ∈ X.

The last equality shows that f(y) = 0 for all y ∈ (λI − T )(X) and hence

(λI − T )(X) �= X. In this case λ ∈ σr(T ), so the proof is complete

In the following theorem we give more information on the fine structure
of the spectrum of a multiplier.

Theorem 4.28. For every semi-simple commutative Banach algebra A
the following statements hold:

(i) σ(T ) = T̂ (∆(M(A)) if T ∈ M(A), and σ(T ) = T̂ (∆(M0(A)) if
T ∈ M0(A);

(ii) σp(T ) ⊆ T̂ (∆(A)) ⊆ σp(T ) ∪ σr(T ) for every T ∈ M(A);

(iii) If A has no unit and T ∈ M0(A) then

T̂ (∆(A)) ∪ {0} = T̂ (∆(A)) ⊆ σ(T );

(iv) If A has no unit and T ∈ M00(A) then

σ(T ) = T̂ (∆(A)) ∪ {0} = T̂ (∆(A));

(v) σ(T ) = T̂ (∆(A)) if T̂ is hk-continuous on ∆(M(A)).

Proof (i) By Theorem 4.26 and the Gelfand theory we have σ(T ) =

σM(A)(T ) = T̂ (∆(M(A)).
To prove the second assertion denote by [M0(A)]e the Banach algebra

obtained by adjoining an unit to M0(A).
Let T = λI − S ∈ [M0(A)]e, where λ ∈ C and S ∈ M0(A), and let us

suppose that T is invertible in M(A). Then by Theorem 4.26 T−1 ∈ M(A)
and since M0(A) is a proper ideal of M(A) we also have λ �= 0. From this
we obtain

T−1 = (λI − S)−1 =
1

λ
I − [

1

λ
I − (λI − S)−1]

=
1

λ
I − 1

λ
(λI − S)−1[(λI − S) − λI]

=
1

λ
I +

1

λ
(λI − S)−1S ∈ [M0(A)]e,
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since S ∈ M0(A) and
1

λ
(λI − S)−1S ∈ [M0(A)]e. This shows that [M0(A)]e

is an inverse closed algebra of M(A), and therefore for every T ∈ M0(A),
we have

σ(T ) = σ[M0(A)]e(T ) = σM0(A)(T ) = T̂ (∆(M0(A)).

(ii) First we prove the inclusion σp(T ) ⊆ T̂ (∆(A)). If λ is an eigenvalue of
T then there exists an element x �= 0 of A such that (λI − T )x = 0. By
hypothesis A is semi-simple, and hence there is an element m0 ∈ ∆(A) such

that x̂(m0) �= 0. From the equality ̂(λI − T )x = (λ − T̂ )x̂ ≡ 0̂ we obtain

now that (λ − T̂ )(m0) = 0, and consequently T̂ (m0) = λ.
To prove the second inclusion let us consider the dual T ∗ of T . For each

multiplicative linear functional m ∈ ∆(A) and for each x ∈ A we have

T ∗(m)(x) = m(Tx) = T̂ x(m) = T̂ (m)x̂(m) = T̂ (m)m(x),

so T ∗(m) = T̂ (m)m, and therefore T̂ (m) is an eigenvalue of T ∗. The second
inclusion then follows immediately from the second inclusion of part (ii) of
Theorem 4.27.

(iii) If T ∈ M0(A) we have

σ(T ) = T̂ (∆(M(A)) = [T̂ (∆(M(A))]

⊇ [T̂ (∆(A)] ⊇ T̂ (∆(A)) = T̂ (∆(A)) ∪ {0}.
(iv) The equalities follow easily because ∆(M(A)) = hM(A)(A) ∪ ∆(A),

by Theorem 4.18 and T̂ | hM(A)(A) ≡ 0, by definition.

(v) This is clear from part (i) and Theorem 4.24.

A natural question is whether the two sets M(A) and [M0(A)]e coincide.
The following simple example shows that, generally, these two algebras may
be different.

Example 4.29. Let us consider the Banach algebra C0(Ω) of all contin-
uous complex valued functions which vanish at infinity on a locally compact
Hausdorff space Ω. We show first that M(C0(Ω)) is isometrically isomor-
phic to the Banach algebra Cb(Ω) of all bounded continuous complex-valued
functions defined on Ω, endowed with the supremum-norm ‖ · ‖∞.

Clearly, for each g ∈ Cb(Ω) the operator defined by

Tg(f) := gf for all f ∈ C0(Ω)

is a multiplier on C0(Ω). Conversely, let T ∈ M(C0(Ω)) be arbitrary. The
classical Urysohn lemma ensures that for every ω0 ∈ Ω there exists f ∈
C0(Ω) such that f(ω) = 1 and 0 ≤ f ≤ 1 on Ω. Clearly f1Tf2 = f2Tf1 for
all f1, f2 ∈ C0(Ω), so if we define

g(ω) := (Tf)(ω)/f(ω) whenever f(ω) �= 0

then g(ω) is independent of f ∈ C0(Ω). The function g so defined is continu-
ous on Ω and being T continuous, by Theorem 4.3, we also have ‖g‖∞ ≤ T ,
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and hence g ∈ Cb(Ω). It is easily seen that T is the multiplication operator
by g, so the mapping g ∈ Cb(Ω) → Tg defines an isometric isomorphism
from Cb(Ω) onto the multiplier algebra M(C0(Ω)).

A similar argument shows that M0(C0(Ω)) can be identified with the
same space C0(Ω). Let βΩ be the Stone–Čech compactification of Ω. By
a standard result of functional analysis we have that Cb(Ω) = C(βΩ). A
classical result of Čech establishes that no point of βΩ = Ω is a Gδ in βΩ,
so that the set βΩ =Ω contains uncountably many points. From that it
easily follows that the multiplier algebra M(C0(Ω)) contains [M0(C0(Ω))]e
properly.

A standard result on Hilbert spaces establishes that every normal op-
erator has empty residual spectrum. The following example shows that a
similar property, in general, does not hold for arbitrary multipliers of semi-
simple Banach algebras.

Example 4.30. Let A := C([0, 1]) denote the uniform Banach algebra of
all continuous complex-valued functions on the unit interval. Let us consider
the operator T ∈ M(A) of multiplication by the independent variable,

(Tf)(λ) := λf(λ) for all f ∈ A, λ ∈ [01].

Evidently

σ(T ) = σr(T ) = T̂ ([0, 1]) = [0, 1],

and it is easy to see that σp(T ) = ∅. Indeed, if (λ − ω)f(λ) = 0 for some
ω ∈ [0, 1] then f(λ) = 0 for all λ.

The example above also shows that the first inclusion of part (ii) of The-
orem 7.79 may be strict. In the following result we give further information,
on the point spectrum σp(T ) of a multiplier T ∈ M(A) whenever we assume
that the maximal ideal space ∆(A) is discrete.

Theorem 4.31. Let A be a commutative semi-simple Banach algebra
with discrete maximal ideal space ∆(A). Then

σp(T ) = T̂ (∆(A)) for every T ∈ M(A).

Proof By Theorem 7.79 the inclusion σp(T ) ⊆ T̂ (∆(A)) is true for every

multiplier, so we have only to prove the inclusion T̂ (∆(A)) ⊆ σp(T ). Since
∆(A) is a discrete space the Shilov idempotent theorem ensures that A is
a regular algebra, and hence if m0 is a fixed multiplicative functional there
exists an element x ∈ A such that x̂(m0) = 1 and x̂ vanishes identically in
the set ∆(A) \ {m0}. From this we obtain

̂
[(T̂ (m0)I − T )x] (m) = [T̂ (m0) − T̂ (m)]x̂(m) = 0

for every m ∈ ∆(A). Therefore [(T̂ (m0)I − T ]x = 0 and because x �= 0 we

conclude that T̂ (m0) ⊆ σp(T ), so σp(T ) = T̂ (∆(A)).
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In the next chapter we shall prove that the residual spectrum is empty
for every multiplier T acting on a semi-simple commutative Banach algebra
A which have dense socle.

The next result establishes elementary properties of a multiplier from the
point of view of local spectral theory. In particular, it is shown that every
multiplier of a semi-prime, not necessarily commutative, Banach algebra has
SVEP, so that many results of the previous chapters apply.

Theorem 4.32. Let A be a semi-prime Banach algebra and T ∈ M(A).
Then:

(i) p(T ) ≤ 1. Moreover, ker T ∩ T (A) = {0};
(ii) T has the SVEP;

(iii) σ(T ) = σsu(T ) and σse(T ) = σap(T );

(iv) ET (Ω) =
⋂

λ/∈Ω(λI − T )∞(A) for every Ω ⊂ C.

Proof (i) We have to show that ker T = ker T 2 for every T ∈ M(A). The
inclusion ker T ⊆ ker T 2 is true for every linear operator on a vector space.

To show the reverse inclusion let x ∈ ker T 2 and set z := Tx. Obviously
z ∈ ker T and

zaz = (Tx)az = xa(Tz) = 0

for every a ∈ A. From this it follows that zAzA = (zA)2 = {0}, hence
since A is semi-prime zA = {0}, which implies z = Tx = 0. This proves the
inclusion ker T 2 ⊆ ker T .

The equality ker T ∩ T (A) = {0} is an obvious consequence of Lemma
3.2.

(ii) Since λI − T ∈ M(A) for every λ ∈ C, from the first part we obtain
that p(λI − T ) ≤ 1 for every λ ∈ C. This condition ensures by Theorem 5.4
that T has the SVEP at every λ ∈ C.

(iii) This is a consequence of the the SVEP, by Corollary 2.45.

(iv) The condition p(λI −T ) ≤ 1 implies that the algebraic core C(λI −
T ) = (λI − T )∞(A) for all λ ∈ C, by Theorem 3.5. Hence

ET (Ω) =
⋂

λ/∈Ω

C(λI − T ) =
⋂

λ/∈Ω

(λI − T )∞(A)

for every Ω ⊂ C.

Note that if a faithful commutative Banach algebra A is not semi-prime
and T ∈ M(A) then the inequality p(T ) ≤ 1 need not to be true. In fact,
since A is not semi-prime we know that there exists a nilpotent element
0 �= a ∈ A. Let denote by La the corresponding multiplication operator and
let n ∈ N be the smallest natural number for which an = 0. Clearly n > 1
and an−1 �= 0. Since A is faithful we have

ker (La)
n−1 = ker Lan−1 �= {0} for all n ∈ N,
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whilst ker La
k = {0} for all k ≥ n. Therefore p(La) = n > 1. This argument

shows that a faithful commutative Banach algebra A is semi-prime precisely
when p(T ) ≤ 1 for all T ∈ M(A).

Part (iii) of Theorem 4.32 shows that for a multiplier T ∈ M(A), A a
semi-prime Banach algebra, we have the following implication:

T surjective ⇒ semi-regular ⇔ T bounded below.

Note that all these implications may be proved directly, and in a simpler
way, by arguing as follows: since T (A) ∩ ker T = {0} the surjectivity of T
trivially implies the closedness of T (A) and the injectivity of T . Moreover,
if T is semi-regular T has by definition a closed range and ker (T ) ⊆ T (A),
thus T is injective. The converse is true for all operators T ∈ L(X), X a
Banach space, so the implications above described are proved.

Later we shall see that also the first implication is an equivalence when-
ever T is a multiplier of a semi-simple regular Tauberian commutative Ba-
nach algebra A.

Theorem 4.33. Let A be a semi-simple Banach algebra and T ∈ M(A),
Then

XT ({0}) = H0(T ) = ker T.

Proof The first equality is clear from Theorem 2.20, since T has the SVEP.
We know that ker T ⊆ H0(T ), so it remains to prove the inverse inclusion.

Suppose that x ∈ H0(T ). By an easy inductive argument we have

(Ty)n = (Tny)yn−1 for every y ∈ A and n ∈ N.

From that it follows

‖(aTx)n‖ = ‖(Tax)n‖ = ‖Tn(ax)(ax)n−1‖
≤ ‖a‖‖Tnx‖‖(ax)n−1‖

for every a ∈ A, so the spectral radius of the element aTx is

r(aTx) = lim
n→∞

‖(aTx)n‖1/n = 0

for every a ∈ A. This implies that Tx ∈ rad A (see Bonsall and Duncan [72,
Proposition 1, page 126]). Since A is semi-simple Tx = 0, hence x ∈ ker T ,
and consequently H0(T ) ⊆ ker T , which concludes the proof.

Corollary 4.34. Let A be a semi-simple Banach algebra and T ∈ M(A).
Then T is quasi-nilpotent if and only if T = 0.

Proof Suppose T ∈ M(A) quasi-nilpotent. Combining Theorem 4.33 and
Theorem 1.68 we have A = H0(T ) = ker T and hence T = 0.

The following example shows that the assumption that A is semi-simple
in Theorem 4.33 cannot replaced by the weaker assumption that A is semi-
prime.
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Example 4.35. Let ω := (ωn)n∈� be a sequence with the property that

0 < ωm+n ≤ ωmωn for all m,n ∈ N.

Let ℓ1(ω) denote the space of all complex sequences x := (xn)n∈� for
which ‖x‖ω :=

∑∞
n=0 ωn|xn| < ∞. The space ℓ1(ω) equipped with convolu-

tion

(x ⋆ y)n :=
n∑

j=0

xn−jyj for all n ∈ N ,

is a commutative unital Banach algebra with unit e1 = (1, 0, . . .). Therefore
the multiplier algebra M(ℓ1(ω)) may be identified with the same algebra
ℓ1(ω). Let Aω denote the maximal ideal of ℓ1(ω) given by

Aω := {(xn)n∈� ∈ ℓ1(ω) : x0 = 0}.
The Banach algebra Aω is, obviously, an integral domain and hence semi-

prime. Consider the standard basis (en), where en := (δnj)j∈�. It is easily
seen that e1

n = en , so e1 generates Aω. From the estimate ‖e1‖ω = ωn for
all n ∈ N, we obtain that the spectral radius of e1 is given by the limit

ρω := lim
n→∞

ω1/n
n = inf

n∈�
ω1/n

n .

From the Gelfand theory we know that the set Qω of quasi-nilpotent ele-
ments of a commutative A is the kernel of the Gelfand transform, so that Qω

is a closed subalgebra of A. These facts imply that Aω is a radical algebra,
i.e. Aω coincides with its radical, if and only if ρω = 0.

It can been shown that for Aω we have the following dichotomy: Aω is
radical or is semi-simple and the last case occurs precisely when ρω > 0, for
more information and details see Example 4.1.9 of Laursen and Neumann
[214]).

Now fix 0 �= a ∈ Aω and let Ta(x) := a ⋆ x, x ∈ Aω, denote the multipli-
cation operator by the element a. From the estimate

‖Tnx‖1/n = ‖an ⋆ x‖1/n ≤ ‖an‖ 1

n ‖x‖1/n

we see that Ta is quasi-nilpotent. Thus H0(Ta) = Aω, by Theorem 1.68. On
the other hand, Aω is an integral domain so that kerTa = {0}.

The poles of a multiplier of a semi-simple Banach algebra may be char-
acterized in a very simple way. Recall that a spectral point λ0 of T ∈ L(X),
where X is a Banach space, is a simple pole of the resolvent R(λ, T ) if λ0 is a
pole of order 1. This is equivalent to saying that p(λ0I−T ) = q(λ0I−T ) = 1,
see Remark 3.7, part (f). By Theorem 4.32 a pole of a multiplier of a semi-
simple Banach algebra is then necessarily simple.

The next result shows that the poles of a multiplier of a semi-simple
Banach algebra are precisely the isolated points of σ(T ).
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Theorem 4.36. Let T ∈ M(A), A a semi-simple Banach algebra. Then
λ0 is a simple pole of R(λ, T ) if and only if λ0 is an isolated point of the
spectrum. In particular, every isolated point of σ(T ) is an eigenvalue of T .

Proof Clearly we have only to prove that if λ0 is an isolated point of the
spectrum then p(λ0I − T ) = q(λ0I − T ) = 1, or equivalently, see Theorem
3.6, that

A = (λ0I − T )(A) ⊕ ker (λ0I − T ).

Let P0 be the spectral projection associated with {λ0}. The spectral pro-
jection P0 generates the decomposition

A = M0 ⊕ N0 where M0 := P0(A) and N0 := ker P0.

The subspaces M0 and N0 are invariant under T , the spectrum of T |M0

is {λ0} and the spectrum of T |N0 is σ(T ) \ {λ0}. By Theorem 4.33 and
Theorem 3.74 we have

M0 = H0(λ0I − T ) = ker (λ0I − T ).

Since the restriction λ0I − T |N0 is invertible we also have

N0 = (λ0I − T )(N0) ⊆ (λ0I − T )(A).

Thus
A = (λ0I − T )(A) + ker (λ0I − T ),

and this sum is direct, from part (i) of Theorem 4.32.
Note that, the fact that every isolated point of the spectrum is a pole of

the resolvent also follows from Theorem 3.96 and Theorem 4.33.

The SVEP of a multiplier implies by part (i) of Corollary 3.53 that the
Weyl spectrum σw(T ) and the Browder spectrum σb(T ) coincide. Generally
these two spectra differ from the Fredholm spectrum σf (T ), as the following
example shows.

Example 4.37. Let Lz be the multiplication operator defined on the
disc algebra A := A(D) by pointwise multiplication by the independent
variable z. It is easily seen that σw(Lz) = σb(Lz) is the closed unit disc D,
whilst the Fredholm spectrum σf (Lz) is the boundary of D. This example
also shows by part (iii) of Corollary 3.53 that in general the dual T ⋆ of a
multiplier need not have the SVEP.

The following result gives a precise description of the isolated points λ
of σ(T ) which do not belong to the Fredholm spectrum σf (T ).

Theorem 4.38. Let T ∈ M(A), where A is a semi-simple commutative
Banach algebra, and suppose that λ0 ∈ C is isolated in σ(T ). Then the
following statements are equivalent:

(i) λ0I − T is Fredholm;

(ii) α(λ0I − T ) < ∞;

(iii) β(λ0I − T ) < ∞;

(iv) The set {m ∈ ∆(A) : T̂ (m) = λ} is finite.
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Proof The implication (i) ⇒ (ii) is obvious.

(ii) ⇒ (iii) Suppose that α(λ0I−T ) < ∞ and that λ0 is isolated in σ(T ).
From Theorem 4.36 we know that p(λ0I − T ) = q(λ0I − T ) < ∞ and this
implies by Theorem 3.4 that α(λ0I − T ) = β(λ0I − T ), so (λ0I − T )(A) is
finite-codimensional.

(iii) ⇒ (iv) If the range (λ0I − T )(A) is finite-codimensional the hull in
A of (λ0I − T )(A),

hA((λ0I − T )(A)) = {m ∈ ∆(A) : m(y) = 0 for every y ∈ (λ0I − T )(A)},
is a finite set and evidently coincides with the set

Γ := {m ∈ ∆(A) : T̂ (m) = λ0}.
(iv) ⇒ (i) Assume that Γ := {m ∈ ∆(A) : T̂ (m) = λ0} is a finite set.

Then the points of Γ are clopen in ∆(A), and obviously Γ supports the set
ker (λ0I − T ), so ker (λ0I − T ) is finite-dimensional. The point λ0 being
isolated in σ(T ), the condition p(λ0I − T ) = q(λ0I − T ) < ∞ then implies,
again by Theorem 3.4, that the range (λ0I − T )(A) is finite-codimensional,
so λ0I − T is Fredholm.

Corollary 4.39. Let A be a semi-simple commutative Banach algebra.
Then T ∈ M(A) is a Riesz operator if and only if each λ ∈ σ(T ) \ {0} is

isolated and the set {m ∈ ∆(A) : T̂ (m) = λ} is a finite set.

Proof Each λ �= 0 of the spectrum of a Riesz operator is an isolated point
of σ(T ), so the assertion is immediate by Theorem 4.38.

4. Multipliers of group algebras

In this section we shall consider examples of multipliers of some impor-
tant classes of commutative semi-simple Banach algebras. For some of these
algebras we shall see that it is possible to construct a model for the algebra
M(A). Moreover, for these algebras we shall characterize the ideal KM (A)
in M(A) of all multipliers which are compact operators. These character-
izations will be useful in the subsequent chapter in order to describe the
multipliers which are Fredholm operators or Riesz operators.

The first Banach algebra which we shall consider is the so called group
algebra L1(G) , which, in a sense, is the paradigm of many of the results
on multiplier theory. We shall review briefly, without proofs, some of the
basic results about this important algebra and shall refer for a full treatment
to the classical monographs by Hewitt and Ross [161], [162], Rudin [282],
Loomis [223] and Gaudry [123].

Let G be a locally compact Abelian group and suppose that λ is a Haar
measure on G. Let L1(G) denote the so called group algebra of all equiv-
alence classes of complex valued functions which are absolutely integrable
with respect to λ. As usual, we shall not distinguish between an integrable
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function f on G and the equivalence class in L1(G) to which f belongs. We
recall that L1(G) under the norm

‖f‖ :=

∫

G
|f(t)| dλ(t) for every f ∈ L1(G)

and with the pointwise operations is a Banach space. Moreover, L1(G) with
the usual convolution defined by

(f ∗ g)(s) :=

∫

G
f(st)g(t−1) dλ(t) for f, g ∈ L1(G)

as multiplication is a semi-simple regular commutative Banach algebra.
Moreover, L1(G) possesses a unit if and only if G is discrete, see Rudin
[282, 1.1.8], or Loomis [223].

Let Lp(G), 1 < p < ∞, denote the space of all equivalence classes of
measurable complex valued functions on G whose p-th powers are abso-
lutely integrable with respect to λ. Also here we do not distinguish between
an integrable function and the corresponding equivalence class. The space
Lp(G) under the norm

‖f‖p :=

(∫

G
|f(t)|pdλ(t)

) 1

p

for every f ∈ Lp(G)

and with the pointwise operations is a Banach space. In general, if G is
not compact and 1 < p < ∞, the convolution product of two elements f ,
g ∈ Lp(G) need not belong to Lp(G), thus Lp(G) is not an algebra. This
is not the case of a compact Abelian group. Indeed, for a compact Abelian
group G it is not hard to check that Lp(G) is a semi-simple regular commuta-
tive Banach algebra for every 1 ≤ p < ∞. Moreover, Lp(G), for 1 < p < ∞,
is a closed ideal of L1(G).

Finally, let L∞(G) denote, for an arbitrary locally compact Abelian
group G, the space of equivalence classes of essentially bounded measurable
complex functions on G. It is easily seen that L∞(G) is a semi-simple com-
mutative Banach algebra with respect to pointwise operations. Moreover,
if G is a compact Abelian group, L∞(G) is also a semi-simple regular com-
mutative Banach algebra under convolution as multiplication, and precisely
L∞(G) is a closed ideal in L1(G).

Although the group algebra L1(G), G a locally compact Abelian group,
does not have a unit unless G is discrete, it always admits a minimal approx-
imate identity. If G is compact, also the algebra Lp(G), where 1 < p < ∞,
does always possess an approximate identity, but this never is minimal un-
less G is finite, see Hewitt and Ross [161].

Note that if G is compact and 1 ≤ p < ∞ then there exist approxi-
mate identities consisting of trigonometric polynomials. These are defined
to be the finite linear combinations of continuous characters and denoting
by P (G) this set of polynomials a remarkable property is that P (G) is norm
dense in Lp(G), [282].
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In order to describe the multiplier algebra for group algebras we recall
some well known results of Gelfand theory about these algebras. The regular
maximal ideal space ∆(A) of A = L1(G), G a locally compact Abelian
group, or of A = Lp(G), 1 ≤ p ≤ ∞, G a compact Abelian group, is easy to
describe. In fact, in both cases ∆(A) corresponds precisely to the so called
continuous characters on G, where a continuous character γ is a continuous
group homomorphism of G onto the circle group T := {λ ∈ C : |λ| = 1}.
This is a consequence of the result that for every multiplicative functional
m ∈ ∆(A), where A is one of these algebras, there exists a continuous
character γ on G such that

m(f) =

∫

G
(t−1, γ)f(t) dλ(t) for every f ∈ A,

where (t−1, γ) denotes the values of γ at t−1 ∈ G.

Let Ĝ be the collection of all such homomorphisms. For each real ε > 0,
let Uε : {λ ∈ T : |λ− 1| < ε}, and consider for every compact subset K of G
the set

N(K, ε) := {γ ∈ Ĝ : (t, γ) ∈ Uε for all t ∈ K}.
The family {N(K, ε)} and their translates form a basis for a topology on Ĝ.

With respect to this topology Ĝ becomes a locally compact Abelian group,
called the dual group of G. Hence we have the following two important
relations :

∆(L1(G)) = Ĝ for every locally compact abelian group G

and

∆(Lp(G)) = Ĝ, 1 ≤ p ≤ ∞, for every compact abelian group G.

Moreover, for these algebras the Gelfand topology on the regular maximal

ideal space ∆(A) = Ĝ coincides with the topology mentioned above on the

dual group Ĝ. Observe that G is compact (respectively, discrete) if and only

if Ĝ is discrete (respectively, compact), see Hewitt and Ross [161, Theorem
23.17].

The Gelfand transform f̂ of an element in anyone of these algebras is
the so called Fourier transform of f defined by

f̂(γ) :=

∫

G
(t−1, γ)f(t) d λ(t), γ ∈ Ĝ.

In the cases of G = R, G = T, T the circle group, and G = Z we obtain
some standard concepts of classical Fourier analysis. Precisely,

(1) If G = R then Ĝ = R and

f̂(x) =

∫

�

f(t)e−ixt dt for every x ∈ R.
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(2) If G = T then Ĝ = Z and

f̂(n) =
1

2π

∫ π

−π
f(eiθ)e−inθ dθ for every n ∈ Z.

(3) If G = Z then Ĝ = T and

f̂(z) =
+∞∑

−∞

f(n)z−n for every z ∈ T.

Let M(G) denote the space of all regular complex valued Borel measures
on G with finite total mass. The set M(G) with respect to the pointwise
operation and endowed with the total variation norm given by ‖µ‖ := |µ|(G)
is a Banach space. If one defines, for µ, ν ∈ M(G), the convolution product
µ ∗ ν by

(µ ∗ ν)(E) :=

∫

G
ν(Es−1) dµ(s) for all Borel sets E ⊆ G,

then M(G) is a commutative Banach algebra called the measure algebra of
G. For fixed g ∈ G define ug(E) := 1 or 0 according as g ∈ E or g /∈ E.
It is easy to see that if 1 denotes the identity of G then u1 ∗ µ = µ for
all µ ∈ M(G). Hence u1 is a unit for M(G), the so called Dirac measure
concentrated at the identity of G.

For every measure µ ∈ M(G) the Fourier–Stieltjes transform is the

function µ̂ : Ĝ :→ C defined by

µ̂(γ) :=

∫

G
(t−1, γ) dµ(t) for all γ ∈ Ĝ.

The Fourier–Stieltjes transform is bounded and uniformly continuous on

Ĝ and satisfies the important equality

µ̂ ∗ ν = µ̂ν̂ for all µ, ν ∈ M(G).

If we define mγ(µ) := µ̂(γ) for each µ ∈ M(G) then mγ is a non-trivial

multiplicative functional on M(G), so the dual group Ĝ may be embedded
into the maximal ideal space ∆(M(G)). From the uniqueness theorem for
the Fourier–Stieltjes transform it then follows that µ = 0 whenever µ̂ ≡ 0

on Ĝ. This of course implies that M(G) is semi-simple.
The regular maximal deal space ∆(M(G)) is considerable larger than

∆(L1(G)) = Ĝ, whenever G is non-discrete. This is a consequence of an
important classical result of harmonic analysis, known as the Wiener Pitt
phenomenon, which ensures that on a non-discrete locally Abelian group
there always exists a non-invertible measure µ ∈ M(G)) such that |µ̂| ≥ 1,
see Rudin [282] or Graham and McGehee [140].

If for f ∈ L1(G) we define

µf (E) :=

∫

E
f(t)dλ(t) for every Borel set E ⊂ G



222 4. MULTIPLIERS OF COMMUTATIVE BANACH ALGEBRAS

then the mapping f → µf is an isometric isomorphism of the algebra L1(G)
into the algebra M(G). For this reason L1(G) may be regarded as a sub-
algebra of M(G). Precisely, the well known Radon-Nikodym theorem es-
tablishes that L1(G) may be identified with the closed ideal of M(G) of all
measures which are absolutely continuous with respect to λ, see Rudin [282].

The algebra of multipliers of the group algebra L1(G), G a locally com-
pact Abelian group, may be characterized in a precise way. First we recall
that to each µ ∈ M(G), G a locally compact Abelian group, there corre-
sponds a convolution operator Tµ : L1(G) → L1(G) defined by

Tµ(f) := µ ∗ f for every f ∈ L1(G).

Trivially

Tµ(f ∗ g) = (Tµf) ∗ g = f ∗ (Tµg) for every f, g ∈ L1(G),

so every convolution operator is a multiplier of L1(G) and therefore a bounded
linear operator by Theorem 4.3.

The following crucial result has been established independently by Wen-
del [319] and Helson [157].

Theorem 4.40. Let G be a locally compact Abelian group. For a bounded
operator T : L1(G) → L1(G)) the following statements are equivalent:

(i) T ∈ M(L1(G));

(ii) There exists a unique measure µ ∈ M(G) such that T = Tµ;

Moreover, M(L1(G)) is isometrically isomorphic to M(G).

Proof The implication (ii) ⇒ (i) is clear, so we need only to prove the
converse implication (i) ⇒ (ii). Suppose that T ∈ M(L1(G)). By Theo-

rem 4.14 there is a unique function ϕ defined on ∆(L1(G)) = Ĝ such that

(Tf)=ϕf̂ for every f ∈ L1(G), and hence ϕf̂ ∈ L̂1(G) whenever f̂ ∈ L̂1(G).

Define ‖f‖1 := ‖f̂‖. Then L̂1(G) provided with the norm ‖ · ‖1 becomes a
commutative Banach algebra under pointwise multiplication.

Define the linear mapping S : L̂1(G) → L̂1(G) by Sf̂ := ϕf̂ . Choose
fn, f, g ∈ L1(G) such that

lim
n→∞

‖f̂n − f̂‖1 = 0 and lim
n→∞

‖ϕf̂n − ĝ‖1 = 0.

From ‖f̂‖∞ ≤ ‖f‖1 we obtain, for every character γ ∈ Ĝ, that

ĝ(γ) = lim
n→∞

ϕ(γ)f̂n(γ) = ϕ(γ)f̂(γ),

so that S is a closed mapping. The closed graph theorem then implies that

S is bounded, and hence there is K > 0 such that ‖Sf̂‖ = ‖ϕf̂‖ ≤ Kf̂‖ for
all f ∈ L1(G).

Let γ1, γ2, · · · , γn ∈ Ĝ, ε > 0 and choose f ∈ L1(G) such that ‖f̂‖ =

‖f‖1 < 1 + ε, and f̂(γk) = 1 for k = 1, 2, . . . , n. A such choice is always
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possible by Theorem 2.6.1 of Rudin [282]. Let λ1, λ2, . . . , λn be arbitrary

chosen in C and put ĝ := ϕf̂ . Then∣∣∣∣∣
n∑

k=1

λkϕ(γk)

∣∣∣∣∣ =

∣∣∣∣∣
n∑

k=1

λkĝ(γk)

∣∣∣∣∣ =

∣∣∣∣∣

∫

G

[
n∑

k=1

(λk(t
−1, γk)

]
g(t) dλ(t)

∣∣∣∣∣

≤ ‖g‖1

∥∥∥∥∥
n∑

k=1

λk(·, γk
−1)

∥∥∥∥∥
∞

< K(1 + ε)

∥∥∥∥∥
n∑

k=1

λk(·, γk
−1)

∥∥∥∥∥
∞

.

By a well known characterization of Fourier–Stieltjes transforms, see Rudin
[282, Theorem 1.9.11], from these estimates it follows that there exists a
unique µ ∈ M(G) such that ϕ = µ. Since L1(G) in M(G) we then conclude
that T = Tµ.

Evidently the equation Tf = µ ∗ f defines a bijective isomorphism be-
tween M(L1(G) and M(G). Moreover, ‖Tµ‖ ≤ ‖µ‖, so to prove the last
assertion we need only to prove that ‖µ‖ ≤ ‖Tµ‖.

If γ1, . . . , γn in Ĝ, λ1, . . . , λn in C, and ε > 0 are arbitrarily given, choose
f ∈ L1(G) as above. Then

∣∣∣∣∣
n∑

k=1

λkµ̂(γk)

∣∣∣∣∣ =

∣∣∣∣∣
n∑

k=1

λkf̂ ∗ µ(γk)

∣∣∣∣∣ =
∣∣∣∣∣

n∑

k=1

λkT̂µf(γk)

∣∣∣∣∣

≤ ‖T‖(1 + ε)

∥∥∥∥∥
n∑

k=1

λk(·, γk
−1)

∥∥∥∥∥
∞

,

and therefore because ε is arbitrary

(124)

∣∣∣∣∣
n∑

k=1

λkµ̂(γk)

∣∣∣∣∣ ≤ ‖T‖
∥∥∥∥∥

n∑

k=1

λk(·, γk
−1)

∥∥∥∥∥
∞

.

Again from Theorem 1.9.1 of Rudin [282] it follows that ‖µ‖ ≤ ‖Tµ‖, and
this concludes the proof.

The richness of the structure of group algebras is the main reason for
the possibility of characterizing the multipliers of L1(G) in several equivalent
ways. For instance, if τs denotes the translation operator on L1(G) defined
by

τs(f)(t) := f(ts−1) for each f ∈ L1(G)

then a bounded operator T on L1(G) is a multiplier if and only if T commutes
with the translation operators τs for each s ∈ G. The proof of this result,
as well as of some other characterizations of multipliers of L1(G), may be
found in Chapter 0 of Larsen [199].

The multiplier theory of Lp(G), G a locally compact Abelian group,
1 < p < ∞, presents some complications compared to the case p = 1.
We briefly describe this situation and refer the interested reader to the
monograph by Larsen [199]. As observed above, Lp(G) in the non-compact
case is not a Banach algebra, so the definition (110) is not meaningful.
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Nevertheless, to cover this case a multiplier may be defined as a bounded
operator on Lp(G) which commutes with all translation operators τs as s
ranges in G. For compact groups this definition is equivalent to the usual
one, see Larsen [199].

Evidently, given a measure µ ∈ M(G) on a locally compact group G the
convolution operator Tµ is a multiplier of Lp(G). The converse is not true,
since not all multipliers on Lp(G) have this form. In fact, if p > 1 and G is an
infinite compact group then there always exists a multiplier T ∈ M(Lp(G))
which cannot be written as a convolution operator, see Chapters 3 and 4 of
Larsen [199].

Also the case A = L∞(G), where G any locally compact Abelian group,
presents some difficulties. However, if G is compact the definition (110) is
meaningful, since A is a commutative Banach algebra, and T ∈ M(L∞(G))
precisely when there exists µ ∈ M(G) such that T = Tµ, see Theorem 4.4.2
of Larsen [199]. Note that for an arbitrary locally compact Abelian group
G there exists a continuous homomorphism of M(L∞(G) onto M(G), see
Theorem 4.4.3 of Larsen [199].

The case A = C0(G), G a locally compact Abelian group, is very simple.
In fact we have that M(C0(G)) is isometrically isomorphic to the measure
algebra M(G), see Larsen [199, Theorem 3.3.2].

We conclude this section by giving some information about convolution
operators which are compact operators. The characterization of compact
convolution operators of L1(G), G a non-compact Abelian group, is an im-
mediate consequence of following result owed to Kamowitz [181].

Theorem 4.41. Let A a commutative semi-simple Banach algebra. Sup-
pose that ∆(A) has no isolated points. Then T ∈ M(A) is compact if and
only if T = 0.

Proof Assume that T ∈ M(A) is compact and that ∆(A) has no iso-
lated points. Looking at the proof of part (ii) of Theorem 7.79 we have

T ∗m = T̂ (m)m for every m ∈ ∆(A), so T̂ (m) is an eigenvalue of T ∗. Now,
since T is compact T ∗ also is compact, and hence the spectrum σ(T ∗) is a
finite set or a denumerable set with 0 as its only possible cluster point. By
the spectral theory of compact operators we also know that every nonzero
element in σ(T ∗) is an eigenvalue of finite multiplicity.

Now, let us denote by m0 an arbitrary point of ∆(A). We claim that

T̂ (m0) = 0. Suppose, an absurdity, that T̂m0 �= 0. Let (mk) ⊂ ∆(A) be a
sequence which converges to m0 and suppose that mk �= m0 for every k ∈ N.

Since T̂ is continuous on ∆(A) the sequence (T̂ (mk)) converges to T̂ (m0).
However, since each nonzero eigenvalue of T ′ has finite multiplicity we have

T̂ (mk) = T̂ (m0) for only finitely many n ∈ N. Therefore T̂ (m0) is a cluster

point of the set {T̂ (mk) : k ∈ N}.
Since 0 is the only possible cluster point of the spectrum σ(T ) we have
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T̂ (m0) = 0, contradicting the assumption T̂ (m0) �= 0. Since m0 is an arbi-

trary element of ∆(A) we then conclude that T̂ (m)) = 0 for all m ∈ ∆(A)
and from the semi-simplicity of A it follows that T = 0.

In the sequel, by KM (L1(G)) we shall denote the ideal of all compact
convolution operators on L1(G).

Corollary 4.42. Let G be a non-compact locally compact Abelian group

for which the dual group Ĝ contains no isolated point. Then KM (L1(G)) =
{0}.

The finite-dimensional convolution operators on L1(G) in the case of
compact groups may be characterized as follows:

µ ∈ P (G) ⇔ Tµ : M(G) → M(G) is finite-dimensional

⇔ Tµ : L1(G) → L1(G) is finite-dimensional,

whilst

µ ∈ L1(G) ⇔ Tµ : M(G) → M(G) is compact

⇔ Tµ : L1(G) → L1(G) is compact.

Moreover, KM (L1(G)) is isometrically isomorphic to L1(G). These equiva-
lences will be proved in a more abstract setting in the next chapter.

We end this section by mentioning the multiplier theory of Beurling
algebras, a variant of group algebras. Let ω be a continuous positive sub-
multiplicative weight function on a locally compact Abelian group G and
denote by L1(ω) the space of all equivalence classes of Borel measurable
functions f on G for which fω ∈ L1(G). If we define the weighted L1 norm
by

‖f‖ω :=

∫

g
|f(t)|ω(t) dm(t) for all f ∈ L1(ω),

then the space L1(ω), endowed with this norm and with convolution as
multiplication, becomes a commutative Banach algebra, called the Beurling
algebras for the weight ω. All Beurling algebras on a compact Abelian
group, or on the additive groups G = R and G = Z, are semi-simple and
possess a bounded approximate identity, see Example 4.1.7 of Laursen and
Neumann [214]. The multiplier algebra of L1(G) may be identified with an
appropriate weighted measure algebra M(ω) and, as in Theorem 4.40, every
multiplier T on L1(G) is a convolution operator for a measure µ ∈ M(ω),
see also Dales [87] and Ghahramani [121].

5. Multipliers of Banach algebras with orthogonal basis

The Banach algebras with an orthogonal basis are a natural framework
for unifying the study of the properties of multipliers for several commutative
semi-simple Banach algebras. We first recall some standard notions from the
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theory of Banach algebras with orthogonal basis and refer for a full treatment
of this theory to the monographs of Singer [299] or Husain [168].

Definition 4.43. Given a complex Banach algebra A, a countable subset
(ek) of A is said to be an orthogonal basis of A if the following two conditions
are satisfied:

(a) ekej = δkjek for all integers k, j ≥ 1;

(b) (ek) is a basis of A, i.e., for each x ∈ A there exists a unique sequence
(λk(x)) of scalars such that

x = lim
n→∞

n∑

k=1

λk(x)ek =
∞∑

k=1

λk(x)ek.

The basis (ek) is said to be unconditional if for each x ∈ A the series∑∞
k=1 λk(x)ek converges unconditionally, i.e.,

∑∞
k=1 λπ(k)(x)eπ(k) converges

for every permutation π of the positive integers.

It is easy to verify that the mappings λk : x → λk(x) are multiplicative
linear functionals on A, and a well known consequence of the open mapping
theorem asserts that all these functionals are continuous, so the set (ek) is
a Schauder basis of A. From this it also follows that a Banach algebra with
an orthogonal basis is necessarily infinite-dimensional and separable.

The product of two elements x and y of A may be written in the form

xy =
∞∑

k=1

λk(x)λk(y)ek,

so every Banach algebra A with an orthogonal basis is commutative. Any
Banach algebra A with an orthogonal basis is also non-unital. To see this
assume that A has unit u. Then

x = xu =
∞∑

k=1

λk(x)λk(u)λk(y)ek,

from which it follows that λk(u) = 1 for all k ∈ N. Therefore u =
∑∞

k=1 ek

and hence the sequence (ek) converges to 0 as k → ∞. On the other hand,
the inequality ‖ek‖ = ‖ek

2‖ ≥ ‖ek‖2 shows that ‖ek‖ ≥ 1, so (ek) cannot
converge to 0, a contradiction.

Any Banach algebra A with an orthogonal basis is faithful . Indeed, if
Ax = {0}, from the equality

0 = ejx = ej(
∞∑

k=1

λk(x))ek) = λjx

we obtain that λj(x) = 0 for all integers j ≥ 1, which obviously implies that
x = 0. A consequence of (ek) being a Schauder basis is that A is semi-simple
[167]. Since the associated coordinate functionals λk are multiplicative, the
sets ker λk are regular closed maximal ideals of A. We show now that the
converse holds, namely that every regular maximal ideal of A is equal to
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ker λk for some k ∈ N.
To see this we prove that given an arbitrary proper closed ideal J in A

then J is contained in ker λk for some k ∈ N. Suppose that there does not
exist a linear multiplicative functional λk such that J is contained in ker λk.
Then for every k ∈ N we can find an element xk such that λk(xk) = 1. Then

xkek =

∞∑

k=1

λj(xk)ejek = ek for all k ∈ N,

and since J is a closed ideal this implies that ek ∈ J for all k ∈ N. Hence
J = A, a contradiction. From this argument it follows that we can identify
the regular maximal ideal space ∆(A) with the discrete set {λk : k ∈ N},
or, which is the same, we can identify ∆(A) with N. From the equality

{λk} = {m ∈ ∆(A) : |m(ek) − λk(ek)| < 1} for all k ∈ N,

we then conclude that ∆(A) is discrete. This also implies that every Banach
algebra with an orthogonal basis is regular.

In the following we list some important examples of Banach algebras
with an orthogonal basis:

(i) The algebras ℓp for any 1 ≤ p < ∞ and c0 (all with respect to
pointwise operations) are immediate examples of Banach algebras with an
orthogonal basis. An orthogonal basis is given by the standard basis (ek),
where ek: = (λkj)j=0,1,.... This basis is obviously unconditional. Note that
ℓ∞ has no orthogonal basis since it is not separable.

(ii) The algebras Lp(T), 1 < p < ∞, T the circle group, with convolution

as multiplication. The sequence (uk) where uk(z) := zk, z ∈ T, for all z ∈ T
and k ∈ Z, is an orthogonal basis for Lp(T). Except for the case p = 2, this
basis is not unconditional, see Singer [299, Section 2.14] or also Husain and
Watson [169].

(iii) The Hardy algebra Hp(D), 1 < p < ∞, where D is the open unit
disc of C. This algebra is the space of all complex-valued analytic functions
defined on D for which the integrals

∫
�
|f(rt)|pdm(t) are bounded for every

0 < r < 1, where m is the usual normalized Lebesgue measure on T. The
multiplication on Hp(D) is defined by the Hadamard product

(f ∗ g)(x) :=
1

2πi

∫

|z|=r
f(z)g(xz−1)z−1dz,

where f , g ∈ Hp(D) and |x| < r < 1. If we let ek(z) := zk, z ∈ D,
k ∈ N, then the sequence (ek) is an orthogonal basis for Hp(D), see Husain
[168] and Porcelli [265]. This basis is unconditional. This follows from the
product f ∗ g being able to be represented by the power series

∑∞
k=0 akbkx

k,
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where
∑∞

k=0 akx
k and

∑∞
k=0 bkx

k are the power series relative to f and g,
respectively.

Next, we show that each multiplier T of a Banach algebra A with an
orthogonal basis can be represented in a very simple way. Clearly, for each
x ∈ A and for all k ∈ N ∼= ∆(A) we have x̂(k) = λk(x). Thus the Helgason–
Wang equation of Theorem 4.14 assumes, for every T ∈ M(A), the form

T̂ x(k) = T̂ (k)x̂(k) = T̂ (k)λk(x) for all k ∈ N.

Choosing x = ek yields

(125) T̂ (k) = λk(Tek) for each k ∈ N,

and therefore

Tx =
∞∑

k=1

λk(Tx)ek =
∞∑

k=1

T̂ (k)λk(x)ek =
∞∑

k=1

λk(Tek)λk(x)ek.

Therefore to every T ∈ M(A) we can associate a sequence λk(Tek). This
sequence is bounded. In fact, putting x = ej in the equality above we obtain

Tej =
∞∑

k=1

λk(Tek)λk(ej)ek for each j ∈ N.

Since λk(ej) = δkj for all integers k, j ∈ N we then have

(126) Tej = λj(Tej)ej for each j ∈ N,

thus each λj(Tej) is an eigenvalue of T and therefore ‖λj(Tej)| ≤ ‖T‖.
It is easily seen that if A has an unconditional orthogonal basis (ek) then
the mapping x → x∗, where

x∗ :=
∞∑

k=1

λk(x)ek for each x ∈ A,

defines a natural involution on A.
Now suppose that (ek) is an unconditional orthogonal basis of A and

T ∈ M(A). Since the sequence (λk(Tek)) is bounded the series defined by

(127) T ∗x :=

∞∑

k=1

λk(x)λk(Tek)ek

converges in A. Consequently the mapping T → T ∗ is an involution on the
multiplier algebra M(A). Combining the two equalities (125) and taking

into account that T ∗ek = λk(Tek)ek we then obtain

T̂ ∗(k) = λk(T
∗ek) = λk(Tek)λk(ek) = λk(Tek) = T̂ (k),

which shows that Helgason–Wang function of T ∗ is just T̂ ∗ ≡ T̂ .
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Theorem 4.44. Let A be a Banach algebra with an orthogonal basis
(ek). Then there exists a continuous isomorphism of M(A) onto a subalgebra
of ℓ∞. If the basis (ek) is unconditional and M(A) is provided with the
involution defined above, then is even a ∗-isomorphism of M(A) onto ℓ∞.

Proof Let Ψ : M(A) → ℓ∞ be the mapping defined by Ψ(T ) := (λk(Tek))
for each T ∈ M(A). It is easy to verify that Ψ is linear. Moreover, we have

Ψ(ST ) = (λk(STek)) = (λk(S(Tek))) = (λk(S(λk(Tek)ek)))

= (λk(λk(Tek)Sek)) = (λk(Tek))(λk(Sek)) = Ψ(S)Ψ(T ).

Clearly the map Ψ is injective and from the estimate

‖Ψ(T )‖∞ = sup
k∈�

|λk(Tek)| ≤ ‖T‖,

we see that Ψ is also continuous.
Let us now suppose that the basis (ek) is unconditional and let (tk) be

any bounded sequence of complex numbers. It is easily seen that the series

Tx :=

∞∑

k=1

λk(x)tkek

converges for each x ∈ A, and that the mapping T so defined is a multiplier
of A. Moreover, Ψ(T ) = (tk), thus Ψ is surjective. Then by definition and
from the surjectivity of T it easily follows that Ψ is a ∗-homomorphism of
M(A) onto ℓ∞.

Let us consider the sets

KM (A) := K(A) ∩ M(A)

and

KM0
(A) := {T ∈ KM (A) : (λk(Tek)) ∈ c0}.

Clearly, KM0
(A) is a closed ideal of M(A). Moreover, if we denote by FM (A)

the ideal of all finite-dimensional multipliers of A, we have

FM (A) ⊂ KM0
⊆ KM (A).

Indeed, if S ∈ M(A) is finite-dimensional, since Sek = λk(Sek)ek for all
integers k ∈ N, we infer that λk(Sek) = 0 for all but finitely many of the
indices k (otherwise the vectors ek being linearly independent the image
S(A) would be infinite-dimensional). This shows that under the map con-
structed in Theorem 4.44 the finite-dimensional multipliers correspond to
the sequences in c0 having only a finite number of non-zero terms.

Theorem 4.45. Let A be a Banach algebra with an orthogonal basis
(ek). Then there exists a continuous isomorphism Ψ0 of KM0

(A) onto a
subalgebra of c0. Furthermore, if the basis (ek) is unconditional, in the
involution on KM0

(A) defined by the series (127) Ψ0 is a ∗-isomorphism of
KM0

(A) onto c0.
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Proof Let us consider the mapping Ψ0 defined by Ψ0(T ) := (λk(Tek))
for each T ∈ KM0

(A). Trivially Ψ0 maps KM0
(A) onto a subalgebra of c0.

Suppose that the basis (ek) is unconditional and let c00 denote the algebra
of all complex sequences (αk) such that αk = 0 for all k but a finite number
of them. For any natural p ≥ 1 let (τk) be a sequence of c00 such that τk = 0
for all k ≥ p. If we define

Tx :=
∞∑

k=1

τkλkek =

p∑

k=1

τkλkek

we have T ∈ M(A). Clearly T is a finite-dimensional operator and therefore
belongs to KM0

(A). We also have Ψ0(KM0
(A)) ⊇ c00, and since Ψ0 is the

restriction of the isomorphism Ψ defined in the proof of Theorem 4.44 on
the closed subalgebra KM0

(A) we also have that Ψ0(KM0
(A)) is a closed

subalgebra of c0. From this we obtain that

Ψ0(KM0
(A)) ⊇ c00 = c0,

so Ψ0 is surjective. Clearly Ψ0 is a isomorphism and for every T ∈ KM0
(A)

the sequence (λk(Tek)) ∈ c0, from which we conclude that the mapping T ∗

defined by (127) is compact. Hence KM0
(A) is an involution algebra and Ψ0

is a ∗-isomorphism of KM0
(A) onto c0.

Note that compact multipliers of Banach algebras with an orthogonal
basis do not always correspond to sequences which belong to c0, i.e. in the
notation of Theorem 4.44 generally KM0

(A) is a proper subalgebra of c0. In
fact, let consider the case A = Lp(T), p < 1 < ∞. Then ∆(A) = Z, and if
f ∈ Lp(T)

T̂ f(k) = T̂ k)f̂(k) = λk(Tek)f̂(k) for each k ∈ Z,

where f̂ denotes the Fourier transform of f . If p �= 2, Figá-Talamanca and
Gaudry [114, Theorem B and Remark b] have shown that there exists a
non-compact multiplier T such that the corresponding sequences (λk(Tek))
belongs to c0.

If A has an orthogonal basis (ek) let Lk denote the multiplication oper-
ator defined by

Lk(x) := xek for every integer k ≥ 1.

Trivially L2
k = Lk and, since xek = λk(x)ek, Lk is a bounded projection of

A onto the one-dimensional ideal ekA.
In the next result we describe some distinguished parts of the spectrum

of a multiplier of a Banach algebra with orthogonal basis.

Theorem 4.46. Let A be a Banach algebra with an orthogonal basis
ek and let (λk) be the sequence of the corresponding coefficients functionals.
Then, for every T ∈ M(A) we have:

(i) σp(T ) = {λk(Tek) : k ∈ N};
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(ii) σr(T ) = ∅;

(iii) σ(T ) = σap(T ).

Proof (i) This follows from Theorem 4.31 since the maximal ideal space
∆(A) is discrete and the set {λk(Tek) : k ∈ N} is the range of the Wang–
Helgason representation of T .

(ii) Let us suppose that σr(T ) �= ∅. If λ ∈ σr(T ) then λ does not belong
to σp(T ). From part (i) we then obtain that λ �= λk(Tek) for every k ∈ N.
Let us consider for every k ∈ N the element zk := [λ − λk]

−1ek. Then

(λI − T )zk = [λλk(Tek)]
−1(λI − T )ek for each k ∈ N,

and since Tek = λk(Tek)ek it easily follows that (λI − T )zk = ek for
eachk ∈ N. Therefore, for each k ∈ N we have ek ∈ (λI − T )(A).

Let us denote by Z the linear space spanned by the sequence (ek).

Clearly, Z is norm dense in the algebra A so that Z = (λI − T )(A) = A.
This of course implies that λ /∈ σr(T ), a contradiction.

(iii) By part (ii) and the relationships (i) and (ii) of Theorem 4.27 we
have

σap(T ) ⊆ σ(T ) = σp(T ) ∪ σc(T ) ⊆ σap(T ),

so σ(T ) = σap(T ).

The preceding result leads to the following spectral decomposition theo-
rem for multipliers on a Banach algebra with an unconditional . Not surpris-
ingly, this result is remarkably similar to the classical spectral theorem for
compact, or meromorphic, normal operators on Hilbert spaces, see Heuser
[159, Proposition 71.1].

We first need the following lemma

Lemma 4.47. Let A be a Banach algebra with an unconditional or-
thogonal basis (ek). Then the sequence (Lk) is an unconditional basis of
KM0

(A).

Proof By Theorem 4.45 the mapping Ψ0 : KM0
(A) → c0 defined by

Ψ0(T ) := (λk(Tek)) is a homeomorphism of KM0
(A) onto c0. Obviously Ψ0

corresponds to (Lk), the standard basis (uk) of c0, where (uk) := (δkj)j=0,1,....
Moreover, since T =

∑∞
k λk(Tek)Lk the sequence (Lk) is an unconditional

basis of KM0
(A).

Theorem 4.48. Let A be a Banach algebra with an unconditional or-
thogonal basis (ek). Then every T ∈ M0(A) is a compact operator and

(128) σ(T ) = {λk(Tek) : k ∈ N} ∪ {0}.
Moreover, if µk := λk(Tek) then T admits the unconditionally convergent
expansion

T =
∞∑

k=1

µkPk,
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where for each k ∈ N Pk is the spectral projection associated with {µk}.
The projections Pk are multipliers on A and project the finite-dimensional
ideal Mk = ker(µkI − T ) along its orthogonal ideal Mk

⊤ = (µkI − T )(A).
The dimension of Mk coincides exactly with the number of the coefficients
λj(Tej) winch are equal to µk.

Proof By Lemma 4.47, if T ∈ M0(A) then T =
∑∞

k λk(Tek)Lk. From

Lej(x) = ejx = ej

∞∑

k=1

λk(x)ek = λj(x)ej

we then conclude that the operator Lej
has a range of dimension 1, so

T is a compact operator, since it is the norm limit of finite-dimensional
operators. A compact operator on an infinite-dimensional Banach space has
as its spectrum σ(T ) = σp(T ) ∪ {0}, so by Theorem 4.46 the equality (128)
holds for every T ∈ M0(A).

Let (µk) be the sequence of all distinct eigenvalues obtained from the
sequence (λk(Tek)) by removing eventual repetitions of them. Since by
Theorem 4.45, (λk(Tek)) ∈ c0 each λk(Tek) �= 0 may appear in the sequence
(λk(Tek)) for only a finite number of indices k. The convergence of the series∑∞

k=1 λk(ek)Lk is unconditional, so

T =

∞∑

k=1

µk

∑

λj=µk

Lj ,

and hence if Pk denotes the finite sum

Pk :=
∑

λj=µk

Lj ,

we obtain

(129) T =

∞∑

k=1

µkPk.

Trivially, every Pk is a projection and belongs to M(A). Precisely by
Theorem 4.10 Pk projects the algebra A onto the finite-dimensional ideal
Mk :=

∑
λj=µk

ejA along its orthogonal ideal Mk
⊤.

We claim that Mk = ker(µkI−T ). The inclusion Mk ⊆ ker(µkI−T ) fol-
lows from the equalities (126). Conversely, let us suppose x ∈ ker(µkI −T ).
Then

∞∑

j=1

λj(x)λj(Tej)ej = Tx = µkx =
∞∑

j=1

µkλj(x)ej .

The uniqueness of coefficients implies that µkλj(x) = λj(Tej)λj(x) for each
j ∈ N, so that

λj(Tej) = µk for all j with λj(x) �= 0,
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and therefore x ∈ Mk. Hence Mk = ker(µkI − T ).
We show now that Mk

⊤ = (µkI−T )(A). Clearly, if µk = 0 for all except
a finite number of the k then the set of all eigenvalues is finite, so the series
(129) is to be interpreted as a finite sum. For every k let Qk be the spectral
projection associated to the isolated point µk:

Qk :=
1

2πi

∫

Γ
(λI − T )−1 dλ.

Clearly, we have Qk ∈ M(A) since (λI − T )−1 ∈ M(A). By Theorem 4.36
we know that µk is a simple pole of R(λ, T ), hence Qk projects A onto
ker(µkI − T ) along (µkI − T )(A), see part (b) of Remark 3.7. Therefore
Qk = Pk and Mk

⊤ = (µkI − T )(A). Finally, the dimension of Mk is exactly
given by the number of coefficients λj(Tej) which coincides with µk, so the
proof is complete.

6. Multipliers of commutative H∗ algebras

A Banach algebra A with an involution ∗ is said to be a H∗ algebra if
its underlying Banach space is a Hilbert space whose scalar product 〈·, ·〉
verifies the following properties:

(a) The Hilbert space norm agrees with the Banach space norm ‖ · ‖,
‖x‖ = 〈x, x〉 1

2 ;

(b)‖x⋆‖ = ‖x‖ for each x ∈ A;

(c) If x �= 0 then x∗x �= 0;

(d) 〈xy, z〉 = 〈y, x∗z〉 for all x, y, z ∈ A.

The standard example of a commutative H∗ algebra is the group algebra
L2(G), where G is a compact Abelian group. For a systematic study of H∗-
algebras we refer to Naimark [242]. In the sequel we sketch the Gelfand
theory of commutative H∗ algebras.

The regular maximal ideal space ∆(A) of a commutative H∗ algebra
A is easy to describe. We recall that an idempotent e ∈ A is said to be
irreducible if e is not the sum of two nonzero orthogonal (in the Banach
algebra sense) self-adjoint idempotents, i.e., there do not exist elements e1,
e2 ∈ A such that e = e1 + e2 and e1e2 = 0. Let E be the set defined by

(130) E :=

{
eβ

‖eβ‖
: eβ is an irreducible self-adjoint idempotents of A

}
.

Evidently the set E forms a complete orthogonal system in the Hilbert space
A. Each minimal ideal Jβ of A is the one-dimensional ideal generated by
an element eβ ∈ E . The orthogonal (in the Hilbert sense) of each Jβ

is a regular maximal ideal of A and all regular maximal ideals of A may
be obtained in this way. Hence there exists a one to one correspondence
between points of ∆(A) and elements of the set E. If we equip E with the
discrete topology then the maximal regular ideal space ∆(A) and E are also
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topologically equivalent. By identifying ∆(A) and E the Gelfand transform
assumes the form:

x̂(e) =
〈x, e〉
‖eβ‖

for all e :=
eβ

‖eβ‖
∈ E.

Note that a commutative H∗ algebra A is also semi-simple, [242]. Further-
more, A is regular since ∆(A) is discrete.

If T ∈ M(A) and T ∗ denotes the Hilbert adjoint of T , for each x, y,
z ∈ A we have

〈(T ∗x)y, z〉 = 〈T ∗x, zy∗〉 = 〈x, T (zy∗)〉
= 〈x, (Tz)y∗〉 = 〈xy, Tz〉 = 〈y, x∗(Tz)〉
= 〈y, T (x∗z)〉 = 〈T ∗y, x∗z〉 = 〈x(T ∗y), z)〉

Therefore (T ∗x)y = x(T ∗y) and hence T ∗ ∈ M(A). Consequently the map-
ping T → T ∗ is an involution on M(A).

Theorem 4.49. Suppose that A is a commutative H∗ algebra. Then
M(A) is isometrically ∗-isomorphic to C(∆(A)).

Proof Clearly, the mapping T → T̂ is an algebra isomorphism of M(A)

onto M(A) := {T̂ : T ∈ M(A)} ⊆ C(∆(A)). Let us identify ∆(A) with the
set E defined in (130) and suppose ϕ ∈ C(E). If x ∈ A then the series

z :=
∑

e∈E

〈x, e〉ϕ(e)e

defines an element of A. It is easy to see that

ẑ(e) = ϕ(e)
〈x, e〉
‖eβ‖

= ϕ(e)x̂(e).

From the equality ẑ(e) = ϕ(e)x̂(e) it then follows that ϕÂ ⊆ Â thus
every ϕ ∈ C(E) defines a multiplier of A, and M(A) = C(∆(A)). The

mapping T ∈ M(A) → T̂ ∈ M(A) clearly takes T ∗ into the conjugate of T̂ ,
and so the only thing which remains to be done is to prove that the mapping
above is an isometry.
For any T ∈ M(A) we have that

〈Te, f〉 = 〈T (‖e‖e, f〉 for all e, f ∈ E

and

〈Tx, e〉 =

〈⎛
⎝∑

f∈E

〈x, f〉f

⎞
⎠ , e

〉
= 〈x, e〉〈Te, e〉.

Therefore

‖Tx‖2 =
∑

e∈E

|〈Tx, e〉|2 =
∑

e∈E

|〈x, e〉|2 |〈Te, e〉|2 ≤ ‖T̂‖2
∞‖x‖,

so that ‖T‖ ≤ |T̂‖∞. Since the inverse inequality is still valid we can now
conclude that the mapping T ∈ M(A) → C(∆(A)) is an isometry.
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Note that the last theorem implies that for a compact Abelian group G,

the algebra M(L2(G)) is isometrically *-isomorphic to C(Ĝ).

Theorem 4.50. Let A be a commutative H∗-algebra. Then the ideal of
all compact multipliers KM (A) is isometrically ∗-isomorphic to C0(∆(A)).

Proof By the previous theorem the mapping

ϕ : T ∈ KM (A) → T̂

is a ∗-isomorphism of KM (A) onto a subalgebra B of C(∆(A). We need
only to prove that B = C0(∆(A)). As before we identify ∆(A) with the set
E defined in (130).

Let us suppose that the Wang function T̂ of T ∈ M(A) belongs to
Cc(∆(A)), where Cc(∆(A)) denotes the subalgebra of C(∆(A)) of all con-
tinuous functions on ∆(A) having a compact support. Since ∆(A) is discrete

the function T̂ has a finite support, for instance {e′β1
, . . . , e′βn

}, where

e′βk
:=

eβk

‖eβk
‖ (k = 1, . . . , n),

are irreducible self-adjoint idempotents.
From the equality

〈Tx, e′β〉 = 〈x, e′β〉T̂ (e′β)e′β,

we then obtain

(131) Tx =
∑

β

〈Tx, e′β〉e′β =

n∑

k=1

〈x, e′βk
〉T̂ (e′βk

)

for each x ∈ A. This implies that the image space T (A) is contained in
the direct sum

⊕
e′βk

A of one-dimensional ideals e′βk
A, thus T is finite-

dimensional and therefore compact. Hence the image of the ideal KM (A)
under ϕ contains Cc(∆(A)).

Clearly, ϕ(KM (A)) is closed in the uniform topology, thus we have

ϕ(KM (A)) ⊇ Cc(∆(A)) = C0(∆(A)).

Next we want show the inverse inclusion ϕ(KM (A)) ⊆ c0(∆(A)).

Let T ∈ KM (A)) and ϕ(T ) = T̂ /∈ C0(∆(A)). Since E is discrete there
exists an ε > 0 and a sequence (βk) such that

βk �= βj for k �= j and |T̂ (e′βk
)| ≥ ε for all integer k ∈ N.

By using the equality (131), for all k �= j we then obtain the following
estimates

‖Te′βk
− Te′βj

‖ = ‖T̂ (e′βk
)e′βk

− T̂ (e′βj
)e′βj

‖
= (|T̂ (e′βk

)|2 + (|T̂ (e′βj
)|2) 1

2

≥
√

2ε.
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From this it follows that the sequence (Te′βk
) has no convergent subsequence

and this contradicts the compactness of T . Hence T̂ ∈ C0(∆(A)) and there-
fore ϕ(KM (A)) = C0(∆(A))

6.1. Comments. The concept of a multiplier on a semi-simple com-
mutative Banach algebra A was originally introduced by Helgason [156] as
a bounded continuous function ϕ defined on the regular maximal ideal space

∆(A) such that ϕÂ ⊆ Â, where Â = {x̂ : x ∈ A}. The general theory of
multipliers on a faithful Banach algebras in the form presented here has
been developed successively by Wang [314], Birtel [68]. A good reference
for this theory is the monograph of Larsen [198], in which the reader may
find applications to abstract harmonic analysis.

One of the most general approaches to the theory of multipliers of non-
commutative Banach algebras is owed to Johnson [175], whose starting
points are the properties of certain mappings on associative semi-groups.
Multipliers are also called centralizers by some authors. Developments of
this theory, with some applications to specific topological algebras, may be
found in Johnson [176], [177], Johnson and Sinclair [178], Reid [278], Ri-
effel [280], Foiaş [119], Kellog [186], and Maté [224].

The main characterization of multipliers of a faithful commutative Ba-
nach algebra as bounded continuous functions on ∆(A), established in The-
orem 4.14, is owed to Wang [314]. This result, although not explicitely
stated in this abstract context, appeared in some other papers, for instance
Helgason ([156]). The characterizations of multipliers of commutative Ba-
nach algebras given in Theorem 4.12 and Theorem 4.15 are owed to Birtel
[68].

The algebra M0(A) of those multipliers which correspond to continuous
functions ϕT which vanish at infinity on ∆(A) was studied by Birtel [68]. In
particular, the material from Theorem 4.16 to Theorem 4.25 is essentially
based on the papers of Birtel [68] and Wang [314].

The subsequent section on the spectral properties of multipliers contains
a sample of results from Aiena [5], [6], [7], [8] and [9]. Theorem 4.33 and
Example 4.35 are taken from Aiena, Colasante, and González [16]. The re-
sult of Corollary 4.34 has been established first by Laursen and Mbekhta in
[206], whilst Theorem 4.38 is from Laursen [203]. Note that the property of
M(A) being an inverse closed algebra of L(A) first appeared in Wang [314]
who observed, by in his own words, the curious fact that if a multiplier T
is bijective then its inverse T−1 is also a multiplier. This chapter, as well as
the subsequent chapters, shows that actually we have much more than this
curious fact. Multipliers have a very rich spectral theory.

The classical property that the multiplier algebra of the group algebra
L1(G), G a locally compact Abelian group, may be identified with the mea-
sure algebra M(G) has been proved by Wendel [320]. The multiplier algebra
for the group algebra L1(G) has also been investigated by several authors,
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for instance by Edwards [104], Helson [157], Gaudry [122]). For a com-
plete proof of Theorem 4.40 we refer to the book of Larsen [198, Chapter
0], which also gives informations on the problem of describing the isomor-
phism of group algebras. The characterization of the compact multipliers of
L1(G), G a compact Abelian group is owed to Akemann [45], Gaudry [122]
and Kitchen [187].

The study of properties of the multiplier algebra of a Banach algebra
with an orthogonal basis presented here is modeled after Aiena [7]. A study
of these properties may also be found in Husain [168], Husain and Watson
[169], [170]. Theorem 4.49 and Theorem 4.50 which characterize the multi-
plier algebra M(A) and the ideal KM (A) of a commutative H∗ algebra have
been first proved by Kellog [186]. Both theorems have been successively
extended to non-commutative H∗ algebras by Ching and Wong [77]. In this
case, instead of Gelfand’s representation theory the authors have used the
Ambrose structure theorem, see [46], for H∗ algebras.





CHAPTER 5

Abstract Fredholm theory

In this chapter we shall develop the abstract Fredholm theory on a com-
plex Banach algebra with a unit and apply this theory to the concrete case of
multipliers of commutative Banach algebras. Our approach to the Fredholm
theory of Banach algebras will use some ideas of Aupetit [53] starting from
the concept of inessential ideal. This is a two-sided ideal J of a complex
unital Banach algebra having the property that every element x ∈ J has a
finite or a denumerable spectrum which clusters at 0.

Every inessential ideal J of a Banach algebra A determines a Fredholm
theory. In the case of the Banach algebra L(X) of all bounded operators on
a Banach space X, the Fredholm theory determined by the inessential ideal
of all compact operators K(X) is the classical Fredholm theory introduced
in the previous chapters.

A first important inessential ideal of a semi-prime Banach algebra A is
given by the socle of A. The properties of this ideal are developed in a
purely algebraic setting in the second section, whilst the third section ad-
dresses the characterization of the socle of a semi-prime Banach algebra A
as the largest ideal of A each of whose elements are algebraic. Generally an
arbitrary Banach algebra does not admit a socle. For this reason we shall
introduce for an arbitrary algebra the so called pre-socle. This may be char-
acterized as the largest ideal for which every element has a finite spectrum.

In this chapter we shall also introduce the concept of Riesz algebra.
These algebras have been introduced by Smyth [304] and may be thought
of grosso modo, as algebras which are very close to their pre-socle, more pre-
cisely, which do not admit primitive ideals containing the pre-socle. These
algebras may also be described in terms of operator theory. In fact, these
algebras are strictly related to the class of Riesz operators on a Banach
space, in the sense that if A is a Riesz algebra then the wedge operators
x ∧ x, x ∈ A, acting on A, are Riesz operators. We shall also see that this
property characterizes the semi-simple Riesz Banach algebras. In view of
the applications to multiplier theory, we shall focus our attention to the par-
ticular case of Riesz commutative Banach algebras and will show that these
are precisely the commutative Banach algebras having a discrete maximal
ideal space.

The concept of a Fredholm element of a Banach algebra is introduced in
the fourth section, where we develop the Fredholm theory of the multiplier
algebra M(A) with respect to some inessential ideals of M(A), in particular

239
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with respect to the ideal KM (A) of all compact multipliers. This section also
contains a description of the ideal KM (A) for several commutative Banach
algebras, in particular for group algebras, for commutative integral domains
as well as for commutative C∗ algebras.

In the fifth section, in order to give more information on the Fredholm
theory of multipliers we shall consider preliminarily the problem of finding
conditions for which the range of a bounded operator T on a Banach space
X, or some iterate Tn, has closed range. In these conditions the finiteness
of the ascent plays a central role, so that these results apply to multipliers
of semi-prime commutative Banach algebras. A main result of this chap-
ter is that a sort of Atkinson theorem holds for multipliers: the Fredholm
multipliers having index zero may be intrinsically characterized as the mul-
tipliers invertible modulo the compact multipliers. This result also shows
that the multiplier algebra of a commutative semi-simple Banach algebra is
sufficiently large to represent all the results concerning Fredholm theory in
terms only of multipliers.

Subsequently other results on semi-Fredholm multipliers of A are ob-
tained by adding some other assumptions on the regular maximal ideal space
∆(A), for instance assuming that A is a regular Tauberian Banach algebra
or assuming that the multiplier algebra is regular. We shall also consider
the Fredholm theory of a not necessarily commutative C⋆ algebra.

A part of this chapter concerns the applications of the theory developed
in this chapter to some concrete algebras studied in Chapter 3. The most
significant of these applications leads to the characterization of Fredholm
convolution operators of a group algebra L1(G).

In the last section we establish several formulas for the Browder spec-
trum of multipliers of semi-simple Banach algebra, and in particular for the
Browder spectrum of a convolution operator of the group algebra L1(G) of
a compact Abelian group G. Some of these characterizations are given in
terms of compressions.

1. Inessential ideals

In the previous chapter we have defined the radical of an algebra A as
the intersection of all primitive ideals of A. The radical may be described
in several ways. In the sequel we shall list several characterizations of the
radical, each of which is useful in certain situations. Recall first that an
element x of an algebra A is called to be quasi-invertible if there exists an
element y ∈ A such that y ◦ x = x ◦ y = 0, where for every x, y ∈ A the
circle product ◦ is defined by x ◦ y := x + y − xy. The element y is called
the quasi-inverse of x. If A has a unit element u then x has quasi-inverse y
if and only if u − x has inverse u − y.

Let q-inv A denote the set of all quasi-invertible elements of A. Then

radA = {x ∈ A : Ax ⊆ q-inv A for each a ∈ A}(132)

= {x ∈ A : xA ⊆ q-inv A for each a ∈ A},
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see Bonsall and Duncan [72, Proposition 24.16 and Corollary 24.17]). If A
has unit u and inv A denotes the set of all invertible elements of A then

radA = {x ∈ A : u − ax ∈ inv A for each a ∈ A}(133)

= {x ∈ A : u − xa ∈ inv A for each a ∈ A}.
Moreover,

(134) radA = {x ∈ A : x + inv A ⊂ inv A}.
If A is a Banach algebra and Q(A) denotes the set of all quasi-nilpotent
elements of A we also have

radA = {x ∈ A : xQ(A) ⊆ Q(A)}(135)

= {x ∈ A : Q(A)x ⊆ Q(A)}.
(Bonsall and Duncan [72, Proposition 25.1]). Note that by the characteri-
zation (134) it follows that if x belongs to the radical of A then λu − x is
invertible for each λ �= 0. Therefore every element of the radical is quasi-
nilpotent. In the case of commutative Banach algebra the radical is precisely
the set of all quasi-nilpotent elements(Bonsall and Duncan [72, Corollary
17.7]).

Theorem 5.1. Let J be a two-sided ideal of the algebra A. Then:

(i) radJ = J ∩ radA. In particular, if A is semi-simple then J is semi-
simple;

(ii) A/radA is semi-simple.

Proof (i) For the first statement see Bonsall and Duncan [72, Corollary
24.30]. The second statement is obvious.

(ii) See Bonsall and Duncan [72, Proposition 24.21].

Let Π(A) denote the set of all primitive ideals of an algebra A. Given
a subset E of Π(A) and an ideal J of A, the kernel of E and the hull of J
are defined, respectively, by

kA(E) :=
⋂

P∈Π(A)

P and hA(J) := {P ∈ Π(A) : J ⊆ P}.

It is understood that kA(∅) = A. If the algebra A is unambiguous from the
context we shall drop the subscript and write simply k(E) and h(J).

The mapping E → h(k(E)) is a Kuratowski closure operation on the
subsets of Π(A) and the topology on Π(A) corresponding to this closure
operation is called the hull-kernel topology. The set Π(A) provided with
this topology is called the strong structure space.

Note that if A is a commutative Banach algebra then an ideal is primitive
precisely when it is maximal regular, see Rickart [279, Corollary 2.2.10].
Hence in this case Π(A) coincides with the space ∆(A) of all maximal regular
ideals of A , and the hk-topology on Π(A) coalesces with the hk-topology
defined in the previous chapter on ∆(A).
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In the following we collect some important properties of the structure
space. For a much fuller account of the structure spaces we refer to Rickart
[279] or Bonsall and Duncan [72].

Remark 5.2. Let A be an algebra.

(i) If A′ := A/radA then the two structure spaces Π(A) and Π(A′) are
homeomorphic. See Bonsall and Duncan [72, Proposition 26.6].

(ii) Let e �= 0 be an idempotent in a Banach algebra A and B := eAe.
Then the mapping P ∈ Π(A) → P ∩ B is a homeomorphism of Π(A) \ h(B)
onto Π(B). See [72, Theorem 27.14].

(iii) If A is a semi-simple Banach algebra and e ∈ A is idempotent, then
eAe is a closed semi-simple subalgebra of A. In fact, B := eAe is closed
in A. From the homeomorphism of Π(A) \ h(B) onto Π(B) it follows that
radB = radA∩B. The semi-simplicity of A then implies that radB = {0}.

Now let A be a complex Banach algebra with a unit u and let J be a
two-sided ideal of A.

Definition 5.3. We say that the ideal J is inessential if for every x ∈ J
the spectrum σA(x) is either finite or is a sequence converging to zero.

For instance, if A = L(X), X a Banach space, the ideal F (X) of finite-
dimensional operators or its closure, and the ideal K(X) of all compact
operators are inessential. Other inessential ideals of A = L(X) will be
introduced in Chapter 7. Later it will be shown that if G is compact Abelian
group and µ ∈ L1(G) then the convolution operator Tµ on L1(G) is compact,
and hence the spectrum σ(µ) = σ(Tµ) is finite set or a sequence converging
to zero. Therefore J = L1(G) is an essential ideal of the measure algebra
M(G).

For each two-sided ideal J of A denote by k(h(J)) the intersection of all
primitive ideals of A which contain J . Clearly k(h(J)) is a two-sided ideal
and

(136) J ⊆ J ⊆ k(h(J)),

where, as usual, J denotes the closure of J .

The ideal k(h(J)), where J is a closed ideal of A, may be characterized
by means of the radical of A → A/J . Let us Ψ : A → A/J denote the
canonical quotient map. Then

(137) k(h(J)) = Ψ−1(rad (A/J)),

see Jacobson ([174, see p. 205].

Let σ be a spectral set of an element x of a Banach algebra A with unit
u, i.e., σ is an open and closed subset of the spectrum σA(x). Let denote
by Γ a closed curve which lies in the resolvent ρA(x) and contain σ in its
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interior. The spectral idempotent associated with x and σ is defined by

p := p(σ, x) =
1

2πi

∫

Γ
(λu − x)−1 dλ.

Lemma 5.4. Let J be a two-sided ideal of a Banach algebra A with unit
u and let x ∈ k(h(J)). Then the idempotent p associated with x and α, for
each isolated point α �= 0 of the spectrum, belongs to J .

Proof For each λ ∈ Γ, Γ separating α from the rest of the spectrum, we
have

(λu − x)−1 =
u

λ
+

1

λ
x(λu − x)−1.

Hence

p =
1

2πi

∫

Γ

u

λ
dλ +

x

2πi

∫

Γ

1

λ
(λu − x)−1dλ.

Evidently the first term is equal to zero and the second term belongs to
k(h(J)), so p ∈ k(h(J)) ⊆ k(h(J)).

Now let p denote the equivalence class of p in A/J . Since p ∈ k(h(J)),
from (137) we obtain that p ∈ radA/J , and hence the spectral radius of
p is zero. But since p is idempotent this implies that p = 0, and hence
p ∈ J . Moreover, pJp is a closed subalgebra of A, hence a Banach algebra
with identity p having pJp as a dense two-sided ideal. From this we then
conclude that pJp = pJp, and consequently

p = p3 ∈ pJp = pJp ⊆ J,

so the proof is complete.

A consequence of Lemma 5.4 is that the two ideals J and k(h(J)) have
the same sets of spectral idempotents associated with their elements.

Theorem 5.5. Let A be a Banach algebra with unit u and suppose that
K and J are two inessential ideals of A having the same sets of spectral
idempotents. Then the equivalence class x + K of x in A/K is invertible if
and only if the equivalence class x + J of x in A/J is invertible. Moreover,
if K and J are closed then

(138) σA/K(x + K) = σA/J(x + J) for all x ∈ A.

Proof Suppose that x + J is invertible in A/J but x + K not invertible
in A/K. We may suppose without loss of generality that x + K is not
right invertible. Then there exists y ∈ A such that a = xy − u ∈ J . If
u + a were invertible in A we would have xy(u + a)−1 = u, thus x + K
would be right invertible in A/K. Hence −1 ∈ σA(a). Since the ideal J is
inessential the point −1 is an isolated point of the spectrum. By Lemma
5.4 the corresponding spectral idempotent p belongs to J , so by hypothesis,
it is also in K. By means of the elementary functional calculus it is easy to
check that −1 ∈ σA(a − ap), so that xy − ap = u + a − ap has an inverse z
in A. From this it follows that

(x + K)(yz + J) = u + J,
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and this is a contradiction.
Analogously, a symmetric argument shows that x+K is invertible if and

only if x + J is invertible. Replacing x by λu− x we then conclude that the
equality (138) holds.

The following result will play an important role in this chapter. It is an
immediate consequence of the fact that the two ideals J and k(h(J)) have
the same spectral idempotents.

Corollary 5.6. Let A denote an unital Banach algebra and J an inessen-
tial ideal. Then x ∈ A is invertible in A modulo J if and only if x is
invertible modulo k(h(J)).

2. The socle

A first important example of inessential ideal is given by the socle of a
semi-prime unital Banach algebra. In this section we give some preliminary
informations on the socle in a purely abstract setting. We first review some
standard facts and definitions.

Let A be any complex algebra. A minimal idempotent element of A is
a non-zero idempotent e such that eAe is a division algebra. Let us denote
by MinA the set of all minimal idempotents of A. Recall that a minimal
left (right) ideal of an algebra A is a left ideal J �= {0} such that {0} and J
are the only left (right) ideals contained in J .

In a semi-prime algebra the minimal left ideals and the minimal right
ideals are strictly related to the minimal idempotents. In the following
theorem we collect some of these relationships, see Bonsall and Duncan [72,
§30].

Lemma 5.7. Let A be semi-prime algebra and J a left ideal of A.

(i) J is a minimal left ideal if and only if there exists e ∈ MinA such
that J = Ae.

(ii) If J is a minimal left ideal and x ∈ A then either Ax = {0} or Ax
is a minimal left deal.

Similar statements hold for right ideals.

Note that if e ∈ MinA then the left ideal

A(1 − e) := {a − ae : a ∈ A}
is a maximal regular left ideal in A. Moreover, A = Ae⊕A(1−e). A similar
statement holds for the right ideal

(1 − e)A := {a − ea : a ∈ A},
see [72, Proposition 30.11].

Definition 5.8. Let A be an algebra which admits minimal left ideals.
The left socle of A, denoted by Lsoc A, is defined to be the smallest left ideal
containing all minimal left ideals. The right socle Rsoc A of A is similarly
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defined in terms of right minimal ideals. If A has both minimal left and
minimal right ideals, and if the left socle coincides with the right socle, then
the set socA := Lsoc A = Rsoc A is called the socle of A.

It is not difficult to see that, if A has minimal left ideals, then Lsoc A
is a two-sided ideal of A. Moreover, if A is semi-prime and have minimal
left ideals (or, equivalently, have minimal idempotents), then the socle does
exist ([72, Chapter iv]). If the semi-prime algebra A has no minimal ideals
then we shall set socA = {0}.

Clearly, for a semi-prime algebra we have Min A ⊆ socA and

socA =

{
n∑

k=1

Aek : n ∈ N, ek ∈ Min A
}

=

{
m∑

k=1

ekA : m ∈ N, ek ∈ Min A
}

.

As remarked in Theorem 5.1, a two-sided ideal J of a semi-simple alge-
bra A is also semi-simple, so it admits a socle. Moreover, from the equality
MinJ = MinA ∩ J and from the property that any minimal right ideal of
A has form eA, where e ∈ MinA, it follows easily that socJ = socA ∩ J .

Example 5.9. The Banach algebra A := L(X), where X is a Banach
space, is semi-simple. Indeed, {0} and X are the unique subspaces of X
which are invariant under every T ∈ L(X). Hence the identity I of A is
an injective irreducible representation of A. Since the radical is the in-
tersection of the kernels of all irreducible representation this implies that
radL(X) = {0}.

The minimal idempotents of L(X) and the socle of L(X) may be char-
acterized in a very simple way:

MinL(X) = {P ∈ L(X) : P = P 2 and dim P (X) = 1},
and soc L(X) = F (X), the ideal of all finite-dimensional operators.

In fact, let P ∈ L(X) be projection with dim P (X) = 1. Then there
exists an element 0 �= z ∈ X and a continuous linear functional 0 �= f ∈ x∗

such that Px = f(x)z for all x ∈ X. Since P is a projection we also have
f(z) = 1. Let (xα) be a basis of (I − P )(X). Then f(xα) = 0 for every α
and every x ∈ X admits the representation x =

∑
α λαxα + λz.

If S ∈ L(X) is arbitrary then

PSPx = PS(λx) = λf(Sx)z.

From PSP �= 0 we obtain µ := f(Sz) �= 0, and hence if T := µ−1I

PSPPTP = PTPPSP = µ−1PSP.

From this we obtain

PSPPTPx = µ−1PSPx = λµ−1z = λz = Px.
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Hence PSP is invertible in PAP and therefore P ∈ Min A.
To show that the elements of MinL(X) are exactly the 1-dimensional

projections, assume that P = P 2 and dim P (X) ≥ 2. Then there exist
linear independent elements x1, x2 ∈ X such that Pxk = xk , k = 1, 2, and
two elements f1, f2 ∈ X∗ such that fj(xk) = δjk. Let S ∈ LX) be defined
by Sx := f1(x)x1. Then Sx1 = x1 and Sx2 = 0. From PSPx1 = x1 �= 0 it
follows that PSP �= 0, and hence, since x2 = Px2 ∈ ker PSP , the element
PSP is not invertible in PAP . Therefore P /∈ MinL(X).

Finally, from the definition of socle we easily deduce that soc L(X) =
F (X).

Definition 5.10. Let A be a semi-prime algebra. A left (respectively,
right) ideal J of A is said to have finite order if J can be written as the sum
of a finite number of minimal left (respectively, right) ideals of A.

The order θ(J) of J is the smallest number of minimal left (respectively,
right) ideals of A which have sum J . If J has not finite order we define
θ(J) := ∞. The zero ideal is assumed to have order 0.

If J is a two-sided ideal of A the definition of order of J at first glance
may appear ambiguous. However, as a consequence of the next Theorem
5.12 the order of J considered as a left ideal is the same of the order of J
considered as a right ideal.

Lemma 5.11. Assume that the left ideal J of a semi-prime algebra A
has finite order n. Suppose that f1, · · · , fn are minimal idempotents such
that the sum Af1 ⊕ · · ·⊕Afm ⊆ J . Then m ≤ n.

A similar statement holds for right ideals of finite order.

Proof Let e1, · · · , en ∈ Min A be choose such that J = Ae1 + · · · + Aen.
Since f1 ∈ J , there exist elements xk ∈ A such that f1 =

∑
k=1 xkek.

Assume that xjej �= 0. Since Aej is minimal, from the inclusion Axjej ⊆
Aej we know that either Axjej = Aej or Axjej = {0} holds. But A is semi-
prime, hence faithful, so it must be Axjej = Aej and therefore

Aej = Axjej ⊆ Af1 +
n∑

k=1

k �=j

Axkek ⊆ Af1 +
n∑

k=1

k �=j

Aek.

From this it follows that

J =
n∑

k=1

k �=j

Aek + Aej ⊆
n∑

k=1

k �=j

Aek + Af1 ⊆ J,

and therefore

J =
n∑

k=1

k �=j

Aek + Af1.
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Now, f2 ∈ J so there exist elements yk ∈ A and z ∈ A such that

f2 = zf1 +

n∑

k=1

k �=j

ykek.

Since the sum Af1 + · · · Afm is direct it follows that yiei �= 0 for some i �= j.
Proceeding as before for the ideal J we obtain the representation

J = Af1 + Af2 +

n∑

k=1

k �=j,i

Aek.

By continuing in this manner we can at each successive step replace an ideal
Aeq with an ideal Afp. If m > n, at the end of this process we obtain that
J =

∑m
k=1 Afk and this contradicts the assumption that the sum

∑m
k=1 Afk

is direct. Therefore m ≤ n.

Recall that a set M := {e1, · · · , en} of elements of A is orthogonal if
eiej = 0 for every i �= j. It is easily seen that if M := {e1, · · · , en} is
an orthogonal set of minimal idempotents then the sum Ae1 + · · ·+Aen is
necessarily direct.

Theorem 5.12. Let J be a non-zero left ideal of a semi-prime algebra
A. If θ(J) = n then every maximal orthogonal set of minimal idempotents in
J contains n elements. If M = {e1, · · · , en} is such a set and e =

∑n
k=1 ek,

then

(139) J = Ae = Ae1 ⊕ · · · ⊕ Aen.

Moreover, for every x ∈ J we have

(140) x = xe1 + · · · + xen = xe.

A similar statement holds for right ideals of finite order.

Proof Let M denote a maximal orthogonal set of minimal idempotents in
J . By Lemma 5.11 we know that M is a finite set. Let M := {e1, · · · , eν}.

We establish first that there are no minimal idempotents g ∈ J such
that gek = 0 for all 1 ≤ k ≤ ν. Indeed, assume that there exists a minimal
idempotent g ∈ J such that gek = 0 for all 1 ≤ k ≤ ν. By the maximality of
M we have ekg �= 0 for some k. By renumbering the elements of M we can
suppose that ejg �= 0 if 1 ≤ j ≤ m, and ejg = 0 if j > m. Let us consider
the element

f := g −
m∑

k=1

ekg.

Since gf = g �= 0, then f �= 0 and, as is easy to verify, fek = ekf = 0 for all
1 ≤ k ≤ ν. Moreover,

f2 = f(g −
m∑

k=1

ekg) = fg = f,



248 5. ABSTRACT FREDHOLM THEORY

and hence Af = Afg = Ag, which implies that f is minimal idempotent.
This contradicts the property of M being a maximal orthogonal set of

minimal idempotents in J . Hence there can be no minimal idempotents
g ∈ J for which the equality gek = 0 holds for all ek ∈ M.

Now, given an arbitrary element x ∈ J let us define

y := x −
ν∑

k=1

xek.

Clearly yek = 0 for all 1 ≤ k ≤ ν. If y �= 0 then since Ay ⊆ J ⊆ socA there
exists a minimal idempotent element g such that g ∈ Ay. But then gek = 0
for all 1 ≤ k ≤ ν. This implies that y = 0, so for any x ∈ J we have

(141) x =
ν∑

k=1

xek.

Hence if e :=
∑ν

k=1 ek then J = Ae = Ae1 ⊕ · · · ⊕ Aeν .
Next, we show that ν = n. By Lemma 5.11 we have ν ≤ n. On the

other hand, ν cannot be strictly less that n by the definition of order of an
ideal and since J =

∑ν
k=1 Aek. Therefore ν = n.

The last assertion is evident from (141), since ν = n.

Remark 5.13. Let J be a left ideal of finite order n. It not difficult to
verify that every left ideal K ⊆ J has finite order m ≤ n. If K is properly
contained in J then m is strictly less than n. Moreover, any maximal or-
thogonal set of minimal idempotents in K may be extended to a maximal
orthogonal set of minimal idempotents in J .

Theorem 5.14. If x ∈ A, where A a semi-prime algebra, the following
statements hold:

(i) If x ∈ socA then both Ax and xA have finite order;

(ii) If A has a unit then θ(xA) = θ(Ax) for every x ∈ A. Moreover,
x ∈ socA precisely when θ(Ax) < ∞.

Proof (i) Assume that x ∈ socA. Clearly, by the definition of a socle, the
element x belongs to a finite sum of left minimal ideals and hence to a left
ideal J of finite order. From the inclusions Ax ⊆ AJ ⊆ J it then follows
that also Ax is of finite order. Similarly xA is of finite order.

(ii) Suppose that A has a unit u and θ(Ax) = n. By Theorem 5.12
there exists a set of minimal orthogonal idempotents {e1, · · · , en} such that
Ax = Ae1⊕· · ·⊕Aen and z = ze1+· · ·+zen for every z ∈ Ax. In particular,
since x = ux ∈ Ax we have x = xe1 + · · · + xen, and hence

xA ⊆ xe1A⊕ · · · ⊕ xenA ⊆ xA,

from which we obtain xA = xe1A⊕ · · · ⊕xenA . By part (iii) of Lemma we
know that the left ideal xekA either is {0} or minimal . According to Lemma
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5.7 it follows that there exist some fk ∈ Min A, where 1 ≤ k ≤ m ≤ n, such
that

xA = f1A + · · · fmA.

This shows that θ(xA) ≤ m ≤ θ(Ax). Analogously, from θ(xA) = n we
obtain that also θ(Ax) ≤ θ(xA), thus θ(Ax) = θ(xA).

Now, assume that Ax has finite order m. By Theorem 5.12 there exists
a set of minimal orthogonal idempotents {q1, · · · , qm} such that

x = ux = xq1 + · · · + xqm,

from which we conclude that x ∈ socA.

The following theorem shows the relationship between minimal idempo-
tents and primitive ideals.

Theorem 5.15. Let A be a semi-prime algebra. For every e ∈ MinA
there exists an unique primitive ideal P ∈ Π(A) such that e /∈ P .

Proof Assume first that A is semi-simple. If e ∈ MinA then A(1− e) is a
maximal regular left ideal and hence

P := {x ∈ A : xA ⊆ A(1 − e)}
is a primitive ideal, see Bonsall and Duncan [72, §24, Proposition 12]. Ob-
viously the minimal idempotent e /∈ P .

In order to prove the P is the unique primitive ideal which does not
contain e, let Q be another primitive ideal such that e /∈ Q. Then Ae being
minimal we have Q ∩ Ae = {0}. From this we obtain Qe = {0}.

Let q ∈ Q be arbitrary given. Clearly qA ⊆ Q, and therefore qAe = {0}.
This implies that q ∈ P and hence Q ⊆ P .

On the other hand, PAe = {0} so either the inclusions Ae ⊆ Q or
P ⊆ Q hold [72, Proposition 24.12 ]. The first one does not hold since
Q ∩ Ae = {0}, so it must be P ⊆ Q. Hence P = Q.

The result for the non semi-simple case follows from consideration of
the semi-simple Banach algebra A′ := A/radA. Clearly p′ := p + radA is
a minimal idempotent of A′, and the proof is easily completed by using the
homeomorphism between the structure spaces Π(A) and Π(A′).

3. The socle of semi-prime Banach algebras

In this section we shall establish several characterizations of the socle in
the case A is a semi-prime Banach algebra. Observe first that for a semi-
prime Banach algebra A if e ∈ MinA, the division algebra eAe is also a
normed algebra over C, and hence eAe = Ce. Moreover, for any complex
normed algebra A if e is idempotent then Ae is a closed left ideal. In fact, if
bn := ane ∈ J → b as n → ∞, then bne → be and from bne = ane2 = ane →
ab we deduce that b = be ∈ J .
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We need the following important lemma is owed to Kaplansky [185]. For
the proof see also Aupetit [52, Theoreme 1, p.70] or Hirschfeld and Johnson
[163].

Lemma 5.16. Let A be a Banach algebra such that each element x ∈ A
has a finite spectrum. Then A/rad A is finite-dimensional. In particular, if
each element of a semi-simple Banach algebra A has finite spectrum, then
A is finite-dimensional.

Definition 5.17. Given an algebra A and x, y ∈ A, the wedge operator
x ∧ y is the linear operator on A defined by

(x ∧ y)a := xay for every a ∈ A;

The next result shows that for a semi-prime Banach algebra, not nec-
essarily unital, the elements of the socle generate finite-dimensional wedge
operators.

Theorem 5.18. Let A be a semi-prime Banach algebra. We have:

(i) If e, f ∈ MinA then dim eAf ≤ 1;

(ii) If e is idempotent and eAe is finite-dimensional then e ∈ socA.

(iii) If x ∈ socA then x ∧ x is finite-dimensional.

Proof (i) Suppose that there exist two linearly independent elements exf
and eyf . Then exf �= 0 and {0} �= Aexf ⊆ Af . The minimality of Af
then yields Af = Aexf , so there is an element z ∈ A such that eyf = zexf .
From this we obtain

eyf = e(eyf) = ezexf = (eze)exf ∈ Cexf,

and this contradicts the linear independence of exf and eyf . Therefore
dim (eAf) ≤ 1.

(ii) Suppose that e �= 0 and eAe finite-dimensional. Then Ae �= 0, since
A is faithful. Let J be a left ideal of A with J ⊆ Ae and J �= {0}. Since
A is semi-prime J2 �= {0}, and hence there exist elements be, ce of J such
that bece �= 0. Clearly ece �= 0 and ece ∈ J ∩ eAe. Therefore eAe is a
finite-dimensional subspace of A having intersection with all non-zero left
ideals of A contained in Ae.

From this it follows that there exists a non-zero subspace X1 of eAe
together with a left ideal J1 of A, where J1 ⊆ Ae and J1 ∩ eAe = X1, such
that J1 ∩ X1 is either {0} or X1. Let J2 denote the intersection of all left
ideals J of A such that J ⊆ Ae and J ∩ eAe = X1. Then J2 is a minimal
left ideal of A, and hence by Lemma 5.7 J2 = Af for some f ∈ Min A.

Let {a1, . . . , an} be a basis for eAe, with a1, . . . , am in X1. Clearly
aj = ajf for all j = 1, . . . , m. If b is arbitrarily given in A then

ebe =
n∑

j=1

λjaj and efbe =
n∑

j=1

µjaj .
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Hence

(e − ef)b(e − ef) = ebe − ebef − efbe + efbef

=
n∑

j=1

λj(aj − ajf) −
n∑

j=1

µj(aj − ajf)

=
n∑

j=m+1

λj(aj − ajf) −
n∑

j=m+1

µj(aj − ajf).

If we put bj := aj − ajf then

e − ef)A(e − ef) ⊆
n∑

j=m+1

Cbj ,

and thus the rank of the wedge operator (e − ef) ∧ (e − ef) is strictly less
than n.

Now, after a finite number of repetitions of this process we conclude that
(e− g)A(e− g) = {0} for some g ∈ socA. But A is semi-prime, so e− g = 0
and hence e = g ∈ socA.

(iii) Let x ∈ socA. Then, as we have already seen in the proof of part
(i) of Theorem 5.14, x belongs to a left ideal of finite order, so by Theo-
rem 5.12 there exists a maximal orthogonal subset of minimal idempotents
{e1, · · · , en} such that x =

∑n
k=1 xek. Therefore

xAx =

(
n∑

k=1

xek

)
A

⎛
⎝

n∑

j=1

xej

⎞
⎠ =

n∑

k=1

n∑

j=1

xekAxej

⊆
n∑

k=1

n∑

j=1

xekAej =
n∑

k=1

n∑

j=1

x C bkj ,

where bkj is a fixed element of ekAej . Thus dim (xAx) < ∞.

Recall that an element x of a Banach algebra A with unit u is said to be
algebraic if there exists a polynomial α such that α(x) = 0. A first example
of algebraic elements is given by each element of a finite-dimensional Banach
algebra. In fact, if dim A = n, for every x ∈ A then there exist λ1, . . . , λn

such that xn + λ1x
n−1 + · · · + λnu = 0.

From the spectral mapping theorem it easily follows that every alge-
braic element x ∈ A has finite spectrum. Indeed, if α(x) = 0 then {0} =
σ(α(x)) = α(σ(x)) so that every λ ∈ σ(x) is a zero of the polynomial α, and
hence σ(x) is a finite set.

Lemma 5.19. Let A be a Banach algebra with unit. If x ∈ radA is
algebraic then x is nilpotent.
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Proof Let α be a polynomial such that α(x) = 0. If x ∈ radA then
σ(x) = {0}, so by the spectral mapping theorem

{0} = σ(α(x)) = α(σ(x)) = {α(0)}.
Therefore α(λ) = λnβ(λ) for some positive integer n and some polynomial
β with β(0) �= 0. Clearly β(x) /∈ radA, and hence σ(β(x)) = {β(0)} �= {0}.
Therefore β(x) is invertible and

0 = 0 · α(x) · (β(x))−1 = xnβ(x) · (β(x))−1 = xn,

as desired.

Remark 5.20. A classical result from the theory of Banach algebras es-
tablishes that if a two-sided J of a complex semi-prime Banach algebra is
nil, namely each element of J is quasi-nilpotent then J = {0}, see Corollary
46.5 of Bonsall and Duncan [72]. From this and from Lemma 5.19 we then
conclude that if A be a semi-prime Banach algebra and J a two-sided ideal
of A such that each element of J is algebraic, then J ∩ rad A = {0}.

An argument similar to that in the proof of the previous lemma shows
that if x is a quasi-nilpotent algebraic element which lies in an ideal J of A
then x is nilpotent.

As an immediate consequence of Lemma 5.19 it follows that every finite-
dimensional semi-prime Banach algebra is semi-simple. In fact, if A is finite-
dimensional then every element of A is algebraic. If x ∈ rad A then by
Lemma 5.19 x is nilpotent, so radA is nil and hence is equal to {0}.

Further information about the ideals for which each element is algebraic
are given in the following theorem. We need first to recall that the Wedder-
burn theorem establishes that in every finite-dimensional complex algebra A
the primitive ideals are the maximal ideals and the structure space Π(A) is
a finite set with the discrete topology; see Proposition 26.7 of Bonsall and
Duncan [72].

Theorem 5.21. Let A be a semi-prime Banach algebra with unit u and
J an ideal of A such that every element of J is algebraic. Then we have:

(i) J is a semi-simple Banach algebra;

(ii) Every idempotent e ∈ J belongs to socA and eAe is a finite-dimensional
semi-simple Banach algebra with unit e;

(iii) xA ∩ Min A �= ∅ for every 0 �= x ∈ J and every subset of minimal
orthogonal idempotents of Ax is finite. A similar statement holds for Ax;

(iv) For every x ∈ J there exists an idempotent e ∈ socA∩Ax such that
x = xe;

(v) J ⊆ socA.

Proof (i) By Theorem 5.1 we have rad J = J ∩ radA, so it suffices to show
that J ∩ radA = {0}. By Remark 5.20 we know that J ∩ radA = {0}, and
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from the inclusion J radA ⊆ J ∩ radA we deduce that J radA = {0}.
Suppose now that x ∈ J ∩ radA and (xn) ⊂ J ∩ radA is a sequence

which converges to x. Then 0 = xnx → x2 as n → ∞, and therefore x2 = 0.
This implies that J ∩ radA is nil and therefore J ∩ radA = {0}.

(ii) Let 0 �= e = e2 ∈ J . The ideal J is semi-simple, by part (i), and
hence also eJe is semi-simple, as observed before Theorem 5.18. Obviously
eJe ⊆ eAe ⊆ J so that

e(eAe)e = eAe ⊆ eJe ⊆ eJe,

and hence eAe = eJe. The semi-simple Banach algebra eAe has unit e and
every element of it is algebraic and therefore has finite spectrum. By the
Kaplansky theorem we conclude that eAe is finite-dimensional, and hence
part (ii) of Theorem 5.18 implies that e ∈ socA.

(iii) Let 0 �= x ∈ J . We show first that there exists b ∈ A such that bx
is not quasi-nilpotent. Indeed, suppose that σ(ax) = {0} for every a ∈ A.
The characterization (135) of the radical then entails that x ∈ radA, and
hence, see Remark 5.20, x ∈ J ∩ radA = {0}, which is impossible.

Now, by assumption every element of J is algebraic and hence has a finite
spectrum, in particular, since bx ∈ J , σ(bx) is a finite set. Let B denote
the commutative Banach algebra generated by bx. Since bx is algebraic,
B is a finite-dimensional algebra which is not radical, and therefore by the
Wedderburn theorem possesses a non-zero idempotent e ∈ B ⊆ J . By part
(ii) we then conclude that e ∈ socA and hence Ax ∩ MinA �= {0}.

In order to show that every set in Ax of orthogonal minimal idempotents
is finite, suppose that there exists an infinite set (en) of non-zero orthogonal
idempotents of Ax and let en := anx, an ∈ A, for every n ∈ N. Choose
a sequence of distinct points (λn) ⊂ C such that |λn| < 2−n‖an‖ for all n.
Then the series

∑∞
n=1 λnan converges to some a ∈ A and ax =

∑∞
n=1 λnen.

Clearly ekax = λkek for every k ∈ N and hence ek(ax− λku) = 0. From
this we infer that ax − λku is not invertible for every k, namely λk ∈ σ(ax)
for every k, and this contradicts the finiteness of σ(ax).

(iv) Let x ∈ J . If x = 0 we take e = 0. Suppose that x �= 0. From part
(iii) there exists in a finite maximal subset Ω = {e1, . . . , en} of orthogonal
minimal idempotents of Ax. Note that xek �= 0 for some 1 ≤ k ≤ n. Let
e := e1 + · · · + en. Clearly e2 = e ∈ socA ∩Ax.

We show now that x = xe. Suppose x �= xe. The right ideal (x − xe)A
contains a minimal idempotents, f say. Then f = (x−xe)a for some a ∈ A.

Let us consider the element defined by

g := (u − e)afx(u − e).

It is easy to verify that

g2 = g = (u − e)afx − (u − e)afxf ∈ Ax + Ax ⊆ Ax,

and 0 = gek = ekg for every k = 1, · · · , n. Hence g is a minimal idempotent
in Ax orthogonal to all elements ek, contradicting the maximality of Ω.
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(v) This is clear from part (iv).

Corollary 5.22. The socle of a unital semi-prime Banach algebra A is
the largest ideal of A whose elements are algebraic.

Proof If x ∈ socA then xAx is finite-dimensional by part (iii) of Lemma
5.18. This implies that x2 = xux is algebraic and hence also x is algebraic.

On the other hand, if J is an ideal each of whose elements is algebraic
then by part (iv) of Lemma 5.21 J ⊆ socA, hence socA is the largest ideal
of A whose elements are algebraic.

It should be noted that since each element of socA is algebraic the
argument used in the proof of part (i) of Theorem 5.21 shows that for every
semi-prime unital Banach algebra we have socA ∩ radA = {0}.

Remark 5.23. An inspection of the proof of Theorem 5.21 reveals that
the results established there remain valid if we suppose that J is a two-sided
ideal of elements having finite spectrum. From this observation it readily
follows that in a unital semi-prime Banach algebra A the socle is also the
largest ideal of A whose elements have finite spectrum.

Theorem 5.24. Let A be a unital semi-prime Banach algebra and x ∈
A. Then

x ∈ socA ⇔ xAx is finite-dimensional.

Proof By part (iii) of Theorem 5.18 we need only to prove that if xAx is
finite-dimensional then x ∈ socA.

Suppose that dim xAx < ∞ and let J be the ideal generated by x.
Every element y of J admits a representation

y = λx + ax + xb +
n∑

k=

akxbk, a, b, ak, bk ∈ A, λ ∈ R.

It is clear that dim yAy < ∞, so y is algebraic. By Theorem 5.22 we then
conclude that J ⊆ socA, and in particular x ∈ socA.

Now, let A be a commutative semi-prime Banach algebra. In this case
eA = eAe = Ce for every e ∈ MinA, so the socle may be characterized in
the following simple way:

socA = span {MinA}.
The elements x of the socle in this case may be described by means of

the action of the multiplication operators Lx on A.

Corollary 5.25. Let A be a semi-prime commutative Banach algebra.
If x ∈ socA then Lx is finite-dimensional. If, additionally, A is unital then

x ∈ socA ⇔ Lx is finite-dimensional.
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Proof If x ∈ socA then x =
∑n

k=1 λkek, where ek ∈ MinA for all k =
1, · · · , n. Since ekA = ekAek = Cek the operators Lek

are 1-dimensional, so
Lx =

∑n
k=1 λkLek

is finite-dimensional.
Conversely, if A is unital and Lx is finite-dimensional then xAx is finite-

dimensional, and consequently by Theorem 5.24 x belongs to socA.

Remark 5.26. It is easy to see that in a semi-simple commutative Banach
algebra A an idempotent element is minimal if the support of its Gelfand
transform is a singleton. From the Shilov idempotent theorem it then follows
that there is a one to one correspondence between the minimal idempotents
and the isolated points of ∆(A). In particular, the elements of the socle are
precisely the elements having a finite support of its Gelfand transform and
socA = {0} if and only if ∆(A) has no isolated points.

The next result shows that in a semi-simple Banach algebra every finite-
dimensional left (right) ideal is a subset of the socle.

Theorem 5.27. Let A be a semi-simple Banach algebra. If J is finite-
dimensional left (respectively, right) ideal of A then there exists an idempo-
tent p ∈ socA such that Ap = J (respectively, J = pA).

Proof The case J = {0} is trivial. Suppose J �= {0} and consider a minimal
idempotent e ∈ J . Let Γ be the set of all left ideal of the form J ∩A(1− q),
where q = q2 ∈ J ∩ socA. Obviously Γ �= ∅ because J ∩ A(1 − e) ∈ Γ.
Moreover, since J is finite-dimensional there exists a minimal element of Γ,
say J ∩ A(1 − p).

We claim that J∩A(1−p) = {0}. To see that, assume J∩A(1−p) �= {0}.
Then there exists f ∈ MinA such that Af ⊆ J∩A(1−p). Let v := p+f−pf .
From f ∈ A(1 − p) we obtain fp = 0 and hence vf = f , vp = p. From this
it easily follows that v2 = v and v ∈ J ∩ socA.

Now, let us consider an arbitrary element x ∈ J ∩ A(1 − v). We have
xv = 0 and therefore 0 = xvp = xp which implies x = x − xp ∈ A(1 − p).
Hence

(142) J ∩ A(1 − v) ⊆ J ∩ A(1 − p).

From
fv = fp + f2 − fpf = f2 = f �= 0

we infer that f /∈ A(1− v), so the inclusion (142) is proper and this contra-
dicts the choice of p. Hence J ∩A(1− p) is necessarily {0}. Finally, if x ∈ J
then x(1 − p) ∈ J ∩ A(1 − p) = {0}, so x = xp ∈ Ap.

This shows that J ⊆ Ap and, since the opposite inclusion Ap ⊆ J is
true, because p ∈ J , the proof is now complete.

4. Riesz algebras

In general, given an arbitrary Banach algebra A the socle does not exist.
In this case a Fredholm theory for a Banach algebra may be obtained by
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replacing the socle with the so called pre-socle. Recall first that, by Theorem
5.1 if A is an algebra the quotient algebra A′ := A/radA is semi-simple, so
its socle exists. Moreover, as in the commutative case a Banach algebra A
is said to be radical if A = radA.

In the sequel let x′ ∈ A′ denote the equivalence class x + radA, where
x ∈ A.

Definition 5.28. Given an algebra A the pre-socle of A is defined by

psocA := {x ∈ A : x′ ∈ socA′}.
Evidently psocA is two-sided ideal of A which contains radA, whilst

if A is semi-simple, radA = {0}, so psocA = socA. Moreover, for every
radical algebra A we have psocA = radA.

The next result shows, perhaps not surprisingly, that the equality psocA =
socA characterizes semi-simple algebras amongst unital semi-prime alge-
bras.

Theorem 5.29. For every semi-prime algebra A we have socA ⊆ psocA.
Moreover, a semi-prime algebra A is semi-simple if and only if socA =
psocA.

Proof If A does not admit minimal left ideal then socA = {0} ⊆ psocA.
Suppose that A admits a non-trivial minimal left ideal J and consider

the two distinct cases J2 = {0} and J2 �= {0}. If J2 = {0}, for every x ∈ J
and a ∈ A the quasi-product

(ax) ◦ (−ax) := ax − xa + (xa)2 = 0,

so, by (132) x belongs to rad A and hence x ∈ psocA.
Consider the second case J2 �= {0}. According Lemma 5.7 let e ∈ MinA

be such that J = Ae. It is evident that e′ := e+rad A is minimal idempotent
in A′ = A/radA, so J ′ := A′e′ is a minimal left ideal of A′ and therefore is
contained in socA′. Hence J ⊆ psocA.

In both cases the ideal psocA then contains every left minimal ideal of
A and hence socA ⊆ psocA for every semi-prime Banach algebra.

To prove the last assertion, assume A semi-prime and socA = psocA.
Let 0 �= x ∈ rad A ⊆ socA = psocA. Then by Theorem 5.14 Ax is a
nontrivial left ideal of finite order, and hence according to Theorem 5.12
there exist minimal idempotents e1, . . . en contained in Ax such that Ax =
Ae1 + · · ·+Aen. Now, rad A is an ideal of A, so e1 ∈ Ax ⊆ rad A and hence
e1 = 0, since the radical does not contain any non-zero idempotent. This
contradicts the property e1 ∈ Min A. Therefore radA = {0} and hence A
is semi-simple.

The following illuminating example shows how in a non-semi-simple
semi-prime algebra the difference between socA and psocA may be extreme.

Example 5.30. Let A denote the commutative algebra of all formal
power series in the indeterminate x, where the sum is defined componentwise
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and the product is the usual Cauchy product. Clearly, a subset J of A is an
ideal if and only if there exists k ∈ N ∪ {0} such that J = Jk, where

Jk :=

{
∞∑

n=k

λnxm : λn ∈ C

}
.

Since for every k ∈ N∪{0} the ideal Jk �= ∅ and Jk does not contain Jk+1,
the algebra A does not admit any minimal ideal, and therefore socA = {0}.
Moreover, A is semi-prime because J2 = {0} implies J = {0}. The algebra
A has identity u := x0, and the elements which are invertible are all the
power series

∑∞
n=0 λnxn with λ0 �= 0. From this it follows that

radA =

{
∞∑

n=1

λnxn : λn ∈ C

}
.

Hence A is not semi-simple and A′ = A/radA = {λu′ : λ ∈ C}. Ev-
idently A′ is the unique nonzero ideal of A′, so socA′ = A′ and therefore
psocA= A.

Remark 5.31. Let x ∈ A, A a Banach algebra with unit u, and x′ = x+
radA ∈ A′. Then σ(x) = σ(x′) for every x ∈ A. The inclusion σ(x′) ⊆ σ(x)
is immediate. The opposite inclusion easily follows from the property that if
x′ is invertible in A′ then x is invertible in A. Indeed, if x′ is invertible then
there exists y ∈ A and z ∈ radA such that yx = u+z. The characterization
(133) of the radical yields that u + z is invertible, and hence x has a left
inverse. The same argument shows that x has a right inverse, hence x is
invertible.

Theorem 5.32. Let A a Banach algebra. Then psocA is the largest
ideal in A each of whose elements has a finite spectrum.

Proof First we show that every x ∈ psocA has a finite spectrum.
Suppose first that A has an identity. Then since A′ := A/radA is semi-

simple socA′ is the largest ideal of A′ each of whose elements has finite a
spectrum, see Remark 5.23. The identity σ(x) = σ(x′) for all x′ := x+radA
then completes the proof.

The proof of the case where the algebra A has no identity easily follows
by adjoining an identity to A in the usual manner and then applying the
above argument.

It is well known that if B is a closed subalgebra of a Banach algebra A
and x ∈ B then σA(x) ⊆ σB(x) ∪ {0}, see [72, Proposition 5.12].

Corollary 5.33. Let B be a closed subalgebra of the Banach algebra A.
Then (psoc A) ∩ B ⊆ psocB.

Proof It is evident that (psocA) ∩ B is an ideal of B each of whose ele-
ments, by the above remark, has a finite spectrum. Hence by Theorem 5.32
(psocA) ∩ B ⊆ psocB.
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We now examine psoc A in relation to the structure space Π(A). In the
sequel ∂hkΠ(A) will denote the set of accumulation points of Π(A) in the
hk-topology. If A is commutative, the accumulation points of ∆(A) in the
Gelfand topology will be denoted by ∂G∆(A).

Theorem 5.34. For any Banach algebra A we have:

(i) ∂hkΠ(A) ⊆ h(psocA);

(ii) If A is commutative then ∂hk∆(A) = ∂G∆(A) = h(psoc A).

Proof First assume that A is semi-simple. Then by Theorem 5.29 psocA
= socA. Let P be a primitive ideal such that P /∈ h(socA) and choose
x ∈ socA such that x /∈ P . Then by Theorem 5.14 Ax has finite order, and
hence by Theorem 5.12 there exists a maximal set {e1, . . . , en} of orthogonal
minimal idempotents of Ax such that x = xe1 + · · · + xen. Clearly at least
one of these idempotents does not belong to P . Let ej be a such idempotent.
By Theorem 5.15 the set {P} is the complement of h({ej}) in Π(A). Since
h({ej}) is closed {P} is open and therefore P /∈ ∂hkΠ(A), as required.

The proof of the general case of a non-semi-simple Banach algebra easily
follows by using the homeomorphism between the structure spaces of A and
A′ = A/radA.

(ii) If A is a commutative Banach algebra then Π(A) = ∆(A) and the
Gelfand topology is stronger than the hk-topology, so by part (i) we have

∂G∆(A) ⊆ ∂hk∆(A) ⊆ h(psocA).

Let us consider a multiplicative functional m0 /∈ ∂G∆(A). By the Shilov
idempotent theorem there exists an idempotent e ∈ A such that ê(m0) =

1 and ê(m) = 0 for every m ∈ ∆( A) \ {m0}. Then êÂ = Cê, hence
e′A′ = Ce′ and consequently e′ is a minimal idempotent of A′. This implies
that e ∈ psocA. But ê(m0) = 1, hence m0 /∈ h(psocA) and therefore
h(psocA) ⊆ ∂G∆(A), so the proof is complete.

A situation of particular interest arises when a commutative Banach
algebra A itself is an inessential ideal of its multiplier algebra M(A). This
is, for instance, the case of the group algebra L1(G), where G is a compact
Abelian group with respect to the measure algebra M(G). To study this
situation within an abstract framework we first introduce a large class of
Banach algebras which embraces many special important algebras.

Definition 5.35. An algebra A is said to be a Riesz algebra if

h(psocA) = ∅.

Hence for a Riesz algebra A there exists no primitive ideal containing
its pre-socle , so, roughly speaking, an algebra A is Riesz if it is close to its
pre-socle.

The property of being a Riesz algebra may be described in several ways.
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Theorem 5.36. For any algebra A the following statements are equiv-
alent:

(i) A is a Riesz algebra;

(ii) A = k(h(psocA));

(iii) A′ := A/radA is a Riesz algebra;

(iv) A/psoc A is a radical algebra.

Proof The equivalence (i) ⇔ (ii) is obvious, whilst the equivalence (ii)
⇔ (iii) easily follows by considering the canonical homeomorphism between
Π(A) and Π(A′). The equivalence (ii) ⇔ (iv) is an immediate consequence
of the equality k(h(psocA)) = π−1(rad (A/psoc A)), see the identity (137),
where π : A → A/psoc A denotes the canonical homomorphism.

We mention that the Calkin algebra of any infinite-dimensional Hilbert
space provides an example of a non-Riesz algebra having a discrete structure
space.

The following result shows that a Riesz algebra in the commutative case
may be characterized in a very clear way by means of its maximal regular
ideal space ∆(A).

Theorem 5.37. If A is a Riesz algebra then Π(A) is discrete. Moreover,
for a commutative algebra the following statements are equivalent:

(i) A is a Riesz algebra;

(ii) ∆(A) is discrete in the hk-topology;

(iii) ∆(A) is discrete in the Gelfand topology.

Proof It is immediate from the definition of a Riesz algebra and from
Theorem 5.34.

Lemma 5.38. Let J be a two-sided ideal of the algebra A. Then:

(i) psoc J = (psoc A) ∩ J ;

(ii) If x ∈ psoc A then x := x + J ∈ psoc (A/J).

Proof As before, for each x ∈ A let x′ denote the class x + rad A. Then
J ′ := {x′ = x + radA : x ∈ J} is a two sided ideal of A′, so by Theorem
5.1 rad J ′ = radA′ ∩ J ′. Since A′ is semi-simple it then follows that also
J ′ is semi-simple. Moreover, the semi-simplicity of A′ yields that socJ ′ =
(socA′)∩ J ′, see the remark before Example 5.9. From rad J = (radA)∩ J
we easily deduce that the mapping defined by Ψ(x′) := x + radJ is an
isomorphism of J ′ onto J/radJ .

Now, in order to show the equality (i) take x ∈ (psoc A) ∩ J . Then
x′ ∈ (socA′)∩J ′ = soc J ′. The isomorphism Ψ then implies that x+radJ ∈
soc (J/radJ) and therefore x ∈ psoc J .

Conversely, if x ∈ psoc J then x + radJ ∈ soc(J/radJ) and x ∈ J . By
using the isomorphism Ψ defined before we then obtain that x′ ∈ soc J ′.
Therefore x′ ∈ socA′ and hence x ∈ psoc A. Since x ∈ J we have x ∈
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(psoc A) ∩ J and this complete the proof of part (i).
To show part (ii) note first that if x := x + J then

psoc (A/J) = {x + J : x + rad (A/J) ∈ soc ((A/J)/rad (A/J))}.
Let K := k(h(J)). The mapping

Θ : A/K → (A/J)/rad (A/J)

defined by
Θ(x + K) := x + rad (A/J), x ∈ A,

is an isomorphism, see Theorem 2.6.6 of Rickart [279], so

psoc (A/J) = {x : x + K ∈ soc (A/K)}.
Now, if x ∈ psocA then x′ ∈ socA′, and from the inclusion radA ⊆ K =

h(k(J)) we can conclude that x + K ∈ soc (A/K). Hence x ∈ psoc (A/J),
which completes the proof.

Theorem 5.39. Let J be an ideal of the Riesz algebra A. Then both J
and A/J are Riesz algebras.

Proof Clearly, (J + psocA)/psocA) is an ideal of the radical algebra
A/psocA and

rad ((J + psocA)/psocA) = ((J + psocA)/psocA)) ∩ rad (A/psocA),

thus (J +psocA)/psocA is itself a radical algebra. But (J +psocA)/psocA
is isomorphic to J/(J ∩ psocA) which is equal by Lemma 5.38 to J/psoc J .
Hence J/psoc J is a radical algebra and therefore J is a Riesz algebra.

Now assume that A/J is not a Riesz algebra. Then there exists a prim-
itive ideal P of A/J such that psoc (A/J) ⊆ P . Again, from Theorem 2.6.6
of Rickart [279] it follows that {x ∈ A : x + J ∈ P} is a primitive ideal of
A, which contains psoc A by Lemma 5.38. This is impossible since A is a
Riesz algebra.

Note that a subalgebra of a Riesz algebra need not be in general a
Riesz algebra. For instance, the algebra A considered in Example 5.30 is a
Riesz algebra since A = psocA. The subalgebra B of A consisting of the
polynomials in x is semi-simple and psoc B = soc B = {0}. Hence B is not
a Riesz algebra.

Theorem 5.40. If A is an algebra then k(h(psoc A)) is the largest ideal
which is also a Riesz algebra.

Proof Let J := k(h(psocA)). Then by Lemma 5.38 J/psoc J = J/psocA,
which is a radical algebra. Hence J is a Riesz algebra .

Now suppose that K is another ideal of A which is a Riesz algebra.
Let P ∈ h(psocA). From Lemma 5.38 we know that the radical algebra
K/psoc K is equal to K/((psocA) ∩ K) which is isomorphic to the ideal
(K + psocA)/psocA of the algebra A/psocA. But this is a two-sided ideal
of A/psocA, so by part (i) of Theorem 5.1 we have (K + psocA)/psocA ⊆
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rad (A/psocA). However, the set {x + psocA : x ∈ P} is a primitive ideal
of A/psocA, hence it contains (K + psocA)/psocA.

This shows that K ⊆ P and therefore K ⊆ J = k(h(psocA)).

Suppose that a Banach algebra A does not possess a unit and λ �= 0 is
an isolated point of the spectrum σ(x) of x ∈ A. Then it still make sense
to talk about the spectral idempotent p(λ, x) associated with the spectral
set {λ}. This is canonically defined as follows: if Au denotes the unization
A ⊕ Cu of A then σA(x) = σAu((x, 0)), [72, Lemma 5.2], and the spectral
idempotent p(λ, x) is defined to be the spectral idempotent p(λ, (x, 0) ∈ Au

associated with the isolated point λ of σAu((x, 0)).
In the sequel by Z(x), x ∈ A, we shall denote the centraliser of x,

Z(x) := {a ∈ A : ax = xa for every a ∈ A}.
Clearly Z(x) is a closed subalgebra of A which is invariant under x ∧ x.

As usual, let Lx : A → A denote the left multiplication operator by
x. The next result shows the Riesz algebra s are closely related to Riesz
operators.

Theorem 5.41. Let A be a Banach algebra for which x ∧ x is a Riesz
operator for every x ∈ A. Then A is a Riesz algebra.
Moreover, if A is semi-simple then

A is a Riesz algebra ⇔ x ∧ x is a Riesz operator for all x ∈ A.

Proof Suppose that x ∧ x is a Riesz operator for all x ∈ A. From part
(iii) of Theorem 3.113 we know that the restriction (x ∧ x)|Z(x) is a Riesz
operator. But (x∧x)|Z(x) = (Lx|Z(x))2, and hence by part (ii) of Theorem
3.113 Lx|Z(x) is a Riesz operator from which we conclude that the spectrum
σ(Lx|Z(x)) is a finite set or a sequence which converges to 0. The equality
σ(x) \ {0} = σ(Lx|Z(x)) \ {0} then implies that every 0 �= λ ∈ σ(x) is
isolated in σ(x).

Let p := p(λ, x) be the spectral idempotent associated with {λ}. Since
Lx| Z is a Riesz operator then λ is a pole of Lx and hence, by part (b) of
Remark 3.7, there exists some m ∈ N such that (λ − x)mp = 0. From this
we conclude that there exists some polynomial α such that p = px α(x).
Clearly,

p ∧ p = (x ∧ x)(p α(x) ∧ p α(x)) = (p α(x) ∧ p α(x))(x ∧ x),

so part (ii) of Theorem 3.112 ensures that p∧p is a Riesz operator, and con-
sequently ker(I −p∧p) is finite-dimensional. Obviously p∧p is idempotent,
so ker(I − p ∧ p) = (p ∧ p)(A) = pAp is finite-dimensional and this implies
that also p′A′p′ is finite-dimensional, where A′ = A/rad A. We may now
employ Theorem 5.24 to conclude that p′ ∈ socA′, and hence p ∈ psoc A.

Next we want show that A/psocA is a radical algebra. Choose ε > 0.
Then Ω := {λ ∈ σ(x) : |λ| ≥ ε} is a finite set, {λ1, · · · , λn} say. Clearly
q :=

∑n
k=1 p(λk, x) ∈ psocA. It is easily seen that the spectral radius
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r(x − qx) < ε. Therefore if x̃ := x + psocA we have r(x̃) ≤ ε for every ε.
This shows that A/psocA is a radical algebra. Since in a Banach algebra all
primitive ideals are closed, we then conclude that h(psoc A) = ∅. Therefore
k(h(psocA)) = A so A is a Riesz algebra.

Conversely, assume that A is a semi-simple Riesz Banach algebra and
x ∈ A. Then r(x + socA) = 0, so for every ε > 0 there exist m ∈ N and
yn ∈ socA such that ‖xn − yn‖ < εn for all n ≥ m. We have

‖(x ∧ x)n − yn ∧ yn‖ ≤ ‖xn − yn‖‖xn‖ + ‖yn‖‖xn − yn‖
≤ εn(2‖x‖n + εn) ≤ εn(2‖x‖ + ε)n.

From this we obtain that

‖(x ∧ x)n − yn ∧ yn‖1/n < ε(2‖x‖ + ε),

for all n ≥ m.
Let K(A) denote the ideal of all compact linear operators on A. From

Theorem 5.24 we know, since yn ∈ socA, that yn ∧yn ∈ K(A) for all n ∈ N.
Hence

‖(x ∧ x)n + J‖1/n ≤ ε(2‖x‖ + ε),

and therefore

r(x ∧ x + J) ≤ ε(2‖x‖ + ε).

The Ruston characterization of Riesz operators then implies that x ∧ x is a
Riesz operator on A, so the proof of the equivalence is complete.

Lemma 5.42. Let A be a semi-simple Banach algebra with unit u. We
have:

(i) If every x ∈ A has spectrum which consists of a single point then
A = Cu;

(ii) If e �= 0 is not minimal then there exists an element x ∈ eAe such
that σeAe(x) contain at least two distinct points.

Proof (i) Suppose that σ(x) is a singleton set for every x ∈ A. We show
first that σ(x) = {0} implies x = 0.

Let y ∈ A be arbitrary given. Then σ(xy) = {0}, otherwise if σ(xy) �=
{0} then xy and yx would both be invertible, because σ(xy) = σ(yx), and
consequently also x would be invertible, a contradiction.

Hence σ(xy) = {0} for every y ∈ A and this implies by the characteri-
zation (135) of the radical that x ∈ radA = {0}. Finally, if 0 �= z ∈ A then
σ(z) = {λ} where λ �= 0, so σ(z − λu) = {0} and therefore z = λu.

(ii) From part (iii) of Remark 5.2 we know that eAe is a semi-simple
unital Banach algebra. Assume that σeAe(x) is a singleton set for every x ∈
eAe. By part (i) it follows that eAe = Ce, so e is minimal, a contradiction.

The following result, owed to Smyth [304], characterizes a Riesz Banach
algebra by means of the spectral structure of its elements.
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Theorem 5.43. A Banach algebra A is a Riesz algebra if and only if
for every x ∈ A the spectrum σ(x) is a finite set or is a sequence converging
to zero.

Proof Recall that if x ∈ A and x′ = x+radA ∈ A/rad A then σ(x) = σ(x′)
and A/rad A is semi-simple. Our theorem will be proved without loss of
generality if we assume that A is semi-simple.

Suppose that the semi-simple Banach algebra A is a Riesz algebra. By
Theorem 5.41 we know that x ∧ x is a Riesz operator. The same reasoning
used in the first part of the proof of Theorem 5.41 then shows that every
0 �= λ ∈ σ(x) is isolated in σ(x). This proves the first part of the theorem.

Conversely, assume that A is not a Riesz algebra. Suppose that for every
x ∈ A the spectrum σA(x) is a finite set or is a sequence converging to zero.
Then there exists an idempotent e /∈ socA (otherwise, arguing as in the
proof of Theorem 5.41, A would be a Riesz algebra). Clearly eAe is a semi-
simple Banach algebra with identity e. Moreover, since e is not minimal,
part (ii) of Lemma 5.42 ensures that there exists an element y ∈ eAe such
that the spectrum σeAe(y) has at least two points. Since σeAe(y) ⊆ σ(y)
our assumption implies that 0 is the only possible accumulation point of
σeAe(y). Hence σeAe(y) contains an isolated point µ �= 0.

Let p := p(µ, y) ∈ eAe be the spectral projection associated with µ. If
q := e − p then we have

pe = ep = p �= e, qe = eq = q �= e, and e = p + q,

so, at least one of the idempotents p, q does not belong to soc A. At this
point, repeating this process, we can find a sequence (en) of idempotents
such that e1 = e and en /∈ socA.

Let us consider the sequence of nonzero orthogonal idempotents (vn)
defined by vn := en − en+1 for all n ∈ N. Choose a sequence of distinct
points (λn) ⊂ C such that

|λn| <
1

2n‖vn‖
for every n ∈ N.

Clearly v :=
∑∞

n=1 λnvn ∈ A is a well-defined element of A, and

(e + v)vn = (1 + λn)vn for all n ∈ N.

Hence 1 + λn ∈ σ(e + v) for all n ∈ N. Since λn → 0 as n → ∞ we then
conclude that 1 is an accumulation point of σ(e + v). This contradicts our
assumption that 0 is the only possible accumulation point of the spectrum
of an element of A, so the proof is complete.

Corollary 5.44. Suppose that the left multiplication operator Lx is a
Riesz operator on the Banach algebra A for every x ∈ A. Then A is a Riesz
algebra. A similar statement holds for the right multiplication operators Rx.
Moreover, if A is commutative and semi-simple then

A is a Riesz algebra ⇔ Lx is a Riesz operator for all x ∈ A.
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Proof Let x ∈ A. If Lx is a Riesz operator the restriction on the centralizer
Lx |Z(x) is a Riesz operator and hence σ(x) = σ(Lx |Z(x)) is a finite set
or a sequence converging to 0. By Theorem 5.43 we then infer that A is a
Riesz algebra.

Assume now that A is a commutative semi-simple Riesz algebra and
x ∈ A. Then (Lx)2 = x∧ x is a Riesz operator on A, by Theorem 5.41, and
hence by part (ii) Theorem 3.113, Lx is a Riesz operator also.

Corollary 5.45. Let J be a two-sided ideal of the Banach algebra A.
Then

J is inessential ⇔ J ⊆ k(h(psocA)).

Moreover, if J is inessential also k(h(J)) is inessential.

Proof The first assertion follows from Theorem 5.40 and Theorem 5.43.
The second assertion is an immediate consequence of the first: for every
inessential ideal J we have

k(h(J)) ⊆ k(h(k(h(psocA)) = k(h(psocA)),

and this implies that also k(h(J)) is inessential.

We have already observed that a subalgebra of a Riesz algebra need not
be a Riesz algebra. A straightforward consequence of Theorem 5.43 shows
that a distinguishing property of a Riesz Banach algebra is that every closed
subalgebra is itself a Riesz algebra.

Corollary 5.46. Every closed subalgebra of a Riesz Banach algebra is
a Riesz algebra.

Proof Let B be a closed subalgebra of the Riesz algebra A. Then 0 is
the only possible accumulation point of σA(x) for every x ∈ A. From the
inclusion ∂σB ⊆ ∂σA, see [72, Proposition 5.12], we see that this is also
true for σB(x), so B is a Riesz algebra.

5. Fredholm elements of Banach algebras

The Atkinson characterization of Fredholm operators establishes that
a bounded operator on a Banach space X is a Fredholm operator precisely
when it is invertible in L(X) modulo the ideal F (X) of all finite-dimensional
operators. The ideal F (X) is the socle of the semi-simple Banach algebra
L(X).

This suggests how to extend Fredholm theory to the more abstract
framework of Banach algebras. A natural way of defining a Fredholm ele-
ment of a Banach algebra A is that this is an element of A invertible modulo
a fixed ideal J . However, the results of the previous section suggest that in
order to obtain a deeper Fredholm theory for Banach algebras which reflects
more closely the classical Fredholm operator theory we need to assume that
the ideal J is the socle, or more generally that J is inessential.
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Definition 5.47. Given an inessential two-sided ideal J of a Banach
algebra A with a unit u, an element x ∈ A is called a J-Fredholm element
of A (or also a Fredholm element of A relative to J) if x is invertible in A
modulo J , i.e., there exist y, z ∈ A such that xy − u ∈ J and zx − u ∈ J .

The set of all J-Fredholm elements of A will be denoted by Φ(J,A).
Note that we can always assume that J is closed. In fact, from the inclusions
J ⊆ J ⊆ k(h(J)) and from Corollary 5.6 it follows that

(143) Φ(J,A) = Φ(J,A) = Φ(k(h(J),A).

If we take into account that the invertible elements of an algebra form a
group and that the factors of an invertible product are either both invertible
or both non-invertible, then we immediately obtain that Φ(J,A) is an open
multiplicative semi-group of A. Moreover, from the equalities (143) it easily
follows that the set Φ(J,A) is stable under perturbations by elements of
k(h(J)), i.e.

Φ(J,A) + k(h(J)) ⊆ Φ(J,A).

For any proper closed inessential ideal J of A let Ψ : A → A/J denote
the canonical quotient homomorphism. We have already observed that for
every ideal J we have

(144) k(h(J)) = Ψ−1(radA/J).

From the characterization (134) of the radical we readily obtain

(145) k(h(J)) = {x ∈ A : x + Φ(J,A) ⊆ Φ(J,A)}.
Let now us consider the particular case of an inessential ideal J which

satisfies the inclusions

psoc (A) ⊆ J ⊆ k(h(psoc A)).

From Corollary 5.6 we then obtain

Φ(J,A) = Φ(psoc A,A) = Φ(k(h(psoc A)),A),

so in the particular case A is semi-simple we obtain

(146) Φ(J,A) = Φ(socA,A) = Φ(k(h(socA)),A).

Of course, these considerations find a first important application to the
semi-simple Banach algebra A := L(X) of all bounded operators on a Ba-
nach space X. By the Atkinson characterization of Fredholm operators we
have Φ(X) = Φ(F (X), L(X)). Let π : L(X) → L(X)/F (X) denote the
canonical quotient map and denote

I(X) := π−1(rad (L(X)/F (X)).

The set I(X) will be called the inessential ideal or Riesz ideal of operators
of L(X). The equality (144) shows that

I(X) = k(h(soc L(X))) = k(h(F (X))
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and therefore from the inclusions

soc L(X) = F (X) ⊆ K(X) ⊆ I(X) = k(h(F (X)),

we infer that

Φ(X) = Φ(F (X), L(X)) = Φ(K(X), L(X)) = Φ(I(X), L(X)).

Analogously, the equalities (146) show that Φ(X) may be described as the
class of all operators T ∈ L(X) invertible in L(X) modulo every ideal of
operators which contains F (X) and that is contained in I(X). Some of
these ideals and the same ideal I(X) will be studied in Chapter 7.

We next turn to the Fredholm theory of the algebra A := M(A) with
respect to some inessential ideals of M(A).

For any semi-prime Banach algebra A, not necessarily commutative, let
us consider the ideals of the multiplier algebra M(A) defined by

KM (A) := {T ∈ M(A) : T is a compact operator on A},
and by

FM (A) := {T ∈ M(A) : T is finite-dimensional}.
Clearly, for each T ∈ KM (A), or T ∈ FM (A), the spectrum σM(A)(T ) =

σ(T ) is a finite set or has 0 as its unique accumulation point. Hence KM (A)
and FM (A) are both inessential ideals of the semi-prime Banach algebra
A = M(A). Let us define

ΦM (A) := Φ(KM (A), M(A)).

Theorem 5.48. If T ∈ M(A), where A is a semi-prime Banach algebra,
then

ΦM (A) = Φ(FM (A), M(A)).

Proof It suffices by Theorem 5.5 to show that the two ideals KM (A) and
FM (A) have the same set of spectral projections. Let λ0 ∈ C be an isolated
spectral point of T ∈ M(A). If λ ∈ ρ(T ) then (λI − T )−1 ∈ M(A), since
M(A) is an inverse closed algebra of L(A). Hence if P0 is the spectral
projection P0 associated with {λ0} we have

P0(T ) :=
1

2πi

∫

Γ
(λI − T )−1dλ ∈ M(A).

Now, if P0 is compact, and hence Riesz, then ker(I − P0) = P0(A) is finite-
dimensional, so P0 ∈ FM (A). The converse is obviously true, so KM (A) and
FM (A) have the same set of spectral projections.

Trivially, by the Atkinson characterization of Fredholm operators we
have

ΦM (A) ⊆ Φ(A) ∩ M(A).

The last inclusion may be proper, as the following example shows.
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Example 5.49. Let us consider the disc algebra A = A(D) is a semi-
simple unital commutative Banach algebra, so each multiplier of A(D) is an
operator of multiplication Tf for some f ∈ A(D), namely, M(A(D)) = A(D).
Moreover, ∆(A(D)) = D has no isolated points so

soc (M(A(D)) = socA(D) = {0}.
From this and from the following inclusion

KM (A(D)) ⊆ k(M(A)(hM(A)(soc (M(A(D))) = {0},
it follows that KM (A(D)) = {0} (note that this equality is also a conse-
quence of Theorem 4.41). Hence

ΦM (A(D)) = {Tf : f is an invertible element of A(D)}.
Now let us denote by Tg the multiplication operator with g(z) := z, for

all z ∈ D. Clearly the operator Tg is injective. Moreover, as is easy to check,
the range of Tg is the maximal ideal

J := {h ∈ A(D) : h(0) = 0}
and hence its codimension is equal to 1. Hence we have Tg ∈ Φ(A(D))∩M(A)
whilst Tg /∈ ΦM (A(D)).

Later we shall show that ΦM (A) coincides with the set of all multipliers
of A which are Fredholm operators having index 0.

Definition 5.50. A two-sided ideal J of a Banach algebra A is said to
have the intersection property if the intersection with any other non-zero
two-sided ideal of A is non-trivial.

In the literature an ideal with the intersection property is often called an
essential ideal. The term essential has its own historical origin in the theory
of C⋆ algebras. We do not adopt this terminology because it could generate
a certain confusion of language. In fact the two concepts of inessential ideal
and essential ideal are not in any sense opposites.

Lemma 5.51. Let A be a commutative semi-prime Banach algebra and
suppose that the ideal J of A has the intersection property. Then socA =
soc J .

Proof It suffices to prove that MinA = MinJ . Suppose first that e ∈
MinJ . Obviously eJ ⊆ eA. Since e ∈ J then eA = eeA ⊆ eJ . Hence
eJ = eA, and consequently eAe = eJe = Ce, hence e ∈ MinA.

Conversely, suppose that e is a minimal idempotent of A. Then eA is
a minimal ideal, and since eJ is an ideal in A contained in eA we have
eJ = {0} or eJ = eA. Note that eA ∩ J ⊆ eJA , because if j ∈ J and
j = ea for some a ∈ A then j = ej = eje ∈ eJA. From this it follows
that the first possibility above, eJ = {0}, entails that AeAJ ⊆ AeJ = {0},
contradicting the assumption that J has the intersection property.
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Hence eJ = eA. In particular, there is an element b ∈ J for which
eb = e2 = e, thus e ∈ J . Moreover, from eJe = eAe = Ce we conclude that
e is a minimal idempotent element of J .

In the next theorem we identify, as usual, a commutative algebra A with
the set of all multiplication operators {Lx : x ∈ A}.

Theorem 5.52. Suppose that A is a commutative semi-prime Banach
algebra. Then soc M(A) = socA.

Proof M(A) is semi-prime so it suffices, by Theorem 5.51, to show that
A is an ideal with the intersection property in its multiplier algebra M(A).
Let J denote a non-trivial ideal of M(A) and suppose that A ∩ J = {0}.

Let 0 �= T ∈ J . From the inclusion AJ ⊆ A ∩ J = {0} we infer that
TLa = LTa = 0 for every a ∈ A. Since A is faithful then Ta = 0 for every
a ∈ A and therefore T = 0, a contradiction.

Recall that for a compact Abelian group G the ideal P (G) of trigono-
metric polynomials is the set of all finite linear combinations of continuous
characters.

Corollary 5.53. For every locally compact Abelian group G we have
soc L1(G) = socM(G). If G is compact then

FM (L1(G)) = socL1(G) = P (G),

whilst if G is non-compact soc L1(G) = {0}.
Proof The equality socL1(G) = socM(G), for every local compact Abelian
group G, is clear from Theorem 5.52.

The equality socL1(G) = P (G) for a compact group G is an obvious
consequence of the minimal idempotents of L1(G) being precisely the char-

acters of Ĝ. Furthermore, by Corollary 5.25, M(G) being a commutative
semi-simple unital Banach algebra, for every µ ∈ M(G) the convolution op-
erator Tµ is finite-dimensional if and only if µ ∈ socM(G) = soc L1(G).

If G is non-compact then Ĝ = ∆(L1(G)) is non-discrete, and hence be-
ing a topological group it does not contain isolated points. From Remark
5.26 it then follows that socL1(G) = {0}.

Note that the equality socM(G) = P (G) holds also for a compact non-
Abelian group; see Barnes, Murphy, Smyth, and West [62, Lemma A.6.1]
or Saxe [285].

We have seen in Example 4.30 that multipliers of a commutative semi-
simple Banach algebra A may have a non-empty residual spectrum σr(T ).
However, the next result shows that, if A has a dense socle, then σr(T ) is
empty.

Theorem 5.54. Suppose that A is a commutative semi-simple Banach
algebra having a dense socle. If T ∈ M(A) then σr(T ) = ∅ and

(147) σ(T ) = σap(T ) = σsu(T ) = σse(T ).
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Proof Suppose that A = soc A and σr(T ) �= ∅. Let λ /∈ σr(T ). Then

λ /∈ σp(T ) and since ∆(A) is discrete, Theorem 4.31 ensures that λ /∈ T̂ (m)
for every m ∈ ∆(A). If e ∈ MinA is a minimal idempotent of A then there
exists m0 ∈ ∆(A) such that ê(m0) = 1 and ê vanishes identically on the set

∆(A) \ {m0}. Taking z := [λ − T̂ (m0)]
−1 we have

̂(λI − T )z(m) = ê(m) for each m ∈ ∆(A),

and hence (λI−T )z = x, so every minimal idempotent belongs to the range
(λI − T )(A). Since the subspace generated by the set Min A is dense in A

this implies that (λI − T )(A) = A and hence λ /∈ σr(T ), a contradiction.
Thus σr(T ) = ∅.

To prove the equalities (147) observe first that the inclusion σp(T ) ∪
σc(T ) ⊆ σap(T ) holds for each bounded operator on a Banach space. For
every T ∈ M(A) then

σap(T ) ⊆ σ(T ) = σp(T ) ∪ σc(T ) ∪ σr(T ) = σp(T ) ∪ σc(T ) ⊆ σap(T ),

thus σ(T ) = σap(T ). The equalities σ(T ) = σsu(T ) and σap(T ) = σse(T )
have been established in Theorem 4.32, part (iii).

In particular, the equalities

σp(T ) = T̂ (∆(A)) and σr(T ) = ∅

hold for every multiplier T of the group algebra A := L1(G), where G is a
compact Abelian group. Later the equalities (147) will be extended to the
more general case of regular Tauberian semi-simple commutative Banach
algebras.

Theorem 5.55. Suppose that A is a commutative semi-prime Banach
algebra. Then

ΦM (A) = Φ(soc A,A).

Proof From Corollary 5.25 and Corollary 5.45 we have

soc A = socM(A) ⊆ KM (A)

⊆ kM(A)(hM(A)(soc M(A))) = kM(A)(hM(A)(soc A)).

Consequently by Corollary 5.6, ΦM (A) = Φ(soc A,M(A)).

Now let RM (A) denote the set of all Riesz multipliers, the set of all mul-
tipliers which are Riesz operators. Since M(A) is commutative, by Theorem
3.112 the sums of elements of RM (A) are in RM (A) as well as the product
of every T ∈ RM (A) with any S ∈ M(A). Hence RM (A) is an ideal of
M(A), which is closed, again by Theorem 3.112, and inessential in M(A),
by Theorem 5.43.

The following theorem reveals that the Fredholm theory of multipliers
of a commutative semi-simple Banach algebra having socle socA = {0} is
trivial.
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Theorem 5.56. Let A be a commutative semi-simple Banach algebra.
Then the following statements are equivalent:

(i) ∆(A) has no isolated points;

(ii) KM (A) = {0};
(iii) RM (A) = {0}.
In such a case ΦM (A) = invM(A), the set of all invertible multipliers

of A.

Proof (i) ⇔ (ii) If ∆(A) has no isolated points then socA = {0} and
hence also kM(A)(hM(A)(soc A)) = {0}. By Corollary 5.45 the inessentiality
of KM (A) yields

KM (A) ⊆ kM(A)(hM(A)(soc M(A))) = kM(A)(hM(A)(soc A)) = {0},
from which we obtain that KM (A) = {0}. Conversely, if KM (A) = {0},
from Corollary 5.25 we have socA ⊆ KM (A) = {0}, and hence ∆(A) has no
isolated points.

The equivalence (ii) ⇔ (iii) is proved in a similar way, whilst the last
assertion is obvious.

In particular, Theorem 5.56 applies, see Corollary 5.53, to convolution
operators on group algebras L1(G) of non-compact Abelian groups.

A more interesting situation occurs when A has discrete maximal ideal
space. Recall that M00(A) := kM(A)(hM(A)(A)). The next result shows that
in this case M00(A) is the largest essential ideal of M(A).

Theorem 5.57. Let A be a semi-simple commutative Banach algebra
with a discrete maximal ideal space ∆(A). Then A and M00(A) are inessen-
tial ideals of M(A). Precisely,

(148) M00(A) = kM(A)(hM(A)(soc A)).

Moreover,

(149) ΦM (A) = Φ(A,M(A)) = Φ(M00(A), M(A)).

Proof By Theorem 5.37, being ∆(A) discrete, A is a Riesz algebra, and
hence by Theorem 5.43, A is an inessential ideal of M(A). From Corollary
5.45 it then follows that also M00(A) = kM(A)(hM(A)(A)) is an inessential
ideal of M(A), and hence, again by Corollary 5.45,

M00(A) ⊆ kM(A)(hM(A)(soc M(A))) = kM(A)(hM(A)(soc A)).

On the other hand we also have

kM(A)(hM(A)(soc A)) ⊆ kM(A)(hM(A)(A)) = M00(A),

so the equality (148) is proved.
Finally, A ⊆ M00(A), so from the inclusions

soc A ⊆ A ⊆ M00(A) = kM(A)(hM(A)(soc A)),
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from Theorem 5.55 and Corollary 5.6, we conclude that the equalities (149)
are verified.

In particular, Theorem 5.57 applies to convolution operators on group
algebras Lp(G), with 1 ≤ p < ∞, of compact Abelian groups.

Note that in the situation of Theorem 5.57 we have RM (A) ⊆ M00(A),
M00(A) being the largest essential ideal of M(A). By Theorem 5.43 M00(A)
is then a Riesz algebra and consequently by Corollary 5.44 the multiplication
operator LT : M00(A) → M00(A) for each T ∈ M00(A) is a Riesz operator.
In the next chapter we shall show, always in the case where ∆(A) is discrete,
that if LT is Riesz on M00(A) then also T is a Riesz operator on A, so the
two inessential ideals RM (A) and M00(A) coincide.

6. Compact multipliers

Of course, it is of interest to describe the ideal KM (A) in some concrete
cases. To do this we first introduce an important class of Banach algebras.

Definition 5.58. A complex Banach algebra A is said to be a compact
Banach algebra if the mapping x ∧ x is a compact linear operator for every
x ∈ A.

Any compact Banach algebra may be described by means of a dense
subset of it.

Theorem 5.59. Let A be a Banach algebra and suppose that there exists
a dense subset Ω ⊆ A such that the wedge operator x∧x is a compact operator
on A for each x ∈ Ω. Then A is a compact algebra.

Proof Let x ∈ A be arbitrarily given and suppose that (xn) is a sequence
of elements in Ω which converges at x. Then for every a ∈ A we have

‖x ∧ x(a) − xn ∧ xn(a)‖ = ‖(x − xn)ax + xna(x − xn)‖
≤ ‖a‖(‖x‖ + ‖xn‖)‖x − xn‖,

so that the operator x ∧ x is the uniform limit of compact operators and
hence is itself compact.

Clearly, from Theorem 5.18 every semi-prime Banach algebra, not nec-
essarily unital, with a dense socle is a compact algebra. In particular, for
every compact Abelian group G the group algebra L1(G) is a compact al-

gebra since L1(G) = soc L1(G) = P (G). Another example of a compact
algebra is provided by K(X), the ideal of all compact operators on a Banach
space X, see Bonsall and Duncan [72, §33].

Note that every compact algebra A is a Riesz algebra and hence, by
Theorem 5.37, has structure space Π(A) discrete.

Definition 5.60. A commutative regular Banach algebra A is said to
be Tauberian if the elements of A having compact support are norm dense
in A, where as usual the support of an element x ∈ A is defined to be the
closure in ∆(A) of the set {m ∈ ∆(A) : x̂(m) �= 0}.
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Obviously, if A has an identity then A is Tauberian. Also C0(Ω), the
algebra of all complex continuous functions which vanish at infinity on a
locally compact Hausdorff space Ω, the group algebras L1(G) for any locally
Abelian compact group G, the algebra Lp(G) for a compact Abelian group
G, 1 ≤ p < ∞, are Tauberian, see Rudin [282] or Larsen [198].

Theorem 5.61. Suppose that A is a commutative Banach algebra with a
bounded approximate identity. Then the following statements are equivalent:

(i) A = KM (A);

(ii) A is a compact algebra.

Additionally, if A is also semi-simple and Tauberian then the conditions
(i) and (ii) A are equivalent to each of the following conditions:

(iii) ∆(A) is discrete, or equivalently A is a Riesz algebra;

(iv) A has dense socle.

Proof Observe first that if A possesses an approximate identity (uα) then
KM (A) ⊆ A, every compact multiplier is a multiplication operator. Indeed,
if T ∈ M(A) is compact then (Tuα) has a subnet (Tuβ) which converges to
an element x ∈ A. For each a ∈ A we have

Ta = T (lim
β

auβ) = a(T (lim
β

uβ)) = ax,

thus T is the multiplication operator Lx defined by x.

(i) ⇒ (ii) Let A be a compact algebra and assume that (uα) is a bounded
approximate identity. By the Cohen factorization theorem, for every x ∈ A
there exist y, z ∈ A such that x = yz. From the equality

4yaz = (y + z)a(y + z) − (y − z)a(y − z),

we deduce that all the mappings a ∈ A → yaz = xa ∈ A are compact, so
KM (A) ⊆ A.

Conversely, if all the mappings a ∈ A → xa ∈ A, for every x ∈ A, are
compact then also the mappings a ∈ A → xax ∈ A are compact, so A is
compact.

(i) ⇒ (iii) If KM (A) = A then Lx is a Riesz operator for each x ∈ A, so
by Corollary 5.44 A is a Riesz algebra and hence the maximal ideal space
∆(A) is discrete by Theorem 5.37.

(iii) ⇒ (iv) Since A is Tauberian , for every a ∈ A there exists a sequence
(an) of elements of A with compact support supp ân such that an → a.
Since ∆(A) is discrete, supp ân is a finite set, and therefore, see Remark
5.26, an ∈ soc A for every n ∈ N. Hence soc A is dense in A.

(iv) ⇒ (ii) Let A = soc A. If x ∈ A, let (xn) be a sequence of soc A
which converges to x. By Corollary 5.25 then Lx is the uniform limit of
the finite-dimensional operators Lxn , so is a compact operator and therefore
also (Lx)2 = x ∧ x is compact.
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Corollary 5.62. For every compact Abelian group G, the convolution
operator Tµ is compact on Lp(G), 1 ≤ p < ∞, if and only if µ ∈ Lp(G).

The next result shows that for a multiplier of a commutative Banach
algebra with a bounded a bounded approximate identity it turns out that
several versions of acting the multiplication operator LT as a compact op-
erator are equivalent.

Theorem 5.63. Suppose that A is a commutative Banach algebra with
a bounded approximate identity (uα). Then for each T ∈ M(A) the following
statements are equivalent:

(i) The multiplication operator LT on M(A) is compact;

(ii) The multiplication operator LT on M0(A) is compact;

(iii) The multiplication operator LT on M00(A) is compact;

(iv) T ∈ KM (A).

Proof As already remarked, if A has a bounded approximate identity then
the norm on A, as a subset of M(A), and the norm on M(A) are equivalent.
The implications (i) ⇒ (ii) ⇒ (iii) ⇒ (iv) then follow once it is observed
that the restriction of a compact operator on a closed invariant subspace is
also compact.

(iv) ⇒ (i) Suppose that T ∈ KM (A). Then, see the proof of Theorem
5.61, T is the multiplication operator Lx for some x ∈ A. Let (Sn) be any
arbitrary bounded sequence in M(A) and choose, for each n ∈ N, an index
α(n) for which ‖Snx − uα(n)Snx‖ ≤ 1/n. Since T = Lx is compact we may
suppose, eventually passing to a subsequence, that there is a ∈ A such that
Lx(Snuα(n)) → a ∈ A as n → ∞. For all n ∈ N we have

‖Lx(Sn) − La‖ = ‖LSnx − La‖ ≤ ‖Snx − a‖

≤ ‖uα(n)Snx − a‖ +
1

n

= ‖Lx(Snuα(n)) − a‖ +
1

n
,

from which we conclude that the sequence (Lx(Sn)) converges in M(A) to
Lx. This shows that LT = LLx is compact, so the implication (iv) ⇒ (i) is
proved.

Another inessential ideal of a faithful commutative Banach algebra A is
the set of all quasi-nilpotent multipliers:

QM (A) := {T ∈ M(A) : σ(T ) = {0}}.
Indeed, from the spectral radius formulae it easily follows that the sum
of quasi-nilpotent multipliers, as well as the product of a multiplier with
a quasi-nilpotent multiplier, is again quasi-nilpotent. Moreover, QM (A) is
closed, and by Corollary 4.34 QM (A) = {0} whenever A is semi-simple.
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Let us consider the case that the commutative Banach algebra A is an
integral domain . Since A is semi-prime the socle of A does exist.

Lemma 5.64. For every commutative Banach algebra A which is inte-
gral domain different from C we have soc A = {0}. If A is also semi-simple
then A is infinite-dimensional.

Proof Suppose that the integral domain A is different from C and socA �=
{0}. Let e be a minimal idempotent of A. Then e(x − ex) = 0 for every
x ∈ A and since e �= 0 and A is an integral domain it follows that x = ex for
every x ∈ A. Hence the element e is a unit of A and A = eA = eAe = Ce,
which contradicts our assumption.

To prove the second assertion assume that A is a semi-simple Banach
algebra with 1 < dim A < ∞. By the Wedderburn structure theorem ∆(A)
is then a finite set, and by the first part socA = {0}. This implies that ∆(A)
is a singleton set {m}, and hence by semi-simplicity we obtain that A = C,
which contradicts our assumption. Therefore A is infinite-dimensional.

Theorem 5.65. Let A be an infinite-dimensional commutative Banach
algebra which is integral domain . Then QM (A) = RM (A).
If additionally A is semi-simple then

QM (A) = RM (A) = KM (A) = {0}.
Proof Note first that if A is an integral domain then also M(A) is an
unital integral domain. Indeed, if T and S are non-zero multipliers there
exist x, y ∈ A such that Sx �= 0 and Ty �= 0. Since A is an integral domain
then (ST )xy = SxTy �= 0, and therefore ST �= 0.

Moreover, it is easily seen, via the Shilov idempotent theorem, that every
unital commutative integral domain has its maximal ideal ∆(A) connected.

Consequently, since for every T ∈ M(A) we have σ(T ) = T̂ (∆(M(A)), see
Theorem 7.79, also σ(T ) is connected.

Now, to show the equality QM (A) = RM (A) observe first that every
quasi-nilpotent operator is Riesz. Hence QM (A) ⊆ RM (A).

On the other hand, if we assume that A is infinite-dimensional then 0 ∈
σ(T ) (otherwise if T were invertible then σf(T ) = ∅ and this is impossible,
by part (g) of Remark 1.54). The spectrum of a Riesz operator is a finite set
or a sequence which clusters at 0. Since σ(T ) is connected it then follows that
σ(T ) = {0}. Therefore RM (A) ⊆ QM (A), so the equality QM (A) = RM (A)
is proved.

To show the last assertion, assume that A is semi-simple. By Theorem
4.34 it follows that QM (A) = RM (A) = {0}. The equality KM (A) = {0} is
obvious, since any compact operator is a Riesz operator.

Now we want describe the ideal KM (A) in the case of a commutative
C∗ algebra. Recall that a Banach algebra A is a C∗ algebra if it possesses
an involution ∗ such that ‖xx∗‖ = ‖x‖2 for all x ∈ A (these algebras are
also called B∗ algebras). Any C∗ algebra A, not necessarily commutative, is



6. COMPACT MULTIPLIERS 275

semi-simple, see for instance [279, Theorem 4.1.19], so the socle of A does
exist. Moreover, for every closed ideal J of A we have

J = J⋆ := {j⋆ : j ∈ J},

see [279, Theorem 4.9.2], and hence socA = (socA)⋆.

Lemma 5.66. Suppose that x ∈ A, A an unital Banach algebra. If the
resolvent ρ(x) is connected and τ is a spectral set for x for which 0 /∈ τ then
the spectral idempotent p(τ, x) belongs to the closed subalgebra of A generated
by x.

Proof Immediate.

Theorem 5.67. Let e be an idempotent of a C∗ algebra. Then there
exists an unique self-adjoint idempotent f ∈ A such that ef = f and fe = e.

Proof By using the Gelfand–Naimark theorem, see Bonsall and Duncan
[72, 38.10], it suffices to prove that to every projection contained in a C∗

algebra of operators on a Hilbert space H there corresponds a self-adjoint
projection which has the same range.

Suppose then that P = P 2 ∈ L(H). With respect to the decomposition
H = P (H) ⊕ P (H)⊥ we may write

P =

(
I T
0 0

)
.

From this we obtain

P ⋆ =

(
I 0
T ⋆ 0

)
, and PP ⋆ =

(
I + TT ⋆ 0

0 0

)
.

However, I+TT ⋆ is a bounded operator on P (H) whose spectrum σ(I+TT ⋆)
lies in {λ ∈ R : λ ≥ 1}. Let us consider the operator defined by

Q :=

(
I 0
0 0

)
.

Clearly, Q is the spectral idempotent associated with the element PP ⋆

and the set σ(I + TT ⋆). By Lemma 5.66 it then follows that Q lies in the
closed subalgebra generated by PP ⋆, hence it is in the closed ∗-subalgebra
generated by P .

It is easily seen to that Q is an idempotent self-adjoint operator and
PQ = P , PQ = Q. Thus the existence is proved for a C∗ algebra of
operators. The prove of the uniqueness is trivial.

Corollary 5.68. Let A be a C∗ algebra. If J is a right (left) ideal
of finite order there exists an idempotent self-adjoint f ∈ soc A such that
J = fA (J = Af).
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Proof Consider first the case of a minimal right ideal J . Then there exists
e ∈ MinA such that J = eA. According Theorem 5.67 let f = f2 = f⋆ such
that ef = f and fe = e. Then

eA = feA ⊆ fA = efA ⊆ eA,

thus J = fA.
The proof of the general case of an ideal of finite order easily follows by

using a similar argument.

Theorem 5.69. Let A be a C∗ algebra. Then

(i) x ∈ soc A ⇔ x∗x ∈ soc A.

(ii) x ∈ soc A ⇔ x∗x ∈ soc A.

Proof (i) Obviously, if x ∈ soc A then x∗x ∈ soc A.
Conversely, suppose that x∗x ∈ soc A. If

x∗x =
∑

k = 1nakek with ek ∈ MinA, ak ∈ A for all k = 1, · · · , n,

then x ∈ J , where the ideal J :=
∑n

k=1 ekA has finite order.
By Corollary 5.68 then there exists a self-adjoint element f ∈ soc A such

that x∗x ∈ Af . Hence x∗x(1 − f) = 0 and

‖x − xf‖ = ‖x(1 − f)‖2 = ‖(1 − f)x∗x(1 − f)‖ = 0,

from which we obtain that x = xf .

(ii) This is a consequence of the Segal and Kaplansky theorem which
states that if J is any closed ideal of A then J = J⋆ and A/J is a C∗

algebra, see Bonsall and Duncan [72, Theorem 38.18]. In this case we have

‖x∗x + J‖ = ‖(x∗ + J)(x + J)‖ = ‖x + J‖2,

so x∗x ∈ J ⇔ x ∈ J .

We now characterize the closure of the socle of a C∗ algebra A as the
set of all elements whose corresponding wedge operators are compact.

Theorem 5.70. For a C∗ algebra A we have:

(i) socA = {x ∈ A : x ∧ x is finite dimensional};
(ii) k(h(soc A)) = soc A = {x ∈ A : x ∧ x is compact}.

Proof (i) Since A is semi-simple, if x ∈ soc A then x∧x is finite-dimensional
by part (iii) of Theorem 5.18.

Conversely, assume that xAx is finite-dimensional. Clearly xAx∗x ⊆
xAx, thus dim xAx∗x < ∞ and hence dim x∗xAx∗x < ∞.

To prove that x ∈ soc A it suffices to show, by Theorem 5.69, that
xx∗ ∈ soc A. For this it suffices to assume that x is selfadjoint.

Let Z(x) be the centralizer of x in A. We have

σ(x ∧ x|Z(X)) = σZ(x)(x
2),
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and since x ∧ x is finite-dimensional this set is finite, say {λ1, . . . , λn}. Let
pk := p(λk, x) be the spectral projection associated with x and λk. Then

x =
n∑

k=1

λkpk, where λk �= 0, pkx = xpk = λkpk, pk = pk
∗

for all k = 1, · · · , n and pkpi = 0 for k �= i. For each k = 1, . . . , n we have

dim pkApk = dim pkxAxpk ≤ dim xAx < ∞.

We show now that pk ∈ soc A for all k = 1, . . . , n. Since dim pkApk is
finite-dimensional it follows that pkApk is a Riesz algebra which, by Theorem
5.43, is equal to its own socle. But if e ∈ Min (pnApn) and x ∈ A then

exe = epnxpne = λe for some λ ∈ C.

Hence e ∈ Min A, so

pnApn = soc (pnApn) ⊆ soc A.

This shows that each pn ∈ soc A and therefore x =
∑n

k=1 λkpk ∈ soc A.

(ii) First we show the second equality. Suppose that x ∈ soc A and
choose xn ∈ soc A such that ‖xn‖ ≤ ‖x‖ + 1 and ‖xn − x‖ → 0. Clearly

‖xn ∧ xn − x ∧ x‖ ≤ (2‖x‖ + 1)‖xn − x‖ → 0,

so by Theorem 5.24 the operator x∧x is the uniform limit of finite-dimensional
operators and therefore is compact.

Conversely, let x∧x be compact on A. The operator x∗x∧x∗x is compact
since it is the composition of the operators a → ax∗ → xax∗x → x∗xax∗x,
a ∈ A. Hence from the equivalence (ii) of Theorem 5.69 it suffices to assume
that x is self-adjoint.

Let Z(x) denote the commutant of x in A. As in the proof of the first
part, σ(x∧x|Z(X)) = σZ(x)(x

2), and since x∧x is compact this set clusters
at most at 0, and the same also holds for σ(x). Now, if ε > 0 the set

Ω := {λ ∈ σ(x) : |λ| > ε}
is a finite set, say Ω = {λ1, . . . , λn}.

If pk := p(λk, x) is the spectral idempotent associated with x and λk,
then from the equalities pkx = xpk = λkpk we obtain

pk ∧ pk =
1

λ2
k

(pk ∧ pk)(x ∧ x)

which implies that pk ∧pk is compact operator. But any compact projection
is finite-dimensional, so by Theorem 5.24 pk ∈ soc A for every k = 1, . . . , n.

Hence p =
∑n

k=1 pk ∈ soc A and, by using that x is self-adjoint, we
obtain

‖x(1 − p)‖ = r(x(1 − p) < ε.

This shows that x ∈ soc A.
To show the equality k(h(soc A)) = soc A observe first that A/soc A is
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a C∗ algebra and hence semi-simple . Since for every two-sided ideal A/J is
semi-simple if and only if J = k(h(J), see Jacobson [174, p.205] then

soc A = k(h(soc A)) = k(h(soc A)),

so the proof is complete.

We conclude this section by describing the multiplier algebra and the
ideal KM (A) for a commutative C∗ algebra.

Theorem 5.71. If A is a commutative C∗ algebra, then also M(A) is a
commutative C∗ algebra. Moreover, M(A) is ∗-isomorphic to C(∆M(A)).

Proof For every T ∈ M(A) let us define

T+(x) := (Tx∗)∗ for every x ∈ A.

Clearly T+ is linear and for all x, y ∈ A we have

T+(xy) = (T (xy)∗)∗ = (T (y∗x∗))∗

= (y∗(Tx∗))∗ = (Tx∗)∗y = T+(x)y,

thus T+ ∈ M(A). It easy to verify that the mapping T → T+ is an invo-
lution on M(A). We show now that this involution makes M(A) into a C∗

Banach algebra.
Let U denote the closed unit ball of A. U is self-adjoint, thus

‖T+‖ = sup
x∈U

‖T+(x∗)‖ = sup
x∈U

‖(T+x)∗)‖

= sup
x∈U

‖Tx‖ = ‖T‖,

and therefore ‖TT+‖ ≤ ‖T‖2. The C∗ condition ‖TT+‖ = ‖T‖2 then follows
by observing that ‖z‖ = supy∈U ‖yz‖ for every z ∈ A, and hence

‖TT+‖ = sup
x∈U

‖(TT+)x‖ = sup
x∈U

sup
y∈U

‖TT+(xy)‖

≥ sup
x∈U

‖TT+(xx∗)‖ = sup
x∈U

‖(Tx)(T+x)‖

= sup
x∈U

‖Tx‖2 = ‖T‖2.

Hence M(A) is a commutative unital C∗ algebra, and therefore via the com-
mutative version of the Gelfand–Naimark theorem, see [72, Theorem 35.4],
M(A) is ∗-isomorphic to C(∆(M(A)), the Banach algebra of all continuous
functions on the compact space ∆(M(A)).

Any C∗ algebra A has a bounded approximate identity, see Bonsall and
Duncan [72, Lemma 39.14], hence, see the first section of Chapter 4, the
norm on A is equivalent to the operator norm on M(A). Therefore the
closure of soc A in A is the same of the closure of soc A with respect to the
operator norm of M(A).

Theorem 5.72. Let A be a commutative C∗ algebra. Then FM (A) =
soc A and KM (A) = soc A = kM(A)(hM(A)(soc A)).
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Proof M(A) a C∗ algebra and hence is semi-simple, so by Theorem 5.52 we

have soc A = soc M(A). The inclusion soc A ⊆ KM (A) is then an obvious
consequence of Corollary 5.25, and hence to complete the proof we need only
to prove the inclusion KM (A) ⊆ soc A.

Let T ∈ M(A) be a compact operator. Since A has a bounded approx-
imate identity it follows that T is a multiplication operator Lx for some
x ∈ A, see the proof of Theorem 5.61. Since Lx : A → A is compact
(Lx)2 = x ∧ x is also compact, and hence by Theorem 5.70 x ∈ soc A.

A similar reasoning shows that FM (A) = socA.
The equality soc A = kM(A)(hM(A)(soc A)) is a consequence of M(A)

being a C∗ algebra. Indeed, applying Theorem 5.69 to M(A) and taking
into account that the closure with respect to A and M(A) are the same, we
have

soc A = soc M(A) = kM(A)(hM(A)(soc A)),

as desired.

7. Weyl multipliers

In this section we shall show that the class ΦM (A) of a semi-prime
Banach algebra coincides with the class of all multipliers which are Weyl
operators. We first need to find conditions which ensure that a multiplier
T , or some power Tn of it, has closed range.

Before dealing more specifically with multipliers we begin with some gen-
eral observations about bounded operators on Banach spaces. The following
two results relate, for a bounded operator T ∈ L(X) on a Banach space X,
the property of being Tn(X) closed with the finiteness of the ascent.

Lemma 5.73. For a bounded operator T ∈ L(X) on a Banach space X,
the following conditions hold:

(i) If Tn(X) is closed for some natural n ≥ 0 then Tn−k(X) + kerT k is
closed for all integer 0 ≤ k ≤ n.

(ii) If T has finite ascent p := p(T ) and Tn(X) is closed for some n > p,
then Tn+k(X) is closed for all k ≥ 0.

Proof (i) Let (uj) be a sequence in Tn−k(X) + kerT k which converges to

some u ∈ X as j → ∞. We have to show that u ∈ Tn−k(X) + kerT k.
Let us consider two sequences (xj) in X and (yj) in kerT k such that

uj = Tn−kxj + yj . Then

Tnxj = T k(Tn−kxj + yj) = T kuj → T ku,

as j → ∞, and hence, since by assumption Tn(X) is closed, T ku ∈ Tn(X).
Therefore there exists z ∈ X such that T ku = Tnz. From this it follows
that Tn−kz − u ∈ ker T k, and consequently u ∈ Tn−k(X) + kerT k, so the
proof of the statement (i) is complete.
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(ii) Suppose that Tn(X) is closed. Applying the result of part (i) to the
case k := n−1, we infer that the sum T (X)+kerTn−1 is closed. Since n−1 ≥
p we know that kerT p = kerTn−1 = kerTn, hence T (X) + kerTn is closed.
By Lemma 1.37 we then conclude that also the sum Tn+1(X) = Tn(T (X)+
ker Tn) is closed. An inductive argument then shows that Tn+k(X) is closed
for all k ≥ 0.

It is easy to find examples of operators T ∈ L(X) having ascent p = p(T )
finite, for which T p(X) is closed and T p+1(X) is not closed. For instance,
if T is the Volterra operator on X := C[0, 1] defined in Example 2.35, then
the operator S : X × X → X × X defined by

S(x, y) := (0, x + Ty), for all x, y ∈ X,

has closed range {0} × X, while S2 has range {0} × T (X), and the latter
subspace is not closed in X × X.

The next result shows that if an operator having finite ascent p the
condition that T p+1(X) is closed holds precisely when Tn(X) is closed for
all n ≥ p.

Theorem 5.74. Suppose that T ∈ L(X), X a Banach space, has finite
ascent p := p(T ). Then the following conditions are equivalent:

(i) T p+1(X) is closed;

(ii) T p+n(X) is closed for every integer n ≥ 0.

Proof The implication (ii) ⇒ (i) is clear, so we need only to prove the
implication (i) ⇒ (ii).

(i) ⇒ (ii) Suppose that T p+1(X) is closed. Let q := 2p + 1 + n, where
n ≥ 0 is arbitrarily given, and k := 2p + 1. From part (ii) of Lemma 5.73
we obtain that the condition T p+1(X) closed entails that T q(X) is closed,
because q ≥ p + 1. Since k > p we have ker T p = kerT k, and hence by part
(i) of Lemma 5.73

Tn(X) + kerT p = Tn(X) + kerT k = T q−k(X) + kerT k,

is closed. This for all n ≥ 0. In particular, Tn+p(X)+kerTn+p = Tn+p(X)+
ker T p is closed for all n ≥ 0. By Lemma 3.2, the condition p = p(T ) < ∞
yields that Tn+p(X)∩ker Tn+p = {0}, so by Theorem 1.14 we may conclude
that Tn+p(X) is closed.

Now, in order to look more closely the Fredholm theory of multipliers
we need first to introduce the concept of generalized inverse of an operator
T defined on a Banach space X. Recall that T ∈ L(X), X a Banach space,
is said to be relatively regular if there exists an operator S ∈ L(X) for which
T = TST and STS = S. The operator S is also called a generalized inverse
of T .

Generally a generalized inverse of T , if it exists, is not uniquely deter-
mined. But there exists at most one generalized inverse which commutes
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with a given T ∈ L(X). In fact, if S and S′ are two generalized inverses of
T both commuting with T then

TS′ = TSTS′ = STS′T = ST,

and therefore

S′ = S′TS′ = S′TS = STS = S.

The following result shows that a bounded operator T admits a general-
ized inverse which commutes with T precisely when T has both ascent and
descent less or equal to 1.

Theorem 5.75. Let T ∈ L(X), X a Banach space. Then the following
conditions are equivalent:

(i) T has a generalized inverse commuting with T ;

(ii) X = T (X) ⊕ ker T ;

(iii) p(T ) = q(T ) ≤ 1;

(iv) T = PU = UP , where U ∈ L(X) is invertible and P ∈ L(X) is
idempotent (hence a projection);

(v) T = TCT , where C ∈ L(X) is invertible and TC = CT .

Moreover, if T satisfies the equivalent conditions (i)–(v) then Tn(X) is
closed for every n ∈ N.

Proof (i)⇒(ii) Let us suppose that there exists a generalized S of T such
that TS = ST . Then we have

I = TS + (I − TS) = TS + (I − ST ).

The operator TS is, as we have observed above, a bounded projection of X
onto T (X) and I − TS = I − ST is a bounded projection of X onto kerT .
Hence (i) ⇒ (ii).

The equivalence (ii)⇔(iii) has already been observed in Remark 3.7, part
(d).

(iii)⇒(iv) Assume that T has ascent p(T ) = q(T ) ≤ 1. Then 0 belongs
to the resolvent R(λ, T ) or is a simple pole of R(λ, T ). In both cases T (X)
is closed, and the restriction T |T (X) is bijective, see part (f) and part (d)
of Remark 3.7. Define U ∈ L(X) by U := T |T (X) ⊕ I| ker T . Clearly U
is invertible, and if P denotes the projection of X onto T (X) with kerP =
ker T then T = PU = UP .

(v)⇒(vi) If we set C := U−1 a straightforward calculation shows that
T = TCT and TC = CT .

(iv)⇒(v) Suppose that (iv) holds. Then S := C2T is a commuting
generalized inverse of T .

The last assertion is clear from Theorem 5.74 since T (X) is closed.

If T = TCT , where C ∈ L(X) is invertible, then T is called regularly
decomposable.
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The previous result applies to multipliers of semi-prime Banach algebras,
since these operators have ascent p(T ) less or equal to 1. The next result
shows that if T ∈ M(A) has a commuting generalized inverse S in L(A),
this operator S will necessarily be a multiplier. This is a generalization of
the property that if a multiplier has an inverse (as linear operator) then this
inverse is necessarily a multiplier.

Theorem 5.76. Let A be a semi-prime Banach algebra and T ∈ M(A).
Then the following properties are equivalent:

(i) T has a commuting generalized inverse in L(A);

(ii) T has a generalized inverse S ∈ L(A) for which TS ∈ M(A);

(iii) T has a generalized inverse S ∈ L(A) for which TS commutes with
T ;

(iv) T has a generalized inverse S ∈ M(A);

(v) A = T (A) ⊕ ker T , or equivalently p(T ) = q(T ) ≤ 1;

(vi) T = PU = UP where U ∈ M(A) is invertible and P ∈ M(A) is
idempotent;

(vii) T is regularly decomposable in M(A);

(viii) T 2(A) = T (A), or equivalently T has descent q(T ) ≤ 1.

If the equivalent conditions (i)–(viii) hold then Tn(A) is closed for all
n ∈ N.

Proof (i)⇒(ii) Suppose that S is a commuting generalized inverse in L(A)
of T ∈ M(A). If we put P := TS then by Remark ?? P projects A onto
P (A) = T (A) along kerP = kerT . Thus both kerP and P (A) are two-sided
ideals in A. By Theorem 4.9 ker T is orthogonal, in the sense of algebras, to
T (A), so A = P (A) ⊕ ker P is an orthogonal decomposition. By Theorem
4.10 then P = TS is a multiplier of A.

(ii)⇒(iii) This implication is trivial because M(A) is a commutative
algebra.

(iii)⇒(v) Since for P := TS we have P (A) = T (A), it suffices to show
that kerP ⊆ ker T . If Px = 0 then Tx = Pz for a suitable z ∈ A, hence

Tx = P 2z = PTx = TPx = 0,

and so (I − P )(A) = kerP ⊆ ker T .
The equivalence of (i), (ii), (iii) and (v) then follows by Theorem 5.75.

(v)⇒(vi) If we assume (v) then the projection P of A onto T (A) along
ker P = kerT is, by (ii), a multiplier. Consequently U := T +I−P ∈ M(A).
Observe that U is the operator which appears in the proof of Theorem 5.75
and hence is invertible. Since T = UP = PU the implication (v)⇒ (vi) is
proved.

(vi)⇒(iv) Clearly the operator S := PU−1 ∈ M(A) is a generalized
inverse of T .
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(iv)⇒(v) Since M(i) is commutative this is a consequence of the impli-
cation (i) ⇒ (ii) of Theorem 5.75.

(vi)⇒(vii) If T = PU = UP , where U ∈ M(A) is invertible and P ∈
M(A) is a projection, then we have

TU−1T = TUU−1T = PT = T.

(vii)⇒(i) Clearly, if T = TCT , where C is an invertible multiplier, then
S := CTC ∈ M(A) is a commuting generalized inverse of T .

The equivalence (v)⇔(viii) follows immediately from part (i) of Theorem
4.32, as soon as we have observed that the ascent p(T ) and the descent q(T )
must coincide whenever are both finite.

The last assertion is clear from Theorem 5.75.

Remark 5.77. From Theorem 5.76 we know that for a multiplier T ∈
M(A) of a semi-prime Banach algebra the condition T 2(A) = T (A) implies
that T (A) is closed. The reverse inclusion is not true, in general, the closed-
ness of T (A) does not implies T 2(A) = T (A), or, equivalently, q(T ) = 1.

For instance, if A = A(D) is the disc algebra and Tg is the multipli-
cation operator by g(z) := z, z ∈ D, then Tg is a Fredholm operator hav-
ing index ind Tg = −1, see Example 5.49, and both the operators Tg and
T 2

g have closed range (precisely, Tn
g has closed range for every n ∈ N).

Clearly q(Tg) = ∞, otherwise the finiteness of q(Tg) would imply that
p(Tg) = q(Tg) = 1 and therefore ind (Tg) = dim kerTg - codim Tg(A) = 0.

Suppose that for a multiplier 0 ∈ σ(T ). In this case p(T ) is not equal to
0 and hence p(T ) = 1, so the condition (v) of Theorem 5.76 is equivalent to
saying that 0 is a simple pole of the resolvent. An immediate consequence
of Theorem 4.36 is that in the case A is a semi-simple Banach algebra we
can add another condition to the equivalent conditions (i)–(viii) of Theorem
5.76.

Corollary 5.78. Let T ∈ M(A), where A is a semi-simple Banach
algebra and 0 ∈ σ(T ). Then the conditions (i)–(viii) of Theorem 5.76 are
equivalent to the following condition:

(ix) 0 is isolated from the spectrum σ(T ).

Remark 5.79. Note that the hypothesis of semi-simplicity is essential in
Corollary 5.78. To see that, let Ta be the injective operator defined on the
semi-prime radical algebra Aω of Example 4.35. It is easily seen that Ta is
not surjective, since a /∈ Ta(Aω). Hence Aω �= Ta(Aω) = Ta(Aω) ⊕ ker Ta.
On the other hand, 0 is isolated in σ(T ) since Ta is quasi-nilpotent.

Recall that by Cohen’s factorization theorem if A possesses a bounded
approximate identity then it admits a factorization. We shall use this fact
in the proof of the following result.
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Theorem 5.80. Let A be a commutative semi-simple Banach algebra
with a minimal approximate identity. If T ∈ M(A) then the conditions
(i)–(viii) of Theorem 5.76 are equivalent to the following property:

(a) T (A) is a closed ideal with a bounded approximate identity.

Proof Assume (vi) of Theorem 5.76, there is a factorization T = PU ,
where P ∈ ΦM (A) is idempotent and U ∈ M(A) is invertible. Let (eµ)
denote a bounded approximate identity of A. Clearly T (A) is an ideal in A,
and from T (A) = PU(A) = P (A) we infer that T (A) is closed. Moreover,
the bounded net (Peµ) is a subset of T (A), and for every x ∈ T (A) we have

lim
µ

xPeµ = lim
µ

P (xeµ) = Px = x.

Therefore (vi) of Theorem 5.76 implies (a).
On the other hand, assume that T (A) is a closed ideal with a bounded

approximate identity. If x ∈ A, by Cohen’s factorization applied to T (A)
there exist two elements y, z ∈ A for which

Tx = (Ty)(Tz) = T (yTz) = T 2(yz).

This shows that T (A) ⊆ T 2(A), and consequently T (A) = T 2(A) since the
reverse inclusion is trivial. Therefore the condition (viii) of Theorem 5.76 is
satisfied.

We show now that if A is a semi-prime Banach algebra the class ΦM (A)
of the multipliers invertible in M(A) modulo KM (A) is precisely the class
of all Fredholm multipliers having index zero.

Theorem 5.81. Let A be a semi-prime Banach algebra and let T ∈
M(A). Then the following statements are equivalent:

(i) T is Weyl;

(ii) T has a generalized inverse in M(A) and has defects α(T ) and β(T )
both finite;

(iii) T = R + K, where R ∈ M(A) is bijective, K ∈ FM (A);

(iv) T = R + K, where R ∈ M(A) is bijective, K ∈ KM (A);

(v) T ∈ ΦM (A);

(vi) T = PU , where P ∈ ΦM (A) is idempotent and U ∈ M(A) is
invertible.

Proof (i)⇒ (ii) Suppose that T ∈ M(A) is a Weyl operator. Since p(T ) ≤ 1
by Theorem 4.32, the condition α(T ) = β(T ) entails, see Theorem 3.4,
that p(T ) = q(T ) ≤ 1. From Theorem 5.76 it then follows that T has a
generalized inverse in M(A).

(ii)⇒(iii) Suppose that T = TST for some S ∈ M(A). If P := TS =
ST ∈ M(A) then by Remark ?? P is a projection of A onto T (A) along
ker T . Hence K := I − P ∈ M(A) is a finite-dimensional projection of A
onto kerT along T (A).
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Let us define R := T − K ∈ M(A). We claim that R is invertible. In
fact, if Rx = 0 then Tx = Kx. Since Kx ∈ ker T it follows that Tx =
Kx ∈ ker T ∩ T (A). Hence Kx = (I − P )x = 0. Thus Px = x ∈ T (A), and
from Tx = 0 we also obtain that x ∈ ker T . Hence x ∈ ker T ∩ T (A), and
consequently x = 0, by Theorem 4.32, so R is injective.

Now, K is finite-dimensional, and hence by part (f) of Remark 1.54,
T − K ∈ Φ(A) and

−β(T ) = ind R = ind (T − K) = ind T = 0,

so R is also surjective. Therefore R is bijective and T = R + K.

(iii)⇒(iv) Obvious.

(iv)⇒(v) Let T = R+K, where R ∈ M(A) is bijective and K ∈ KM (A).
Then R−1 ∈ M(A), and by the commutativity of M(A) we have

R−1T = TR−1 = I + R−1K.

Since R−1K ∈ KM (A), this implies that T is invertible in M(A) modulo
KM (A).

(v)⇒(i) Let T ∈ ΦM (A). Then there exist operators W ∈ M(A) and
K ∈ KM (A) such that WT = I + K. Since T and I + K are Fredholm
operators W is also a Fredholm operator, and hence by the index theorem

ind (WT ) = ind W + ind T = ind (I + K) = 0.

Therefore ind T = −ind W . Since every multiplier has the SVEP, from
Corollary 3.19 it follows that the index of T and of W is non-positive, and
this implies that ind T = ind W = 0. Therefore T is Weyl.

(ii)⇒(vi) Suppose that (ii) holds (and hence also (i)). Then by Theorem
5.76, T = PU = UP where P ∈ M(A) is idempotent and U ∈ M(A) is
invertible. From the equalities T (A) = PU(A) = P (A) and kerP = kerT
we conclude that P ∈ ΦM (A). Finally, U is a Fredholm operator of index 0
because U is invertible.

(vi)⇒(i) If T = PU , where P,U ∈ ΦM (A), then the index formula entails
that ind T = ind P + ind U = 0. Hence T is Weyl.

Lemma 5.82. Let A be a semi-prime Banach algebra and T ∈ M(A).
Then soc A ⊆ T (A) ⊕ kerT .

Proof The inclusion soc A ⊆ T (A)+kerT easily follows from each minimal
idempotent e being an eigenvector of T . Indeed,

Te = T (e3) = e(Te)e ∈ Ce.

This shows the inclusion socA ⊆ T (A)+ker T , and the last sum is direct
since T (A) ∩ ker T = {0}, by Theorem 4.32.

The fact that each multiplier T of a semi-prime Banach algebra has
ascent p(T ) ≤ 1 implies by Theorem 3.4 that α(T ) ≤ β(T ). This inequality
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also entails that T ∈ M(A) is lower semi-Fredholm precisely when T is
Fredholm. Consequently we have

ΦM (A) ⊆ Φ(A) ∩ M(A) = Φ−(A) ∩ M(A) ⊆ Φ+(A) ∩ M(A).

We show now that all these sets coincide in a very special case:

Theorem 5.83. If A is a semi-prime Banach algebra with a dense socle
then

ΦM (A) = Φ(A) ∩ M(A) = Φ−(A) ∩ M(A) = Φ+(A) ∩ M(A).

Proof If T ∈ Φ+(A)∩M(A) the subspace T (A)+kerT is the sum of a closed
and a finite-dimensional subspace of A, therefore it is closed. Moreover, since
A has a dense socle soc A, by Lemma 5.82 we have

A = soc A = T (A) ⊕ ker T = T (A) ⊕ ker T.

Thus dim kerT = codimT (A), so T is a Weyl operator, and hence by The-
orem 5.81 T ∈ ΦM (A).

8. Multipliers of Tauberian regular commutative algebras

A recurrent assumption in this section will be, for a multiplier T ∈
M(A), the closedness of the ideal T 2(A). In particular, we shall see that
if A is a semi-simple regular commutative Banach algebra the closedness of
T 2(A) has some important consequences.

It has been observed in the previous section that the closedness of the
range of T 2 for a bounded operator T ∈ L(X) on a Banach space implies
the closedness of T (X), whilst the converse generally is not true. However,
the first result of this section establishes that for a multiplier T ∈ M(A) the
property of T 2(A) being closed is equivalent to the property that T (A) ⊕
ker T is closed.

Theorem 5.84. Let A be a semi-prime (not necessarily commutative)
Banach algebra and T ∈ M(A). Then

T 2(A) is closed ⇔ T (A) ⊕ ker T is closed.

Proof If T 2(A) is closed then by Lemma 5.73 T (A) + kerT is closed and
the sum is direct, since T (A) ∩ ker T = {0}, by Theorem 4.32.

Conversely, if T (A) + kerT is closed then T 2(A) is closed by Lemma
1.37.

If we add to the closedness of T 2(A) the assumption of regularity of the
algebra A, we can say much more. Note that at this point in the proof of
the following result we apply the results of local spectral theory developed
in the previous chapters.

Theorem 5.85. Suppose that A is a semi-simple regular commutative
Banach algebra. If T ∈ M(A) has the property that T 2(A) is closed then
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ϕT = T̂ |∆(A) is bounded away from 0 on the set ∆(A) \ hA(T (A)), to be

precise there is a δ > 0 for which |T̂ (ϕ)| ≥ δ for all ϕ ∈ hA(T (A)).

Proof Suppose that T 2(A) is closed. Let B := T (A) be the closure of
T (A). Observe that B is a commutative regular semi-simple Banach algebra
having the maximal ideal space ∆(B) = ∆(A)\hA(T (A)), see Rickart [279,
Theorem 2.6.6].

Clearly the restriction S := T |B is an injective multiplier. Moreover, S
has a closed range because S(B) = T 2(A). In fact, the inclusion S(B) ⊆
T 2(A) is clear by the continuity of T and because T 2(A) is closed. The
reverse inclusion easily follows from T 2(A) = T (T (A)) ⊆ T (B) = S(B).
Hence S is bounded below. Consequently by Theorem 4.32 0 /∈ σse(S).

Now, by Theorem 2.73 and Theorem 1.36 there exists ε > 0 such that
for every open disc D(0, δ) with 0 < δ ≤ ε we have

Bs(C \ D(0, δ)) =
⋂

n∈�

Sn(B),

where, as usual, Bs(C \ D(0, δ)) denotes the local spectral subspace of B
relative to the closed set C \ D(0, δ). This implies, again by Theorem 2.73,

that the subspaces Ŝ−1(D(0, δ)) are all equal for every 0 < δ ≤ ε.

Next, we want show that Ŝ−1(D(0, δ) \ {0}) is empty. In fact, if 0 �= α ∈
D(0, ε) ∩ Ŝ(∆(B)) choose 0 < δ1 < |α| < ε. We have then

∅ �= Ŝ−1({α}) ⊆ Ŝ−1(D(0, ε)) \ Ŝ−1(D(0, δ1))

⊆ Ŝ−1(D(0, ε)) \ Ŝ−1(D(0, δ1))

⊆ Ŝ−1(D(0, ε)) \ Ŝ−1(D(0, δ1)),

which gives a contradiction.
This implies that

Ŝ−1(D(0, ε)) = Ŝ−1({0}),
and hence Ŝ−1({0}) is an open and closed subset of ∆(A). But this implies

that Ŝ−1({0}) = ∅, because otherwise, since B is a regular algebra, we can

find an element b ∈ B for which supp b̂ ⊆ Ŝ−1({0}). Clearly, for this element

b we obtain (̂Sb) = 0, and therefore Sb = 0, contradicting the injectivity of

S. Hence Ŝ−1(D(0, ε) = ∅, and consequently

|Ŝ(m)| ≥ ε for all m ∈ ∆(B).

Since Ŝ coincides with the restriction of T̂ on ∆(A) \ hA(T (A)) the proof is
complete.

Theorem 5.86. Suppose that A is a commutative semi-simple regular
Tauberian Banach algebra and T ∈ M(A). Then the condition T 2(A) closed
is equivalent to the conditions of Theorem 5.76. In particular, we have

T 2(A) is closed ⇔ A = T (A) ⊕ kerT.
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Proof Assume that T 2(A) is closed. As we have observed in Theorem
5.84, the property of T 2(A) being closed is equivalent to the property that
T (A) ⊕ ker T is closed. We shall show that under the assumption that A is
a regular Tauberian Banach algebra T (A) ⊕ ker T is then dense in A, and
this trivially implies that A = T (A) ⊕ ker T .

To show that T (A) ⊕ ker T is dense in A it suffices to prove that, since
A is Tauberian, the subspace T (A) ⊕ ker T contains every element x ∈ A
with compact support K := supp x̂. Let such x be given and define z ∈ A
so that

ẑ = 0 on T̂−1(0) and ẑ = x̂ on K ∩ T̂−1(C \ D(0, ε),

where D(0, ε) is as in the proof of Theorem 5.85. Let y := x− z. Obviously

supp ẑ ⊆ K ∩ T̂−1(D(0, ε)),

so by compactness we conclude from Theorem 6.70 that

σT (z) ⊆ T̂ (T̂−1(D(0, ε)) ⊆ C \ D(0, ε).

Therefore

z ∈ AT (C \ D(0, ε)) ⊆ T (A).

On the other hand, supp ŷ ⊆ T̂−1({0}) hence T̂ y = 0. This shows,
because of the semi-simplicity of A, that x = y + z ∈ T (A) ⊕ ker T . Thus
the closedness of T 2(A) implies A = T (A) ⊕ ker T .

The converse is clearly true, again because of Theorem 5.84, so the proof
is complete.

Corollary 5.87. If A is a commutative semi-simple regular Tauberian
Banach algebra then a multiplier T ∈ M(A) with closed range is injective if
and only if it is surjective.

Proof If T ∈ M(A) is surjective then since T (A) ∩ ker T = {0} we have
ker T = {0} and therefore T is injective.

Conversely, let us suppose T (A) closed and kerT = {0}. Trivially, the
subspace T (A) ⊕ kerT is closed, and hence combining Theorem 5.84 and
Theorem 5.86 we have

T (A) = T (A) ⊕ ker T = A.

Therefore, T is surjective.

The next result extends to commutative regular Tauberian Banach al-
gebras the result established in Theorem 5.54 under the stronger condition
that the Banach algebra A has dense socle.

Corollary 5.88. Let A be a commutative semi-simple regular Tauberian
Banach algebra and T ∈ M(A). Then

σ(T ) = σsu(T ) = σap(T ) = σse(T ).
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Proof The equality σ(T ) = σsu(T ) and σse(T ) = σap(T ) have been es-
tablished in Theorem 4.32. The equality σsu(T ) = σap(T ) is an obvious
consequence of Corollary 5.87.

A direct proof of Corollary 5.88 which does not involve the machinery
of local spectral theory may be found in [214, p. 416].

Corollary 5.88 reveals that the analogy, already observed, between some
aspects of spectral theory of normal operators on Hilbert spaces and mul-
tipliers of commutative Banach algebras becomes more evident in the case
where A is a Tauberian regular commutative Banach algebra. In fact, for
every normal operator T on a Hilbert space H the semi-regular spectrum
σse(T ) coincides with the whole spectrum, since both T and T ⋆ have the
SVEP and hence Corollary 2.45 applies.

The next theorem is a version of Theorem 5.86 for elements of the ideal
M0(A). Note that in such a case the condition of Tauberianess is not needed.

Theorem 5.89. Let A be a semi-simple regular commutative Banach
algebra and T ∈ M0(A). Then the conditions (i)–(viii) of Theorem 5.76 are
equivalent to the following statements:

(a) T 2(A) is closed;

(b) There is an idempotent e ∈ A and an invertible multiplier S such
that T = LSe, where LSe is the multiplication operator on A defined by the
element Se.

Proof Assume the equivalent conditions (i)-(viii) of Theorem 5.76, in par-
ticular that the condition (v) holds. Then T (A)⊕ker T = A is closed, hence
by Theorem 5.84 also T 2(A) is closed.

(a)⇒(b) Suppose that T 2(A) is closed and T ∈ M0(A). Let us consider
the set

K := {m ∈ ∆(A) : T̂ (m) �= 0}.

By Theorem 5.85 there exists a δ > 0 for which

K = {m ∈ ∆(A) : |T̂ (m)| > δ}.

Since T ∈ M0(A) the set K is compact as well as open. The Shilov idempo-
tent theorem ensures that there exists an element e ∈ A such that ê(m) = 1
for each m ∈ K and ê(m) = 0 for each m ∈ ∆(A)\K. Clearly the element e
is an idempotent, and taking into account that for any a ∈ A and m ∈ ∆(A)

we have (̂Ta)(m) = T̂ (m)â(m) we easily obtain ((̂Ta) = (̂eTa). From the
semi-simplicity of A we then obtain that

Ta = e(Ta) = (Te)a for any a ∈ A,
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so T is the multiplication operator on A defined by the element Te.
Next, let us define Sa := (Te)a + a − ea . Clearly S ∈ M(A) and

S(ea) = e(Sa) = e(Ta + a − ea) = e(Ta)

= (Te)a = Ta,

which shows that T = LSe.
It only remains to prove the invertibility of S. To do this assume that 0

belongs to the spectrum σ(S). Clearly this happens if and only if there is a

sequence (mk) in ∆(A) for which ̂(Te − e)(mk) → 0 as k → ∞. Evidently
this convergence enforces the equality ê(mk) = 1 for all large k ∈ N, hence

0 �= T̂ (mk) → 0. But because T̂ (mk) �= 0 we have |T̂ (mk)| > δ, a contradic-
tion.

We now show that the statement (b) implies that T 2(A) = T (A), which
is the condition (viii) of Theorem 5.76.

Set T := LSe, where e = e2 and S is invertible. Then

T (A) = (Se)A = eS(A) = eA

and from that it follows that

T 2(A) = T (T (A)) = T (eA) = e(T (A))

= e2A = eA = T (A),

so the proof is complete.

Corollary 5.90. If A is a commutative semi-simple regular Banach
algebra then a multiplier T ∈ M0(A) with closed range is neither injective
nor surjective.

Proof M0(A) is a proper ideal in M(A) so a multiplier T ∈ M0(A) cannot
be bijective. Now, if T ∈ M0(A) with closed range were injective or surjec-
tive, by arguing as in the proof of Corollary 5.87, just replacing Theorem
5.86 with Theorem 5.89, we would obtain that T is bijective and this is
impossible.

A semi-simple commutative Banach algebra A with a dense socle is regu-
lar since its maximal ideal space ∆(A) is discrete. Moreover, such an algebra
is also Tauberian because the elements of the socle have a finite support.
These considerations show that the next theorem extends the result of The-
orem 5.83 in the commutative case.

Theorem 5.91. Let A be a commutative semi-simple regular Tauberian
Banach algebra. Then

ΦM (A) = Φ(A) ∩ M(A) = Φ−(A) ∩ M(A) = Φ+(A) ∩ M(A).

Proof By Theorem 5.81 it suffices to show that if T ∈ Φ+(A)∩M(A) then
T has index 0.

Let T ∈ Φ+(A) ∩ M(A). Since kerT is finite-dimensional the subspace
T (A) ⊕ ker T is closed, and hence by Theorem 5.84 and Theorem 5.86 A =
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T (A) ⊕ ker T . The last equality trivially implies α(T ) = β(T ) and hence
T has index 0, and this, by Theorem 5.81, is equivalent to saying that
T ∈ ΦM (A).

The semi-Fredholm theory of multipliers becomes trivial in the case of
a semi-simple regular Tauberian commutative Banach algebra for which the
maximal ideal space ∆(A) contains no isolated points.

Corollary 5.92. Let A be a commutative semi-simple regular Taube-
rian Banach algebra having a maximal ideal space ∆(A) which contains no
isolated points. For T ∈ M(A) the following conditions are equivalent:

(i) T is semi-Fredholm;

(ii) T is invertible in M(A).

Proof The implication (ii)⇒ (i) is trivial. To prove (i) ⇒(ii) we observe
that by Theorem 5.91 T ∈ ΦM (A). Hence T is invertible in M(A) modulo
KM (A). Since by hypothesis ∆(A) contains no isolated points then by
Theorem 4.41 KM (A) = {0}, and consequently T is invertible in M(A).

The additional assumption that ∆(A) be connected allows us to fit the
condition of closedness of T (A) quite neatly into the equivalence of the last
corollary.

Theorem 5.93. Let A be a semi-simple regular commutative Tauberian
Banach algebra having a connected maximal ideal space ∆(A). If 0 �= T ∈
M(A) then the following properties are equivalent:

(i) T is semi-Fredholm;

(ii) T 2(A) is closed;

(iii) T is invertible in M(A).

Proof If A is finite-dimensional then A = C since ∆(A) is assumed to
be connected ([72]). In this case the theorem is trivially true. So we can
suppose that the algebra A is infinite-dimensional.

By Corollary 5.92 the properties (i) and (iii) are equivalent. Since (iii)
trivially implies (ii) it suffices to prove the implication (ii)⇒(iii).

By Theorem 5.86 A = T (A)⊕ ker T , from which we obtain, since ∆(A)
is assumed to be connected and T �= 0, that A = T (A). This shows that T
is invertible in M(A).

Next we shall introduce a technical condition (I) formulated in [126] by
Glicksberg. This condition has obvious relations to the existence of bounded
relative units in the unitization of A.

(I) There is a constant δ > 1 with the property that for each neighborhood
U of any element m ∈ ∆(A) there exists an element z ∈ A such that

supp ẑ ⊆ U , ẑ(m) = 1, and ‖z‖ ≤ δ.
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A commutative Banach algebra A for which the condition (I) holds is
said to be boundedly regular. Observe that this condition is satisfied by
the group algebra L1(G), whenever G is a locally compact Abelian group
(see [282, Theorem 2.6.8]), as well as by C0(Ω) for every locally compact
Hausdorff space Ω.

The following statement is analogous to that of Theorem 5.85. Here the
condition (I) allows us to replace the assumption of T 2(A) closed with the
weaker assumption that T (A) is closed.

Theorem 5.94. Let A be a semi-simple regular commutative Banach
algebra which satisfies condition (I). Suppose that 0 �= T ∈ M(A) and T (A)

closed. Then T̂ is bounded away from zero on ∆(A) \ hA(T (A)).

Proof Let us consider a multiplicative functional m ∈ ∆(A) \ hA(T (A))
and a compact neighborhood V of m such that hA(T (A)) ∩ V = ∅.

Invoking condition (I) we may choose an element z ∈ A such that the
set {m ∈ ∆(A) : ẑ(m) = 0} is a neighborhood of hA(T (A)) and ẑ(m) = 1
whilst ‖z‖ ≤ δ. Since A is regular we have z ∈ T (A). Moreover, from the
assumption of closedness of T (A), it follows that the map T : A → T (A) is
open and hence that there exists a constant K > 0 and an element u ∈ A
for which Tu = z and for which ‖u‖ ≤ K‖z‖.

From that we obtain the estimate

1 = ẑ(m) = T̂ (m)û(m) ≤ |T̂ (m)|‖u‖
≤ |T̂ (m)|K‖z‖ ≤ |T̂ (m)|δK.

Thus |T̂ (m)| ≥ 1/δK, and since m ∈ ∆(A) \ hA(T (A)) is arbitrary the
proposition follows.

With the assumption that T̂ vanishes at infinity on ∆(A), condition (I)
allows to include in the equivalences of Theorem 5.89, also the property of
T (A) being closed.

Corollary 5.95. Let A be a semi- simple regular commutative Banach
algebra which verifies condition (I). Suppose that T ∈ M0(A). Then the
conditions (i)–(viii) of Theorem 5.76 and the conditions (i)–(ii) of Theorem
5.89 are equivalent with the condition that T (A) is closed.

Proof The case T = 0 is trivial. If T �= 0 then by Theorem 5.94 the

closedness of T (A) entails that the transform T̂ is bounded away from 0 on

the set {m ∈ ∆(A) : T̂ (m) �= 0}. At this point proceed exactly as in the
proof of the implication (i)⇒ (ii) of Theorem 5.89.

9. Some concrete cases

The most significant applications of the theory developed in the previ-
ous sections are to group algebras and measure algebras of locally compact
Abelian group. We recall, once more, that L1(G) is a regular semi-simple
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Tauberian commutative Banach algebra which satisfies condition (I).
The following important result, owed to Host and Parreau [166], char-

acterizes in a very simple way the convolution operators on L1(G) which
have closed range.

Theorem 5.96. Let G be a locally compact Abelian group and let µ ∈
M(G). Then the corresponding convolution operator Tµ : L1(G) → L1(G)
has closed range if and only if µ is the product of an idempotent measure
and an invertible measure.

Note that the result of Host and Parreau extends, in the case where A =
L1(G) for a locally compact group G the result of Corollary 5.95, established
for multipliers which vanish at infinity, to any multiplier of L1(G). The
proof of this deep result is beyond the scope of this monograph. However,
it is an open problem whether the result of Host and Parreau extends to
any multiplier of an arbitrary semi-simple regular Tauberian commutative
Banach algebra. Clearly, in this general setting the result of Theorem 5.94
concerning multipliers T ∈ M0(A) may be viewed as a partial analog of
Theorem 5.96.

If we collect the results proved for the case of a regular semi-simple
Tauberian Banach algebra, and express them in terms of A = L1(G) and
M(A) = M(G), and take into account Host–Parreau’s theorem we obtain a
complete description of semi-Fredholm convolution operators:

Theorem 5.97. Let G be a locally compact Abelian group and let µ ∈
M(G) be a non zero regular complex Borel measure on G. For the corre-
sponding convolution operator Tµ : L1(G) → L1(G) consider the following
statements:

(i) µ is invertible in M(G);

(ii) Tµ is upper semi-Fredholm;

(iii) Tµ is lower semi-Fredholm;

(iv) Tµ is Fredholm;

(v) Tµ is Fredholm of index zero;

(vi) µ is invertible in the measure algebra M(G) modulo the ideal of all
compact multipliers;

(vii) µ = ν ⋆ τ where ν ∈ M(G) is idempotent and τ ∈ M(G) is invert-
ible;

(viii) µ ⋆ L1(G) is closed;

(ix) µ ⋆ µ ⋆ L1(G) is closed;

(x) µ ⋆ µ ⋆ L1(G) = µ ⋆ L1(G).

Then the following implications hold:
All the statements (ii)–(x) are equivalent, and (i) implies every other state-
ment on the list.

If the group G is not compact, or if the dual group Ĝ is connected, then
all the statements (i)–(x) are equivalent.
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Proof That the statement (i) implies the others is trivial. Since M(G) =
M(L1(G)), the equivalence of the statements (ii), (iii), (iv), (v), and (vi)
is just a transcription of Theorem 5.91. The equivalence of (vi) and (vii)
follows from Theorem 5.81, while the equivalence of (vii) and (viii) is the
result established by Host and Parreau. Moreover, the statement (vii) is
equivalent to the statement (viii) by Theorem 5.86, whilst the equivalence
of (vii) and (x) follows from Theorem 5.76.

If G is not compact then the dual group Ĝ has no isolated point, so the
equivalence of (i) and (ii) follows from Corollary 5.92.

Finally, if Ĝ is connected then by Theorem 5.93 the statements (i) and
(ix) are equivalent.

In the case that G is a compact Abelian group the situation become
even more clear.

Theorem 5.98. Suppose that G is a compact Abelian group and that
µ ∈ M(G). For the convolution operator Tµ : L1(G) → L1(G) each of the
following statements is equivalent to the conditions (ii)–(x) listed in Theorem
5.97:

(a) µ is invertible in M(G) modulo L1(G);

(b) µ is invertible in M(G) modulo the ideal P (G) of all trigonometric
polynomials on G;

(c) µ = ψ + ϕ where ψ ∈ M(G) is invertible and ϕ ∈ L1(G);

(d) µ = ψ + ϕ where ψ ∈ M(G) is invertible and ϕ ∈ P (G).

Proof We know by Corollary 5.62 and Corollary 5.53 that for a compact
Abelian group G we have

KM (L1(G)) = L1(G) and FM (L1(G)) = soc L1(G) = P (G).

In this case the assertion (a) is mutatis mutandis, the statement (v) of The-
orem 5.97. By Theorem 5.52 the assertion (a) is equivalent to the assertion
(b).

The equivalence of the statements (a), (c), and (d) follows from Theorem
5.81.

Also a Banach algebra A with an orthogonal basis (ek) has a dense socle,
since the set of all minimal idempotents coincides with the set {ek : k ∈ N}.
Hence the equalities of Theorem 5.91 are valid for any Banach algebra with
an orthogonal basis. If the basis (ek) is unconditional we can say much more.

Theorem 5.99. Let A be a Banach algebra with an orthogonal uncondi-
tional basis (ek) and let (λk(Tek)) be the sequence associated with T ∈ M(A).
Then T is a Fredholm operator if and only if there exists a bounded sequence
(ξk) such that ξkλk(Tek) → 1 as k → ∞.
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Proof We know by Theorem 4.44 that the mapping T → (λk(Tek)) is an
isomorphism of M(A) onto l∞. Moreover, if KM0

(A) is the set

{T ∈ K(A) : (λk(Tek)) ∈ c0},
as noted before Theorem 4.45 we have FM (A) ⊆ KM0

(A) ⊆ KM (A). These
inclusions entail that the set ΦM0

(A) of all Fredholm elements of M(A)
relative to KM0

(A) coincides with ΦM (A). Since by Theorem 4.45 KM0
(A)

is isomorphic to c0 then T is Fredholm if and only if the corresponding
sequence (λk(Tek)) is invertible in l∞ modulo c0.

We now consider the case A is commutative semi-simple Banach algebra
for which its multiplier algebra M(A) is regular. Note that if M(A) is regular
then A is regular, see Theorem 4.25, whilst the converse need not be true.
An immediate example is given by the group algebra A = L1(G) of any non
discrete locally compact abelian group G, since in this case M(A) = M(G)
and the last algebra is not regular [242]. Of course, the results of Theorem
5.89 and Corollary 5.95 apply to this particular case. Anyway, Theorem 5.91
does not apply to this case because we do not assume that A is Tauberian.

We need first to make some general remarks about Banach algebras.
Let B be any (not necessarily commutative) Banach algebra with identity u.
Suppose that A is a commutative subalgebra of B with identity u ∈ A such
that A is also a Banach algebra (however, A need not be a closed subalgebra
of B).

We recall that given a commutative Banach algebra A we shall say that
a subset J ⊆ A strongly separates the points of ∆(A) if for every m ∈ ∆(A)
there exists an element x ∈ J such that x̂(m) �= 0.

Theorem 5.100. Let A satisfy either of the following properties:

(i) ∆(A) is totally disconnected;

(ii) There exists a semi-simple commutative regular Banach algebra D
and an algebra homomorphism ϕ of D into A which maps the identity of D
onto the identity of A and is such that ϕ(D) strongly separates the points of
∆(A).

Then A is an inverse closed subalgebra in B .

Proof Let W be a maximal commutative subalgebra of B with A ⊆ W. It
is well known that W is inverse closed in B. Hence to prove our theorem we
need only to show that A is inverse closed in W. Thus we may assume that
B is commutative.

Let m⋆ ∈ ∆(A) denote the restriction to A of an arbitrary multiplicative
functional m ∈ ∆(B), and set

Ω := {m⋆ : m ∈ ∆(B)}.
We claim that under the assumptions (i) or (ii), Ω is dense in ∆(A).

In fact, let Ω denote the closure of Ω in ∆(A) and assume that (i) holds,
and suppose that Ω �= ∆(A). Then there exists a non-empty open and
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closed subset Γ disjoint from Ω, and via the Shilov idempotent theorem an
idempotent e ∈ A such that the Gelfand transform ê is equal to 1 on Γ and
ê is equal to 0 on ∆(A) \ Γ. In particular,

ê(m) = 0 for all m ∈ ∆(B),

which implies e ∈ radB, but this is impossible. Hence if the condition (i)
holds Ω is dense in ∆(A).

Now assume that (ii) holds and, again, suppose that Ω �= ∆(A). Then
the mapping defined by

Ψ : m ∈ ∆(A) → m ◦ ϕ ∈ ∆(D)

is continuous. Moreover, since ϕ(D) strongly separates the points of ∆(A)
Ψ is also injective. Set

Λ := Ψ(Ω) = {m ◦ ϕ : m ∈ Ω},
and fix m1 /∈ Ω. Clearly we can choose two elements v, w ∈ D such that

v̂(Λ) = {0}, ŵ(m1 ◦ ϕ) �= 0 and (u − v)w = 0.

From this it follows that

(u − ϕ(v))ϕ(w) = 0 and ϕ(w) �= 0.

Also ϕ(v) belongs to the radical and this is impossible, see Theorem 2.3.2
of Rickart [279]. So in either cases Ω is dense in ∆(A).

Finally, let x be an element of A with inverse x−1 ∈ B . Then there
exists δ > 0 such that

|x̂(m)| ≥ δ for every m ∈ ∆(B).

But then

|x̂(m⋆)| ≥ δ for every m⋆ ∈ Ω.

Hence x is also invertible in A.

Corollary 5.101. Suppose that J is a closed ideal of B, A∩ J a closed
ideal of A, and that A/A∩J satisfies condition (i) or condition (ii) of Lemma
5.100. Then x ∈ A is invertible modulo A ∩ J if and only if x is invertible
modulo J .

Proof Clearly, the mapping

x + (A ∩ J) → x + J

is an isomorphic embedding of the algebra A/A ∩ J onto a subalgebra of
B/J. Thus it suffices to apply Theorem 5.100.

Now, let A be a commutative subalgebra of L(X), X a Banach space,
such that the operator identity I ∈ A. If A satisfies the condition (i) or
the condition (ii) of Theorem 5.100 then A is a closed inverse subalgebra of
L(X) and this trivially implies that K := A ∩ K(X) is an inessential ideal
of A.



9. SOME CONCRETE CASES 297

Corollary 5.102. Let A be a closed commutative subalgebra of L(X),
X a Banach space. Suppose that A verifies condition (i) or condition (ii) of
Theorem 5.100. Then ΦK(A) = Φ(X) ∩ A, where ΦK(A) is the set of all
K-Fredholm elements of A.

Proof First note that if the algebra A verifies the conditions (i) or (ii)
of Theorem 5.100 then so does the quotient algebra A/K. The equality
ΦK(A) = Φ(X) ∩ A then follows immediately from Corollary 5.101.

Theorem 5.103. Let A be a commutative semi-simple Banach algebra
and suppose that M(A) is regular. Then

ΦM (A) = Φ(A) ∩ M(A).

Proof The inclusion ΦM (A) ⊆ Φ(A) ∩ M(A) is clear, so we need to prove
the reverse inclusion ΦM (A) ⊇ Φ(A) ∩ M(A).

By assumption M(A) is regular, and by Theorem 4.25 M(A) is also
semi-simple. Therefore if we take A = D = M(A) and denote by ϕ the
identity mapping of M(A) onto M(A), the condition (ii) of Theorem 5.100
is trivially verified. Since M(A) is a closed commutative subalgebra of L(A)
we may now employ Corollary 5.102 to conclude that the equality ΦM (A) =
Φ(A) ∩ M(A) hold.

In Remark 5.77 we have observed that for a semi-prime commutative
Banach algebra the condition that T (A) is closed is generally weaker than
the condition T (A) = T 2(A), which is equivalent by Theorem 5.76 to the
condition A = T (A) ⊕ ker T . Moreover, the example considered in Remark
5.77 shows that the condition A = T (A)⊕ker T generally cannot be relaxed
to the condition that T (A)⊕ker T is closed. In fact, in this example kerTg =
{0} and therefore Tg(A) ⊕ ker Tg is closed.

An important case in which these conditions are equivalent is the case
of a (not necessarily commutative) C∗ algebra.

Theorem 5.104. Let A be a C∗ algebra and let T ∈ M(A). Then the
following statements are equivalent to the conditions (i)–(viii) of Theorem
5.76:

(a) T (A) is closed;

(b) T (A) ⊕ ker T is closed.

Proof (b)⇒(a) If T (A) ⊕ ker T is closed then T 2(A) is closed by Theorem
5.84. Since for every multiplier T the ascent p(T ) is less than or equal to 1,
the closedness of T 2(A) implies by Theorem 5.74 that T (A) is closed.

(a)⇒(b) Since T (A) is a closed two-sided ideal in a C∗ algebra, T (A)
has a bounded approximate identity, so that Cohen’s factorization theorem
entails that T (A) = [T (A)]2. If z ∈ T (A) then there exists x, y ∈ A such that
z = TxTy = T 2(xy) ∈ T 2(A), from which we obtain that T (A) ⊆ T 2(A).
Since the reverse inclusion is satisfied for each operator we then conclude
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that T (A) = T 2(A). The last equality is equivalent by Theorem 5.76 to the
condition A = T (A) ⊕ ker T , which trivially implies (b).

Corollary 5.105. Let A be a C∗ algebra and suppose that T ∈ M(A)
has closed range. Then T is injective if and only if T is surjective.

Proof If T (A) is closed then A = T (A) ⊕ kerT and this decomposition
implies that T (A) = A precisely when ker T = {0}.

Corollary 5.106. Let A be a C∗ algebra and suppose that T ∈ M(A).
Then ρ(T ) = ρse(T ) and σ(T ) = σap(T ).

Proof Argue exactly as in the proof of Theorem 5.88.

Corollary 5.107. Let A be a C∗ algebra. Then

ΦM (A) = Φ(A) ∩ M(A) = Φ−(A) ∩ M(A) = Φ+(A) ∩ M(A).

Proof Argue exactly as in the proof of Theorem 5.91.

10. Browder spectrum of a multiplier

In this section we shall describe the Browder spectrum σb(T ) of a mul-
tiplier of a semi-prime Banach algebra, in particular the Browder spectrum
of a convolution operator acting on the group algebra L1(G). Recall that
by Corollary 3.53 the Browder spectrum σb(T ) of a multiplier of a semi-
prime Banach algebra coincides with the Weyl spectrum σw(T ), since ev-
ery multiplier T has the SVEP. Note that for multipliers of semi-prime
Banach algebras the inclusion σf(T ) ⊆ σw(T ) may be proper. This is
essentially owed to the fact that a Fredholm multiplier may have index
not equal to 0. This, for instance, is the case of the multiplication op-
erator (Tzf)(z) := zf(z) defined on the disc algebra A(D). In this case
σf(Tz) = ∂D, whilst σw(Tz) = σb(Tz) = D.

For every multiplier T ∈ M(A) let us denote

Λ(T ) := {λ ∈ iso σ(T ) : α(λI − T ) = ∞}.
Theorem 5.108. Let A be a semi-simple Banach algebra and T ∈

M(A). Then

σb(T ) = σw(T ) = {λ ∈ C : λ is a limit point of σ(T )} ∪ Λ(T ).

Proof Suppose that λ ∈ σ(T ) and λ /∈ σw(T ) = σb(T ). Then p(λI − T ) =
q(λI − T ) < ∞ and hence λ is isolated in σ(T ). Obviously λ /∈ Λ(T ).

Conversely, assume that λ ∈ C is an isolated point of the spectrum σ(T )
for which the kernel ker(λI − T ) is finite-dimensional. By Theorem 4.36 λ
is then a simple pole of the resolvent, hence A = (λI − T )(A)⊕ ker(λI − T )
and this easily implies that α(λI − T ) = β(λI − T ) < ∞, so λ /∈ σw(T ).

By Corollary 3.41 we know that for every bounded operator T ∈ L(X) on
a Banach space X the Weyl spectrum may be described in terms of spectra
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of compact perturbations, as well as in terms of spectra of finite-dimensional
perturbations:

σw(T ) =
⋂

K∈F (X)

σ(T + K) =
⋂

K∈K(X)

σ(T + K),

whilst, from Corollary 3.49 we also know that the Browder spectrum is given
by the formulas

σb(T ) =
⋂

K∈F (X), KT=TK

σ(T + K) =
⋂

K∈K(X), KT=TK

σ(T + K).

Evidently in the case of a multiplier T the compact perturbations, or the
finite-dimensional perturbations, which appear in the equalities above are
not, in general, multipliers. The characterizations of Fredholm multipliers
given in the previous sections illustrate that the multiplier algebra M(A) of
a semi-prime Banach algebra is sufficiently large to represent all the results
concerning Fredholm theory in terms only of elements of M(A). The results
of this section once more confirm this property. Indeed, we shall show now
that for multipliers one can restrict the intersections above to compact mul-
tipliers or to finite-dimensional multipliers.

To see this, we first need to extend the concepts of Weyl spectrum and
Browder spectrum to elements of a semi-prime Banach algebra A with re-
spect to a fixed inessential ideal of A.

Definition 5.109. Let J be a closed inessential ideal J of a Banach
algebra A with unit u. The Fredholm spectrum of an element x ∈ A relative
to J is the set

σf(x, J) := {λ ∈ C : λ − x /∈ Φ(A, J)}.
The Weyl spectrum of an element x ∈ A relative to J is the set

σw(x, J) :=
⋂

y∈J

σ(x + y).

A complex λ is said to be a Riesz point of x ∈ A if either λ ∈ ρ(x) or if λ
is a J-Fredholm point of x which is an isolated point of σ(x).

The Browder spectrum of an element x ∈ A with respect to J is the set

σb(x, J) := {λ ∈ C : λ is not a J-Riesz point}.
Of course, the classical Fredholm, Weyl, and Browder spectra of a bounded

operator on a Banach space X may be viewed as spectra originating from
the Fredholm theoy of L(X) relative to the inessential ideal K(X). Clearly
the three spectra above defined are all closed subsets of σ(x) and hence
compact subsets of C. Moreover, for every x ∈ A and inessential ideal J the
following inclusions

(150) σf(x, J) ⊆ σw(x, J) ⊆ σb(x, J),
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hold. The proof of the first inclusion is immediate. Indeed, from the defini-
tion of Fredholm elements we have

σf(x, J) = σA/J(x + J) ⊆ σ(x + y),

for every x, y ∈ A. The proof of the second inclusion of (150) is not im-
mediate and requires the concept of abstract index of elements of Banach
algebras, which is beyond the scope of this monograph (for a proof see [62,
Theorem R.2.2]). Moreover, by Theorem R.5.1 of Barnes, Murphy, Smyth,
and West [62], for any commutative and unital Banach algebra and any
inessential ideal J we have

σf(x, J) = σw(x, J) = σb(x, J).

Let us consider the case A := M(A), the multiplier algebra of a semi-
prime Banach algebra A and let J := KM (A). Evidently for each T ∈ M(A)
we have σf(T, KM (A)) = {λ ∈ C : λI − T /∈ ΦM (A), and since M(A) is a
commutative unital Banach algebra,

(151) σf(T, KM (A)) = σw(T, KM (A)) = σb(T, KM (A)).

Moreover, from Theorem 5.81 we easily obtain that

(152) σf(T, KM (A)) = σw(T ) = σb(T ).

Theorem 5.110. Let A be a semi-prime Banach algebra and T ∈ M(A).
Then

(153) σb(T ) = σw(T ) =
⋂

K∈FM (A)

σ(T + K) =
⋂

K∈KM (A)

σ(T + K).

Moreover, if A is a semi-simple commutative Banach algebra then

(154) σb(T ) =
⋂

x∈soc A

σ(T + Lx).

where the closure of soc A is taken with respect to the operator norm of
M(A).

Proof The equalities (153) easily follow from (151) and (152), taking into
account that the ideals KM (A) and FM (A) generate the same Fredholm
elements in M(A).

Now suppose that A is a semi-simple commutative Banach algebra and
consider the inessential ideal J := soc A = soc M(A), see Theorem 5.52.
Again, M(A) being a commutative unital Banach algebra we deduce that

σf(T, soc A) = σw(T, soc A) =
⋂

x∈soc A

σ(T + Lx),

for every T ∈ M(A). By Theorem 5.55 we also know that σf(T, soc A) =
σf(T, KM (A)) so that from the equalities (152), we may conclude that (154)
holds.
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Corollary 5.111. Let A be a commutative semi-simple Banach algebra
with a bounded approximate identity. If T ∈ M(A) then

σb(T ) =
⋂

x∈soc A

σ(T + Lx),

where the closure of soc A is taken with respect to the norm of A.

Proof As already observed, if a commutative Banach algebra A has a
bounded approximate identity then A is closed in its multiplier algebra
M(A) since the norm of A is equivalent to the operator norm of M(A).

In particular, Corollary 5.111 applies to multipliers T of C∗ algebras.
In this case σf(T ) = σw(T ) = σb(T ), since by Corollary 5.107 we have
σf(T ) = σf(T, KM (A)).

Much more we can say under some assumptions on the maximal ideal
space ∆(A).

Theorem 5.112. Suppose that A is a semi-simple commutative Banach
algebra and T ∈ M(A). Then the following statements hold:

(i) If A has a bounded approximate identity and ∆(A) is discrete then

σb(T ) =
⋂

x∈A

σ(T + Lx) =
⋂

K∈M00(A)

σ(T + K);

(ii) If A is a Tauberian regular Banach algebra, then

σb(T ) = σw(T ) = σf(T );

(iii) If ∆(A) has no isolated points then

σb(T ) = σw(T ) = σ(T ).

Proof (i) If A has a discrete maximal ideal space ∆(A) then A and M00(A)
are inessential ideals of M(A) by Theorem 5.57. Moreover, A is closed in
the operator norm of M(A) since A has a bounded approximate identity.
Theorem 5.57 also ensures that the inessential ideals KM (A), A and M00(A)
generate the same set of Fredholm elements in M(A), so for every T ∈ M(A)
we have

σb(T ) = σf(T, KM (A)) = σf(T, A) = σf(T, M00(A)).

The commutativity of the unital Banach algebra M(A) yields

σf(T, A) = σw(T, A) =
⋂

x∈A

σ(T + Lx)

and

σf(T, M00(A)) = σw(T, M00(A)) =
⋂

K∈M00(A)

σ(T + K),
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from which we conclude that the statement (i) is true.

(ii) The equality σf(T ) = σw(T ) is an obvious consequence of Theorem
5.91 and Theorem 5.81.

(iii) The equalities follow from the equalities (152), once it is observed
that if ∆(A) has no isolated points then KM (A) = {0}, see Theorem 4.41.

Theorem 5.110 and Theorem 5.112 apply to the group algebra case A :=
L1(G) of a locally compact abelian group G. Recall that L1(G) possesses
a bounded approximate identity, and by Corollary 5.62, for every compact
abelian group G we have KM (L1(G)) = L1(G) and FM (L1(G)) coincides
with the ideal P (G) of all trigonometric polynomials on G.

Corollary 5.113. Let µ ∈ M(G), where G is a locally compact abelian
group. For the convolution operator Tµ : L1(G) → L1(G) we then have:

(i) λ ∈ σb(Tµ) precisely when either λ is not isolated in σ(µ) or µ̂−1({λ})
is an infinite set of Ĝ. Moreover,

σf(Tµ) = σw(Tµ) = σb(Tµ);

(ii) If G is compact then

σb(Tµ) =
⋂

ν∈P (G)

σ(µ + ν) =
⋂

ν∈L1(G)

σ(µ + ν) =
⋂

ν∈M00(G)

σ(µ + ν).

(iii) G is not compact then σf(Tµ) = σw(Tµ) = σb(Tµ) = σ(µ).

Proof All the statements are consequences of Theorem 5.112 and Theorem
4.38.

In Chapter 3 we have seen that the Browder spectrum of a bounded
operator on a Banach space may be expressed by means of spectra of com-
pressions. Now we show that the Browder spectrum of a multiplier T of a
semi-prime (not necessarily commutative) Banach algebra may be expressed
by means of spectra of compressions relative to projections which are mul-
tipliers.

Let P(A) be the set of all bounded projections P ∈ L(A) such that
codim P (A) < ∞. Recall that the compression generated from a projection
P ∈ P(A) is the bounded linear operator TP : P (A) → P (A) defined by
TP y := PTy for every y ∈ P (A).

Theorem 5.114. Suppose that A is a semi-prime Banach algebra and
T ∈ M(A). Then

(155) σb(T ) =
⋂

P∈P(A)∩M(A)

σ(TP ).

Proof Suppose that T ∈ M(A). From the equality (82) established in
Chapter 3, taking into account that the equality PT = TP is automatically
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ensured for multipliers on semi-prime Banach algebras, we obtain

σb(T ) =
⋂

P∈P(A)

σ(TP ) ⊆
⋂

P∈P(A)∩M(A)

σ(TP ).

To establish the opposite inclusion we need only to prove that if λ /∈
σb(T ) then there is a a projection P ∈ P(A) which is a multiplier of A such
that λ /∈ σ(TP ).

Now, if λ /∈ σb(T ) then either λI −T is invertible or λ ∈ σ(T ). Trivially,
in the first case, taking P := I ∈ M(A) we have λ /∈ σ(TP ). In the second
case the condition λ /∈ σb(T ) entails that λ is an isolated point of σ(T ).

Let Q denote the spectral projection associated with {λ}. Then kerQ =
(λI − T )(A), by part (f) of Remark 3.7, and σ(T | kerQ) = σ(T ) \ {λ}.
Clearly Q ∈ M(A), and if we put P := I − Q then P (A) = kerQ is finite-
codimensional. Thus P ∈ P(A) ∩ M(A). Finally, from the commutativity
of M(A) we obtain that

TP (y) = (PT )y = (TP )y = Ty for every y ∈ P (A).

This means that TP coincides with the restriction of T on P (A) = kerQ,
hence λ /∈ σ(TP ).

In a semi-simple commutative Banach algebra A the ideal P (A), where
P ∈ P(A) ∩ M(A), may be represented in a very precise way. To see that
first consider for an arbitrary idempotent e ∈ A the annihilator an{e}.
Clearly an{e} = (1 − e)A, where (1 − e)A := {a − ea : a ∈ A} and hence
A = eA ⊕ (1 − e)A.

Now let P ∈ P(A)∩M(A), A being a semi-simple commutative Banach
algebra A. Since kerP is a finite-dimensional ideal in A, by Theorem 5.27,
there exists an idempotent p ∈ soc A such that kerP = pA. If x = Pa ∈
P (A) then

px = p(Pa) = P (pa) = 0,

which implies that P (A) ⊆ an{p} = (1 − p)A. From the decomposition
A = P (A) ⊕ ker P = P (A) ⊕ pA we then conclude that P (A) = (1 − p)A.

Conversely, if p ∈ soc A and p = p2 the multiplication operator Lp is an
idempotent multiplier of A, and by Corollary 5.25 pA is a finite-dimensional
ideal of A. If we let P := I −Lp then P is an idempotent element of M(A).
Moreover,

P (A) = (I − Lp)(A) = (1 − p)A

and

dim ker P = dim Lp(A) = dim pA < ∞.

Thus P ∈ P(A) ∩ M(A).
The argument above shows that there is a correspondence

P ∈ P(A) ∩ M(A) ⇔ p ∈ soc A such that P (A) = (1 − p)(A).
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Now let Tp := T | (1 − p)(A) denote the restriction of T to (1 − p)A.
Combining the result of Theorem 5.114 with the correspondence proved
above we then obtain the following formula for σb(T ).

Theorem 5.115. Let A be a semi-simple commutative Banach algebra
with socle socA. Then

σb(T ) =
⋂

p=p2∈soc A

σ(Tp).

Let us consider again the case A := L1(G), where G is a locally compact
abelian group. If δ0 ∈ M(G) is the Dirac measure concentrated at the
identity and ν ∈ M(G) then (1 − ν) ⋆ L1(G) = (δ0 − ν) ⋆ L1(G).

Let us denote by Tµ,ν the restriction of Tµ on the ideal (δ0 − ν) ⋆ L1(G).
As already observed, for a compact group G we have soc L1(G) = P (G), the
ideal of all trigonometric polynomial on G. As a particular case of Theorem
5.115 we obtain the following result.

Corollary 5.116. Let G be a compact abelian group and µ ∈ M(G).
For the convolution operator Tµ : L1(G) → L1(G) we have

σb(Tµ) =
⋂

ν=ν⋆ν∈P (G)

σ(Tµ,ν).

The next result shows that every multiplier, as every normal operator
on a Hilbert space, satisfies Weyl’s theorem.

Theorem 5.117. Suppose that T ∈ M(A), A a commutative semi-
simple Banach algebra. Then Weyl’s theorem holds for T and T ∗. If T ∗ has
SVEP, then a-Weil’s theorem holds for T and T ∗.

Proof By Theorem 4.33 every multiplier on a semi-simple Banach algebra
has property (H), so by Corollary 3.97 Weyl’s theorem holds for T . The
second assertion is clear from Corollary 3.109.

We now show that under certain assumptions on the algebra A every
multiplier obey’s a-Weyl theorem.

Theorem 5.118. Let A be a commutative semi-simple regular Taube-
rian Banach algebra and T ∈ M(A). Then a-Weil’s theorem holds for T . If
T ∗ has SVEP then a-Weil’s theorem holds for T ∗.

Proof If A is regular and Tauberian then σap(T ) = σ(T ) by Corollary 5.88.
From this it follows that πa

00(T ) = π00(T ).
To show that a-Weyl’s theorem holds for T assume that

σuf(T ) ∩ πa
00(T ) = σuf(T ) ∩ π00(T ) �= ∅.

Let λ ∈ σuf(T )∩πa
00(T ). From the definition of πa

00(T ) we know that H0(λI−
T ) = ker(λI−T ) is finite-dimensional, and hence since λ is an isolated point
of σ(T ), see Theorem 3.96, it follows that λI − T is semi-Fredholm. Since
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p(λI − T ) < ∞ it follows that α(λI − T ) ≤ β(λI − T ) by Theorem 3.4.
The last inequality obviously implies that λI − T is upper semi-Fredholm,
a contradiction.
Therefore σuf(T )∩πa

00(T ) = ∅, so from Theorem 3.105 we may conclude that
a-Weyl’ s theorem holds for T . The second assertion is clear by Theorem
5.117.

Corollary 5.119. Let G be a locally compact abelian group and µ ∈
M(G). If Tµ is a convolution operator on a group algebra L1(G) then a-
Weil’s theorem holds for Tµ.

Theorem 5.120. Let A be a Banach algebra with an orthogonal basis
and T ∈ M(A). Then a-Weil’s theorem holds for both T and T ∗.

Proof We have by Theorem 4.46 σap(T ) = σ(T ), and reasoning as in the
proof Theorem 5.118, it follows that a-Weil’s theorem holds for both T and
T ∗. The fact that a-Weyl’s theorem holds for T ∗ follows from Corollary
5.117, since every multiplier of a Banach algebra with orthogonal basis is
decomposable, see Proposition 4.8.11 of [214].

Theorem 5.121. Let A be a C⋆ algebra and let T ∈ M(A). Then
a-Weil’s theorem holds for T .

Proof It is well known that a C∗ algebra is semi-simple. Also in this case
we have σap(T ) = σ(T ), see Corollary 5.107, and hence reasoning as in the
proof Theorem 5.118 it follows that a-Weil’s theorem holds for T .

We conclude this chapter with some remarks about the Browder and
the Weyl spectra of a convolution operator Tµ,p on Lp(G) for 1 < p ≤ ∞.
Contrary to the case p = 1, for 1 < p the spectrum of the operator Tµ,p need
not to be equal to the spectrum of the measure µ in the Banach algebra
M(G). Moreover, if the group G is amenable, see §43 of Bonsall and Duncan
[72] for the definition, the spectrum of µ is equal to the order spectrum of
the regular operator Tµ,p, 1 ≤ p ≤ ∞, the spectrum in the subalgebra of all
regular operators, see Arendt [49] for definitions.

Let A := Lr(X) be the Banach algebra of all regular operators on the
complex Banach lattice X. The set Kr(X) of all compact regular operators
is a closed inessential ideal of Lr(X). The Fredholm spectrum and the Weyl
spectrum of an operator T ∈ Lr(X) in the Banach algebra A := Lr(X)
with respect to Kr(X) are called the order Fredholm spectrum (also called
order essential spectrum) and the order Weyl spectrum of T , respectively,
see Arendt and Sourour [50]. The order Browder spectrum of T in Lr(X)
with respect to Kr(X) has been investigated by Saxe [285], see also Weis
[318].

Now, if µ ∈ M(G) and J is any closed inessential ideal of the measure
algebra M(G) we can consider the Fredholm spectrum σf(µ), the Weyl
spectrum σw(µ) and the Browder spectrum σb(µ) of the element µ in M(G)
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with respect to J .
In [285] Saxe has shown that if G is a compact (not necessarily abelian)

group, µ ∈ M(G), and 1 ≤ p ≤ ∞, then for the operator Tµ,p : Lp(G) →
Lp(G) the following equalities hold:

σf(µ) = σw(µ) = σb(µ) = σof(Tµ,p) = σow(Tµ,p) = σob(Tµ,p).

If p = 1 or p = ∞ this result reduces to

(156) σf(µ) = σw(µ) = σb(µ) = σf(Tµ,p) = σw(Tµ,p) = σb(Tµ,p),

where the last three sets are, respectively, the ordinary Fredholm spectrum,
the Weyl spectrum σw(µ), and the Browder spectrum of the operator Tµ,p.
Moreover, σb(Tµ,p) = σlf (Tµ,p), Tµ,p is Browder if and only if Tµ,p is lower
semi-Fredholm [285, Theorem 2.2]. Note that the equalities (156) do not
hold in general if 1 < p < ∞, see Saxe [285] and Arendt and Sourour [50].

Comments An excellent treatment of the abstract Fredholm theory on
a Banach algebra may be found in the book by Barnes, Murphy, Smyth, and
West [62]. In this book Fredholm theory is developed in a primitive Banach
algebra, and then extended to the general case, whilst Riesz theory follows
as a consequence. Our approach, based on the concept of an inessential
ideal, to the abstract Fredholm theory follows some ideas of Aupetit [53].

The Fredholm theory in an algebraic setting was pioneered by Barnes
[58], [59] in the context of a semi-prime ring. In particular, Barnes uses the
concept of an ideal of finite order to replace the finite dimensionality of the
kernel and the finite codimensionality of the range of a Fredholm operator.

The original setting for Fredholm theory on Banach algebras, developed
by Barnes [58], was a semi-simple Banach algebra and this theory was rel-
ative to the socle. The extension of Fredholm theory to semi-prime Banach
algebras was also developed by Barnes [59]. Since the socle does not always
exist in the general case, Smyth [301] and Veselić [310] developed a Fred-
holm theory relative to the algebraic kernel of an algebra, precisely relative
to the maximal algebraic ideal of the algebra. Note that the algebraic kernel
of a semi-prime Banach algebra is the socle. This fact has been first proved
by Smyth [302] in the case of a semi-simple Banach algebra. The extension
of this result to semi-prime Banach algebras, here established in Corollary
5.22, is taken from Giotopoulos and Roumeliotis [124]. Theorem 5.18 is
modeled after Alexander [43], whilst Theorem 5.27 is owed to Barnes [57].

The Fredholm theory from semi-simple Banach algebras was carried to
general Banach algebras by Smyth [301] who first introduced the pre-socle.
It is remarkable that also in the context of abstract Fredholm theory an
index function may be defined and a punctured neighbourhood may be es-
tablished, see for instance Barnes, Murphy, Smyth and West [62, Theorem
F.3.8], Smyth [301], Pearlman [257].

The study of the properties of the pre-socle of a Banach algebra, devel-
oped in the fourth section, as well as the part concerning the Riesz algebras
developed in the fifth section, is modeled after Smyth [302]. The results
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related to the socle of the multiplier algebra, in the beginning of the sixth
section, elaborate some ideal of Aiena and Laursen [27], [28]. In particular,
Theorem 5.61 is a new abstract version of a result (here given in Corollary
5.62) owed to Kitchen [187] and Akemann [45]. The subsequent theory on
the socle of C∗ algebras is taken from Smyth [302], for further results see
also [62].

All the results concerning the Fredholm theory of multipliers of commu-
tative regular Tauberian Banach algebras are owed to Aiena and Laursen[27].
This paper extends to regular Tauberian Banach algebras previous results
obtained in Aiena [9] in the simpler case of a commutative semi-simple Ba-
nach algebra having a dense socle. The Aiena and Laursen’s work [27] was
strongly inspired by a previous article of Glicksberg [126] who considered
a factorization problem of the convolution operator of the group algebra
L1(G), G a locally compact abelian group. At the end of his paper Glicks-
berg pointed out that his method of proof really applies to any commutative
semi-simple regular Tauberian Banach algebra A.

In particular, he established the following three results:

(a) If the maximal ideal space ∆(A) is connected and A satisfies the
condition (I) after Theorem 5.93, then a nonzero multiplier T of A has
closed range if and only if T is invertible.

(b) If A satisfies condition (I) and T = La is the multiplication operator
on A by the element a ∈ A then T (A) is closed if and only if T is the product
of an idempotent and an invertible multiplier.

(c) If A satisfies condition (I) and T ∈ M(A) then T 2(A) is closed if
and only if T is the product of an idempotent and an invertible multiplier.

The main motivating question of the paper of Glicksberg was whether
the closedness of the range T (A), for any convolution operator Tµ on L1(G),
is equivalent to the statement that µ is the product of an idempotent and an
invertible measure. Obviously, if this factorization holds then the closedness
of T (A) easily follows from Theorem 5.76 (see Remark 5.77). But the proof
of the converse of this property is decidedly a very complicated task.

The equivalence of these two properties in L1(G) was finally proved in
1978 in an impressive paper by Host and Parreau [166]. Anyway, the gen-
eral question remains open in the case of a commutative semi-simple regular
Tauberian Banach algebra. Clearly, in this general setting Theorem 5.86 is
a partial analog of Host and Parreau’s result. Moreover, this theorem gen-
eralizes a result in Dutta and Tewari [103] obtained only for Segal algebras.

Corollary 5.87 was first noted by Ransford in an unpublished manu-
script (the original proof given by Ransford may be found in Laursen and
Neumann [214]). This result was a generalization of the same result for
isometric multipliers on a regular Tauberian Banach algebra noted by sev-
eral authors, Dutta and Tewari [103] and Eschmeier, Laursen, and Neuman
[112].

The description of semi-Fredholm convolution operators established in
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Theorem 5.97 is taken from Aiena and Laursen [27], whilst the results con-
cerning the Fredholm theory of multipliers of a semi-simple Banach algebra
having a regular multiplier algebra M(A) follows some ideas of Barnes [60].

The part concerning the Fredholm theory of multipliers of C∗ algebras
is a sample of results proved by Laursen and Mbektha [206] and Aiena [10].

The formulas of the Browder spectrum in the special case of multipliers
is modeled after Aiena [11], see also Barnes, Murphy, Smyth, and West [62,
§A.6] for convolution operators on (not necessarily commutative) group al-
gebras. That for a multiplier the Browder spectrum and the Weyl spectrum
coincide was observed, by using different methods, by Laursen [204]. The
results on Weyl’s theorem and a-Weyl’s theorem for multipliers are taken
from Aiena and Villafãne [35].



CHAPTER 6

Decomposability

The most important concept introduced in this chapter is that of decom-
posability for operators on Banach spaces. A modern and more complete
treatment of this class of operators may be found in the recent book of
Laursen and Neumann [214]. This book also provides a large variety of
examples and applications to several concrete cases. Our study is concen-
trated to the elements of this theory needed for applications to Riesz theory
for multipliers of commutative semi-simple Banach algebras.

Roughly speaking, a bounded operator T on a Banach space X is de-
composable if every open covering of C produces a certain splitting of the
spectrum σ(T ) and of the space X by means of T -invariant closed subspaces.
In this splitting X is the sum of two T -invariant closed subspaces. Origi-
nally, in the definition of decomposable operators given by Colojoară (see
[83], it was required that the two subspaces were spectral maximal [83].
These definitions are equivalent, as will be shown in the second section.
Thanks to work by Albrecht [38], and independently by Lange [195] and by
Nagy [241], the definition of decomposability may be described as above.

The first section of this chapter is devoted to some basic properties of
spectral maximal subspaces, whilst the second section addresses the notion
of decomposability. In this section we shall also introduce the property (β)
introduced by Bishop in [70] and another decomposition property, the prop-
erty (δ). The decomposability of an operator T on a Banach space may be
described as the conjuction of two weaker properties (β) and (δ). Further-
more, another kind of decomposability is considered, in the third section,
the so called super-decomposability and we shall see that, if an operator
T ∈ L(X) is super-decomposable and if there is no non-trivial divisible sub-
space for T , then the local spectral subspaces are precisely the algebraic
spectral subspaces introduced in Chapter 2.

We shall prove in the fourth section that every operator having a totally
disconnected spectrum, and in particular every Riesz operator, is super-
decomposable. The Riesz operators may be characterized as the decom-
posable operators for which the local spectral subspaces XT (Ω) are finite-
dimensional for each closed set Ω which does not contain 0. Section four
also addresses the characterization of decomposable weighted unilateral shift
operators on ℓp(N), with 1 ≤ p < ∞. We shall also explore appropriate con-
ditions in the special case where the abstract shift condition T∞(X) = {0}
holds, and under which 0 is a point isolated from the rest of the spectrum of
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a bounded operator T . As a consequence of these results we shall see that
for a weighted right shift operator T the decomposability is equivalent to T
being a Riesz operator, and this happens only in the trivial case that T is
quasi-nilpotent.

In the fifth section we shall return to consider multipliers of commutative
Banach algebras. We shall investigate the various properties of decompos-
ability, previously introduced, within the theory of multipliers of commu-
tative semi-simple Banach algebras. We shall see that in the framework of
multiplier theory, the Gelfand theory, spectral theory and harmonic analysis
are closely interwinded. An example of this interaction is given by the rela-
tionships between the various kind of decomposability of a multiplier T , the

hull-kernel continuity of the Gelfand transform T̂ and the property of T to
have a natural spectrum. The decomposability of a multiplier is studied in
several situations, for instance in the very special case that M(A) is regular
then every T ∈ M(A) is decomposable, whilst for an arbitrary semi-simple
commutative Banach algebra this is no longer true in general. We shall see
that if T ∈ M0(A) or if A possesses a bounded approximate identity then
the decomposability of T , or the super-decomposability of T , is equivalent
to the formally weaker property (δ).

In the sixth section we shall compare certain local spectral properties of
a multiplier T with those of the corresponding multiplication operator LT

defined on the multiplier algebra M(A) or in M0(A). The main result of
this section establishes that if T ∈ M0(A) and ∆(A) is discrete then T is
decomposable precisely when T is a Riesz operator, or, equivalently, when T
has a countable spectrum. Finally, in the last section we specialize some of
these results to the case of group algebras A = L1(G), where G is a locally
compact Abelian group, or G is a compact Abelian group.

1. Spectral maximal subspaces

We first introduce the following notion of spectral maximal subspace
which plays a relevant role in invariant subspace theory.

Definition 6.1. Given T ∈ L(X), where X is a Banach space, a closed
subspace M of X is said to be spectral maximal for T if for every T -invariant
closed subspace Y of X the inclusion σ(T |Y ) ⊆ σ(T |M) implies Y ⊆ M .

In the following theorem we establish some important basic properties
of spectral maximal subspaces. We recall first that if λ ∈ ρ(T ) we denote
the resolvent (λI − T )−1 by R(λ, T ).

Theorem 6.2. Let T ∈ L(X) be a bounded operator on a Banach space
X. Then the following assertions hold:

(i) Any spectral maximal subspace M of T is T -hyper-invariant, M is
invariant for every bounded operator that commutes with T ;

(ii) For every spectral maximal subspace M of T and λ ∈ ρ(T ) we have
R(λ, T )(M) ⊆ M . Moreover, σ(T |M) ⊆ σ(T );
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(iii) If M1, M2 are spectral maximal subspaces of T , then M1 ⊆ M2 if
and only if σ(T |M1) ⊆ σ(T |M2).

Proof Assume that ST = TS and choose λ ∈ ρ(S). Denote by Mλ the
closed subspace R(λ, S)(M). Clearly R(λ, S)T = TR(λ, S), so that from
T (M) ⊆ M we obtain that T (Mλ) ⊆ Mλ. Since T |Mλ is the restriction of
R(λ, S)(T |Mλ)(λI − S) to Mλ we also have

T |Mλ = [(λI − S)|Mλ]−1(T |M)((λI − S)|Mλ),

which implies that σ(T |Mλ) = σ(T |M). Being M spectral maximal for T
we then conclude that Mλ ⊆ M . Therefore, R(λ, S)x ∈ M for all x ∈ M .
From the Riesz functional calculus, for any x ∈ M we have

Sx =
1

2πi

∫

Γ
λ R(λ, S)x dλ,

where, as usual, Γ is a closed rectifiable Jordan curve which surrounds the
spectrum σ(S). This evidently implies that Sx ∈ M , since M is a closed
linear subspace of X.

(ii) Using the same argument as in the proof of part (i), we obtain
R(λ, T )M ⊆ M for all λ ∈ ρ(T ). From this it follows that R(λ, T |M) =
R(λ, T |M) exists for each λ ∈ ρ(T ), so ρ(T ) ⊆ ρ(T |M).

(iii) If M1 ⊆ M2, proceeding as in the proof of part (ii) we obtain that
σ(T |M1) ⊆ σ(T |M2). The opposite implication is clear from the definition
of spectral maximal subspace.

A first example of spectral maximal subspace is provided by the range
of spectral projections.

Theorem 6.3. Let T ∈ L(X), where X is a Banach space. If σ ⊆ σ(T )
is a spectral set and Pσ is the spectral projection associated with σ, then
Pσ(X) is a spectral maximal subspace of T .

Proof If we set M := Pσ(X), from functional calculus we know that
σ(T |M) = σ. Let Y be a closed linear subspace T -invariant such that
σ(T |Y ) ⊆ σ(T |M) = σ. If λ /∈ σ then (λI − T )|Y admits inverse and for
each y ∈ Y we have

Pσy =
1

2πi

∫

Γ
λ R(λ, T )y dλ =

1

2πi

∫

|λ|=‖T‖+1
λ R(λ, T |Y )y dλ

=
1

2πi

∫

|λ|=‖T‖+1
λ R(λ, T )y dλ = y,

so y ∈ Pσ(X). Therefore, Y ⊆ Pσ(X).

We recall that if T ∈ L(X) has the SVEP and x ∈ X then there exists
a maximal analytic extension R(·, T )x to ρT (x), see Remark 2.4, part (a).

This maximal analytic extension in the sequel is denoted by f̃x.
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Theorem 6.4. Suppose that a bounded operator T ∈ L(X) on a Ba-
nach space X has the SVEP. For every closed T -invariant subspace M then

σT (x) = σT |M (x) for all x ∈ M if and only if f̃x(λ) ∈ M for every λ ∈ ρT (x).

Proof Suppose that for all x ∈ M we have ρT (x) = ρT |M (x). Let λ be an
arbitrary point of ρT (x) = ρT |M (x) and denote by g̃x : ρT |M (x) → M the

maximal analytic extension of R(·, T |M) to ρT |M (x). Obviously f̃x(λ) =

g̃x(λ) ∈ M for every λ ∈ ρT (x). Conversely, if f̃x(λ) ∈ M for all λ ∈ ρT (x),
with x ∈ M , then

(λI|M − T |M)f̃x(λ) = (λI − T )f̃x(λ) = x,

thus ρT (x) ⊆ ρT |M (x). Since also the opposite inclusion holds, see Remark
2.4, part (b), the proof is complete.

Choose x ∈ X, in the sequel we shall denote by Fx(T ) the linear closed

subspace generated by all the vectors f̃x(λ) with λ ∈ ρT (x).

Theorem 6.5. Suppose that T ∈ L(X), where X is a Banach space, has
the SVEP and let M be a spectral maximal subspace for T . Then Fx(T ) ⊆ M
for every x ∈ M .

Proof Let x ∈ M and let λ0 ∈ ρT (x) be arbitrarily fixed. To prove

the theorem it suffices to prove that f̃x(λ) ∈ M . If λ0 ∈ ρ(T |M) then

f̃x(λ0) = R(λ0, T )x ∈ M , since M is invariant under R(λ0, T ), so it remains

to prove that f̃x(λ0) ∈ M whenever λ0 ∈ σ(T |M). With this aim, suppose

that λ0 ∈ ρT (x) ∩ σ(T |M) and f̃x(λ0) /∈ M .

Let Z denote the linear subspace spanned by M and f̃x(λ0). Clearly,

Z is closed. Let z := y + αf̃x(λ0) ∈ Z, with y ∈ M . From the equality

(λ0I − T )f̃x(λ0) = x we obtain that

Tz = (Ty − αx) + αλ0f̃x(λ0) ∈ Z.

This shows that Z is T -invariant.
Next we want show that ρ(T |M) ⊆ ρ(T |Z). Let µ ∈ ρ(T |M) and us

consider an element z = y +αf̃x(λ0) ∈ Z such that (µI −T )z = 0. We have

0 = (µI − T )z = (µI − T )y + α(µI − T )f̃x(λ0)

= (µI − T )y + α[(µ − λ0)I + (λ0I − T )]f̃x(λ0)

= (µI − T )y + αx + α(µ − λ0)f̃x(λ0).

Since µ ∈ ρ(T |M) and y ∈ M , it follows that (µI − T )y ∈ M , so

α(µ − λ0)f̃x(λ0) = −(µI − T )y − αx ∈ M.

But µ �= λ0 and f̃x(λ0) �= 0, since f̃x(λ0) /∈ M , so α = 0 and hence (µI −
T )y = 0. Since, by assumption, µ ∈ ρ(T |M) it follows that y = 0, and
therefore the restriction (µI − T )|Z is injective.
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To prove the surjectivity of the restriction (µI −T )|Z let us consider an

arbitrary element z = y + αf̃x(λ0) and define

y0 := R(λ, T |M)(y − α

λ − λ0
x) ∈ M.

Define

z0 := y0 +
α

λ − λ0
f̃x(λ0) ∈ Z.

An easy estimate yields that (µI −T )z0 = z, so (µI −T )|Z is surjective and
therefore bijective. Hence σ(T |Z) ⊆ σ(T |M) and this implies, since M is

spectral maximal, that Z ⊆ M , contradicting the assumption f̃x(λ0) /∈ M .

Therefore f̃x(λ0) ∈ M for all λ0 ∈ σ(T |M), so the proof is complete.

Corollary 6.6. Suppose that T ∈ L(X), where X is a Banach space, has
the SVEP. If M is a spectral maximal subspace of T then σT (x) = σT |M (x)
for every x ∈ M .

Proof Combine Theorem 6.5 and Theorem 6.4.

The next result shows that if an operator T ∈ L(X) has the SVEP then
every closed local spectral subspace is spectral maximal for T .

Theorem 6.7. Let T ∈ L(X), X a Banach space, have the SVEP.
Suppose that Ω ⊆ C is a closed set for which XT (Ω) is closed. Then the
analytic subspace XT (Ω) is spectral maximal.

Proof Let Y be a closed T -invariant subspace for which the inclusion
σ(T |Y ) ⊆ σ(T |XT (Ω)) holds. Then by Theorem 2.71 σ(T |Y ) ⊆ Ω and
therefore, by part (vii) of Theorem 2.6 we obtain Y ⊆ XT (Ω).

We shall now show that if T ∈ L(X) has the property (C) then the con-
verse of the preceding risult holds, namely every spectral maximal subspace
is a local spectral subspace.

Theorem 6.8. Suppose that a bounded operator T ∈ L(X) on a Banach
space X has the property (C). Then a closed subspace M is spectral maximal
if and only if M = XT (σ(T |M)).

Proof Suppose that M is a spectral maximal subspace of T . By assumption
the analytic subspace XT (σ(T |M)) is closed, and by Theorem 2.77 the op-
erator T has the SVEP. From Theorem 6.7 it then follows that XT (σ(T |M))
is spectral maximal for T . Furthermore, by part (ii) of Theorem 6.2 and
Theorem 2.71 we have

σ(T |XT (σ(T |M)) ⊆ σ(T |M) ∩ σ(T ) = σ(T |M).

Since M is spectral maximal, this entails that XT (σ(T |M) ⊆ M . On the
other hand, if x ∈ M by Corollary 6.6 we know that

σT (x) = σT |M (x) ⊆ σ(T |M),
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so x ∈ XT (σ(T |M)). Hence M = XT (σ(T |M)).
The converse follows by Theorem 6.7.

2. Decomposable operators on Banach spaces

In the sequel we shall denote by H(U , X), where X is a Banach space,
the set of all analytic functions f : U → X defined on the open set U ⊆ C.
It is known that H(U , X) is a Fréchet space with respect to the pointwise
vector space operations and the topology of locally uniform convergence. In
this topology, a sequence (fn) ⊂ H(U , X) converges to f if and only if (fn)
converges uniformly to f on every compact set K ⊂ U .

Given a bounded linear operator T acting from X into Y , X and Y
Banach spaces, and an open disc D(λ0, ε), let

T † : H(D(λ0, ε), X) → H(D(λ0, ε), Y ),

be the mapping defined by

(157) (T †f)(λ) := T (f(λ)) for every λ ∈ D(λ0, ε).

Evidently T † is a continuous linear mapping. The operator T † may be easily
represented as follows. Let f ∈ H(D(λ0, ε), X) be represented by a power
series

f(λ) :=

∞∑

n=0

(λ − λ0)
nxn, for all λ ∈ D(λ0, ε),

where (xn) ⊂ X. Because the series is locally uniform convergent, from the
continuity of T † we obtain

(T †f)(λ) =
∞∑

n=0

(λ − λ0)
nT (xn) for all λ ∈ D(λ0, ε).

The following result shows that the mapping T † preserves some impor-
tant properties of T .

Theorem 6.9. For an arbitrary open disc D(λ0, ε) of C we have:

(i) If the bounded operator T ∈ L(X, Y ), X and Y Banach spaces, is
surjective then the induced operator T † : H(D(λ0, ε), X) → H(D(λ0, ε), Y )
is surjective and open.

(ii) If Z is a closed linear subspace of the Banach space X, then the space
H(D(λ0, ε), X/Z) and the quotient space H(D(λ0, ε), X)/H(D(λ0, ε), Z) are
topologically isomorphic.

Proof (i) If g ∈ H(D(λ0, ε), X) has the representation

g(λ) =
∞∑

n=0

(λ − λ0)
nyn, λ ∈ D(λ0, ε),

the radius of convergence of this series is at least ε. By the open mapping
theorem T is open, thus there is a constant δ > 0 such that for every y ∈ Y
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we can find x ∈ X for which Tx = y and ‖x‖ ≤ δ‖y‖. Choose xn ∈ X such
that Txn = yn and ‖xn‖ ≤ ‖yn‖. From the estimate

lim sup
n→∞

‖xn‖1/n ≤ lim sup
n→∞

δ1/n‖yn‖1/n = lim sup
n→∞

‖yn‖1/n ≤ ε,

we infer that the series

f(λ) :=
∞∑

n=0

(λ − λ0)
nxn

converges for all λ ∈ D(λ0, ε), so f ∈ H(D(λ0, ε), X). Clearly, T †(f) = g,
hence T † is surjective, and consequently by the open mapping theorem is
open.

(ii) If T : X → X/Z is the canonical quotient map then ker T † =
H(D(λ0, ε), Z), so T † is a topological isomorphism.

Theorem 6.10. Suppose that the operator T ∈ L(X) on the Banach
space X has the SVEP and that Ω is a closed subset of C for which XT (Ω)

is closed. If T̃ is the operator induced by T on the quotient X/XT (Ω), then

T̃ has the SVEP and

(158) σT (x) = σ
�T
(x) for all x ∈ XT (Ω).

Proof Let Q : X → X/XT (Ω) denote the canonical quotient mapping and
let g : D → XT (Ω) be an analytic function defined on some open disc D for

which (λI − T̃ )g(λ) = 0 for all λ ∈ D. By part (i) of Theorem 6.9 we can
find an analytic function f : D → X such that g = Q ◦ f and hence

Q(λI − T )f(λ) = (λI − T̃ )g(λ) = 0 for all λ ∈ D.

From this we obtain that (λI − T )f(λ) ∈ XT (Ω) for all λ ∈ D, and hence
by part (iv) of Theorem 2.6 f(λ) ∈ XT (Ω) for all λ ∈ D ∩ Ω. By Theorem
2.71 we know that σ(T |XT (Ω)) ⊆ Ω, so we may define an analytic function
h : D \ Ω → XT (Ω) by the assignment

h(λ) := (λI − T̃ )−1(λI − T )f(λ) ∈ XT (Ω) for all λ ∈ D \ Ω.

Now, (λI − T )(f(λ) − h(λ)) = 0 for all λ ∈ D \ Ω, so that the SVEP of T
implies that

f(λ) = h(λ) = 0 for all λ ∈ D \ Ω.

Thus f(λ) ∈ XT (Ω) and hence g(λ) = Q(f(λ)) = 0 for every λ ∈ D. This

shows that T̃ has the SVEP.
To prove the identity (6.10), given x ∈ XT (Ω) and λ ∈ ρT (x), let us

consider an analytic function f : D → X such that (λI − T )f(λ) = x for

all λ ∈ D. Since T̃ has the SVEP, from the identity (λI − T̃ )Q(f(λ)) = 0
for all λ ∈ D, we deduce that Q(f(λ)) = 0 and hence f(λ) ∈ XT (Ω) for all
λ ∈ D. Therefore λ ∈ ρT |XT (Ω)(x), so ρT (x)(x) ⊆ ρT |XT (Ω)(x). The opposite
inclusion is obvious, so the equality σT (x) = σT |XT (Ω)(x) is proved.
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Lemma 6.11. Let U be a connected open subset of C and let Y be a
closed subspace of the Banach space X. If f ∈ H(U , X) verifies the property
f(Ω) ⊆ Y for some non-empty open set Ω ⊆ U , then f(U) ⊆ Y . Moreover,
f ∈ H(U , Y ).

Proof For every n ∈ N, let us consider the set

Λn := {λ ∈ U : f (n)(λ) ∈ Y }.
Clearly, Λn is closed and hence also Λ := ∩n∈�Λn is closed. Moreover, Λ is
also open and non-empty, since it contains Ω. Therefore U being connected,
Λ = U and this implies that f(λ) ∈ Y for every λ ∈ U .

For every T ∈ L(X), X a Banach space, let ρ∞(T ) denote the unbounded
component of ρ(T ). Let σ∞(T ) denote the full spectrum of T , σ∞(T ) :=
C \ ρ∞(T ). It is obvious that the full spectrum is the union of the spectrum
σ(T ) and all bounded components of the resolvent set.

For each closed T -invariant subspace Y of X let T Y : X/Y → X/Y
denote the induced quotient operator, defined for every x̃ := x + Y ∈ X/Y
by

T Y (x̃) := T̃ x with x ∈ x̃.

Theorem 6.12. For a bounded operator T ∈ L(X) on a Banach space
X the following statements hold:

(i) If Y is a closed T -invariant subspace of X then

σ(T Y ) ⊆ σ(T ) ∪ σ(T |Y ) ⊆ σ∞(T ).

Moreover, Y is invariant under R(λ, T ) and

R(λ, T |Y ) = R(λ, T )|Y for every λ ∈ ρ∞(T ).

(ii) If Y and Z are closed T -invariant subspaces for which X = Y + Z,
then σ(TZ) ⊆ σ∞(T |Y ).

Proof (i) Let λ ∈ ρ(T ) ∩ ρ(T |Y ) and set x̃ := x + Y for every x ∈ X.
Suppose that (λIY − T Y )x̃ = 0. Then (λI − T )x ∈ Y and hence

x = R(λ, T )(λI − T )x = R(λ, T |Y )(λI − T )x ∈ Y.

Therefore x̃ = 0, so that λIY − T Y is injective.
Let us consider an arbitrary element x̃ ∈ X/Y . For every y ∈ Y there

exist two uniquely determined elements u ∈ Y and v ∈ X such that

(λI − T )u = (λI|Y − T |Y )u = y and (λI − T )v = x.

Set z̃ := ũ + ṽ. Clearly (λIY − T Y )z̃ = x̃, so the operator (λIY − T Y ) is
surjective. Therefore the inclusion σ(T Y ) ⊆ σ(T ) ∪ σ(T |Y ) is established.

To show the second inclusion of (i), let us consider |λ| > ‖T‖. It is
known that the resolvent R(λ, T ) admits the representation

R(λ, T ) =

∞∑

n=0

Tn

λn+1
for every |λ| > ‖T‖,
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see [159, Theorem 44.1], from where the inclusion

R(λ, T )(Y ) ⊆ Y for every |λ| > ‖T‖
immediately follows. Moreover, ρ∞(T ) is connected and

{λ ∈ C : |λ| > ‖T‖} ⊆ ρ∞(T ),

so by Lemma 6.11 we can conclude that Y is invariant under R(λ, T ) and
hence

R(λ, T |Y ) = R(λ, T )|Y for every λ ∈ ρ∞(T ).

(ii) Given x ∈ X, let [x]Z := x + Z denote the relative equivalence class
modulo Z. Let Φ : Y → X/Z be the canonical surjection defined by Φ(y) :=
[y]Z for every y ∈ Y . Clearly ker Φ = Y ∩ Z, so the canonical injection

Φ̂ : Y/ker Φ = Y/(Y ∩ Z) → X/Z

is an isomorphism. Consider Ψ := Φ̂−1, the inverse of Φ̂, and let

S := (T |Y )Y/(Y ∩Z)

be the quotient map induced by T |Y on Y/(Y ∩Z). It is easy to verify that
SΨ = ΨTZ , and hence σ(TZ) = σ(S). From the part (i) we then conclude
that

σ(S) ⊆ σ(T |Y ) ∪ σ(T |(Y ∩ Z)) ⊆ σ∞(T |Y ),

so the proof is complete.

Theorem 6.13. Let X1 and X2 be closed subspaces of X such that
X = X1 + X2 and let f ∈ H(Dλ0

, X) be analytic on the open disc Dλ0

centred at λ0. Then there exist two analytic functions fk ∈ H(Dλ0
, Xk),

k = 1, 2, such that

f(λ) = f1(λ) + f2(λ) for every λ ∈ Dλ0
.

Proof The assertion will be established if we prove that the linear mapping

Φ : H(Dλ0
, X1) ×H(Dλ0

, X2) → H(Dλ0
, X)

defined by the assignment

Φ(f1, f2)(λ) := f1(λ) + f(λ2), fi ∈ H(Dλ0
, Xi) and λ ∈ Dλ0

,

is continuous, open, and onto.
Let Ψ be the mapping defined by

Ψ(f1, f2)(λ) := (f1(λ), f2(λ)), fi ∈ H(Dλ0
, Xi) and λ ∈ Dλ0

.

Clearly Ψ is a topological linear isomorphism of the product H(Dλ0
, X1) ×

H(Dλ0
, X2) onto H(Dλ0

, X1 ×X2). Define T : X1 ×X2 → X by T (x1, x2) =
x1 + x2, with xi ∈ Xi. Since T is linear and onto, the induced mapping
T † : H(Dλ0

, X1 × X2) → H(Dλ0
, X) defined as in (157) is continuous, open,

and onto. Since Φ = T † ◦ Ψ then also Ψ is continuous, open and onto.
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The previous result, owed to Gleason [125], holds also if f ∈ H(U , X)
where U is an arbitrary open set. The proof of this general case is consider-
ably more involved (see, for a proof, Laursen and Neumann [214, Proposi-
tion 2.1.14]).

We define now an important property, introduced first by Bishop [70],
which plays a central role in local spectral theory.

Definition 6.14. An operator T ∈ L(X), X a Banach space, is said to
have Bishop’s property (β) if, for every open set U ⊆ C and every sequence
(fn) ⊂ H(U , X) for which (λI − T )fn(λ) converges to 0 uniformly on every
compact subset of U , then also fn → 0 in H(U , X).

For every T ∈ L(X), X a Banach space, and every open set U ⊆ C, let
us consider the operator TU : H(U , X) → H(U , X) by

(159) (TUf)(λ) := (λI − T )f(λ) for all f ∈ TU and λ ∈ U .

It is easy to verify that TU is continuous. The property (β) may be charac-
terized as follows.

Theorem 6.15. If T ∈ L(X), where X is a Banach space, then T has
the property (β) if and only if TU is injective and has closed range for all
open sets U ⊆ C.

Proof Suppose that T has the property (β) and let U be any open subset
of C. By considering the constant sequences in H(U , X) we easily deduce
that TU is injective.

To show that TU has a closed range suppose that TUfn → g as n → ∞.
We show first that fn is a Cauchy sequence. To do this suppose that fn is
not a Cauchy sequence. Then one can construct a subsequence fnk

such that
the sequence defined by gk := fnk+1

−fnk
does not converge to 0 in H(U , X).

On the other hand, TUgk → 0 as k → ∞, therefore property (β) entails also
that (gk) converges to 0, a contradiction. Thus fn is a Cauchy sequence,
and since H(U , X) is a Fréchet space it follows that (fn) converges to some
f ∈ H(U , X). The continuity of TU yields that TUfn → TUf as n → ∞, so
g = TUf . This shows that TU has closed range.

Conversely, if TU is injective and has closed range for all open set U ⊆ C,
then, given an open set U , the operator TU admits a continuous inverse, say
SU , on its range. If TUfn → 0 in H(U , X) then fn = SUTUfn → 0, as
n → ∞. This holds for every open set U ⊆ C, hence T has the property (β).

We now introduce an important class of operators on Banach spaces
which admits a rich spectral theory and contains many important classes of
operators.

Definition 6.16. Given a Banach space X, an operator T ∈ L(X) is
said to be decomposable if, for any open covering {U1,U2} of the complex
plane C there are two closed T -invariant subspaces Y1 and Y2 of X such that
Y1 + Y2 = X and σ(T |Yk) ⊆ Uk for k = 1, 2.
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Theorem 6.17. Let T ∈ L(X), X a Banach space, be decomposable.
Then T has the property (β).

Proof Let U ⊆ C be an open set and suppose that the sequence (fn) ⊂
H(U , X) is such that (λI −T )fn(λ) converges to 0 uniformly on every com-
pact subset of U . To establish property (β) it suffices to show that (fn)
converges to 0 uniformly on every closed disc contained in U .

Let λ0 ∈ U and let ε > 0 such that the closed disc D := D(λ0, ε) cen-
tred at λ0 and radius ε is contained in U . Choose ε < ε1 < ε2 such that
D2 := D(λ0, ε2) ⊂ U . Consider the open covering {D(λ0, ε1), C \ D} of C.
Since T is decomposable there exist two T -invariant closed subspaces Y1, Y2

such that

X = Y1 + Y2, σ(T |Y1) ⊂ D(λ0, ε1) and σ(T |Y2) ∩ D = ∅.

According with Theorem 6.13 let (fk
n) ⊂ H(U , Yk), for k = 1, 2, be two

sequences such that

fn(λ) = f1
n(λ) + f2

n(λ) for every λ ∈ U and n ∈ N.

Let us consider the operator T Y2 induced by T on the quotient space
X/Y2 and let π : X → X/Y2 denote the canonical quotient map. Clearly,
π ◦ fn = π ◦ f1

n ∈ H(U , X/Y2) and furthermore, as n → ∞, the sequence

(160) (λIY2 − T Y2)π(f1
n(λ)) = π((λIY2 − T )fn(λ))

converges to 0 uniformly on every compact subset of U . It then follows
by Theorem 6.12 that for every λ ∈ ∂D2, ∂D2 the boundary of D2, the
operator λIY2 − T Y2 is invertible so that

K := sup
λ∈∂D2

‖R(λ, T Y2)‖ < ∞.

By (160) we then obtain the following estimate

‖π(f1
n(λ))‖ = ‖R(λ, T Y2)(λIY2 − T Y2)π(f1

n)‖ ≤ K‖(λIY2 − T Y2)π(f1
n(λ))‖.

This estimate entails that the sequence (π ◦ f1
n) ∈ H(U , X/Y1) converges

uniformly on the compact set ∂D2. By the maximum modulus principle the
sequence (π ◦ f1

n) then converges uniformly on D2.
Now, by Theorem 6.9 the space H(D(λ0, ε2), X/Y2) is topologically iso-

morphic to the quotient space H(D(λ0, ε2), X)/H(D2, Y2). Hence there ex-
ists a sequence (gn) ⊂ H(D(λ0, ε2), Y2) such that f1

n + gn converges a 0
uniformly on the closed disc D(λ0, ε1). From that we deduce that the se-
quence (λI − T )(f1

n(λ) + gn(λ)) converges to 0 uniformly on D(λ0, ε1), and
hence

(161) (λI − T )[f2
n(λ)− gn(λ)] = (λI − T )[fn(λ)− (λI − T )(f1

n(λ) + gn(λ)]

converges to 0 uniformly on D(λ0, ε1). The inclusion D ⊆ ρ(T |Y2) then
entails that

L := sup
λ∈D

‖R(λ, T |Y2)‖ < ∞.
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Since f2
n(λ) − gn(λ) ∈ Y2 for all λ ∈ D ⊂ D(λ0, ε1), the equality (161)

implies that the estimate

‖f2
n(λ) − gn(λ)‖ = ‖R(λ, T |Y2)(λI − T )(f2

n(λ) − gn(λ))‖
≤ L‖(λI − T )(f2

n(λ) − gn(λ))‖
holds for every λ ∈ D. From this we infer that ‖f2

n(λ)−gn(λ)‖ → 0 uniformly
on D. Finally, since (λI − T )(f1

n(λ) + gn(λ)) converges to 0 uniformly on
D(λ0, ε1) we may conclude that the sequence

fn(λ) = (f1
n(λ) + gn(λ)) + (f2

n(λ) − gn(λ))

converges to 0 uniformly on D.

Given an operator T ∈ L(X), X a Banach space, and a non-empty closed
set Ω ⊆ C let us denote by Z(T, Ω) the set of all x ∈ X such that for every
compact K ⊂ C \ Ω and ε > 0 there exists an open set U and an analytic
function f : U → X such that

‖x − (λI − T )f(λ)‖ < ε for every λ ∈ K.

Clearly, Z(T, Ω) is a closed T -invariant subspace of X.
It is easily seen that a bounded operator T on a Banach space X has the

SVEP if and only if the operator TU , defined on the Fréchet space H(U , X)
as in (159), is injective. From Theorem 6.15 the property (β) then implies
the SVEP. The next result shows that actually we have much more.

Theorem 6.18. Suppose that T ∈ L(X), X a Banach space, has the
property (β). Then T has the property (C). Moreover,

(162) XT (Ω) = Z(T, Ω) for every closed Ω ⊆ C.

Proof Since Z(T, Ω) is always closed, in order to prove that the operator
T has the property (C) it suffices to establish the equality XT (Ω) = Z(T, Ω)
for every closed Ω ⊆ C. Clearly XT (Ω) ⊆ Z(T, Ω), so we need only to prove
the opposite inclusion.

Let x be an arbitrary element of Z(T, Ω). Consider λ0 ∈ C \ Ω and
let us denote by U an open neighbourhood of λ0 such that U is a compact
subset of C\Ω. Since x ∈ Z(T, Ω) there exists a sequence of locally analytic
X-valued functions (fn), defined in some neighbourhoods of U , such that

(163) ‖x − (λI − T )fn(λ)‖ <
1

n
for every λ ∈ U .

For every n, j = 1, 2, . . . we have

‖(λI − T )(fn(λ) − fj(λ))‖ <
1

n
+

1

j
,

from which we infer that the first member of the inequality above converges
to 0 uniformly on U . Since T has the property (β) then fn − fj → 0 in
H(U , X), as n, j → ∞. From this it follows that (fn) is a Cauchy sequence
in H(U , X) and converges uniformly on every compact K ⊆ U to some f ∈
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H(U , X). From the inequality (163) we then obtain that (λI − T )f(λ) = x
for every λ ∈ U . Thus λ0 ∈ ρT (x) and hence σT (x) ⊆ Ω. This means that
x ∈ XT (Ω), so the equality (162) is proved.

By Theorem 2.77 and Theorem 6.18 we then have the following impli-
cations:

property (β) ⇒ property (C) ⇒ SVEP,

and the operator in the Example 2.32 shows that the SVEP is strictly weaker
than the property (C). Also property (C) is strictly weaker than the prop-
erty (β). In fact, T.L. Miller and V.G. Miller have given an example of an
operator which has the property (C) and does not have the property (β).
Another example in the context of unilateral weighted shifts may be found
in Laursen and Neumann [214, Section 1.6]. Other examples of operators
having property (β) are hyponormal operators, M -hyponormal operators on
complex Hilbert spaces and, more generally, subscalar operators on Banach
spaces, see Putinar [268], Section 6.4 of Eschmeier and Putinar [113], or
Laursen and Neumann [214, p. 144].

Theorem 6.19. Let T ∈ L(X), X a Banach space. Then the following
statements are equivalent:

(i) T is decomposable;

(ii) T has the property (C) and the identity X = XT (U1)+XT (U2) holds
for every open covering {U1,U2} of the complex plane C;

(iii) For every open covering {U1,U2} of the complex plane C there exist
two spectral maximal subspaces Y1, Y2 such that

X = Y1 + Y2 and σ(T |Yk) ⊆ Uk for k = 1, 2.

Proof (i) ⇒ (ii) By Theorem 6.17 and Theorem 6.18 we need only to prove
that the decomposition X = XT (U1)+XT (U2) holds for every open covering
{U1,U2} of C.

Let Y1 and Y2 be two closed T -invariant subspaces for which X = Y1+Y2

and σ(T |Yk) ⊆ Uk ⊆ Uk. By part (vi) of Theorem 2.6 we have, for k = 1, 2,
Yk ⊆ XT (Uk), and hence

X = Y1 + Y2 ⊆ XT (U1) + XT (U2) ⊆ X,

from which we conclude that X = XT (U1) + XT (U2).

(ii) ⇒ (iii) Let {U1,U2} be an open covering of C. Let {V1,V2} be
another open covering of C such that V1 ⊆ U1 and V2 ⊆ U2. If we set
Yk := XT (Vk), k = 1, 2, then X = Y1 + Y2. By the property (C) the
local spectral subspaces Yk are closed and, by Theorem 6.7, are also spectral
maximal for T . Moreover, by Theorem 2.71

σ(T |Yk) ⊆ Vk ∩ σ(T ) ⊆ Vk ⊆ Uk, k = 1, 2.

Since X = Y1 + Y2 it follows that T has the required decomposition.

(iii)⇒ (i) Obvious.
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Another important decomposition property is given by the following one.

Definition 6.20. An operator T ∈ L(X), X a Banach space, is said to
have the decomposition property (δ) if for every open covering {U1,U2} we
have X = XT (U1) + XT (U2).

If T has the SVEP then X (Uk) = XT (Uk), k = 1, 2, so the property (δ)
is equivalent to saying that the decomposition X = XT (U1) + XT (U2) holds
for every open covering {U1,U2} of C.

The following result shows that the decomposability of an operator may
be described as the conjuction of the two weaker conditions (β) and (δ) or
of the two weaker properties (C) and (δ).

Theorem 6.21. For an operator T ∈ L(X), X a Banach space, the
following assertions are equivalent:

(i) T is decomposable;

(ii) T has both properties (β) and (δ);

(iii) T has both the properties (C) and (δ).

Proof (i) ⇒ (ii) If T is decomposable then by Theorem 6.17 T has the
property (β) and therefore has the SVEP. Moreover, from the definition
of decomposability, for any arbitrary open covering {U1,U2} of C we have
X = XT (U1) + XT (U2), thus T has also property (δ).

(ii) ⇒ (iii) It is obvious by Theorem 6.18.

(iii) ⇒ (i) The property (C) entails that T has the SVEP, by Theorem
2.77. The property (δ)then implies that the decomposition X = XT (U1) +
XT (U2) holds for every open covering {U1,U2} of C, and hence by Theorem
6.19, T is decomposable.

One of the deepest results of local spectral theory is that the properties
(β) and (δ) are duals of each other, in the sense that an operator T ∈ L(X),
X a Banach space, has one of the properties (β) or (δ) precisely when the
dual operator T ⋆ has the other. This basic result has been established very
recently by Albrecht and Eschmeier [42]. Moreover, the work of Albrecht
and Eschmeier gives two important characterizations of properties (β) and
(δ): the property (β) characterizes the restrictions of decomposable opera-
tors to closed invariant subspaces, whilst the property (δ) characterizes the
quotients of decomposable operators by closed invariant subspaces, see also
Chapter 2 of Laursen and Neumann [214]. The proof of this complete dual-
ity is beyond the scope of this book since it is based on the construction of
analytic functional models, for arbitrary operators defined on complex Ba-
nach spaces, in terms of certain multiplication operators defined on vector
valued Sobolev type of spaces. A detailed discussion of this duality the-
ory, together some interesting applications to the invariant problem, may be
found in Chapter 2 of the monograph of Laursen and Neumann [214], see
also the Laursen’s lectures in [17]. Furthermore, in section 1.6 of [214] one
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can also find enlighting examples of operators which have only someone of
the properties (C), (β), and (δ), but not the others.

Combining the mentioned duality theory on the properties (β) and (δ)
and Theorem 6.21 we obtain the following result:

Theorem 6.22. Let T ∈ L(X) be a bounded operator on a Banach space
X. The following statements hold:

(i) If T has the property (δ) then T ∗ has the SVEP;

(ii) If T is decomposable then both T and T ∗ have the SVEP;

(iii) T is decomposable if and only if T ∗ is decomposable.

We can now extend to certain spectra of decomposable operators on
Banach spaces some classical results valid for normal operators on Hilbert
spaces.

Corollary 6.23. Suppose that a bounded operator T ∈ B(X), where X
is a Banach space, is decomposable. Then

σes(T ) = σsf(T ) = σuf(T ) = σlf(T ) = σf(T ) = σw(T ) = σb(T ).

Proof It is immediate from Corollary 3.53 and Theorem 6.22.

3. Super-decomposable operators

In this section we shall introduce a class of decomposable operators for
which it is possible to give a very useful description of the spectral maximal
subspaces .

Definition 6.24. An operator T ∈ L(X), X a Banach space, is said
to be super-decomposable if for any open covering {U1,U2} of the complex
plane C there exists some operator R ∈ L(X) such that

RT = TR, σ(T |R(X)) ⊆ U1 and σ(T |(I − R)(X)) ⊆ U2.

Note that the condition TR = RT in the definition above ensures that
R(X) and (I − R)(X) are T -invariant subspaces of X. Trivially, taking

Y1 := R(X) and Y2 := (I − R)(X) we have X = Y1 + Y2, so every super-
decomposable is decomposable. Generally the converse is not true. Indeed,
every super-decomposable operator T is strongly decomposable, namely T
has the property that every restriction of it to a local spectral subspace
XT (Ω) is decomposable [214, Proposition 1.4.2]. An example of a decom-
posable operator on a Hilbert space which is not strongly decomposable
has been given by Albrecht [37], see also Vasilescu [309] or Section 1.4 of
Laursen and Neumann [214].

Definition 6.25. Let X be a Banach space and B a closed subalgebra of
L(X) containing the identity operator I. B is said to be normal with respect
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to a given operator T ∈ B if for every pair of spectral maximal subspaces
Y, Z satisfying σ(T |Y ) ∩ σ(T |Z) = ∅ there exists some R ∈ B such that

RT = TR, R|Y = 0 and (I − R)|Z = 0.

The following result establishes that every decomposable operator is
super-decomposable precisely when the algebra L(X) is normal with respect
to T .

Theorem 6.26. For a bounded operator T ∈ L(X), X a Banach space,
the following statements are equivalent:

(i) T is super-decomposable;

(ii) For every open covering {U1,U2} of C there exist T -invariant closed
subspaces Y1, Y2 and an operator R ∈ L(X) commuting with T such that

(164) R(X) ⊆ Y1, (I − R)(X) ⊆ Y2 and σ(T |Yk) ⊆ Uk for k = 1, 2;

(iii) T is decomposable and L(X) is normal with respect to T .

Proof (i) ⇒ (ii) Let {U1,U2} be an open covering of C and choose two open
sets W1,W2 in C such that

W1 ⊆ U1, W2 ⊆ U2 and W1 ∪W2 = C.

According the definition of super-decomposability let R ∈ L(X) denote an
operator commuting with T such that

(165) σ(T |R(X)) ⊆ W1 and σ(T |(I − R)(X)) ⊆ W2.

Put Yk := XT (Wk), k = 1, 2. From the inclusions (165) and part (vi) of
Theorem 2.6, it follows that

R(X) ⊆ XT (W1) ⊆ XT (W1) = Y1

and
(I − R)(X) ⊆ XT (W2) ⊆ XT (W2) = Y2.

The local spectral subspaces Yk are closed since T is decomposable, and
hence by Theorem 6.18 has the property (C). Moreover, by Theorem 2.71
we have σ(T |Yk) ⊆ Wk ⊆ Uk.

(ii)⇒(iii) Clearly, T is decomposable. Let Y, Z be two spectral maximal
subspaces such that σ(T |Y ) ∩ σ(T |Z) = ∅. Consider the open covering
{U ,V} of C, where U := C \ σ(T |Y ) and V := C \ σ(T |Z). Let R ∈
L(X) be a commuting operator with T and let Y1, Y2 be two closed T -
invariant subspaces for which the inclusions (164) hold. Clearly R(Y ) ⊆ Y1.
Furthermore, being T decomposable, by Theorem 6.21 T has the property
(C), and hence by Theorem 6.8 Y = XT (σ(T |Y )). Consequently from part
(i) of Theorem 2.6 the subspace Y is hyper-invariant for T , in particular
R(Y ) ⊆ Y . Clearly

R(Y ) ⊆ Y ∩ Y1 ⊆ XT (σ(T |Y )) ∩ XT (σ(T |Y1))

⊆ XT (σ(T |Y )) ∩ XT (C \ σ(T |Y )) = XT (∅) = {0},
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so that R|Y = 0. A similar argument shows that (I − R)|Z = 0.

(iii) ⇒ (i) Given an arbitrary open covering {U1,U2}, choose open sets
V1,V2,W1,W2 of C such that

V1 ⊆ V1 ⊆ V2 ⊆ V2 ⊆ U1,

and
W1 ⊆ W1 ⊆ W2 ⊆ W2 ⊆ U2.

Clearly Ω1 := C \ V1 and Ω2 := C \ W1 are closed and disjoint. Again, by
Theorem 6.8, the local spectral subspaces Y := XT (Ω1) and Z := XT (Ω2)
are spectral maximal. By Theorem 2.71 we also have,

σ(T |Y ) ∩ σ(T |Z) ⊆ Ω1 ∩ Ω2 = ∅.

We know, since L(X) is normal with respect to T , that there exists an
operator R ∈ L(X) commuting with T such that R|Y = 0 and (I −R)|Z =

0. We show now that σ(T R(X)) ⊆ V2. Obviously {V2, C \ V1)} being
an open covering of C, by Theorem 6.19 we have the decomposition X =

XT (V2) + XT (C \ V1). The inclusions C \ V1 ⊆ C \ V1 ⊆ Ω1 then entail
that X = XT (V2) + XT (Ω1). Since R|Y = R|XT (Ω1) = 0, from the last
decomposition it readily follows that

R(X) = R(XT (V2)) ⊆ XT (V2).

Let λ ∈ C \ V2 and denote by S the inverse operator of (λI − T )|XT (V2).
Given an arbitrary element x ∈ R(X) choose y ∈ XT (V2) such that x = Ry.
Then

Sx = SRy = SR(λI − T )Sy = S(λI − T )RSy = RSy ∈ R(X).

This shows that S(R(X)) ⊆ R(X) and hence that S((R(X)) ⊆ R(X), so the

restriction S|R(X) is the inverse of (λI−T )|R(X). Therefore the inclusions

σ(T |(R(X)) ⊆ V2 ⊆ U1 hold.

A similar reasoning establishes that σ(T |((I − R)(X)) is contained in
U2, so that T is super-decomposable.

For a subalgebra B of L(X), where X is a Banach space, let Z(B) be
the center of B

Z(B) := {T ∈ B : TS = ST for all S ∈ B}.
Lemma 6.27. Let B be a closed unital subalgebra of L(X) and Ω any

closed subset of C. If T ∈ Z(B) is decomposable and S ∈ B then the following
assertions are equivalent:

(i) S(X) ⊆ XT (Ω);

(ii) XT (C \ Ω)) ⊆ ker S.

Proof Suppose that S(X) ⊆ XT (Ω) and let x ∈ XT (C \ Ω). From the
inclusions σT (Sx) ⊆ σT (x) we obtain

Sx ∈ XT (Ω) ∩ XT (C \ Ω)) = XT (∅).
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The decomposability T entails that T has the SVEP, so by Theorem 2.8
XT (∅) = {0}. Therefore XT (C \ Ω)) ⊆ ker S.

Conversely, suppose that XT (C \ Ω) ⊆ ker S. For every ε > 0 let us
consider the following set

Ωε := {λ ∈ C : dist(λ, Ω) ≤ ε}.
Let U1 be an open set such that Ω ⊆ U1 ⊆ Ωε. Since T is decomposable
we know by Theorem 6.19 that there exist two maximal spectral subspaces
Y1, Y2 such that

X = Y1 + Y2 , σ(T |Y1) ⊆ U1 ⊆ Ωε and σ(T |Y2) ⊆ C \ Ωε.

For an arbitrary element x ∈ X let x = y1 + y2, y1 ∈ Y1 and y2 ∈ Y2, be the
corresponding decomposition. The subspaces Y1, Y2 are spectral maximal,
so by Corollary 6.6 we have

σT (y1) = σT |Y1
(y1) ⊆ σ(T |Y1) ⊆ Ωε

and
σT (y2) = σT |Y2

(y2) ⊆ σ(T |Y2) ⊆ C \ Ωε.

From this it follows that y2 ∈ XT (C \ Ω), and hence from the assumption
also that Sy2 = 0. Consequently Sx = Sy1 + Sy2 = Sy1 and therefore

σT (Sx) = σT (Sy1) ⊆ σT (y1) ⊆ Ωε.

Therefore Sx ∈ XT (Ωε). Since ε > 0 is arbitrary we then conclude that
Sx ∈ XT (Ω), hence the inclusion (i) is proved.

For every T ∈ Z(B), where B is any closed unital subalgebra of L(X),

let T̃ : B → B denote the corresponding multiplication operator defined by

T̃ (S) := TS for all S ∈ B.

Lemma 6.28. Let T ∈ Z(B), where B is a closed unital subalgebra of
L(X) containing the operator identity. Then the following assertions hold:

(i) σT (Sx) ⊆ σ
�T
(S) ∩ σT (x) for every S ∈ B and x ∈ X;

(ii) If T has the SVEP then T̃ has the SVEP.

Proof (i) Let S ∈ B, λ ∈ ρ
�T
(S), and f : D(λ, ε) → B an analytic function

on the open disc D(λ, ε) for which the equation (µĨ − µT )f(µ) = S holds
for every µ ∈ D(λ, ε). From the equation (µI − T )f(µ)x = Sx it follows
that λ ∈ ρT (Sx), and consequently σT (Sx) ⊆ σ

�T
(S) for every S ∈ B and

x ∈ X. The inclusion σT (Sx) ⊆ σT (x) holds, once it is observed that S and
T commutes.

(ii) Clear.

Theorem 6.29. Let B be any unital closed subalgebra of L(X) and
suppose that T ∈ Z(B) has the property (C) on the Banach space X. If B
is normal with respect to T then the equality

(166) B
�T
(Ω) = {S ∈ B : S(X) ⊆ XT (Ω)},
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holds for every closed subset Ω ⊆ C.

Proof Suppose that S ∈ B
�T
(Ω). Then σT (Sx) ⊆ σ

�T
(S) ⊆ Ω for every

x ∈ X. Hence S(X) ⊆ XT (Ω). Conversely, assume that B is normal with
respect to T and let S ∈ B such that S(X) ⊆ XT (Ω). Fixed λ /∈ Ω and
choose 0 < η < dist(λ, Ω). Let us consider the two sets

Ω1 := {µ ∈ C : Im µ ≤ Im λ − η}.
and

Ω2 := {µ ∈ C : Im µ ≥ Im λ + η}
Put Yk := XT (Ωk), k = 1, 2. By assumption T has the property (C), so
by Theorem 6.8 the two subspaces Yk are spectral maximal. Furthermore,
from Theorem 2.71 we know that

σ(T |Y1) ∩ σ(T |Y2) ⊆ Ω1 ∩ Ω2 = ∅.

Since B is normal, there exists an operator R ∈ B commuting with T such
that R|Y1 = R|XT (Ω1) = 0 and (I − R)|Y2 = (I − R)|XT (Ω2) = 0. From
the inclusions

XT (C \ (C \ Ω1)) ⊆ XT (Ω1) ⊆ kerR,

and from Lemma 6.27 it then follows that

R(XT (Ω)) ⊆ R(X) ⊆ XT (C \ Ω1).

Analogously, using the same argument we easily obtain that

(I − R)(XT (Ω)) ⊆ (I − R)(X) ⊆ XT (C \ Ω2).

Hence

RS(X) ⊆ R(XT (Ω)) ⊆ XT (Ω) ∩ XT (C \ Ω1) = XT (Ω ∩ C \ Ω1)

and

(I − R)S(X) ⊆ (I − R)(XT (Ω)) ⊆ XT (Ω) ∩ XT (C \ Ω2) = XT (Ω ∩ C \ Ω2).

Set X1 := XT (Ω ∩ C \ Ω2), X2 := XT (Ω ∩ C \ Ω1) and consider the two
analytic functions

ϕ(µ) := R(µ, T |X1)(I − R)S for all µ /∈ Ω ∩ C \ Ω2

and
ψ(µ) := R(µ, T |X2)RS for all µ /∈ Ω ∩ C \ Ω1.

Let |µ| > ‖T‖ and denote by f : Dµ → B an analytic function, defined on
an open disc Dµ centered at µ, such that

(µĨ − T̃ )f(µ) = (µI − T )f(µ) = S.

For every x ∈ X we have

(µI − T )(I − R)f(µ)x = (I − R)(µI − T )f(µ)x = (I − R)Sx.

From these equalities we infer that

(µI − T )[ϕ(µ) − (I − R)f(µ)]x = 0,
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and therefore ϕ(µ) = (I − R)f(µ) ∈ B. Now, since λ belongs to the un-

bounded connected component of set C \ (Ω ∩ C \ Ω2) we have ϕ(λ) ∈ B.
From the equalities

(λĨ − T̃ )ϕ(λ) = (λI − T )ϕ(λ) = (I − R)S,

we conclude that λ ∈ ρ
�T
((I − R)S) and hence (I − R)S ∈ B

�T
(Ω).

Analogously, RS ∈ B
�T
(Ω), thus S = (I − R)S + RS ∈ B

�T
(Ω), so the

proof is complete.

Theorem 6.30. Let B be a closed unital subalgebra of L(X). For every
T ∈ Z(B) the following assertions are equivalent:

(i) For every open covering {U1,U2} of C there exist T -invariant closed
subspaces Y1, Y2 and an operator R ∈ B commuting with T such that

R(X) ⊆ Y1, (I − R)(X) ⊆ Y2 and σ(T |Yk) ⊂ Uk,

for k = 1, 2;

(ii) T is decomposable and B is normal with respect to T ;

(iii) T is super-decomposable and B is normal with respect to T ;

(iv) T̃ ∈ L(B) is decomposable;

(v) T̃ ∈ L(B) is super-decomposable.

Proof The equivalence (i)⇔(ii) may be proved by proceeding exactly as in
the proof of Theorem 6.26. Moreover, the statement (i) implies that (ii) is
equivalent to the assertion (iii).

(iii) ⇒ (iv) Since T is super-decomposable, hence decomposable, and B
is normal with respect to T , the formula (166) of Theorem 6.29 implies that

T̃ has the property (C). In order to prove that T̃ : B → B is decomposable
it suffices to show, by Theorem 6.19, that for every open covering {U1,U2} of
C we have B = B

�T
(U1)+B

�T
(U2). Let S ∈ B be arbitrary. By the equivalent

condition (i) there exist T -invariant closed subspaces Y1, Y2 and an operator
R ∈ B commuting with T such that R(X) ⊆ Y1, (I − R)(X) ⊆ Y2 and
σ(T |Yk) ⊂ Uk for k = 1, 2. Hence

R(X) ⊆ XT (σ(T |Y1)) ⊆ XT (U1)

and

(I − R)(X) ⊆ XT (σ(T |Y2)) ⊆ XT (U2).

Thus by Theorem 6.29 R ∈ B
�T
(U1) and I−R ∈ B

�T
(U2). From the inclusions

RS(X) ⊆ R(X) ⊆ XT (U1) we obtain that RS ∈ B
�T
(U1), and analogously

(I − R)S ∈ B
�T
(U2). At this point the equality S = RS + (I − R)S shows

that the desired decomposition holds.

(iv) ⇒ (iii) Assume that T̃ is decomposable. Let {U1,U2} be an arbitrary
open covering of C and choose two open sets W1,W2 ⊆ C such that Wk ⊆ Uk,

for k = 1, 2 and W1 ∪ W2 = C. T̃ being decomposable, by Theorem 6.19
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we have B = B
�T
(W1) + B

�T
(W2). Since I ∈ B there exist S1 ∈ B

�T
(W1),

S2 ∈ B
�T
(W2) such that I = S1 + S2. Hence

σ
�T
(S1) ⊆ W1 ⊆ U1, and σ

�T
(S2) ⊆ W2 ⊆ U2.

Now, by Theorem 6.19, T̃ has the property (C), thus the subspaces
Yk := XT (Wk), k = 1, 2, are closed and, by Theorem 2.71, σ(T |Yk) ⊆ Uk.
Moreover, from the inclusions

σT (Skx) ⊆ σT (Sk) ⊆ Wk, k = 1, 2,

we deduce that S1x ∈ Y1 and S2x = (I − S1)x ∈ Y2. The equality x =
S1x + (I − S1)x then shows that X = Y1 + Y2, with σ(T |Yk) ⊆ Uk for
k = 1, 2, so T is decomposable.

It remains only to prove that B is normal with respect to T . Let Y , Z
be two spectral maximal subspaces for which σ(T |Y )∩σ(T |Z) = ∅. Choose
two closed subsets Ω1 and Ω2 of C such that

Ω1 ∩ σ(T |Z) = ∅, Ω2 ∩ σ(T |Y ) = ∅, int Ω1 ∪ int Ω2 = C.

From the decomposability of T̃ we know that B = B
�T
(Ω1)+B

�T
(Ω2), so there

exist R1 ∈ B
�T
(Ω1) and R2 ∈ B

�T
(Ω2) such that I = R1 + R2. By Lemma

6.28 and Corollary 6.6 we infer that for every x ∈ X we have

σT (R1x) ⊆ σ
�T
(R1) ∩ σT (x) ⊆ Ω1 ∩ σ(T |Z) = ∅.

Hence R1|Z = 0 and analogously R2 = (I − R1)|Y = 0. This shows that B
is normal with respect to T .

The implication (v) ⇒ (iv) is obvious. To complete the proof it remains
to prove the implication (i)⇒(v).

Let {U1,U2} be an arbitrary covering of C and choose two open sets
W1,W2 ⊆ C such that Wk ⊆ Uk, for k = 1, 2 and W1 ∪W2 = C. According
to the assumption (i) let R ∈ B be a commuting operator with T such that
R(X) ⊆ Y1, (I − R)(X) ⊆ Y2 and σ(T |Yk) ⊆ Wk for k = 1, 2. Consider
the two operators R1 := R, R2 := I − R ∈ B. Obviously R1, R2 commute
with T and R1 + R2 = I. The corresponding left multiplication operators

R̃1, R̃2 ∈ L(B) satisfy R̃1 + R̃2 = IB, where IB is the identity operator on B.

Moreover, from the inclusions σ(T |Rk(X)) ⊆ Wk we obtain

Rk(X) ⊆ XT (σ(T |RK(X)) ⊆ XT (Wk)

for k = 1, 2. Since T is decomposable on B, by Theorem 6.29 the spectral

maximal subspaces for T̃ : B → B are given by

B
�T
(Ω) = {S ∈ B : S(X) ⊆ XT (Ω)},

for all closed subsets Ω ⊆ C. Now put Xk := B
�T
(Wk) for k = 1, 2. Clearly

the subspaces Xk are closed and T̃ -invariant. Moreover,

σ(T̃ |Xk) ⊆ (Wk) ⊆ Uk



330 6. DECOMPOSABILITY

and R̃k(B) = Xk for k = 1, 2. Hence R̃(B) ⊆ X1 and Ĩ − R̃)(B) ⊆ X2, so by

Theorem 6.26 T̃ is super-decomposable.

An important example of super-decomposable operator is given by every
operator which has totally disconnected spectrum.

Theorem 6.31. Suppose that T ∈ L(X), X a Banach space, has a
totally disconnected spectrum. Then T is super-decomposable.

Proof Let {U1,U2} be an open covering of C. Since σ(T ) is totally dis-
connected there exists a spectral subset Ω of σ(T ) such that Ω ⊆ U1 and
C \ Ω ⊆ U2. Let P denote the spectral projection associated with Ω and
let Y1 := P (X), Y2 := (I − P )(X) = kerP . Then P commutes with T and
Y1, Y2 are closed T -invariant subspaces. Moreover,

σ(T |Y1) = Ω ⊆ U1, σ(T |Y2) = C \ Ω ⊆ U2,

so by part (ii) of Theorem 6.26 T is super-decomposable.

By Theorem 6.31 every Riesz operator, or more generally, every oper-
ator having a discrete spectrum, is super-decomposable. The class of all
super-decomposable operators contains some other classes larger than that
of operators having a totally disconnected spectrum. For instance, the class
of all generalized scalar operators or, more generally, the so called class of
all A-spectral operators, see [214], or also [83]. Later we shall show that
several multipliers on commutative semi-simple Banach algebras are super-
decomposable.

Recall that a linear subspace M of a vector space is said to T divisible
if (λI − T )(M) = M for every λ ∈ C. By definition the algebraic subspace
ET (∅), introduced in Chapter 2, is the largest T -divisible subspace.

The following result describes in a simple way the local spectral sub-
spaces of a super-decomposable operator T in the case that ET (∅) = {0}.

Theorem 6.32. Let T ∈ L(X) be super-decomposable and suppose that
{0} is the only T -divisible linear subspace of X. Then XT (Ω) = ET (Ω) for
all closed Ω ⊆ C.

Proof We need only to prove that ET (Ω) ⊆ XT (Ω), because the opposite
inclusion is satisfied for every operator T ∈ L(X). It suffices to show that
ET (Ω) ⊆ XT (W) holds for every open set W ⊇ Ω, since XT (·) preserves
countable intersections by Theorem 2.6 part (v).

Choose an open set U such that Ω ⊆ U ⊂ U ⊆ W and let R ∈ L(X) be
an operator commuting with T such that

σ(T |R(X)) ⊆ C \ U ⊆ C \ Ω and σ(T |(I − R)(X)) ⊆ W.

We have (I−R)(X) ⊆ XT (W), so the inclusion ET (Ω) ⊆ XT (W) will follow
if we verify that R(ET (Ω)) = {0}.

To see that let Z denote the largest linear space of R(X) such that

(λI −T )(Z) = Z for all λ ∈ C\Ω. From the inclusion σ(T |R(X)) ⊆ C\Ω it
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follows that Z is T -divisible, and by assumption this forces Z to be trivial.
On the other hand, we have R(ET (Ω)) = (λI−T )R(ET (Ω)) for all λ ∈ C\Ω,
and therefore R(ET (Ω)) ⊆ Z = {0}, so the proof is complete.

Note that super-decomposable operators need not have any non-trivial
T -divisible linear subspaces. For instance, if X := C[0, 1] and T is the quasi-
nilpotent operator considered in Example 2.35, then T is super-decomposable
and hence super-decomposable. Moreover, as is easy to verify, the non-trivial
subspace

Y := {f ∈ C∞[0, 1] : f (n)(0) = 0 for all n = 0, 1, · · · }
is T -divisible for X.

We conclude this section with a result which will be useful in the sequel.

Theorem 6.33. Let X,Y be Banach spaces. Suppose that T ∈ L(X),
S ∈ L(Y ), B ∈ L(X, Y ) injective and BT = SB. If T has the SVEP and
the property (δ) then σ(T ) ⊆ σ(S).

Proof Assume that T has the SVEP and the property (δ). Combining
Theorem 2.45 and Theorem 2.43 we know that

σ(T ) = σsu(T ) =
⋃

x∈X

σT (x)

so, in order to establish the inclusion σ(T ) ⊆ σ(S), it suffices to prove that,
for every x ∈ X, the local spectrum σT (x) is contained in any arbitrary open
neighborhood V of σ(S).

To prove this let us consider a closed neighborhood Ω of σ(S) such that
σ(S) ⊆ Ω ⊆ V and put U := C \ Ω. Obviously {U ,V} is an open covering
of C, so the property (δ) implies, since T has the SVEP, that every x ∈ X
may be decomposed as x = u + v, with σT (u) ⊆ U and σT (v) ⊆ V. Next we
want show that u = 0. To see this let Γ denote a closed curve in the interior
of Ω that surrounds σ(S). Since T has the SVEP we can find an analytic
function f : C\σT (u) → X such that (λI−T )f(λ) = u for all λ ∈ C\σT (u).
We have

Bx =
1

2πi

∫

Γ
R(λ, S)Bx dλ =

1

2πi

∫

Γ
R(λ, S)B(λI − T )f(λ) dλ

=
1

2πi

∫

Γ
R(λ, S)(λI − S)Bf(λ) dλ =

1

2πi

∫

Γ
Bf(λ) dλ = 0.

By the injectivity of B we conclude that u = 0, and from this it follows that
σT (x) = σT (v) ⊆ V, as desired.

4. Decomposable right shift operators

In this section we shall consider the problem of decomposability of
weighted right shift operators on ℓp(N), where 1 ≤ p < ∞. We first establish
an useful characterization of Riesz operators among the class of decompos-
able operators, and successively we shall explore some situations for which
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a bounded operator T ∈ L(X) on a Banach space X has a closed analytic
core K(T ).

Theorem 6.34. If X is a Banach space and T ∈ L(X) then the follow-
ing conditions are equivalent:

(i) T is a Riesz operator;

(ii) T is decomposable and all local spectral subspaces XT (Ω), where Ω
is closed set for which 0 /∈ Ω, are finite-dimensional.

Proof (i) ⇒ (ii) We know that every Riesz operator is decomposable and
hence has the SVEP. Let Ω ⊆ C \ {0} be closed. By Theorem 2.6 we
have XT (Ω) = XT (Ω ∩ σ(T )), so we may suppose that Ω is a subset of
σ(T ). Clearly Ω is a finite subset of σ(T ) \ {0}, say {λ1, · · · , λn}, since
the spectrum σ(T ) of a Riesz operator is a finite set or a countable set of
eigenvalues which clusters at 0. By Theorem 2.6 we also have

XT (Ω) =
n⊕

i=1

XT ({λi}) =
n⊕

i=1

H0(λiI − T ),

where the last equality follows from Theorem 2.20. Now, λiI − T ∈ Φ(X)
for all i = 1, . . . , n and every λi is isolated in σ(T ), so that by Theorem 3.77
the subspaces H0(λiI − T ) are finite-dimensional and hence also XT (Ω) is
finite-dimensional.

(ii) ⇒ (i) First we show that each non-zero spectral point is an isolated
point of σ(T ). Since T is decomposable, for an arbitrary ε > 0 we have

X = XT (D(0, ε))) + XT (C \ D(0, ε/2))

and
σ(T |XT (D(0, ε)) ⊆ D(0, ε).

Let λ ∈ σ(T ) be such that |λ| > ε. Then λI −T is bijective on XT (D(0, ε)),
so that

σ(T ) ∩ (C \ D(0, ε)) ⊆ σ(XT (C \ D(0, ε/2)).

From assumption we have that XT (C\D(0, ε/2)) is finite-dimensional, hence
σ(T ) ∩ (C \ D(0, ε)) is a finite set. Since ε is arbitrary it then follows that
every non-zero spectral point λ is isolated in σ(T ).

Now, by decomposability T has the SVEP, and hence Ho(λI − T ) =
XT ({λ} by Theorem 2.19. By assumption it then follows that Ho(λI − T )
is finite-dimensional, and hence by Theorem 3.77 and Theorem 3.111 we
conclude that T is a Riesz operator.

Recall that if 0 is an isolated point of σ(T ) then by Theorem 3.74,
H0(T ) = P0(X) and K(T ) = ker P0, where P0 denotes the spectral projec-
tion associated with 0. Therefore if 0 is an isolated point of σ(T ), K(T )
is closed. The converse of this implication in general does not hold, for
instance the unilateral left shift operator T on X := ℓp(N), for arbitrary
1 ≤ p < ∞, has closed analytical core K(T ) = X, since it is surjective,
whilst 0 certainly is a cluster point of σ(T ).
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Definition 6.35. Given a bounded operator T ∈ L(X) on a Banach
space X, λ ∈ C, is said to be a support point for T if for every closed disc
D(λ, ε) the glocal subspace XT (D(λ, ε)) is not {0}. The set of all support
points for T will be denoted by σsupp(T ).

In the following theorem we collect some basic properties of σsupp(T ).
Recall that T is said to have fat local spectra if σT (x) = σ(T ) for all 0 �=
x ∈ X.

Theorem 6.36. For every bounded operator T ∈ L(X) on a Banach
space X, the following assertions hold:

(i) σsupp(T ) is a closed subset of C and σp(T ) ⊆ σsupp(T ) ⊆ σap(T );

(ii) If T has the property (δ) then σsupp(T ) = σap(T ) = σ(T );

(iii) If T has local fat spectra, σsupp(T ) is non-empty if and only if
σsupp(T ) is a singleton.

Proof (i) It is easy to see that σsupp(T ) is closed, whilst the inclusion
σp(T ) ⊆ σsupp(T ) follows from the inclusions

{0} �= ker (λI − T ) ⊆ H0(λI − T ) = XT ({λ}) ⊆ XT (D(λ, ε))

for every closed disc D(λ, ε) centred at λ ∈ σp(T ), see Theorem 2.20.
Moreover, by Theorem 2.46 we know that XT (Ω) = {0} for all closed sets
Ω ⊆ C for which Ω ∩ σap(T ) = ∅. Hence given any λ ∈ σsupp(T ) we have
D(λ, ε)∩σap(T ) �= ∅ for every ε > 0, and therefore λ ∈ σap(T ) since σap(T )
is closed.

(ii) Let λ ∈ C \ σsupp(T ), and choose an ε > 0 such that XT (D(λ, ε)) =
{0}. Evidently the open disc U := D(λ, ε) and V := C \ D(λ, ε/2) form an
open cover of C, so the property (δ) implies that X = XT (U) + XT (V ) =
XT (V ). From λ /∈ V we obtain that λ /∈ σsu(T ). Since λ /∈ σp(T ) by part
(i), we then conclude that λ /∈ σ(T ) = σp(T ) ∪ σsu(T ) as claimed.

(iii) Immediate.

Lemma 6.37. Suppose that T ∈ L(X), X a Banach space, has the
SVEP. Suppose that there exists a sequence of compact sets Ωn ⊆ C with the
property 0 /∈ Ωn and XT (Ωn) �= {0} for all n ∈ N. If

γn := sup
λ∈Ωn

|λ| → 0 as n → ∞,

then K(T ) is not closed.

Proof Assume that K(T ) is closed. By part (ii) of Theorem 1.21 the
restriction T |K(T ) is surjective on the Banach space K(T ) and has the
SVEP since every restriction inherits SVEP. From Corollary 2.24 it then
follows that λI − T is injective, so λ ∈ ρ(T ). Because the resolvent set is
open there exists an open disc D(0, ε) such that D(0, ε) ∩ σ(T |K(T )) = ∅.
Choose n such that Ωn ⊆ D(0, ε) and observe that

XT (Ωn) ⊆ XT (C \ {0} = K(T ) for all n ∈ N,
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and
K(T ) = XT |K(T )(σ(T |K(T )) ⊆ XT (σ(T |K(T )).

From this, and taking into account Theorem 2.6, we obtain that

XT (Ωn) ⊆ XT (Ωn) ∩ XT (σ(T |K(T )) = XT (Ωn ∩ σ(T |K(T ))) = XT (∅),

and hence by Theorem 2.8 since T has the SVEP we conclude that XT (Ωn) =
{0}, a contradiction.

The preceding result reveals that for every operator T ∈ L(X) with the
SVEP the space K(λI − T ) fails to be closed whenever λ is a cluster point
of σp(T ), since ker(λI − T ) ⊆ XT ({λ}) for all λ ∈ C. Note that the SVEP
is crucial here, as shown by the example of the left shift T on ℓp(N) for any
1 ≤ p < ∞. In fact, as already observed, T does not have the SVEP, σp(T )
is the open unit disc, whilst K(T ) is closed (since coincides with ℓp(N), being
T onto), and λ = 0 is certainly a cluster point of σp(T ).

Theorem 6.38. Suppose that T ∈ L(X) has the SVEP. If K(T ) is
closed then 0 is not a cluster point of σsupp(T ). Moreover, if σ(T ) = σsupp(T )
then K(T ) is closed if and only if 0 is not a cluster point of σ(T ). In
particular, this equivalence holds if T has the property (δ).

Proof Suppose that 0 is a cluster point of σsupp(T ). Choose a sequence
of point λn ∈ σsupp(T ) \ {0} such that λn → 0 as n → ∞, and consider
for each n ∈ N the closed disc Ωn := D(λn, εn), where 0 < εn < |λn|. By
Lemma 6.37 then K(T ) is not closed, which proves the first assertion. The
equivalence and the last assertion are then clear from Theorem 3.74 and
part (ii) of Theorem 6.36.

Corollary 6.39. If T ∈ L(X) is a non-invertible decomposable operator
then the following assertions are equivalent:

(i) K(T ) is closed;

(ii) K(T ∗) is closed;

(iii) 0 is an isolated point of σ(T ).

Proof We know by Theorem 6.22 that T ∗ is decomposable, and hence has
both the SVEP and the property (δ), so the assertions are equivalent by
Theorem 6.38 and Theorem 6.36.

Note that the equivalence (i) ⇔ (iii) does remain valid for operators
having the SVEP and with the property (δ).

Corollary 6.40. Suppose that T ∈ L(X) is a decomposable operator for
which σ(T ) contains no isolated points. Then for each λ ∈ C the following
statements are equivalent:

(i) K(λI − T ) is closed;

(ii) K(λI − T ) = X, or equivalently λI − T is surjective;

(iii) λI − T is invertible.
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Proof Immediate by Corollary 6.39.

In the opposite direction we obtain the following result for Riesz opera-
tors.

Corollary 6.41. Suppose that T ∈ L(X) is Riesz operator. Then the
following statements are equivalent:

(i) K(T ) is finite-dimensional;

(ii) K(T ) is closed;

(iii) K(λI − T ) is closed for all λ ∈ C;

(iv) σ(T ) is finite;

(v) K(T ∗) if finite-dimensional;

(vi) K(T ∗) is closed.

Proof Obviously (i) ⇒ (ii). If T is a Riesz operator every λ ∈ σ(T )\{0} is
isolated in σ(T ), so K(λI − T ) is closed since it is the kernel of the spectral
projection associated with {λ}. Therefore (ii) and (iii) are equivalent. For
a Riesz operator T the spectrum σ(T ) is finite if and only if 0 is not a
cluster point of σ(T ), so from Theorem 6.36 and Theorem 6.38 we deduce
that (ii) ⇔ (iv). Finally, assume that the spectrum σ(T ) is finite. By the
characterization of Riesz operators established in Theorem 6.34 we obtain
that K(T ) = XT (σ(T ) ∩ (C \ {0}) is finite-dimensional. Hence (iv) ⇒ (i),
so the statements (i)-(iv) are equivalent.

The equivalences (iv) ⇔ (v) ⇔ (vi) are obvious, since σ(T ) = σ(T ∗),
and if T is Riesz then also T ∗ is Riesz by Corollary 3.114.

We now consider operators for which K(T ) = {0}. Recall that this
condition is satisfied by every weighted right shift on ℓp(N). If (ωn) is the
weight sequence of T , from Theorem 2.88 we know that if the quantity

c(T ) = lim
n→∞

inf(ω1 · · ·ωn)1/n

is strictly greater than 0 then T ∗ does not have the SVEP. Therefore by
Theorem 6.22 T cannot be decomposable, and in particular does not have
the property (δ). This shows that in many concrete cases shifts fail to be
decomposable. The next result shows that for a weighted right shift T both
property (δ) and decomposability are actually equivalent to T being quasi-
nilpotent.

Theorem 6.42. Let T ∈ L(X), where X is a Banach space, be such
that K(T ) = {0}. Then the following statements are equivalent:

(i) T is decomposable;

(ii) T has the property (δ);

(iii) 0 is an isolated point of σ(T );

(iv) T is quasi-nilpotent;

(v) T is a Riesz operator;

(vi) λI − T has finite descent of all λ �= 0.
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Proof Clearly (i) ⇒ (ii). Assume (ii). Since ker(λI − T ) ⊆ K(T ) = {0}
for all λ �= 0 it follows that ker(λI − T ) ⊆ K(λI − T ) = {0} for all λ ∈ C,
so T has the SVEP by part (iii) of Theorem 2.22. Clearly the condition
K(T ) = {0} entails that T is not surjective, so 0 ∈ σ(T ), and by Theorem
6.38 0 is an isolated point of σ(T ). Therefore (ii) ⇒ (iii).

To show that (iii) ⇒ (iv) suppose that 0 is isolated in σ(T ) and denote
by P0 the spectral projection associated with {0}. Then by Theorem 3.74
{0} = K(T ) = kerP0 and hence H0(T ) = P0(X) = X, so by Theorem 1.68
T is quasi-nilpotent. Since (iv) implies (i) trivially, the assertions (i)–(iv)
are equivalent.

Clearly (iv) ⇒ (v) and (v) ⇒ (vi) by Theorem 3.111, so it remains only
to prove the implication (vi) ⇒ (iv). Suppose that T is not quasi-nilpotent
and λ ∈ σ(T ) \ {0}. The argument used in the first part of the proof shows
that ker(λI − T ) = {0} for all λ �= 0. This forces q(λI − T ) to be infinite,
otherwise we would obtain p(λI − T ) = q(λI − T ) = 0, by Theorem 3.3 and
hence λ ∈ ρ(T ); a contradiction. This shows that (vi) ⇒ (iv), so the proof
is complete.

By Corollary 2.57 for every non-invertible isometry T , T ∗ fails to have
the SVEP at every λ greater than r(T ) = 1. Therefore by Theorem 6.22
every non-invertible isometry T does not have the property (δ), and in par-
ticular T is not decomposable. However, every isometry T has the property
(β) and the decomposability, as well as the property (δ), are equivalent to T
being invertible. We refer to Section 1.6 of [214] for a proof of these results.

We now introduce a property intermediate between the SVEP and the
Dunford property (C).

Definition 6.43. A bounded operator T ∈ L(X), X a Banach space, is
said to have the property (Q) if H0(λI − T ) is closed for every λ ∈ C.

Clearly a quasi-nilpotent operator has the property (Q), since H0(λI −
T ) = {0} for all λ �= 0 and H0(T ) = X. More generally, if the spectrum σ(T )
is finite then T has the property (Q). In fact, if λ ∈ σ(T ) is isolated then
H0(λI − T ) coincides with the range of the spectral projection associated
with the singleton set {λ}, see Theorem 3.74. Another important class
of operators having the property (Q) is given, by Theorem 4.33, by the
multipliers of semi-simple Banach algebras.

Clearly, since the property (C) entails the SVEP, from Theorem 2.19 and
Theorem 2.20 we infer that if T has the property (C) then H0(λI − T ) =
XT ({λ}) is closed for every λ ∈ C, so that the following implications hold:

(167) property (C) ⇒ property (Q) ⇒ SVEP.

Note that neither of the implications (167) may be reversed in general.
A first counter example of an operator which has the SVEP but not the
property (Q) is given by the operator T defined in Example 2.32. An ex-
ample of an operator which shows that the first implication is not reversed
in general, may be found amongst the convolution operators Tµ of group
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algebras L1(G), since these operators have the property (Q), see Theorem
4.33, whilst it may not have the property (C), as we shall see in the next
section.

The next result shows that in many concrete cases the property (Q) and
the decomposability of a right shift T on ℓp(N) are equivalent to T being
quasi-nilpotent.

Theorem 6.44. Suppose that infinitely many weights ωn are zero. Then
for the corresponding right shift T on ℓp(N), 1 ≤ p < ∞, the following
statements are equivalent:

(i) T is quasi-nilpoltent;

(ii) T is decomposable;

(iii) T has the property (δ);

(iv) T has the property (β);

(v) T has the property (C);

(vi) T has the property (Q);

(vii) H0(T ) is closed .

Proof The equivalences (i) ⇔ (ii) ⇔ (iii) have been proved in Theorem
6.42. The implications (ii) ⇒ (iv) ⇒ (v) are satisfied by every bounded
operator, by Theorem 6.21 and Theorem 6.18. Moreover, (v) ⇒ (vi), as
already observed.

(vi) ⇒ (i) Suppose that H0(T ) is closed. Since Ten = ωnen+1 for all
n ∈ N, if ωn = 0 then en ∈ ker T ⊆ H0(T ). Suppose that ωn �= 0 and let k
be the smallest integer such that ωn+k = 0 . It is easy to check that

T k+2en = ωnωn+1 · · ·ωn+k en+k+1 = 0,

so en ∈ ker T k+2 ⊆ H0(T ). This shows that H0(T ) = ℓp(N) and hence T is
quasi-nilpotent.

Therefore (vi) ⇒ (i) and consequently the assertions (i)–(vi) are equiv-
alent. The implication (vi) ⇒ (vii) is obvious, whilst (vii) ⇒ (vi) follows
from part (iv) of Theorem 2.82, so the proof is complete.

Example 6.45. A simple example of an operator having the SVEP but
without the property (Q) is provided by the following right shift on ℓp(N).
Let ω = (ωn)n∈� be the bounded sequence of positive real numbers defined
by

ωn :=

{
0 if n is a square of an integer,
1 otherwise.

If T is the corresponding right shift on ℓp(N), with 1 ≤ p < ∞, it is easily
seen that ‖Tn‖ = 1 for all n ∈ N, so that T is not quasi-nilpotent. This
excludes by Theorem 6.42 that H0(T ) is closed.
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5. Decomposable multipliers

In this section we shall give several characterizations of decomposable
multipliers of semi-simple Banach algebra. We begin first with some pre-
liminary remarks about the maximal ideal space of the unitization of a
commutative complex Banach algebra A without unit.

Let Ae := A ⊕ Ce denote the standard unitization of A endowed with
the usual structure of a commutative Banach algebra. Then we can iden-
tify each m ∈ ∆(A) with its canonical extension m⋆ from A to Ae, and if
m∞ : Ae → C denotes the canonical extension of the zero functional defined
by

m∞(x + λu) := λ for all x ∈ A and λ ∈ C,

it is easily seen that ∆(Ae) = ∆(A) ∪ {m∞}. Observe that if A is semi-
simple then also Ae is semi-simple and that this construction is still valid
when A possesses a unit element, which, however, will be different from the
unit element of the unitization Ae.

Lemma 6.46. Let A be a commutative complex Banach algebra without
identity and suppose that for an element a ∈ A the Gelfand transform â is
hk-continuous. Then â is also hk-continuous on ∆(Ae).

Proof Let E ⊆ ∆(Ae) be an arbitrary set. It follows immediately from the
definition of hulls and kernels that

(168) h1(k1(E)) ⊆ hA(kA(∆(A) ∩ E)) ∪ {m∞},
where h1, k1 refer to the hull and kernel operations with respect to Ae.
Given an arbitrary non-empty closed subset F of C, let us denote by

E := {m⋆ ∈ ∆(Ae) : m⋆(a) ∈ F}
its pre-image under â : ∆(Ae) → C. Clearly, in order to show that â is hk-
continuous on ∆(Ae) it suffices to prove that E is hk-closed in ∆(Ae). Since
by assumption â is hk-continuous on ∆(A), the set ∆(A) ∩ F is hk-closed
in ∆(A).

We distinguish now the two cases 0 ∈ F and 0 /∈ F .
If 0 ∈ F then m∞ ∈ E and hence

h1(k1(E)) ⊆ hA(kA(∆(A) ∩ E)) ∪ {m∞} = (∆(A) ∩ E)) ∪ {m∞} = E,

so E is hk-closed in ∆(Ae).
In the remaining case 0 /∈ F we have m∞ /∈ E, so E ⊆ ∆(A). From that

it follows that E is a hull in ∆(A), and if ε := inf{|λ| : λ ∈ F} we also have

|â(m)| ≥ ε for every m ∈ E.

By Theorem 4.22 part (ii) there exists an element b ∈ A such that

â(m)̂b(m) = 1 for every m ∈ E.

Since the element v := e − ab ∈ Ae satisfies

m∞(v) = m∞(e) = 1 and v̂(m) = 0 for every m ∈ E,
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we conclude that m∞ /∈ h1(k1(E)). From the inclusion (168) we then obtain

h1(k1(E)) ⊆ hA(kA(∆(A) ∩ E)) = hA(kA(E)) = E,

thus, also in the case 0 /∈ F , the set E is hk-closed in ∆(Ae).

Theorem 6.47. Let A be a commutative semi-simple Banach algebra, X
a Banach space, and Φ : A → L(X) an algebraic homomorphism. Then for
every a ∈ A for which the Gelfand transform â is hk-continuous on ∆(A) the
corresponding operator T := Φ(a) : ∆(A) → L(X) is super-decomposable.

Proof The proof is divided in two parts. In the first part we shall consider
the case A has a unit u for which Φ(u) = I, whilst in the second part we
shall consider the case where A either has no unit at all or the unit u ∈ A
does not satisfy the condition Φ(u) = I.

First case: Suppose that A has a unit u and Φ(u) = I. In this case ∆(A)
is compact in the hk-topology. Given any arbitrary open covering {U1,U2}
of C let us consider a pair of open subsets G,H ⊂ C such that G ⊆ U1,
H ⊆ U2, and G∪H = C. Since C \G and C \H are two disjoint closed sets
and the Gelfand transform â is hk-continuous, it follows that the pre-images
â−1(C \ G) and â−1(C \ H) are disjoint hulls in the compact space ∆(A).
By [279, Corollary 3.6.10], there exists then an element z ∈ A such that

ẑ ≡ 0 on â−1(C \ G) and ẑ ≡ 1 on â−1(C \ H).

Let us consider the operator R := Φ(z) ∈ L(X). We claim that R satis-
fies the conditions for the super-decomposability of T with respect to the
covering {U1,U2} of C. Obviously T and R commute. In order to show

the inclusion σ(T |R(X) ⊆ U1 let λ ∈ C \ U1 be arbitrarily given and let
δ := dist(λ,G) be the distance from λ to G. Clearly δ > 0 and

|(â − λû)(m)| ≥ δ for all m ∈ hA(â−1(C \ G)).

By part (ii) of Theorem 4.22 there exists an element s ∈ A such that

(â − λû)ŝ ≡ 1 on â−1(G).

Since ẑ ≡ 0 on â−1(C \ G) it follows that

(â − λû)ŝẑ(m) = ẑ(m) for every m ∈ ∆(A).

From the semi-simplicity of A it follows that (a − λu)sz = z.
Now let us consider S := Φ(s) ∈ L(X) and apply the homomorphism Φ

to the equation (a − λu)sz = z . We obtain that

((T − λI)SR)x = (S(T − λI)R)x = Rx

holds for all x ∈ X and therefore (T − λI)S = S(T − λI) = I on R(X).

Since the subspace R(X) is invariant under S it follows that λ belongs to

the resolvent of the restriction of T on R(X), which proves the inclusion

σ(T |R(X)) ⊆ U1.
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To prove the remaining inclusion σ(T |(I − R)(X)) ⊆ U2 we use a similar
argument. Take µ ∈ C \ U2 and let ε:= dist(µ, H). Clearly ε > 0 and

|(â − µû)(m)| ≥ ε for all m ∈ hA(â−1(C \ H)).

Again, by part (ii) of Theorem 4.22, there exists an element v ∈ A such that

(â − µû)v̂ ≡ 1 on â−1(H).

From ẑ = 1 on â−1(C\H) we obtain (a−µu)v(u−z) = u−z, so if V := Φ(v)
the equality

[(T − µI)V (I − R)]x = (I − R)x

holds for every x ∈ X and hence

(µI − T )V = V (µI − T ) = I on (I − R)(X).

As before, this implies the invertibility of µI−T on (I − R)(X) and therefore

σ(T |(I − R)(X)) ⊆ U2.
Second case: If A has no unit or if the unit u ∈ A does not satisfy

the equality Φ(u) = I, the statement of the theorem can be reduced to the
case Φ(u) = I by means of the following construction. In either case let us
consider the standard unitization Ae and the canonical extension Φ⋆ of the
homomorphism Φ from A to the algebra Ae, defined by

Φ⋆(x + λe) := Φ(x) + λ for all x ∈ A and λ ∈ C.

Observe that this construction works even if A has an identity element,
which, as observed before, ceases to be the identity of the extension Ae.

In order to prove that T = Φ(a) = Φ⋆(a) is super-decomposable we
need to prove, by the first part of the proof, that â is hk-continuous on the
extended maximal ideal space ∆(Ae). We consider two cases. If A has an
identity element then ∆(A) is obviously hk-closed in ∆(Ae) and from the
hk-continuity of â on ∆(A) there easily follows the hk-continuity of â on
∆(Ae).

In the remaining case the hk-continuity of â : ∆(Ae) → C follows from
Lemma 6.46, so the proof is complete.

We shall now consider the problem of decomposability for a multiplier T
defined on a semi-simple commutative Banach algebra. Not surprisingly the

continuity of the transform T̂ on ∆(M(A)) here has a certain importance, as

well as the continuity of the Helgason–Wang function ϕT = T̂ |∆(A), where
both the maximal ideal spaces ∆(A) and ∆(M(A)) are endowed with the
hk-topology.

We need first to introduce a definition obtained by borrowing a term
from harmonic analysis:

Definition 6.48. If A is a commutative semi-simple Banach algebra, a

multiplier T ∈ M(A) is said to have a natural spectrum if σ(T ) = T̂ (∆(A)).
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Observe that by Theorem 7.79 if T ∈ M00(A) and A is not unital then
T has a natural spectrum. It is easy to see that if A has an unit then every
T ∈ M(A) has natural spectrum. Indeed, in this case A = M(A), and hence
by Theorem 7.79

σ(T ) = T̂ (∆(M(A)) = T̂ (∆(A)).

On the other hand, if A has no unit ∆(A) need not be dense in ∆(M(A))
with respect to the Gelfand topology, so there exist multipliers which does
not natural spectrum.

The next result shows that the property (δ), and a fortiori the decompos-
ability, in the case of a multiplier implies the hk-continuity of ϕT and that
T has a natural spectrum. First recall that since every multiplier T ∈ M(A)
of a semi-prime Banach algebra A has the SVEP, by Theorem 2.19 the local
spectral subspace and the glocal spectral subspace of T associated with a
closed set Ω ⊆ C coincide. The condition (δ) for a multiplier T ∈ M(A),
where A is a semi-prime Banach algebra, may then be formulated saying
that for every open covering {U1,U2} of C we have A = AT (U1) + AT (U2).

Theorem 6.49. Suppose that A is a semi-prime commutative Banach
algebra and T ∈ M(A) has the property (δ). Then the Helgason–Wang

transform ϕT = T̂ |∆(A) is hk-continuous on ∆(A). If A is semi-simple
then T has a natural spectrum.

Proof Suppose that ϕT = T̂ |∆(A) is not hk-continuous on ∆(A). Then
there exists a closed subset F of C such that

E := T̂−1(F ) = {m ∈ ∆(A) : T̂ (m) ∈ F}
is not hk-closed in ∆(A), so hA(kA(E)) �= E. Let m0 ∈ hA(kA(E)) \ E and

choose an element x ∈ A such that m0(x) = 1. Clearly λ := T̂ (m0) /∈ F . Let
{U1,U2} be an open covering of C such that U1 ⊆ C \ {λ} and U2 ⊆ C \ F .
Since T has the property (δ) then A = AT (U1) + AT (U2), so there exist y
and z ∈ A such that

x = y + z, σT (y) ⊆ U1, σT (z) ⊆ U2.

Since λ /∈ σT (y) there exists some element u ∈ A such that y = (λI − T )u.
From this it follows that

m0(y) = ŷ(m0) = [λ − T̂ (m0)]û(m0) = 0.

Hence 1 = m0(x) = m0(y) + m0(z) = m0(z).

On the other hand, for any m ∈ E we have µ := T̂ (m) ∈ F , so µ /∈ U2.
Since z ∈ AT (U2) we obtain that z = (µI − T )v for some v ∈ A, and
consequently

m(z) = ẑ(m) = [µ − T̂ (m)]v̂(m) = 0.

Since m(z) = 0 for all m ∈ E and m0(z) = 1 we infer that m0 /∈ hA(kA(E)),

a contradiction. Hence T̂ is hk-continuous on ∆(A).
Assume now that T has the property (δ) and that A is semi-simple.
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To prove the equality σ(T ) = T̂ (∆(A)), denote, as usual, by Cb(∆(A)) the
Banach algebra of all Gelfand continuous bounded complex-valued func-
tions on ∆(A) endowed with the supremum norm. Let B : A → Cb(∆(A))
denote the Gelfand transform defined by Bx := x̂ for all x ∈ A, and let
S : Cb(∆(A)) → Cb(∆(A)) denote the operator given by multiplication by

the function ϕT = T̂ . Clearly BT = TS. Since B is injective by the semi-
simplicity of A and since T has the property (δ), by Lemma 6.33 we have

σ(T ) ⊆ σ(S). On the other hand, the inclusions σ(S) ⊆ T̂ (∆(A)) ⊆ σ(T )

are trivial. Hence σ(T ) = T̂ (∆(A)) .

Remark 6.50. Observe that in general the converse of the previous The-

orem does not hold, the hk-continuity of T̂ |∆(A) = ϕT does not imply that
T has the property (δ), as the following example shows.

Let A := L1(G), G a non discrete locally compact Abelian group, and
consider the convolution operator Tµ, where µ ∈ M(G). Since L1(G) is reg-

ular the Gelfand topology and the hk-topology coincide on ∆(L1(G)) = Ĝ,

the dual group of G. Thus for any µ ∈ M(G) the transform ϕTµ = µ̂|Ĝ
is hk-continuous. On the other hand, as we shall see in Chapter 8, there

exists a measure µ such that the spectrum σ(Tµ) = σ(µ) �= µ̂(Ĝ), hence by
Theorem 6.49 the corresponding convolution operator Tµ cannot have the
property (δ), and, in particular, is not decomposable.

The next theorem relates, for an arbitrary T ∈ M(A), the decomposabil-
ity of T to the decomposability of the corresponding multiplication operator
LT : M(A) → M(A).

Theorem 6.51. Let A be a semi-simple commutative Banach algebra

and T ∈ M(A). Then T̂ is hk-continuous on ∆(M(A)) if and only if the
multiplication operator LT : M(A) → M(A) is super-decomposable. More-
over, these equivalent conditions imply that T is decomposable on A.

Proof The hk-continuity of T̂ on ∆(M(A)) implies, by Theorem 6.47 ap-
plied to left regular representation Φ : T ∈ M(A) → LT ∈ L(M(A)), that
LT is super-decomposable on M(A). Conversely, if LT : M(A) → M(A) is
super-decomposable then LT has the property (δ) so that, by Theorem 6.49,

L̂T |∆(M(A)) = T̂ is hk-continuous on ∆(M(A)). The last assertion follows
by Theorem 6.30, on taking B = M(A).

Corollary 6.52. Let A be a commutative semi-simple Banach algebra.
If M(A) is regular then every T ∈ M(A) is decomposable on A.

Proof (i) If M(A) is regular then the Gelfand topology and the hk-topology

on ∆(M(A)) coincide, so every T̂ is hk-continuous on ∆(M(A)).

Recall that given a complex commutative Banach algebra A and x ∈ A,
the support supp x̂ is defined as the closure in ∆(A) of the set {m ∈ ∆(A) :
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x̂(m) �= 0}. It is not difficult to see that if A is semi-simple then for any
T ∈ M(A) we have

(169) T̂ (supp x̂) ⊆ σT (x) for all x ∈ A.

Indeed, if λ ∈ ρT (x) and λ = T̂ (m) for some m ∈ ∆(A), then (λI −T )u = x

for some u ∈ A and hence 0 = [λI − T̂ (m)]û(m) = x̂(m). From this we
obtain

T̂ ({x−1{0}) ⊆ σT (x)

and hence T̂ (supp x̂) ⊆ σT (x), by the continuity of the Gelfand transform

T̂ on ∆(A).
The following definition is a local spectral version of the notion of natural

spectrum.

Definition 6.53. Given a semi-simple commutative Banach algebra A,

T ∈ M(A) is said to have natural local spectra if σT (x) = T̂ (supp x̂) holds
for every x ∈ A.

For any closed subset Ω ⊆ C let ZT (Ω) denote the set

ZT (Ω) := {x ∈ A : T̂ (supp x̂) ⊆ Ω}.
Clearly, ZT (Ω) is a closed ideal of A. It is easily seen that also the local

spectral subspace AT (Ω) is an ideal, not necessarily closed, of A. In the next
theorem we shall describe some relations between these two ideals.

Theorem 6.54. Let A be a commutative semi-simple Banach algebra
and T ∈ M(A). Then the following assertions hold:

(i) AT (Ω) ⊆ ZT (Ω) for all closed subsets Ω ⊆ C;

(ii) T has natural local spectra if and only if equality AT (Ω) = ZT (Ω)
holds for all closed subsets Ω ⊆ C, and this is the case if and only if
σ(T |ZT (Ω)) ⊆ Ω for all closed sets Ω of C;

(iii) If T has natural local spectra then T has the property (C) and the
equalities

AT (Ω) = ZT (Ω) =
⋂

λ/∈Ω

(λI − T )(A) = ET (Ω),

hold for all closed sets Ω of C, where, as usual, ET (Ω) denotes the algebraic
spectral subspace associated with Ω;

(iv) If the restriction T |ZT (Ω), Ω a closed subset of C, has the property
(δ) then T has natural local spectra.

Proof (i) The inclusion AT (Ω) ⊆ ZT (Ω), for all closed subsets Ω ⊆ C,
follows easily from the identity (169).

(ii) If T ∈ M(A) has natural local spectra then obviously AT (Ω) =
ZT (Ω) for all closed sets Ω ⊆ C. Conversely, suppose that ZT (Ω) = AT (Ω)
for all closed sets Ω ⊆ C, and consider for every x ∈ A the closed sets of the

form Ω := T̂ (supp x̂). Then x ∈ ZT (Ω) = AT (Ω) so that σT (x) ⊆ Ω, which
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shows that T has natural local spectra.
Assume now that T has natural local spectra, or, equivalently, that

ZT (Ω) = AT (Ω). Then AT (Ω) is closed, and since T has the SVEP from
Theorem 2.71 it follows that XT σ(T |ZT (Ω)) ⊆ Ω. Conversely, since ZT (Ω)
is a closed T -invariant subspace of X, the inclusion σ(T |ZT (Ω)) ⊆ Ω implies
by part (vi) of Theorem 2.6 that ZT (Ω) ⊆ AT (Ω). By part (i) we then
conclude that ZT (Ω) = AT (Ω).

(iii) T has the property (C) since by part (ii) AT (Ω) = ZT (Ω) is closed
for all closed subsets Ω ⊆ C. Clearly

AT (Ω) ⊆
⋂

λ/∈Ω

(λI − T )(A) ⊆ ZT (Ω),

and by Corollary 2.70 ET (Ω) =
⋂

λ/∈Ω(λI −T )(A). If T has natural spectra,
or, equivalently, if ZT (Ω) = AT (Ω) then all these subspaces coincide.

(iv) Observe first that by Theorem 5.1 the closed ideal ZT (Ω) is semi-
simple and T |ZT (Ω) is a multiplier. From Theorem 6.49, since by assump-
tion T |ZT (Ω) has the property (δ), we have that

(170) σ(T |ZT (Ω) = T̂ (∆(ZT (Ω)).

Now, from Theorem 4.21 we know that ∆(ZT (Ω)) = ∆(A) \ hA(ZT (Ω)).

Moreover, T̂−1(C \ Ω) ⊆ hA(ZT (Ω)), so that from the equality (170) it
follows that

σ(T |ZT (Ω) ⊆ T̂ (T̂−1(Ω)) ⊆ Ω for all closed subsets Ω ⊆ C.

By part (iii) we then conclude that T has natural local spectra.

Lemma 6.55. Let A be a semi-simple commutative Banach algebra and
J be a closed ideal of A for which J = span (AJ). Then J is also an ideal
of M(A). Moreover, if T ∈ M(A) has the property (δ) then T |J : J → J
has also the property (δ).

Proof We have

M(A)J = M(A) span (AJ) ⊆ span (AJ) = J,

so J is a closed T -invariant subspace for any T ∈ M(A). Suppose that T has
the property (δ). Let x ∈ A arbitrary and choose an open covering {U1,U2}
of C. Let x :=

∑n
k=1 akxk, where ak ∈ A and xk ∈ J , k = 1, 2, ...n. Using

the property (δ), for every ak we can find uk, vk ∈ A such that

σT (uk) ⊆ U1 σT (vk) ⊆ U2 and ak = uk + vk

for all k = 1, 2, ...n. Let fk : C \ U1 → A denote an analytic function for
which uk = (λI − T )fk(λ) holds for every λ ∈ C \ U1. Then

ukxk = (λI − T )fk(λ)xk for all λ ∈ C \ U1,
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so that the J-valued analytic functions gk(λ) := fk(λ)xk on C \ U1 verify
ukxk = (λI − T )gk(λ) and hence

σT |J(ukxk) ⊆ U1 for all k = 1, 2, · · · , n.

A similar argument shows that σT |J(vkxk) ⊆ U2 for all k = 1, 2, · · · , n.
Therefore

σT |J

(
n∑

k=1

ukxk

)
⊆ U1 and σT |J

(
n∑

k=1

vkxk

)
⊆ U2.

Since x =
∑n

k=1 ukxk +
∑n

k=1 vkxk this shows that the restriction T |J has
the property (δ), as claimed.

Theorem 6.56. Let A be a semi-simple commutative Banach algebra
and suppose that for every closed ideal J of A we have J = span (AJ). Then
T ∈ M(A) is decomposable if and only if T has the property (δ).

Proof By Theorem 6.21 we need only to show that (δ) implies the de-
composability of T . Suppose that T has the property (δ) and let Ω ⊆ C
denote an arbitrary closed set. By Lemma 6.55 the restriction T |ZT (Ω)
has the property the (δ), and therefore by part (iv) of Theorem 6.54 T has
natural local spectra, from which we conclude by part (iii) of Theorem 6.54
that T has the property (C). By Theorem 6.21 it then follows that T is
decomposable.

Corollary 6.57. Let A be a semi-simple commutative Banach algebra
with a bounded approximate identity. Then T ∈ M(A) is decomposable if
and only if T has the property (δ).

Proof We only need to prove that (δ) implies decomposability. This follows
from Theorem 6.56 and from the Cohen factorization.

Note that the result of Corollary 6.57 applies to the group algebra L1(G),
with G a locally compact Abelian group.

We shall now address the problem of decomposability for multipliers
which belong to the ideals M0(A) and M00(A). Recall that by definition

M0(A) := {T ∈ M(A) : ϕT = T̂ |∆(A) vanishes at infinity in ∆(A)},
whilst

M00(A) := {T ∈ M(A) : T̂ ≡ 0 on hM(A)(A)},
and

A ⊆ M00(A) ⊆ M0(A) ⊆ M(A).

Moreover, if A is semi-simple then M(A), M0(A), and M00(A) are also semi-
simple Banach algebras, see Theorem 4.25.

The following fundamental result shows that for these operators the
decomposability is equivalent to the formally weaker property (δ).
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Theorem 6.58. Let A be a semi-simple commutative Banach algebra
and T ∈ M0(A). Then T is decomposable if and only if T has the property
(δ).

Proof By Theorem 6.21 we only need to prove that the property (δ) implies
property (C). According to part (iv) and part (iii) of Theorem 6.54 it suffices
to show that T |ZT (Ω) has the property (δ) whenever Ω is a closed subset of
C.

Suppose first that 0 /∈ Ω. Since T ∈ M0(A) the set T̂−1(Ω) is a compact

subset of ∆(A) in the Gelfand topology. By Theorem 6.49 the set T̂−1(Ω)
is also hk-closed in ∆(A), and hence by [279, Theorem 3.6.9] there exists

an element a ∈ A such that â ≡ 1 on T̂−1(Ω). Since A is semi-simple it
then follows that ax = x for every x ∈ ZT (Ω). Using Lemma 6.55 we then
conclude that T |ZT (Ω) has the property (δ).

Next, suppose that 0 belongs to the interior int Ω of Ω. Let {U1,U2}
be an open covering of C. We may assume, with no loss of generality, that
0 ∈ N := int Ω ∩ U1. Let us consider an open subset W ⊆ C such that
0 /∈ W and so N ∪W = C. For every x ∈ ZT (Ω), by using the property (δ)
we may choose u, v ∈ A such that

a = u + v, σT (u) ⊆ N , σT (v) ⊆ W.

From the inclusion N ⊆ Ω it is clear that u ∈ ZT (Ω) and hence σT |Z(Ω)(u) ⊆
U1. Moreover, by the first part of this proof we have

v ∈ AT (W) ∩ ZT (Ω) = ZT (W) ∩ ZT (Ω) = ZT (W ∩ Ω).

We already know that T |ZT (W∩Ω) has the property (δ), and since {U1,U2}
is an open covering of C we can find z1, z2 ∈ ZT (W ∩ Ω) such that

v = z1 + z2 and σT |ZT (W∩Ω)(zk) ⊆ Uk, k = 1, 2.

From this it follows that σT |ZT (Ω)(zk) ⊆ Uk for k = 1, 2. From the equality
x = (u + z1) + z2 we then conclude that T |ZT (Ω) has the property (δ) also
when 0 ∈ int Ω.

To conclude the proof let us consider the case where 0 ∈ Ω. Choose
a sequence of closed subsets Ωn of C for which 0 belongs to int Ωn and
Ω = ∩n∈�Ωn. By the preceding part of the proof we know that T |ZT (Ωn)
has the property (δ), and hence by part (iv) and part (ii) of Theorem 6.54
ZT (Ωn) = AT (Ωn) for all n ∈ N. From this we obtain that

ZT (Ω) =
⋂

n∈�

ZT (Ωn) =
⋂

n∈�

AT (Ωn) = AT (Ω).

The equality ZT (Ω) = AT (Ω) entails, again by part (ii) of Theorem 6.54,
that T has natural local spectra and hence has the property (C), so the
proof is complete.
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Lemma 6.59. Let A be a semi-simple commutative Banach algebra. If
T ∈ M0(A) is decomposable then M(A) and M0(A) are normal with respect
to T .

Proof It suffices to prove the normality of the algebra M0(A). Let T ∈
M0(A) and consider a pair of spectral maximal spaces Y and Z for T for
which σ(T |Y ) ∩ σ(T |Z) = ∅ is satisfied. Let us consider the following two
sets:

E := T̂−1(σ(T |Y )) = {m ∈ ∆(A) : T̂ (m) ∈ σ(T |Y )}
and

F := T̂−1(σ(T |Z)) = {m ∈ ∆(A) : T̂ (m) ∈ σ(T |Z)}.
Being T decomposable on A we then have by Theorem 6.51 that T̂ |∆(A)
is hk-continuous, so the two sets E, F are hulls in ∆(A). Moreover, since
by assumption σ(T |Y ) and σ(T |Z) are disjoint, we may assume that 0 /∈
σ(T |Z). If we put

ε := inf
λ∈σ(T |Z)

|λ|,

we then obtain

|T̂ (m)| ≥ ε > 0 for all m ∈ F.

Since T ∈ M0(A) we infer that F is compact in ∆(A) with respect to the
Gelfand topology. The two sets E and F are disjoint, and hence by part
(iii) of Theorem 4.22 there exists an element e ∈ A such that

ê ≡ 0 on E and ê ≡ 1 on F.

Now let us consider the multiplication operator R := Le ∈ M0(A). Let

y ∈ Y be arbitrarily given and take m ∈ ∆(A)\E. Then λ = T̂ (m) /∈ σ(T |Y )
and hence there exists some w ∈ Y such that y = (λI − T )w, which implies

ŷ(m) = [λ − T̂ (m)]ŵ(m) = 0.

Hence ŷ ≡ 0 on ∆(A) \ E and consequently ê ŷ ≡ 0 on ∆(A). Since A is
semi-simple it then follows that Rv = 0, and therefore R|Y ≡ 0.

A similar argument shows that R|Z ≡ I, so M0(A) is normal with respect
to T .

For multipliers which belong to the ideals M0(A) and M00(A) the prop-
erty of being decomposable is equivalent to many of the conditions previously
introduced.

Theorem 6.60. Let A be a semi-simple commutative Banach algebra.
If T ∈ M0(A) then the following assertions are equivalent:

(i) T is super-decomposable on A;

(ii) T is decomposable on A;

(iii) T has the property (δ);

(iv) LT : M(A) → M(A) is super-decomposable;

(v) LT : M(A) → M(A) is decomposable;
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(vi) T̂ is hk-continuous on ∆(M(A));

(vii) T ∈ M00(A) and T̂ is hk-continuous on ∆(A).

Moreover, if T ∈ M00(A) the statements above are equivalent to:

(viii) T̂ is hk-continuous on ∆(A).

Proof The statements (i), (ii), (iv), and (v) are equivalent by Theorem 6.30,
since by Lemma 6.59 M0(A) is normal with respect to T . The equivalence
(ii) ⇔ (iii) has been established in Theorem 6.58. The equivalence (iv) ⇔
(vi) has been proved in Theorem 6.51. Hence the statements (i)–(iv) are
equivalent.

(vi)⇒(vii) Let T ∈ M0(A) and suppose that T̂ is hk-continuous on

∆(M(A)). Then the restriction T̂ |∆(A) is hk-continuous, so we need only

to show that T̂ vanishes on the set

hM(A)(A) = {ϕ ∈ ∆(M(A)) : ϕ|∆(A) ≡ 0}.
Let ε > 0 be arbitrarily given. From our assumption the set

E := {m ∈ ∆(A) : |T̂ (m)| ≥ ε}
is a Gelfand compact hull in ∆(A). Therefore, see [279, Theorem 3.6.7],
the kernel kA(E) is a regular ideal in A, and consequently by Lemma 3.1.15
of [279]) there exists an element v ∈ A such that v̂ ≡ 1 on E. For every
m ∈ E we have

|(̂Tv)(m)| = |T̂ (m)v̂(m)| ≥ ε for all m ∈ E,

so by part (ii) of Theorem 4.22 there exists some z ∈ A such that T̂ v̂ẑ ≡ 1
on E. Clearly, for the multiplier S := I − LT (vz) , where LT (vz) is the

multiplication operator by T (vz), we have Ŝ ≡ 0 on E and Ŝ ≡ 1 on
hM(A)(A). From this it follows that hM(A)kM(A)(E) ∩ hM(A)(A) = ∅.

Now assume that there exists a functional φ0 ∈ hM(A)(A) such that

|T̂ (φ0)| > ε. Since by assumption T̂ is hk-continuous on ∆(M(A)) there
exists a hk- open neighborhood U of φ0 in ∆(M(A)) such that

|T̂ (φ)| > ε for all ϕ ∈ U .

Since by Theorem 4.24 ∆(A) is hk-dense in ∆(M(A)) it follows that the
intersection U ∩ V ∩∆(A) is non-empty for all hk-open neighborhoods V of
φ0 in ∆(M(A)), and hence φ0 ∈ hM(A)kM(A)(E). But this contradicts that
φ0 ∈ hM(A)(A) and hM(A)kM(A)(E) ∩ hM(A)(A) = ∅. Therefore for every
ε > 0 we have

|T̂ (ϕ)| ≤ ε for all ϕ ∈ hM(A)(A)

which shows that T ∈ M00(A).

(vii) ⇒ (vi) Let us consider an arbitrary closed non-empty subset F of
C and let

E := T̂−1(F ) = {ϕ ∈ ∆(M(A)) : T̂ (ϕ) ∈ F}.
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To prove the hk-continuity of T̂ : ∆(M(A)) → C it suffices to show that E
is hk-closed, namely E = hM(A)kM(A)(E).

We distinguish two cases: Suppose first that 0 ∈ F . Since T̂ ≡ 0 on
hM(A)(A) we have

∆(M(A)) \ E = {m ∈ ∆(A) : T̂ (m) ∈ C \ F} ⊆ ∆(A).

We know by Theorem 4.18 that ∆(A) is hk-open in ∆(M(A)), and since by

assumption T̂ |∆(A) is hk-continuous this implies ∆(M(A)) \ E is hk-open
in ∆(M(A)). Thus if 0 ∈ F , E is hk-closed in ∆(M(A)).

Consider the remaining case 0 /∈ F . Then ε := inf{|λ| : λ ∈ F} > 0.

By assumption the Helgason–Wang function T̂ |∆(A) is hk-continuous and

T̂ |∆(A) vanishes at infinity, so the set

Γ := {m ∈ ∆(A) : |T̂ (m)| ≥ ε}
is a Gelfand compact hull in ∆(A). By using the same argument as in
the proof of the implication (vi)⇒(vii), it is possible to find two elements
v, z ∈ A such that

v̂ ≡ 1 on Γ and T̂ v̂ẑ ≡ 1 on Γ.

Trivially, since E ⊆ Γ, we then have T̂ v̂ẑ ≡ 1 on E. This implies that the
multiplier S := I − LT (vz) satisfies both the identities

Ŝ ≡ 0 on E and Ŝ ≡ 1 on hM(A)(A).

From this it follows that

hM(A)kM(A)(E) ∩ hM(A)(A) = ∅

and hence hM(A)kM(A)(E) ⊆ ∆(A). Since by assumption E is a hull in ∆(A),
the inclusion hM(A)kM(A)(E) ⊆ ∆(A) then implies that hM(A)kM(A)(E) =
E, so E is hk-closed in ∆(M(A)).

Corollary 6.61. Let A be a commutative semi-simple regular Banach
algebra and suppose that T ∈ M0(A). Then T is decomposable on A if
and only if T ∈ M00(A) and this happens if and only if T has natural local
spectra.

Proof This is an obvious consequence of the equivalence (ii) ⇒ (vii) of
Theorem 6.60, since on ∆(A) the Gelfand topology and the hk-topology
coincide.

The next result is an obvious consequence of Theorem 6.60, once it is
observed that A ⊆ M00(A) ⊆ M0(A).

Corollary 6.62. Let A be a semi-simple commutative Banach algebra.
Then for each a ∈ A the following statements are equivalent:

(i) â is hk-continuous on ∆(A);

(ii) The multiplication operator La is super-decomposable on A;
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(iii) The multiplication operator La is decomposable on A;

(iv) The multiplication operator La has the property (δ) on A.

The last result leads immediately to a very nice characterization of reg-
ularity for a commutative semi-simple Banach algebra in terms of decom-
posability of the multiplication operators La.

Corollary 6.63. Let A be a semi-simple commutative Banach algebra.
Then the following statements are equivalent:

(i) A is regular;

(ii) For each a ∈ A, â is hk-continuous on ∆(A);

(iii) For each a ∈ A, La is super-decomposable;

(iv) For each a ∈ A, La is decomposable.

Given an arbitrary semi-simple commutative Banach algebra A let us
consider the following subset of A

Dec A := {a ∈ A : the multiplication operator La is decomposable}.
We now show that DecA is a closed subalgebra of A. In the sequel we

shall denote by r(a) the spectral radius of a ∈ A.

Theorem 6.64. If A is a semi-simple commutative Banach algebra the
following assertions hold:

(i) Dec A is a closed subalgebra of A;

(ii) Let (an) ⊂ A be a sequence and suppose that for some a ∈ A we have
limn→∞ r(a − an) = 0. Then a ∈ Dec A;

(iii) If a ∈ Dec A and if J is an arbitrary Banach algebra contained in
A as an ideal, then the restriction La|J is super-decomposable on J ;

(iv) If a ∈ Dec A and if C ⊇ A is a not necessarily commutative semi-
simple Banach algebra containing A as a subalgebra, then the canonical
extension Sa : C → C defined by Sa(x) := ax for all x ∈ C is super-
decomposable.

Proof (i) and (ii) easily follows from Corollary 6.62. To prove (iii) let us
consider an arbitrary open covering {U ,V} of C. Let us consider the left
regular representation Φ : A → L(A) defined by Φ(a) := La for all a ∈ A.
Arguing as in the proof of Theorem 6.47, one can find an element z ∈ A⊕Ce,
A ⊕ Ce the unization of A, with the following two properties: for each
λ ∈ C \U there exists some element aλ ∈ A⊕Ce such that (a−λe)aλz = z,
and for every µ ∈ C \ V there exists some element bµ ∈ A ⊕ Ce such that
(a−µe)bµ(e− z) = e− z. As in the proof of Theorem 6.47, for the operator
Φ(z) := Lz the following inclusions hold:

σ(La|Lz(J) ⊆ U and σ(La|(I − Lz)(J) ⊆ V.
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Obviously J = Lz(J) + (I − Lz)(J), so La|J is decomposable.
The proof of the assertion (iv) is obtained by using the same argument

above.

Theorem 6.65. Every semi-simple commutative Banach algebra A con-
tains a greatest regular closed subalgebra. Moreover, this subalgebra is also
closed in the spectral radius norm and is contained in Dec A.

Proof Let B denote the union of all regular Banach subalgebras M of A
and let C denote the closure in the spectral radius norm of the (possibly
trivial) subalgebra generated by B. We claim that C is regular. By Corollary
6.63 it suffices to prove that the multiplication operator La|C : C → C is
decomposable for all a ∈ C.

Given an element a ∈ B we have a ∈ M for some regular subalgebra M
of A and, since on ∆(M) the Gelfand topology and the hk-topology coincide,
the Gelfand transform â : ∆(M) → C is hk-continuous. Let Φ : M → L(C)
denote the mapping defined by Φ(x) := Lx|C for all x ∈ M . By Theorem
6.47 Lx|C : C → C is decomposable, and by using a similar argument it
follows that Lx is also decomposable as operator acting on A. From that
we conclude that C is regular and B is contained in DecA. Moreover, since
by Theorem 6.64, DecA is a closed subalgebra with respect to the spectral
radius norm, we also have C ⊆ Dec A, so the proof is complete.

Let Reg A denote the greatest regular closed subalgebra which is con-
tained in A. By Theorem 6.65 Reg A is closed in the spectral radius norm
on A and

Reg A ⊆ Dec A ⊆ A.

It is easy to see that if Dec A is an ideal in A then Reg A = Dec A. Clearly,
if A is regular by Corollary 6.63, then A = Reg A = Dec A. It is an open
problem whether the equality RegA = Dec A hold for any semi-simple com-
mutative Banach algebra A.

Let Md(A) the set defined by

Md(A) := {T ∈ M(A) : T is decomposable on A}.
Note that the sums, products, and restrictions of decomposable operators
may be far from being decomposable. It is also an open problem whether
the sum and the product of two commuting decomposable operators are
again decomposable. Anyway, it is possible to show that the set Mδ(A) of
all multipliers T ∈ M(A) such that T has the property (δ) is a closed full
commutative subalgebra of L(A). We shall not give the proof of this result,
which is rather involved and requires some technicalities and concepts which
have not been introduced in this book. Anyway, the interested reader can
find this proof in Laursen and Neumann [214, Theorem 4.2.12].

Theorem 6.66. Let A be a semi-simple commutative Banach algebra.
Then we have:
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(i) Md(A) is a closed full subalgebra of M(A) if A has a bounded ap-
proximate identity;

(ii) Reg M(A) ⊆ Dec M(A) ⊆ Md(A);

(iii) Reg M0(A) ⊆ Dec M0(A) = Md(A) ∩ M0(A) ⊆ M00(A);

(iv) Md(A) ∩ M0(A) is a closed subalgebra of M00(A);

(iv) Reg M0(A) = Dec M0(A) = Md(A) ∩ M0(A) = M00(A) if A is
regular.

Proof (i) By Theorem 6.57 Md(A) = Mδ(A). The assertions (ii) and (iii)
are immediate consequences of Theorem 6.47, Theorem 6.51, and Theorem
6.60, whilst (iv) follows from Theorem 6.60.

(v) Assume that A is regular. Since ∆(A) = ∆((M00(A)), also the subal-
gebra M00(A) is regular and is therefore contained in Reg M0(A). Obviously
this implies that the inclusions of (iii) are identities.

The next corollary improves the result of Theorem 4.25.

Corollary 6.67. Let A be a semi-simple commutative Banach algebra.
Then the following statements are equivalent:

(i) A is regular and ∆(A) = ∆(M0(A));

(ii) M0(A) is regular;

(iii) A is regular and M0(A) = M00(A).

Proof (i)⇒(ii) If A is regular and ∆(A) = ∆(M0(A)) then M0(A) is obvi-
ously regular.

(ii)⇒ (iii) If M0(A) is regular then by the inclusions (iii) in Theorem
6.66 we have M0(A) = Md(A) ∩ M0(A) = M00(A). In particular, it follows
that for each a ∈ A the multiplication operator La ∈ M0(A) is decomposable
on A. By Corollary 6.63 we conclude that A is regular.

(iii) ⇒(i) From the equality M0(A) = M00(A) it follows that ∆(A) =
∆(M00(A)) = ∆(M0(A)).

Theorem 6.68. Let A be a semi-simple commutative Banach algebra
and J a closed ideal of A invariant under every T ∈ M(A). Consider a

T ∈ M(A) such that T̂ is hk-continuous on ∆(M(A)). Then the restriction
S := T |J ∈ M(J) is decomposable and has a natural spectrum. Moreover,
the spectral maximal spaces of S are given for all closed subsets Ω ⊆ C by

JS(Ω) =
⋂

λ/∈Ω

(λI − T )(J) = ZS(Ω) = {u ∈ J : supp û ⊆ T̂−1(Ω)},

where ∆(J) is canonically embedded in ∆(A) and supp û denotes the support
of û with respect to the Gelfand topology on ∆(J).

Proof Let us consider the homomorphism Φ : M(A) → L(J) defined

by Φ(R) := R|J for all R ∈ M(A). Then by Theorem 6.47, since T̂
is hk-continuous on ∆(M(A)), the operator Φ(T ) is decomposable, and
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hence by Theorem 6.49 has a natural spectrum. Since J is an ideal in
M(A), by Theorem 4.21 ∆(J) can be canonically embedded in ∆(M(A))
and ∆(M(A)) = ∆(J) ∩ hM(A)(J). For each closed subset Ω ⊆ C the inclu-
sions

JS(Ω) ⊆
⋂

λ/∈Ω

(λI − T )(J) ⊆ ZS(T )

have been observed in the proof of part (iii) of Theorem 6.54. To prove the
sets coincide let U denote an arbitrary open neighborhood of Ω and choose

an open subset V of C such that U ∪ V = C and Ω ∩ V = ∅. Since T̂ is
hull- kernel continuous on ∆(M(A)), there exists a multiplier R ∈ M(A)
such that

σ(S|R(J)) ⊆ U and σ(S|(I − R)(J)) ⊆ V

(see the proof of Theorem 6.47). By spectral maximality this implies

R(J) ⊆ JS(U) and (I − R)(J) ⊆ JS(V ).

Moreover, if u ∈ ZS(Ω), from the disjointness of Ω and V and the semi-
simplicity of J we obtain that

(I − R)(u) ∈ ZS(Ω) ∩ JS(V ) ⊆ ZS(Ω) ∩ ZS(V ) = {0}.
Hence u = Ru ∈ JS(U), so ZS(Ω) ⊆ JS(U) and therefore ZS(Ω) ⊆ JS(Ω),
as desired.

Note that the last theorem applies, in addition to the trivial case J = A,
to each ideal J which is the intersection of regular maximal ideals, since by
Theorem 4.15 each ideal of this type is invariant under every T ∈ M(A).
Since every closed ideal in a Banach algebra with an approximate identity,
not necessarily bounded, is obviously invariant under all multipliers, Theo-
rem 6.68 does apply to arbitrary closed ideals of the group algebra L1(G),
where G is a locally compact Abelian group.

In the next theorem we add another equivalence, in terms of natural local
spectra, to those which have already been established in Theorem 6.60.

Theorem 6.69. Let A be a semi-simple commutative Banach algebra
and T ∈ M0(A). Then T is decomposable on A if and only if T has natural

local spectra and T̂ is hk-continuous on ∆(A).

Proof Suppose that T ∈ M0(A) is decomposable, or, equivalently, by The-

orem 6.60 that T̂ is hk-continuous on ∆(M(A)). Then also the restriction

T̂ |∆(A) is hk-continuous and T has natural local spectra by Theorem 6.68.

Conversely, suppose that T has natural local spectra and T̂ |∆(A) is hk-
continuous on ∆(A). By Theorem 6.54 the assumption on the natural local
spectra implies that AT (Ω) = ZT (Ω) for all closed subsets Ω ⊆ C. Moreover,
from part (iii) of Theorem 6.54 we know that T has the property (C), and
hence by Theorem 2.71 we have σ(T |AT (Ω)) = σ(T |ZT (Ω)) ⊆ Ω. Therefore



354 6. DECOMPOSABILITY

to prove the decomposability of T it suffices to show that the decomposi-
tion A = ZT (U) + ZT (V ) holds for an arbitrary open covering {U, V } of C.
Without loss of generality we may assume that 0 ∈ V .

Now, since V is open there exists an open disc D(0, ε) ⊆ V. By as-

sumption T ∈ M0(A), thus ϕT = T̂ |∆(A) vanishes at infinity and hence
T−1(C \ V ) is compact in ∆(A) with respect to the Gelfand topology.

Now, since T̂ |A is hk-continuous on ∆(A), the two sets ∆(A) \ T−1(U)
and ∆(A) \ T−1(V ) are disjoint hulls in ∆(A). By Theorem 4.22 it then
follows that there exists an element e ∈ A such that

ê ≡ 0 on ∆(A) \ T−1(U) and ê ≡ 1 on ∆(A) \ T−1(V ).

This implies that for every x ∈ A we have

supp êx ⊆ T−1(U) and supp ̂(x − ex) ⊆ T−1(V ),

so that ex ∈ ZT (U) and x− ex ∈ ZT (U). Therefore every x ∈ A admits the
decomposition

x = y + z with y := xe ∈ ZT (U), z := x − xe ∈ ZT (V ),

so T is decomposable on A.

It has been already observed that given a closed set Ω ⊆ C the two ideals
ZT (Ω) and the ideal AT (Ω) generally do not coincide. An example for which
this situation occurs is provided by a convolution operator T of A = L1(G),
G a locally compact Abelian group, without a natural spectrum. An example
of a such operator may be found in Section 4.10 of [214]. Obviously for
this operator the two ideals AT (Ω) and ZT (Ω) cannot coincide for all closed
subsets Ω of C, otherwise by Theorem 6.54 T would have a natural spectrum.

We want now show that under rather mild conditions on A, AT (Ω) is
dense in ZT (Ω). First we need the following preliminary result on regular
algebras.

Lemma 6.70. Let A be a commutative regular semi-simple Banach al-
gebra and x ∈ A for which supp x̂ is compact in ∆(A). Then

σT (x) = T̂ (supp x̂) for all T ∈ M(A).

Moreover, for all closed subsets Ω ⊆ C we have

(171) hA(AT (Ω)) = hA(ZT (Ω)) = ∆(A) \ T̂−1(Ω).

Proof Let x ∈ A be such that x̂ has compact support in ∆(A). Since A is
regular there exists by Theorem 4.22 an element z ∈ A such that ẑ ≡ 1 on
supp x̂. Let us consider the set:

J := {a ∈ A : supp â ⊆ supp x̂}.
Clearly, J is a closed ideal in A which is invariant under all multipliers in
M(A) and therefore is an ideal in M(A). Moreover, the multiplier S := T |J
satisfies the inclusion σT (x) ⊆ σS(x) ⊆ σ(S), and if we let u := Tz then
S = Lu|J , the restriction of Lu to J . Since A is regular, by Corollary 6.63
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and Theorem 6.64 it follows that S is decomposable on J , being the restric-
tion of a decomposable multiplication operator on A. Moreover, because J
semi-simple, see part (i) of Theorem 5.1, from Theorem 6.51 we obtain that

σ(S) = Ŝ(∆(J)). From the definition of the ideal J it easily follows that
∆(J) ⊆ supp x̂, where according Theorem 4.21 ∆(J) is canonically embed-
ded in ∆(A) . Putting together all these results and taking into account
that ẑ = 1 on supp x̂ we then obtain

σT (x) ⊆ σ(S) ⊆ â(supp x̂) = (T̂ ẑ)(supp x̂) = T̂ (supp x̂).

Since the reverse inclusion T̂ (supp x̂) ⊆ σT (x) holds for all x ∈ A, we

conclude that σT (x) = T̂ (supp x̂).
To show that the equality (171) is satisfied, let us consider an arbitrary

closed set Ω ⊆ C. Clearly, from the definition of a hull we have

hA(AT (Ω)) ⊇ h(ZT (Ω)) ⊇ ∆(A) \ T̂−1(Ω)).

To show the opposite inclusion let m /∈ ∆(A) \ T̂−1(Ω). Then m lies in the

interior of T̂−1(Ω), and since ∆(A) is locally compact the regularity of A
entails that there exists some x ∈ A such that x̂(m) = 1 and supp x̂ is

compactly contained in T̂−1(Ω). By the first part of the proof we obtain

σT (x) = T̂ (supp x̂) ⊆ Ω,

and hence x ∈ AT (Ω). Since m(x) �= 0 it then follows that m /∈ hA(AT (Ω)),

and hence the inclusion T̂−1(Ω) ⊆ ∆(A) \ T̂−1(Ω) is proved, so the identities
(171) are satisfied.

Theorem 6.71. Suppose that A is a commutative semi-simple regular
Tauberian commutative Banach algebra and has approximate units. If T ∈
M(A) then

ZT (Ω) = AT (Ω) for all closed sets Ω ⊆ C.

Proof The inclusion AT (Ω) ⊆ ZT (Ω) has been observed in part (i) of
Theorem 6.54 without any assumption on A. Obviously, since ZT (Ω) is

closed then AT (Ω) ⊆ ZT (Ω).
To show the reverse inclusion let us consider an element x ∈ ZT (Ω) and

take ε > 0. Since A has approximate units we can find an element u ∈ A
such that ‖x − ux‖ < ε. Furthermore, since A is Tauberian there exists an

element v ∈ A such that supp v̂ is compact and ‖u− v‖ <
ε

1 + ‖x‖ . Clearly

‖x−vx‖ < 2ε and vx ∈ ZT (Ω). Moreover, v̂x has compact support, so from
Lemma 6.70 we obtain

σT (vx) = T̂ (supp v̂x) ⊆ Ω,

and therefore vx ∈ AT (Ω). Since ‖x − vx‖ < 2ε and ε is arbitrary we then

conclude that x ∈ AT (Ω) .
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The next theorem shows that under certain conditions on A the property
of having natural local spectra is equivalent to the Dunford property (C).
In particular the next result applies to every convolution operator Tµ on
L1(G), with G a locally compact Abelian group.

Theorem 6.72. Assume that the commutative semi-simple Banach al-
gebra A is regular and Tauberian. If A has an approximate identity and
T ∈ M(A) then the following conditions are equivalent:

(i) T has natural local spectra;

(ii) T has the property (C).

Furthermore, if T ∈ M0(A) then the conditions (i) and (ii) are equivalent
to each one of the conditions (i)-(vii) of Theorem 6.60.

Proof (i) ⇒ (ii) By Theorem 6.71 we know that ZT (Ω) = AT (Ω) for all
closed Ω ⊆ C. Since by assumption T has natural local spectra, by Theorem
6.54 we also have AT (Ω) = ZT (Ω), from which we conclude that AT (Ω) is
closed for every closed Ω ⊆ C.

(ii) ⇒ (i) By assumption the local spectral subspace AT (Ω) is closed for

every closed Ω ⊆ C, so again by Theorem 6.71 AT (Ω) = AT (Ω) = ZT (Ω).
From part (ii) of Theorem 6.54 we conclude that T has natural local spectra.

The last assertion is clear: if T is decomposable then T has the property
(C), by Theorem 6.19. Conversely, if T ∈ M0(A) has natural local spectra,

from the regularity of A it follows that T̂ is hk-continuous on ∆(A) and
hence, by Theorem 6.69, T is decomposable.

The next result establishes for a multiplier T ∈ M(A), two formulas
for the local spectrum and the local spectral subspace of the corresponding
multiplication operator LT : M(A) → M(A).

Theorem 6.73. Let A be a semi-prime commutative Banach algebra
and T ∈ M(A). For every closed set Ω ⊆ C we have

(172) σLT
(S) =

⋃

a∈A

σT (Sa) for all S ∈ M(A),

and
M(A)LT

(Ω) = {S ∈ M(A) : S(A) ⊆ AT (Ω)}
for every closed subset Ω ⊆ C.

Proof It is easy to verify that for an arbitrary multiplier S ∈ M(A), the
local spectrum of LT at S contains the set

⋃
a∈A σT (Sa) as well as its closure.

Conversely, suppose that λ is an interior point of
⋂

a∈A ρT (Sa). Then,
for some neighborhood U of λ there is for every a ∈ A an analytic function
fa : U → A which satisfies the identity

(µI − T )fa(µ) = Sa for all µ ∈ U .

Fix µ ∈ U and define the mapping Wµ : A → A by

Wµ(a) := fa(µ) for all a ∈ A.
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Clearly (µLI − LT )Wµ = S. Hence it only remains to show that Wµ is a
multiplier of A and that Wµ depends analytically on µ ∈ U .

To prove that Wµ ∈ M(A) let us consider two arbitrarily given elements
a, b ∈ A. Let η := aWµ(b) − Wµ(a)b. Clearly

(µI − T )(η) = aS(b) − S(a)b = 0,

and hence η ∈ ker (µI − T ) ⊆ AT ({µ}. On the other hand, we have

σT (Wµ(a)) = σT (fa(µ)) = σT (Sa)

and

σT (Wµ(b)) = σT (fb(µ)) = σT (Sb),

which implies η ∈ AT (σT (Sa) ∩ σT (Sb)). Since µ /∈ σT (Sa) ∪ σT (Sb) and T
has the SVEP we conclude that η = 0, and hence

aWµ(b) = Wµ(a)b for all a, b ∈ A,

so Wµ ∈ M(A). To show that the operator Wµ depends analytically on
µ ∈ U fix µ ∈ U and choose δ > 0 such that the closed disc D(λ, 2δ) is
contained in U . Then for each a ∈ A, if we let

Ma := sup
z∈D(λ,2δ)

‖fa(z)‖,

by means of a standard application of Cauchy’s formula to the analytic
function fa we obtain the estimate

∥∥∥∥
(Wξ(a) − Wµ(a))

ξ − µ

∥∥∥∥ =

∥∥∥∥
(fa(ξ) − fa(µ)

ξ − µ

∥∥∥∥ ≤
Ma

δ

for every ξ ∈ C with |ξ − µ| ≤ δ. By the uniform boundedness principle
there exists a constant M > 0 such that ‖Wξ − Wµ‖ ≤ M and hence

‖Wξ − Wµ‖ ≤ M |ξ − µ| for all ξ ∈ C with |ξ − µ| ≤ δ

This shows that the function ξ → Wξ is norm continuous at µ. From
the classical Morera Theorem we conclude that the function µ → Wµ is
analytic on U . Hence U is contained in the local resolvent of LT at S, and
this completes the proof of (172).

The last assertion follows immediately from the description of the local
spectra of LT .

6. Riesz multipliers

We wish now to find conditions for which a decomposable operator T
is a Riesz operator. In order to do this we first need a general result on
Banach spaces.

For a given operator T ∈ L(X) on a Banach space X let

Z(T ) := {S ∈ L(X) : TS = ST}
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be the commutant of T . Evidently Z(T ) is a closed subalgebra of L(X).
If LT : Z(T ) → Z(T ) is the operator of multiplication by T on Z(T ) it is
easily seen that σ(T ) = σ(LT ).

Lemma 6.74. If T ∈ L(X), where X is a Banach space, then T is Riesz
if and only if LT is Riesz.

Proof Obviously λ �= 0 is an isolated point of σ(T ) if and only if it is
an isolated point of σ(LT ). In this case the spectral projection P (λ,LT ) of
LT associated with the spectral set {λ} is related to the spectral projection
P (λ, T ) of T associated with {λ} by the identity

P (λ,LT )(S) = SP (λ, T ) for all S ∈ Z(T ).

Now, if S ∈ Z(T ) then S commutes with P (λ, T ), so X = X1 ⊕ X2 with
X1 := P (λ, T )(X) and X2 := kerP (λ, T ). Write T = T1 ⊕ T2, S = S1 ⊕ S2

and P (λ, T )S = S1 ⊕ W2, where S1 ∈ Z(T1). Therefore

P (λ,LT )(Z(T )) = {P (λ, T )S : S ∈ Z(T )} = {S1 ⊕ W2 : S1 ∈ Z(T1)}.
If T is a Riesz operator then 0 �= λ is an isolated point of σ(T ) and
dim (X1) < ∞. From this it follows that

dim (Z(T1)) ≤ dim L(X1) < ∞,

so dim P (λ,LT )(Z(T )) < ∞, and hence by Theorem 3.111, LT is a Riesz
operator on Z(T ).

Conversely, let LT be a Riesz operator on Z(T ) and 0 �= λ ∈ σ(T ). Then
λ is an isolated point of σ(LT ) and

dim P (λ,LT )(Z(T )) = dim (Z(T1)) < ∞.

Since the algebra generated by T1 is contained in Z(T1) it must be finite-
dimensional, so there exists a non-zero polynomial p such that p(T1) = 0.
But σ(T1) = {λ}, so (λI − T1)

k = {0} for some k ∈ N. If ker (λI − T1) is
infinite-dimensional then it contains an infinite linearly independent set {xn}
for which T1xn = λxn for all n ∈ N. Moreover, there exists 0 �= f ∈ X1

∗

such that T ∗f = λf . From this it easily follows that the infinite linearly
independent set {f ⊗ xn} of finite rank-one operators lies in Z(T1). Hence
ker (λI − T1) is finite-dimensional, so ker (λI − T1)

k = X1 and therefore T
is a Riesz operator.

We shall see now that several versions of the multiplication operator LT

acting on M(A), M0(A), and M00(A) as a Riesz operator are all equivalent.

Theorem 6.75. Let A be a semi-simple commutative Banach algebra
and T ∈ M(A). Then the following assertions are equivalent:

(i) T is a Riesz operator on A;

(ii) The multiplication operator LT is a Riesz operator on M(A);

(iii) T ∈ M0(A) and LT : M0(A) → M0(A) is a Riesz operator;

(iii) T ∈ M00(A) and LT : M00(A) → M00(A) is a Riesz operator.
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Proof (i) ⇔ (ii) If T ∈ M(A) then M(A) is a closed LT -invariant subspace
of Z(T ), and since LT is a Riesz operator on Z(T ) its restriction on M(A)
is still a Riesz operator, by part (iii) of Theorem 3.113.

Conversely, if LT is a Riesz operator on M(A), by Theorem 6.31 LT

is then super-decomposable on M(A), and by Theorem 6.34 the spectral
subspace M(A)LT

(Ω) is finite-dimensional for each closed set Ω ⊆ C \ {0}.
From the inclusion AT (Ω) ⊆ M(A)LT

(Ω) we then deduce that also AT (Ω)
is finite-dimensional for each closed set Ω ⊆ C \ {0}. Moreover, the super-
decomposability of LT on M(A) yields by Theorem 6.51 that T is decom-
posable operator, from which, again by Theorem 6.34, we conclude that T
is a Riesz operator on A.

(i) ⇒ (iii) Suppose that T is a Riesz operator on A or, equivalently, that
LT is a Riesz operator on M(A). Then each λ ∈ σ(T ) \ {0} is an isolated
point of the spectrum and the ideal J := (λI−T )(A) is finite-codimensional.
By Theorem 4.38 and Corollary 4.39

hA(J) = {m ∈ ∆(A) : T̂ (m) = λ} = T̂−1({λ}) ∩ ∆(A)

is then a finite set. Let Ω be a closed set of C such that 0 /∈ Ω. Evidently
Ω ∩ σ(T ) is a finite set, and we can consider an open subset U of C such

that Ω ∩ σ(T ) = U ∩ σ(T ). Since T̂ (∆(A)) ⊆ σ(T ), by part (ii) of Theorem
7.79 it then follows that

T̂−1(Ω) ∩ ∆(A) = T̂−1(U) ∩ ∆(A),

from which we conclude that T̂−1(Ω)∩∆(A) is a finite set of isolated points
in ∆(A). This shows, in particular, that T ∈ M0(A).

It remains to prove that LT is a Riesz operator on M0(A). This is a
consequence of part (iii) of Theorem 3.113, since LT : M0(A) → M0(A) is
the restriction of the Riesz operator LT acting on M(A).

(iii) ⇒ (iv) Since LT is decomposable on M0(A), by part (iii) of Theorem
6.64 the two operators LT and T are then decomposable on M00(A) and A,
respectively. Moreover, as T ∈ M0(A), from Theorem 6.60 we conclude that
T ∈ M00(A).

(iv) ⇒ (i) We have A ⊆ M00(A) so part (iii) of Theorem 6.64 entails
that T is decomposable operator on A. Since LT is a Riesz operator on
M00(A), from Theorem 6.34 we then obtain that the local spectral subspace
M00(A)LT

(Ω) is finite-dimensional for each closed set Ω ⊆ C \ {0}. From
the inclusion AT (Ω) ⊆ M(A)LT

(Ω) we conclude that also AT (Ω) is finite-
dimensional for every closed set Ω ⊆ C \ {0}. Since T is a decomposable
operator this last fact implies, again by Theorem 6.34, that T is a Riesz
operator.

Another useful characterization of Riesz multipliers is given by the next
theorem.

Theorem 6.76. Let A be a semi-simple commutative Banach algebra
and let T ∈ M(A). Then T is a Riesz operator on A precisely when T ∈
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M00(A), and for each closed subset Ω contained in C \ {0} the set T̂−1(Ω)∩
∆(A) is a finite set of isolated points in ∆(A).

Proof From Theorem 6.75 we know that if T is a Riesz operator on A then
T ∈ M00(A). Moreover, from the proof of the implication (i) ⇒ (iii) we see

that for each closed subset Ω contained in C \ {0} the set T̂−1(Ω)∩∆(A) is
finite.

Conversely, suppose that for T ∈ M00(A) the set T̂−1(Ω) ∩ ∆(A) is
finite for every closed subset Ω contained in C \ {0}. To show that T is a
Riesz operator it suffices, by Theorem 6.75, to show that the multiplication

operator LT on M(A) is a Riesz operator. Since σ(T ) ⊆ T̂ (∆(A)) ∪ {0} for
each T ∈ M00(A), our assumption entails that σ(T ) is countable. From the
equality σ(T ) = σ(LT ) and from Theorem 6.31 we then obtain that LT is
super-decomposable on M(A).

We show now that the space M(A)LT
(Ω) is finite-dimensional for every

closed subset Ω contained in C\{0}. Note first that our assumption implies

that T̂−1(Ω) ∩ ∆(A) is both compact and open in the Gelfand topology of
∆(A). By Theorem 4.22 then we can find an element u ∈ A such that

û ≡ 1 on T̂−1(Ω) ∩ ∆(A) and û ≡ 0 on ∆(A) \ T̂−1(Ω).

From Theorem 6.73 we know that if S ∈ M(A)LT
(Ω) then S(A) ⊆ AT (Ω) ⊆

ZT (Ω), so that

supp Ŝx ⊆ T̂−1(Ω) ∩ ∆(A) for all x ∈ A.

From this we obtain that Ŝx = ûSx, and since A is semi-simple it then
follows that Sx = uSx = (Su)x for all x ∈ A. Hence S is the multiplica-
tion operator by Su. From the inclusion A ⊆ M(A) we then obtain that

M(A)LT
(Ω) ⊆ ZT (Ω). Finally, since T̂−1(Ω)∩∆(A) is finite and the Gelfand

transform is injective, ZT (Ω) is then finite-dimensional. Therefore the sub-
space M(A)LT

(Ω) is finite-dimensional for every closed subset Ω contained
in C \ {0}, and the decomposability of LT then implies by Theorem 6.34
that LT is a Riesz operator on M(A).

Let us consider the important case that T ∈ M0(A) for a semi-simple
commutative Banach algebra having a discrete maximal regular ideal space.
We see now that to the equivalent conditions of Theorem 6.60 we can add
some other significant conditions.

Theorem 6.77. Let A be a semi-simple Banach algebra for which ∆(A)
is discrete. If T ∈ M0(A) then the following assertions are equivalent:

(i) T is decomposable;

(ii) T has natural local spectra;

(iii) T has natural spectrum;

(iv) σ(T ) is countable;

(v) T is a Riesz operator;
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(vi) Every 0 �= λ ∈ σ(T ) is a simple pole of R(λ, T );

(vii) T ∈ M00(A).

Proof Observe first that the algebra A is regular, since ∆(A) is discrete,
so the Gelfand topology and the hk-topology coincide on ∆(A). Therefore

T̂ is hk-continuous and from Theorem 6.69 it follows that the equivalence
(i) ⇔ (ii) holds. The equivalence (i) ⇔ (vii) is clear from Corollary 6.61,
while the implication (i) ⇒ (iii) follows from Theorem 6.49.

To show the implication (iii) ⇒ (iv) assume that T has a natural spec-
trum. Since T ∈ M0(A), by Theorem 7.79 we have

σ(T ) = T̂ (∆(A)) = T̂ (∆(A) ∪ {0}.
For every n ∈ N let Ωn := {m ∈ ∆(A) : |T̂ (m)| ≥ 1/n}. Clearly Ωn is

compact and countable, hence T̂ (Ωn) is a countable subset of C. Since

T̂ (∆(A)) \ {0} =
⋃

n∈�

T̂ (Ωn)

we then conclude that T̂ (∆(A)) is countable and hence also the spectrum
σ(T ) is countable.

Finally, by Theorem 6.49 we have (iv) ⇒ (i) so the statements (i)–(iv)
are equivalent. From Theorem 3.111 we have (v) ⇒ (vi) ⇒ (iv), whilst
the implication (vii) ⇒ (v) easily follows from Theorem 6.76, since ∆(A) is
discrete.

7. Decomposable convolution operators

In this section we shall apply the general results established in the pre-
ceeding sections to convolution operators on group algebras. Consider an
arbitrary locally compact Abelian group G and let M(G) denote the mea-
sure algebra of all complex regular Borel measures. We know that the group
algebra A := L1(G) is a commutative semi-simple Banach algebra with a

bounded approximate identity and ∆(L1(G) = Ĝ, Ĝ the dual group of G.
Moreover, the multiplier algebra M(A) may be identified by convolution
with the semi-simple Banach algebra M(G). By Theorem 4.32, for every
µ ∈ M(G) the convolution operator Tµ has the SVEP and hence

σ(µ) = σ(Tµ) = σsu(Tµ),

whilst from Theorem 5.88, L1(G) being regular and Tauberian we obtain

σ(µ) = σap(Tµ) = σse(Tµ).

As was observed after Theorem 5.54, if G is compact, we also have

σr(T ) = ∅ and σp(Tµ) = µ̂(Ĝ).

The ideal M0(A), if A = L1(G), becomes the ideal M0(G) of all measures

µ ∈ M(G) whose Fourier–Stieltjes transforms µ̂ : Ĝ → C vanish at infinity.
Again, M00(A) is identified with the ideal M00(G) of all measures µ ∈ M(G)
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whose Fourier–Stieltjes transforms µ̂ : ∆(M(G) → C vanish outside Ĝ.
Finally, identifying, via the Radom–Nykodim theorem, L1(G) with the ideal
Ma(G) of all measures on G which are absolutely continuous with respect
to the Haar measure on G we have

L1(G) = Ma(G) ⊆ M00(G) ⊆ Mo(G) ⊆ M(G).

Compact and Riesz convolution operators are precisely described if the group
G is compact. In fact, from Corollary 5.62 we have

Tµ is compact ⇔ µ ∈ Ma(G),

whilst from Theorem 6.77

Tµ is Riesz ⇔ µ ∈ M00(G).

For an arbitrary measure µ ∈ M(G) the Browder spectrum σb(Tµ) and the
Weyl spectrum σw(Tµ) coincide, since Tµ has the SVEP. If G is compact and
µ ∈ M0(G), to the description of these spectra given in Corollary 5.113 for
an arbitrary measure, we may add, by virtue of Theorem 6.77, the following
characterizations

σw(Tµ) = σb(Tµ) =
⋂

ν∈DecM(G)

σ(µ + ν)

=
⋂

{σ(µ + ν) : σ(ν) is countable}.
Specializing the results of Theorem 7.79, Theorem 6.51, and Theorem

6.68 to the special case Tµ : M(G) → M(G) we also obtain:

Theorem 6.78. For every µ ∈ M(G) the convolution operator Tµ on
M(G) is decomposable if and only if µ̂ is hk-continuous on ∆(M(G)). In
this case, if A = L1(G) the restriction Tµ|A is also decomposable and

σM(G)(µ) = σ(Tµ) = σ(Tµ|L1(G)) = µ̂(Ĝ).

Moreover, for every closed subset Ω ⊆ C the local spectral subspaces of Tµ|A
are given by

ATµ|A(Ω) =
⋃

λ/∈Ω

[(λδo − µ) ⋆ L1(G)] = {f ∈ L1(G) : supp x̂ ⊆ µ̂−1(Ω)},

where δ0 denotes the Dirac measure concentrated at the identity and the

Fourier transforms are taken with respect to the dual group Ĝ.

Theorem 6.78 provides us an useful tool for giving classes of measures for
which the corresponding convolution operators is decomposable on M(G)
or L1(G). Note that since L1(G) is regular then by Theorem 6.66 M00(G)
is a closed regular algebra of M(G), and hence, again by Theorem 6.66, the
following inclusions always hold

M00(G) ⊆ Reg (M(G)) ⊆ Dec (M(G)).

Suppose now that H is a closed subgroup of G. Then L1(H) may be canon-
ically identified with the space of all measures on G which are concentrated
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on H and absolutely continuous with respect the Haar measure on H. From
this it follows that L1(H) is a closed regular subalgebra of M(G), thus

L1(H) ⊆ Reg (M(G)) ⊆ Dec (M(G)) ⊆ Md(M(G)),

where Md(M(G)) denotes the set of all decomposable convolutions oper-
ators.Observe that if H is a non-trivial subgroup of G then all measures
in L1(H) are singular with respect to the Haar measure on G. Hence
Reg (M(G)) and therefore Dec (M(G)) may contain singular measures.
Also the subalgebra Mdis(G) of all discrete measures on G is contained in
Dec (M(G)). Indeed, Mdis(G) may be canonically identified with the regu-
lar closed subalgebra L1(Gdisc) of M(G), where Gdis is G provided with the
discrete topology. Since Dec (M(G)) is a subalgebra then

M00(G) + L1(H) + Mdis(G) ⊆ Dec (M(G)).

By Theorem 6.78 we then have:

Corollary 6.79. For every µ ∈ M00(G)+L1(H)+Mdis(G), the opera-
tor Tµ is decomposable both on M(G) and L1(G) with σ(Tµ) = σ(Tµ|L1(G)) =

µ̂(Ĝ).

Observe that Corollary 6.79 applies to all measures whose continuous
part is absolutely continuous. Hence Corollary 6.79 extends classical results
established by Beurling [67] in the case G = R and of Hartman [155] for
the circle group G = T. Although Corollary 6.79 identifies some classes of
measures µ ∈ M(G) for which the corresponding convolution operator Tµ is
decomposable, a full characterization of all these measures is still missing.
Now we turn to the subalgebra Mo(G). The following result is an immediate
consequence of Corollary 6.60, Corollary 6.61 and Theorem 6.72.

Theorem 6.80. Let G be a locally compact Abelian group. For every
µ ∈ Mo(G) the following statements are equivalent:

(i) Tµ : M(G) → M(G) is decomposable;

(ii) Tµ : M(G) → M(G) is super-decomposable;

(iii) Tµ : L1(G) → L1(G) is decomposable;

(iv) Tµ : L1(G) → L1(G) is super-decomposable;

(v) µ̂ is hk-continuous on ∆(M(G));

(vi) µ ∈ M00(G);

(vii) Tµ : L1(G) → L1(G) has local natural spectra;
(viii) Tµ : L1(G) → L1(G) has the property (δ);

(ix) Tµ : L1(G) → L1(G) has the property (C).

If G is compact, by virtue of Theorem 6.77 the list of equivalent condi-
tions of Theorem 6.80 may be extended as follows:
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Theorem 6.81. Let G be a compact Abelian group. For every µ ∈
Mo(G) the conditions (i)–(ix) are equivalent to each one of the following
statement:

(i) µ has natural spectrum, i.e., σ(µ) = µ̂(Ĝ);

(ii) σ(µ) is countable;

(iii) Tµ is a Riesz operator;

(iv) Every 0 �= λ ∈ σ(Tµ) is a simple pole of R(λ, Tµ).

We know that if the group G is discrete then the algebra L1(G) has
an identity. In this case the measure algebra M(G) may be identified with
L1(G), so that all convolution operators Tµ are decomposable by Corollary
6.63. By Theorem 6.49 Tµ then has natural spectrum whenever G is dis-
crete.

From Theorem 6.81 we see that for every measure µ ∈ Mo(G) with
natural spectrum the corresponding convolution operator Tµ is decompos-
able. For non-compact groups this is no longer true in general. In fact, a
non-discrete locally compact Abelian group G is not compact if and only
if there exists a measure µ ∈ M0(G) having a natural spectrum without
natural local spectra, see Theorem 4.11.9 of [214]. Other examples of non-
decomposable convolution operators Tµ, with µ ∈ Mo(G), are provided by
non-zero measures µ ∈ Mo(G), G a locally compact Abelian group, such
that µn is singular with respect to the Haar measure for all n ∈ N, see
Theorem 4.11.12 of Laursen and Neumann [214].

7.1. Comments. The concept of spectral maximal space has been ex-
plicitly introduced for the first time by Foiaş in [120]. The work of Foiaş has
some ideas and results in common with those of the article [70] of Bishop.
The spectral maximal space was introduced in order to obtain spectral de-
compositions for a bounded operator in a Banach space, with respect to
subsets of the spectrum. This led to a class of operators which have suffi-
ciently many spectral maximal spaces: the decomposable operators. Hence
the original definition of decomposable operator, given by Foiaş in [120],
involved the concept of spectral maximal space, and this is, for instance, the
approach to this theory in the books by Colojoară and Foiaş [83] and by
Erdelyi and Lange [105]. That the notion of decomposable operators can
be given, in easier way, in terms of closed invariant subspaces was clarified
in 1979 by Albrecht [38]. This is also the approach to this theory of the
modern text of Laursen and Neumann [214], see also the monograph by
Vasilescu [309]. Other equivalent conditions for the decomposability may
be found in Jafarian and Vasilescu [173], Radjabalipour [269], Lange [195],
Lange and Wang [196]. The decomposability of an operator may be also
characterized by means of the concept of spectral capacity, see for instance
Theorem 1.2.23 of Laursen and Neumann [214].

All the second section of our book is modeled after Albrecht [38]. The
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property (β), which was introduced by Bishop [70], plays a remarkable role
in local spectral theory. The fact that the decomposability of an operator
T ∈ L(X), X a Banach space, is the conjuction of the weaker conditions
(β) and (δ) has been observed in Albrecht et al. [41]. That the properties
(β) and (δ) are the dual of each other has been proved by Albrecht, and
Eschmeier [42]. The remarkable characterization of property (β) is that
T ∈ L(X) has the property (β) if and only if the restriction of T to every
closed invariant subspace is decomposable, as well as the dual result that the
property (δ) characterizes the quotients of decomposable operators by closed
invariant subspaces, is owed to Albrecht and Eschmeier [42]. It should be
noted that recently Eschmeier [111] has proved that if T ∈ L(X) satisfies
the SVEP then T has the property (β) on the Fredholm resolvent ρf(T ).
Here T is said to have the property (β) on an open set U if the mapping
defined as in (159) is injective with closed range for each open subset V.
The proof of this result uses tools from the theory of analytic sheaves.

The class of super-decomposable operators was introduced by Laursen
and Neumann in [209], from which almost all the material of the third sec-
tion is taken. Further elements of the theory of super-decomposable opera-
tors may be found in Albrecht et al. [41], Erdely and Wang [106], Rădulescu
and Vasilescu [270]. That an operator T ∈ L(X) is super-decomposable if
and only if T is decomposable and L(X) is normal with respect to T was
proved by Apostol [47]. Theorem 6.33 is owed to Eschmeier [109].

The local spectral characterization of Riesz operators established in The-
orem 6.34 is taken from Aiena and Laursen [28] while the remaining part
of the section on decomposable right shift operators is modeled after T. L.
Miller, V. G. Miller, and Neumann [238].

Theorem 6.47 is owed to Neumann [243]. The problem of decomposabil-
ity for a multiplier has been first considered by Colojoară and Foiaş in [83].
For a general locally compact Abelian group they considered the multiplica-
tion operator given by a fixed element of a regular semi-simple commutative
Banach algebra of which the group algebra L1(G) is an example. They
showed that any such multiplication operator is decomposable. Colojoară
and Foiaş also posed the problem of describing all the measures µ ∈ M(G)
for which the corresponding convolution operator Tµ is decomposable.

In 1982 Albrecht [36] and Eschemeier [109] independently showed that
if G is non-discrete there always exists a non decomposable convolution op-
erator. Moreover, they showed that the convolution operator corresponding
to any measure on G whose continuous part is absolutely continuous with
respect to the Haar measure on G is decomposable on L1(G). Some other
results in this direction have been proved by Laursen and Neumann [210],
but untill now a measure-theoretic characterization of decomposable convo-
lution operators Tµ on group algebras is still missing.

The part concerning the hk-topology on ∆(A) contains standard mate-
rial from Banach algebra theory, except for Theorem 6.47 which is taken
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from Neumann [243]. The part concerning the property (δ) in the frame-
work of multiplier theory is modeled after Laursen and Neumann [211],
but some ideas, in particular those concerning the result of Theorem 6.49,
traced back to Albrecht [40] and Eschmeier [109]. The investigation of
Zafran [330] of the spectra of the multipliers of convolution operators on
Lp(G) dates back to 1973. He considered the problem of characterizing those
measures µ ∈ M(G), G a locally compact Abelian group, which induce con-
volution operators Tµ on L1(G) having a natural spectrum. He also found
an example of a measure µ ∈ M(G) which has a non-natural spectrum.

All the material of the section concerning the relationships between the
decomposability of a multiplier T ∈ M(A), the hk-continuity of its Gelfand
transform on ∆(A) and ∆(M(A)), and the property of having a natural
spectrum, is entirely based on the paper of Laursen and Neumann[206].

That every multiplication operator on a regular semi-simple commuta-
tive Banach algebra is decomposable was first noted by Colojoară and Foiaş
in [83]. Later it was observed by Frunza [118] that the decomposability
of all multiplication operators characterizes the regularity of a semi-simple
commutative Banach algebra. To Neumann [243] is owed the improvement
of these results, given here in Corollary 6.62, which showed that the de-
composability of a multiplication operator La : A → A, a ∈ A, on an
arbitrary semi-simple commutative Banach algebra A is equivalent to the
hk-continuity of the Gelfand transform â : ∆(A) → C. In this paper there
are also proved the related results contained in Corollary 6.63, Theorem
6.64. The existence of a greatest regular subalgebra was discovered by Al-
brecht [38] in the semi-simple case. The proof here given in Theorem 6.65
is that given in Neumann [243].

The concept of local natural spectra was introduced by Eschmeier, Laursen,
and Neumann [112]. In this paper one can find all the material developed
in the section of multipliers with natural local spectra, except for Theorem
6.68, which was proved in Laursen and Neumann [210]. The result on the
section of Riesz multipliers are modeled after Aiena [5], Aiena and Laursen
[28], Laursen and Neumann [209] and Eschmeier, Laursen, and Neumann
[112]. The characterization of Riesz multipliers given in Theorem 6.76 was
established by Neumann [246].

The last section concerning the decomposability of a convolution op-
erator is taken from Laursen and Neumann [210] and extends results of
Albrecht [40], Laursen and Neumann [209]. The characterization of Riesz
convolution operators given in Theorem 6.81 was first obtained in Aiena [5].
All these results are strongly influenced by the work of Zafran [330] which
introduced the concept of natural spectrum for convolution operators.



CHAPTER 7

Perturbation classes of operators

In this chapter we concentrate our attention on some perturbation classes
of operators which occur in Fredholm theory. In this theory we find two fun-
damentally different classes of operators: semi-groups, such as the class of
Fredholm operators, the classes of upper and lower semi-Fredholm operators,
and ideals of operators, such as the classes of finite-dimensional, compact
operators.

A perturbation class associated with one of these semi-groups is a class
of operators T for which the sum of T with an operator of the semi-group is
still an element of the semi-group. A paradigm of a perturbation class is, for
instance, the class of all compact operators: on adding a compact operator
to a Fredholm operator we obtain a Fredholm operator. For this reason
the perturbation classes of operators are often called classes of admissible
perturbations. In the first section of this chapter we shall see that the class
of inessential operators is the class of all admissible perturbations, since it
is the biggest perturbation class of the semi-group of all Fredholm opera-
tors, as well as the semi-groups of left Atkinson or right Atkinson operators.
These results will be established in the general framework of operators act-
ing between two different Banach spaces. Moreover, we shall see that the
class of inessential operators I(X, Y ) presents also an elegant duality theory.
In fact every operator T ∈ I(X, Y ) may be characterized either in terms of
nullity α or, alternatively, in terms of the deficiency β.

In the second section we shall introduce two classes of operators Ω+(X)
and Ω−(X) which are in a sense the dual of each other, and we shall see
that the ideal I(X) is the uniquely determined maximal ideal of Ω+(X)
operators, or, dually, of Ω−(X) operators. Moreover, every Riesz operator
belongs to each of the classes Ω+(X) and Ω−(X), and the Riesz operators
are precisely Ω+(X) operators, dually Ω−(X) operators, for which the spec-
trum is finite or a sequence with 0 as unique cluster point.

The third section addresses the study of two important classes of op-
erators, the class SS(X, Y ) of all strictly singular operators and the class
CS(X, Y ) of all strictly cosingular operators. Both these classes of oper-
ators are contained in I(X, Y ). If the sets Φ+(X, Y ) and Φ−(X, Y ) are
non-empty these two classes are contained, respectively, in the perturba-
tion class PΦ+(X, Y ) of upper semi-Fredholm and in the perturbation class
PΦ−(X, Y ) of lower semi-Fredholm operators. For many classical Banach
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spaces these inclusions are actually equalities, but we shall also give a re-
cent example of González [131] which shows that these inclusions are, in
general, proper. This counterexample, which solves an old open problem in
operator theory, is constructed by considering the Fredholm theory of a very
special class of Banach spaces: the class of indecomposable Banach spaces.
An indecomposable Banach space is a Banach space which cannot be split
into the direct sum of two infinite-dimensional closed subspaces. The exis-
tence of infinite-dimensional indecomposable Banach spaces has been a long
standing open problem and was raised by Banach in the early 1930s. This
problem has been positively solved by Gowers and Maurey, who constructed
in [137] an example of reflexive hereditarily indecomposable Banach space.
We also give several examples of Banach spaces X and Y for which the
equalities SS(X, Y ) = PΦ+(X, Y ) and SC(X, Y ) = PΦ−(X, Y ) hold.

The fourth section is devoted to the improjective operators Imp(X, Y )
between Banach spaces. This class of operators contains I(X, Y ) for all
Banach spaces, and it has been for several years an open problem whether
the two classes coincide. We shall give the recent counter example given by
Aiena and González [21], which shows that if Z is an indecomposable Banach
space Z which is neither hereditarily indecomposable nor quotient heredi-
tarily indecomposable, then I(Z) is properly contained in Imp(Z). Again
Gowers and Maurey [137] provide an example of a such Banach space. We
also see that for the most classical Banach spaces the improjective operators
coincide with the inessential operators, giving in such a way for these space
an intrinsic characterization of inessential operators. In the last section we
shall briefly discuss two notions of incomparability of Banach spaces which
originate from the class of all inessential and improjective operators. In
particular, from the theory of indecomposable Banach spaces we shall see
disprove that these two notions of incomparability do not coincide.

1. Inessential operators between Banach spaces

In Chapter 5 we have defined the inessential ideal I(X) (or Riesz ideal)
of operators on a complex Banach space X, as

I(X) := π−1(rad (L(X)/F (X)).

where π : L(X) → L(X)/F (X) denotes the canonical quotient mapping.
By the Atkinson characterization of Fredholm operators, T ∈ L(X) is a
Fredholm operator if and only if T is invertible modulo the ideal F (X) of all
finite-dimensional operators, or, equivalently, modulo the ideal K(X) of all
compact operators, see Section 5 of Chapter 5. From the characterization
(133) of the radical of an algebra we then obtain

I(X) = {T ∈ L(X) : I − ST ∈ Φ(X) for all S ∈ L(X)}(173)

= {T ∈ L(X) : I − TS ∈ Φ(X) for all S ∈ L(X)}.
Taking in (173) S = λI, with λ �= 0, we obtain that λI − T ∈ Φ(X) for

all λ �= 0, so every inessential operator is a Riesz operator.
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Note that by the results of Section 5 of Chapter 5 the set of Fredholm
operators Φ(X) coincides with the class of all operators T ∈ L(X) invertible
modulo every ideal of operators J(X) such that F (X) ⊆ J(X) ⊆ I(X).

Recall that if X and Y are Banach spaces the class of upper semi-
Fredholm operators is defined by

Φ+(X, Y ) := {T ∈ L(X, Y ) : α(T ) := dim ker T < ∞, T (X) closed},
whilst the class of lower semi-Fredholm operators is defined as

Φ−(X, Y ) := {T ∈ L(X, Y ) : β(T ) := codim T (X) < ∞}.
Observe that in the case X = Y the class Φ(X) is non-empty since the iden-
tity trivially is a Fredholm operator. This is a substantial difference from
the case in which X and Y are different. In fact, if T ∈ Φ(X, Y ) for some
infinite-dimensional Banach spaces X and Y then there exist two subspaces
M and N such that X = ker T ⊕M and Y = T (X)⊕N , with M and T (X)
closed infinite-dimensional subspaces of X and Y , respectively. The restric-
tion of T to M clearly has a bounded inverse, so the existence of a Fredholm
operator from X into a different Banach space Y implies the existence of
isomorphisms between some closed infinite-dimensional subspaces of X and
Y . For this reason, for certain Banach spaces X, Y no bounded Fredholm
operator from X to Y exists, i.e., Φ(X, Y ) = ∅. In this chapter we shall give
several examples of pairs of Banach spaces X, Y for which Φ(X, Y ) = ∅.

Throughout this chapter, given a closed subspace M of X we shall denote
by JM the canonical embedding of M into X, whilst the canonical quotient
map of X onto X/M will be denoted by QM . The identity operator on a
Banach space X will be denoted by IX .

The study of the following two classes of operators was initiated by
Atkinson [51].

Definition 7.1. If X and Y are Banach spaces then T ∈ L(X, Y ) is said
to be left Atkinson if there exists S ∈ L(Y, X) such that IX − ST ∈ K(X).
The operator T ∈ L(X, Y ) is said to be right Atkinson if there exists S ∈
L(Y, X) such that IY − TS ∈ K(X). The class of left Atkinson operators
and right Atkinson operators will be denoted by Φl(X, Y ) and Φr(X, Y ),
respectively.

Note that in the definitions above the ideal of compact operators may
be replaced by the ideal of finite-dimensional operators. The concept of
relatively regular operators introduced in Chapter 5 may be easily extended
to operators acting between different Banach spaces. Given T ∈ L(X, Y ), T
is said to be relatively regular if there exists S ∈ L(Y, X) such that TST = T .

Theorem 7.2. If T ∈ L(X, Y ) the following assertions hold:

(i) T is relatively regular if and only if ker T is complemented in X and
T (X) is complemented in Y ;

(ii) If for some U ∈ L(Y, X) the operator TUT − T is relatively regular
then T is relatively regular.
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Proof (i) In the proof of Theorem 3.88 it is shown that if T = TST then
TS is a projection of Y onto T (X), whilst IX − ST projects X onto kerT .
Conversely, suppose that X = kerT ⊕ M and Y = T (X) ⊕ N . Let T0 be
the restriction of T to M . Clearly T0 is a bijective map of M onto T (X).
Since T (X) is a Banach space it follows that T0

−1 is continuous, by the open
mapping theorem. Let Q be the (bounded) projection of Y onto T (X). It
is easily seen that S := T0

−1Q satisfies TST = T .

(ii) Suppose that R satisfies the equality

(TUT − T )R(TUT − T ) = TUT − T.

Then, rearranging this equality, we obtain

T = TUT − T (UT − I)R(TU − I)T

= T (U − UTRTU + RTU + UTR − R)T,

so T is relatively regular.

Theorem 7.3. Let X, Y , and Z be Banach spaces and T ∈ L(X, Y ).
Then the following assertions hold:

(i) T ∈ Φl(X, Y ) if and only if T ∈ Φ+(X, Y ) and kerT is complemented
in X;

(ii) T ∈ Φr(X, Y ) if and only if T ∈ Φ−(X, Y ) and T (X) is comple-
mented in Y ;

(iii) If T ∈ Φl(X, Y ) and S ∈ Φl(Y, Z) then ST ∈ Φl(X, Z). Analogously,
if T ∈ Φr(X, Y ) and S ∈ Φr(Y, Z) then ST ∈ Φr(X, Z). The sets Φl(X) and
Φr(X) are semi-groups in L(X);

(iv) Suppose that T ∈ L(X, Y ), S ∈ L(Y, Z) and ST ∈ Φl(X, Z). Then
S ∈ Φl(Y, Z). Analogously, suppose that T ∈ L(X, Y ), S ∈ L(Y, Z) and
ST ∈ Φr(X, Z). Then T ∈ Φr(Y, Z);

(v) Φ(X, Y ) = Φl(X, Y ) ∩ Φr(X, Y ).

Proof The proof of the assertions (i), (ii), (iii), (iv) is an useful exercise,
see Problems IV.13 of Lay and Taylor [217], or Caradus, Pfaffenberger, and
Yood [76, Theorem 4.3.2 and Theorem 4.3.3]. The equality (v) is clear, since
all finite-dimensional subspaces and all closed finite-codimensional subspaces
are complemented.

The characterization (173) of inessential operators acting on a single
Banach space X suggests how to extend the concept of inessential operators
to operators acting between different spaces.

Definition 7.4. A bounded operator T ∈ L(X, Y ), where X and Y are
Banach spaces, is said to be an inessential operator if IX − ST ∈ Φ(X) for
all S ∈ L(Y, X), where IX is the identity operator on X. The class of all
inessential operators is denoted by I(X, Y ).
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Theorem 7.5. I(X, Y ) is a closed subspace of L(X, Y ) which contains
K(X, Y ). Moreover, if T ∈ I(X, Y ), R1 ∈ L(Y, Z), and R2 ∈ L(W, X),
where X, Y and W are Banach spaces, then R1TR2 ∈ I(W, Z).

Proof To show that I(X, Y ) is a subspace of L(X, Y ) let T1, T2 ∈ I(X, Y ).
Then, given S ∈ L(Y, X), we have IX − ST1 ∈ Φ(X) and hence by the
Atkinson characterization of Fredholm operators IX − ST1 is invertible in
L(X) modulo K(X). Therefore there exist operators U1 ∈ L(X) and K1 ∈
K(X) such that U1(IX −ST1) = IX −K1. From the definition of inessential
operators we also have IX − U1ST2 ∈ Φ(X), so there are U2 ∈ L(X) and
K2 ∈ K(X) such that U2(IX − U1ST2) = IX − K2. Then

U2U1[IX − S(T1 + T2)] = U2(IX − K1 − U1ST2) = IX − K2 − U2K1.

Since K2 + U2K1 ∈ K(X) this shows that IX − S(T1 + T2) ∈ Φ(X) for all
S ∈ L(Y, X). Thus T1+T2 ∈ I(X, Y ) and hence I(X, Y ) is a linear subspace
of L(X, Y ).

The property of I(X, Y ) being closed is a simple consequence of Φ(X, Y )
being an open subset of L(X, Y ). Moreover, K(X, Y ) ⊆ I(X, Y ), since if
T ∈ K(X, Y ) then ST ∈ K(X) for every S ∈ L(Y, X), and hence IX −ST ∈
Φ(X).

To show the last assertion suppose that T ∈ L(X, Y ), R1 ∈ L(Y, Z)
and R2 ∈ L(W, X). We need to prove that IW − SR1TR2 ∈ Φ(W ) for all
S ∈ L(Z, W ). Given S ∈ L(Z, W ), as above, there exist U ∈ L(X) and
K ∈ K(X) with U(IX − R2SR1T ) = IX − K. Define

U0 := IW + SR1TUR2 and K0 := SR1TKR2.

Then K0 ∈ K(W ) and

U0(IW − SR1TR2) = IW − SR1TR2 + SR1TU(IX − R2SR1T )R2

= IW − SR1TR2 + SR1T (IX − K)R2

= IW − SR1TKR2 = IW − K0.

Therefore IW − SR1TR2 ∈ Φ(W ) for all S ∈ L(Z, W ). This shows that
R1TR2 ∈ I(W,Z).

For every operator T ∈ L(X, Y ) define by β(T ) the codimension of the
closure of T (X). Clearly β(T ) ≤ β(T ), and if β(T ) is finite then β(T ) = β(T )
since T (X) is closed by Corollary 1.15.

Lemma 7.6. If T ∈ L(X, Y ) and S ∈ L(Y, X) then the following equal-
ities hold:

(i) α(IX − ST ) = α(IY − TS);

(ii) β(IX − ST ) = β(IY − TS);

(iii) β(IX − ST ) = β(IY − TS).
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Proof Obviously T (ker(IX−ST )) ⊆ ker(IY −TS) and the induced operator

T̃ : ker(IX − ST ) → ker(IY − TS) is invertible, with inverse induced by S.
This proves (i). There is also the inclusion

T (IX − ST )(X) ⊆ (IY − TS)(Y )

and the induced operator

Ť : X/(IX − ST )(X) → Y/(IY − TS)(Y )

is invertible with inverse induced by S. This proves (ii), and the same
argument, replacing ranges by their closure, proves (iii). The last assertion
is obvious.

Corollary 7.7. T ∈ I(X, Y ) if and only if IY − TS ∈ Φ(Y ) for all
S ∈ L(Y, X).

Corollary 7.8. If T ∗ ∈ I(Y ∗, X∗) then T ∈ I(X, Y ).

Proof Suppose that T /∈ I(X, Y ). Then by definition there exists an
operator S ∈ L(Y, X) such that IX −ST /∈ Φ(X, Y ). By duality this implies
that IX

∗ − T ∗S∗ /∈ Φ(X∗) and hence T ∗ /∈ I(Y ∗, X∗), by Corollary 7.7.

The next result will be needed later.

Corollary 7.9. L(X, Y ) = I(X, Y ) if and only if L(Y, X) = I(Y, X).

In the sequel we describe the inessential operators in some concrete case.
The description of inessential operators in these cases requires quite a bit
of knowledge of the structure of some concrete Banach spaces. However, we
shall appropriately refer these results.

Example 7.10. If X is reflexive and Y has the Dunford–Pettis prop-
erty then I(X, Y ) = L(X, Y ). Recall that an operator T ∈ L(X, Y ) is said
to be completely continuous if T transforms relatively weakly compact sets
into relatively compact sets, whilst T is said weakly compact if transforms
bounded sets into relatively weakly compact sets. Note that if X or Y is
reflexive then every T ∈ L(X, Y ) is weakly compact, see Goldberg [129,
III.3.3].

A Banach space X has the Dunford–Pettis property if any weakly com-
pact operator T from X into another Banach spaces Y is completely con-
tinuous. Examples of Banach space having the Dunford–Pettis property are
the C(K) spaces, L1 spaces, the space of all bounded analytic functions on
the unit disc H∞(D), and some Sobolev spaces, see for instance Diestel [88]
and Bourgain [74].
To see that I(X, Y ) = L(X, Y ) observe first that every T ∈ L(X, Y ) is
weakly compact since X is reflexive, and every operator in L(Y, X is com-
pletely continuous. Given T ∈ L(X, Y ) then ST is compact for every
S ∈ L(Y, X), hence I − ST ∈ Φ(X).
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Example 7.11. I(X, Y ) = L(X, Y ) if X has the reciprocal Dunford–
Pettis property and Y has the Schur property. Recall that X is said to
have the reciprocal Dunford–Pettis property if every completely continuous
operator from X into any Banach spaces is weakly compact, whilst Y has
the Schur property if the identity IY is completely continuous. Examples
of Banach spaces with this property are any C(K) space, see Grothendieck
[142], as well as Banach spaces containing copies of ℓ1, see Emmanuele
[107]. The proof of the equality I(X, Y ) = L(X, Y ) is analogous to that of
the previous example.

Example 7.12. I(X, Y ) = L(X, Y ) if X contains no copies of ℓ∞ and
Y = ℓ∞, H∞(D), or a C(K), with K σ-Stonian. In fact, given a non-weakly
compact operator U ∈ L(C(K), X), K a σ-Stonian set (note that ℓ∞ is a
C(K) of this class), there exists a subspace M of C(K) isomorphic to ℓ∞, so
the restriction U |M is an isomorphism, see Rosenthal [281], and the same
happens for non-compact operators defined in H∞, see Bourgain [73]. In our
case each T ∈ L(Y, X) is then weakly compact. Moreover, since C(K) spaces
and H∞(D) have the Dunford–Pettis property T is completely continuous.
Thus for any S ∈ L(X, Y ) the product ST is completely continuous and
weakly compact. From this we obtain that (ST )2 is compact and hence a
Riesz operator. From part (ii) of Theorem 3.113 we then infer that ST is a
Riesz operator so that IY − ST ∈ Φ(Y ). Hence T is inessential.

Example 7.13. I(X, Y ) = L(X, Y ) if X contains no copies of c0 and
Y = C(K). This may be proved as in the previous example, since any C(K)
space has the Dunford–Pettis property, and every non-compact operator
defined in Y is an isomorphism in some subspace isomorphic to c0, see
Diestel and Uhl [89].

Example 7.14. I(X, Y ) = L(X, Y ) if X contains no complemented
copies of c0 and Y = C(K), or X contains no complemented copies of ℓ1

and Y = L1(µ). Note first that any copy of c0 in Y is complemented.
To show the first case, take S ∈ L(X, Y ) and T ∈ L(Y, X). If ST is not

weakly compact, then it is an isomorphism in a subspace M isomorphic to
c0 and T (M) is a complemented subspace isomorphic to c0 in X.

Assume now that X contains no complemented copies of ℓ1. Then X∗

contains no copies of ℓ∞, see Lindenstrauss and Tzafriri [221, 2.e.8], so
for every T ∈ L(X, Y ) we have T ∗ : L∞(µ) → X∗ is weakly compact,
see Rosenthal [281]. Then for every S ∈ L(Y, X) it follows, arguing as in
the Example 7.12, that (S∗T ∗)2 is compact, from which we conclude that
IY ∗ − S∗T ∗ is a Fredholm operator. Therefore also IY − TS ∈ Φ(Y ), and
consequently T is inessential.

Example 7.15. I(X, Y ) = L(X, Y ) whenever X or Y are ℓp, with
1 ≤ p ≤ ∞, or c0, and X, Y are different. In fact, for 1 ≤ p < q < ∞ every
operator from ℓq, or c0, into ℓp is compact, see Lindenstrauss and Tzafriri
[221, 2.c.3]. The case p = ∞ is covered by Example 7.12.
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In the sequel we shall need the following important perturbative char-
acterization of semi-Fredholm operators.

Theorem 7.16. Let T ∈ L(X, Y ) be a bounded operator on a Banach
space X, Y . Then the following assertions hold:

(i) T ∈ Φ+(X, Y ) if and only if α(T −K) < ∞ for all compact operators
K ∈ K(X, Y );

(ii) T ∈ Φ−(X, Y ) if and only if β(T −K) < ∞ for all compact operators
K ∈ K(X, Y ).

Proof (i) Since Φ+(X, Y ) is stable under compact perturbations, we have
only to show that if α(T −K) < ∞ for all compact operators K ∈ K(X, Y )
then T ∈ Φ+(X, Y ).

Suppose that T /∈ Φ+(X, Y ). Then T does not have a bounded inverse,

so there exists x1 ∈ X with ‖x1‖ = 1, such that ‖Tx1‖ ≤ 1

2
. By the Hahn

Banach theorem we can find an element f1 ∈ X∗ such that ‖f1‖ = 1 and
f1(x1) = 1. Let us consider a bi-orthogonal system {xk} and {fk} such that

‖xk‖ = 1, ‖Txk‖ ≤ 21−2k, and ‖fk‖ ≤ 2k−1 for all k = 1, 2, . . . n − 1.

Since the restriction of T to the closed subspace N :=
⋂n−1

k=1 ker fk does not
admit a bounded inverse, there is an element xn ∈ N such that ‖xn‖ = 1
and ‖Txk‖ ≤ 21−2n. Let g ∈ X∗ be such that g(xn) = 1 and ‖g‖ = 1. Define
fn ∈ X∗ by the assignment:

fn := g −
n−1∑

k=1

g(xk)fk.

Then fn(xk) = δnk for k = 1, 2, . . . , n and ‖fn‖ ≤ 2n−1. By means of an
inductive argument we can construct two sequences (xk) ⊂ X and (fk) ⊂ X∗

such that

‖xk‖ = 1, ‖fk‖ ≤ 2k−1, fk(xj) = δkj , and ‖Txk‖ ≤ 21−2k.

Define Kn ∈ L(X, Y ) by

Kn(x) :=
n∑

k=1

fk(x)Txk for all n ∈ N.

Clearly Kn is a finite-dimensional operator for every n, and for n > m the
following estimate holds:

‖(Kn − Km)x‖ ≤
n∑

k=m+1

2k−121−2k‖x‖,

so ‖Kn − Km‖ → 0 as m,n → ∞. If we define

Kx :=
∞∑

k=1

fk(x)Txk
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then Kn → K in the operator norm, so K is compact. Moreover, Kx = Tx
for any x = xk and this is also true for any linear combination of the elements
xk. Since these elements are linearly independent we then conclude that
α(T − K) = ∞. Hence the equivalence (i) is proved.

(ii) Also here one direction of the equivalence is immediate: suppose that
T ∈ Φ−(X, Y ) and K ∈ K(X, Y ). By duality we then have T ∈ Φ+(Y ∗, X∗)
and K∗ ∈ K(Y ∗, X∗). From this we obtain that T ∗ − K∗ ∈ Φ+(Y ∗, X∗),
and therefore, again by duality, T − K ∈ Φ−(X, Y ).

Suppose that T /∈ Φ−(X, Y ). Then either T (X) is closed and β(T ) = ∞
or T (X) is not closed. In the first case taking K = 0 we obtain β(T−K) = ∞
and we are finished. So assume that T (X) is not closed.

Let (an) be a sequence of integers defined inductively by

a1 := 2, an := 2

(
1 +

n−1∑

k=1

ak

)
, for n = 2, 3, . . .

We prove now that there exists a sequence (yk) in Y and a sequence (fk)
in Y ⋆ such that, for all k ∈ N, we have

(174) ‖yk‖ ≤ ak, ‖fk‖ = 1, ‖T ∗(fk)‖ <
1

2kak
, and fj(yk) = δjk.

We proceed by induction. Since T (X) is not closed, also T ∗(X∗) is not
closed, by Theorem 1.15. Hence there exists f1 ∈ Y ∗ such that ‖f1‖ = 1

and ‖T ∗f1‖ <
1

4
, and there exists y1 ∈ Y such that ‖y1‖ < 2 and f1(y1) = 1.

Suppose that there exist y1, y2, . . . , yn−1 in Y and f1, f2, . . . fn−1 in Y ∗

such that (174) hold for every j = 2, . . . , n − 1. Let fn ∈ Y ∗ be such

fn(yk) = 0 for k = 1, . . . , n − 1, ‖fn‖ = 1, ‖T ∗fn‖ <
1

2nan
.

There exists also y ∈ Y such that fn(y) = 1 and ‖y‖ < 2. Define

yn := y −
n−1∑

k=1

fk(y)yk.

Then

‖yn‖ ≤ ‖y‖
(

1 +
n−1∑

k=1

‖yk‖
)

≤ 2

(
1 +

n−1∑

k=1

ak

)
= an,

by the induction hypothesis. Furthermore, from the choice of the elements
yn and fn we see that fn(yn) = 1 while fn(yk) = 0 for all k = 1, 2, . . . , n.
Finally, fk(yn) = fk(y) − fk(y) = 0 for all k = 1, 2, . . . , n, so yn has the
desired properties.

By induction then there exist the two sequences sequence (yk) in Y and
a sequence (fk) in Y ⋆ which satisfy (174). We now define

Knx :=
n∑

k=1

(T ∗fk)(x)yk for n ∈ N.
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For n > m we obtain

‖Knx − Kmx‖ ≤
n∑

m+1

‖T ∗fk‖‖x‖‖yk‖ ≤
(

n∑

m+1

1

2k

)
‖x‖ ≤ ‖x‖

2m
,

and this implies that the finite-dimensional operator Kn converges to the
compact operator K ∈ K(X, Y ) defined by

Kx :=
∞∑

k=1

(T ∗fk)(x)yk.

For each x ∈ X and each k we have fk(Kx) = T ∗fk(x) = fk(Tx), so each
of the fk annihilates (T − K)(X). Since the fk are linearly independent we
then conclude that β(T − K) = ∞.

Next we show that the class of inessential operators I(X, Y ) presents a
perfect symmetry with respect to the defects α and β. We prove first that
the inessentiall operators may be characterized only by the nullity α(T ).

Theorem 7.17. For a bounded operator T ∈ L(X, Y , where X and Y
are Banach spaces, the following assertions are equivalent:

(i) T is inessential;

(iii) α(IX − ST ) < ∞ for all S ∈ L(Y, X);

(iii) α(IY − TS) < ∞ for all S ∈ L(Y, X).

Proof The implication (i) ⇒ (ii) is obvious by Corollary 7.7, whilst the
equivalence of (ii) and (iii) follows from Lemma 7.6. We prove the implica-
tion (ii) ⇒ (i).

Assume that the assertion (ii) holds. We claim that IX − ST ∈ Φ+(X)
for all S ∈ L(Y, X). Suppose that this is not true. Then there is an operator
S1 ∈ L(Y, X) such that IX − S1T /∈ Φ+(X). By part (i) of Theorem 7.16
there is then a compact operator K ∈ L(X) such that α(IX−S1T−K) = ∞.
Let M := ker (IX − S1T − K) and denote by JM the embedding map from
M into X. From (IX − S1T )|M = K|M it follows that

(175) KJM = (IX − S1T )JM .

But IX − K ∈ Φ(X), so by the Atkinson characterization of Fredholm
operators the exists U ∈ L(X) and a finite-dimensional operator P ∈ L(X)
such that

(176) U(IX − K) = IX − P.

Multiplying the left side of (175) by U we obtain

UKJM = U(IX − S1T )JM = UJM − US1TJM ,

which yields

US1TJM = UJM − UKJM = U(IX − K)JM .
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From the equality (176) we obtain US1TJM = (IX − P )JM and hence

(IX − US1T )JM = PJM .

Note that PJM is a finite-dimensional operator, so α(PJM ) = ∞. Clearly,

α(IX − US1T ) ≤ α(IX − US1T )JM = α(PJM ) = ∞,

and this contradicts our hypothesis. Therefore our claim is proved.
In particular, λI − ST ∈ Φ+(X) for all non-zero λ ∈ C, so ST is a

Riesz operator by Theorem 3.111, and this implies that IX − ST ∈ Φ(X).
Therefore T is inessential.

We show now that dually I(X, Y ) may be characterized only by means
of the deficiencies β(T ) and β(T ).

Theorem 7.18. For a bounded operator T ∈ L(X, Y , where X and Y
are Banach spaces, the following assertions are equivalent:

(i) T is inessential;

(ii) β(IX − ST ) < ∞ for all S ∈ L(Y, X);

(iii) β(IY − TS) < ∞ for all S ∈ L(Y, X).

Proof (i) ⇒ (ii) Since β(IX − ST ) ≤ β(IX − ST ), if T ∈ I(X, Y ) then
β(IX − ST ) < ∞. The implication (ii) ⇒ (iii) is clear from Lemma 7.6.

To prove the implication (iii) ⇒ (i) suppose that β(IY − TS) < ∞ for
all S ∈ L(Y, X). We show that IY − TS ∈ Φ−(Y ) for all S ∈ L(Y, X).
Suppose that this is not true. Then there exists an operator S1 ∈ L(Y, X)
such that (IY − TS1) /∈ Φ−(Y ). By part (ii) of Theorem 7.16 there is then
a compact operator K ∈ L(Y ) such that β(IY − TS1 − K) = ∞. Let

N := (IY − TS1 − K)(Y ) and denote by QN the canonical quotient map
from Y onto Y/N . Then

(177) QNK = QN (IY − TS1),

and since IY − K ∈ Φ(Y ) by the Atkinson characterization of Fredholm
operators there exists some U ∈ L(Y ) and a finite-dimensional operator
P ∈ L(Y ) such that

(178) (IY − K)U = IY − P.

Multiplying the right hand side of (177) by U we obtain

QNKU = QN (IY − TS1)U = QNU − QNTS1U,

which implies

QNTS1U = QNU − QNKU = QN (IY − K)U.

From the equality (178) we have QNTS1U = QN (IY −P ), and consequently

QN (IY − TS1U) = QNP.

The operator QNP is finite-dimensional operator, so its range is closed, and
therefore

QN (IY − TS1U)(Y ) = QN (IY − TS1U)(Y ).
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Now,

codim (IY − TS1U)(Y ) ≥ codim QN (IY − TS1U)(Y )

= codim QN (IY − TS1U)(Y )

= codim (QNP )(Y ) = ∞,

and hence β(IY − TS1U) = ∞, contradicting our hyphotesis. Therefore
IY − TS ∈ Φ−(Y ) for all S ∈ L(Y, X). In particular, λI − TS ∈ Φ−(Y ) for
all non-zero λ ∈ C, so TS is a Riesz operator by Theorem 3.111, and this
implies that IY − ST ∈ Φ(Y ). Therefore T is inessential by Corollary 7.7.

Corollary 7.19. For T ∈ L(X, Y ), where X and Y are Banach spaces,
the following statements are equivalent:

(i) T is inessential;

(ii) β(IX − ST ) < ∞ for all S ∈ L(Y, X);

(iii) β(IY − TS) < ∞ for all S ∈ L(Y, X).

Proof (i) ⇔ (ii) If T ∈ I(X, Y ) then β(IX −ST ) < ∞ for all S ∈ L(Y, X).
Conversely, if β(IX − ST ) < ∞ for all S ∈ L(Y, X), from β(IX − ST ) ≤
β(IX − ST ) and Theorem 7.18 we deduce that T ∈ I(X, Y ).

The equivalence (i) ⇔ (iii) is obvious by Lemma 7.7.

We now see that the inessential operators may be characterized as per-
turbation classes. In the sequel, given two Banach spaces X and Y , by
Σ(X, Y ) we shall denote any of the semi-groups Φ(X, Y ), Φ+(X, Y ), Φ−(X, Y ),
Φl(X, Y ) or Φr(X, Y ).

Definition 7.20. If Σ(X, Y ) �= ∅ the perturbation class PΣ(X, Y ) is
the set defined by

PΣ(X, Y ) := {T ∈ L(X, Y ) : T + Σ(X, Y ) ⊆ Σ(X, Y )}.
Note that PΣ(X) := PΣ(X, X) is always defined since I ∈ Σ(X) :=

Σ(X, X).

Theorem 7.21. Given two Banach spaces X, Y for which Σ(X, Y ) �=
∅, the following assertions hold:

(i) PΣ(X, Y ) is a closed linear subspace of L(X, Y );

(ii) If T ∈ PΣ(X, Y ), then both TS and UT belong to PΣ(X, Y ) for
every S ∈ L(X) and U ∈ L(Y );

(iii) PΣ(X) is a closed two-sided ideal of L(X).

Proof We show the assertions (i), (ii) and (iii) in the case Σ(X, Y ) =
Φ(X, Y ). The proof in the other cases is similar.

(i) Clearly PΦ(X, Y ) is a linear subspace of L(X, Y ). To show that
PΦ(X, Y ) is closed assume that Tn ∈ PΦ(X, Y ) converges to T ∈ L(X, Y ).
Given S ∈ Φ(X, Y ) there exists ε > 0 so that S + K ∈ Φ(X, Y ) for all
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‖K‖ < ε, see part (d) of Remark 1.54. Now, writing T +S = Tn+(T−Tn)+S
we see that T + S ∈ Φ(X, Y ). Therefore T ∈ PΦ(X, Y ).

(ii) Let T ∈ PΦ(X, Y ) and U ∈ L(Y ). Assume first that U is invertible.
For every S ∈ Φ(X, Y ) it then follows that

S + UT = U(U−1S + T ) ∈ PΦ(X, Y ).

Consequently UT ∈ PΦ(X, Y ). The general case that U is not invertible
may be reduced to the previous case, since every operator U is the sum of
two invertible operators U = λIX +(U−λIX), with 0 �= λ ∈ ρ(U). A similar
argument shows that TS ∈ PΦ(X, Y ) for every S ∈ L(X).

(iii) Clear.

We now characterize the inessential operators as the perturbation class
of Fredholm operators in the case of operators acting on a single Banach
space.

Theorem 7.22. For every Banach space X we have

I(X) = PΦ(X) = PΦl(X) = PΦr(X).

Proof We only prove that I(X) ⊆ PΦ(X). Let T ∈ I(X) and S be
any operator in Φ(X). We show that T + S ∈ Φ(X). Since S ∈ Φ(X)
there are by Theorem 1.53 some operators U ∈ L(X) and K ∈ K(X) such
that SU = I + K. Since T ∈ I(X) it then follows that I + UT ∈ Φ(X)

and hence also S(I + UT ) ∈ Φ(X), so the residual class ̂S(I + UT ) :=
S(I +UT )+K(X) is invertible in the quotient algebra L(X)/K(X), by the
Atkinson characterization of Fredholm operators.

On the other hand, since KT ∈ K(X) then

̂S(I + UT ) = Ŝ + ŜUT = Ŝ + ̂(I + K)T = Ŝ + T̂ K̂T = Ŝ + T ,

and hence Ŝ + T is invertible. Therefore S + T ∈ Φ(X), and hence since S
is arbitrary, T ∈ Φ(X).

To show the opposite implication suppose that T ∈ PΦ(X), namely
T + Φ(X) ⊆ Φ(X). We show first that I − ST ∈ Φ(X) for all S ∈ Φ(X).

If S ∈ Φ(X) there exists U ∈ L(X) and K ∈ K(X) such that SU =
I − K. Since U ∈ Φ(X), see part (c) of Remark 1.54, from the assumption
we infer that U − T ∈ Φ(X), and hence also

S(U − T ) = SU − ST = I − K − ST ∈ Φ(X).

Now, adding K to I−K−ST we conclude that I−ST ∈ Φ(X), as claimed.
To conclude the proof let W ∈ L(X) be arbitrary. Write W = λI+(W−λI),
with 0 �= λ ∈ ρ(T ) then

I − WT = I − (λI + (W − λI))T = −λT + (I − (λI − W )T )

and, since λI − W ∈ Φ(X), by the first part of the proof we obtain that
I−(λI−W )T ∈ Φ(X), so I−WT ∈ −λT +Φ(X) ⊆ Φ(X), which completes
the proof.
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We now extend the result of Theorem 7.22 to inessential operators acting
between different Banach spaces.

Theorem 7.23. Let Σ(X, Y ) denote one of the semi-groups Φ(X, Y ),
Φl(X, Y ), and Φr(X, Y ). If Σ(X, Y ) �= ∅ then PΣ(X, Y ) = I(X, Y ).

Proof Also here we prove only the equality PΦ(X, Y ) = I(X, Y ). The
other cases are analogous.

Let S ∈ Φ(X, Y ) and T ∈ I(X, Y ). Take U ∈ L(Y, X) and K(X, Y )
such that US = I −K. Note that U ∈ Φ(Y, X) by part (c) of Remark 1.54.
Then US ∈ Φ(X), and since UT ∈ I(X) from Theorem 7.22 we obtain
U(T + S) = UT + US ∈ Φ(X). From this it follows, again by part (c) of
Remark 1.54, that T + S ∈ Φ(X, Y ).

For the inverse inclusion assume that T ∈ L(X, Y ) and T /∈ I(X, Y ).
Then there exists S ∈ L(Y, X) such that IX − ST /∈ Φ(X). Taking any
operator V ∈ Φ(X, Y ) we have V (IX − ST ) = V − V ST /∈ Φ(X, Y ), see
part (c) of Remark 1.54, so V ST /∈ PΣ(X, Y ). This implies by part (ii) of
Theorem 7.21 that T /∈ PΣ(X, Y ), which concludes the proof.

Also in the characterization of I(X, Y ) established in Theorem 7.22 we
may only consider one of the two defects α or β.

Theorem 7.24. If Φ(X, Y ) �= ∅, for every T ∈ L(X, Y ) the following
assertions are equivalent:

(i) T is inessential;

(ii) α(T + S) < ∞ for all S ∈ Φ(X, Y );

(iii) β(T + S) < ∞ for all S ∈ Φ(X, Y );

(iv) β(T + S) < ∞ for all S ∈ Φ(X, Y ).

Proof (i) ⇔ (ii) Let T ∈ I(X, Y ) and suppose that S ∈ L(X, Y ) is any
Fredholm operator. By Theorem 7.22 it follows that T + S ∈ Φ(X, Y ) and
therefore α(T + S) < ∞. Conversely, suppose that α(T + S) < ∞ for each
S ∈ Φ(X, Y ). Since K(X, Y ) ⊆ I(X, Y ) then, always by Theorem 7.22,

1

λ
(S − K) ∈ Φ(X, Y ) for all K ∈ K(X, Y ) and λ �= 0.

Therefore

α

(
T +

S − K

λ

)
= α(λT + S − K) < ∞ for all K ∈ K(X, Y ).

By Theorem 7.16 it follows that λT − S ∈ Φ+(X, Y ) for all λ ∈ C. In
particular, this is true for any |λ| ≤ 1. Now, if β(T + S) were infinite we
would have ind (T +S) = −∞, and using the stability of the index, see part
(d) of Remark 1.54, we would have ind (λT +S) = −∞ for each |λ| ≤ 1 and
hence β(S) = ∞, contradicting the assumption that S ∈ Φ(X, Y ).

Therefore β(T + S) < ∞, and consequently T + S ∈ Φ(X, Y ). By
Theorem 7.22 we then conclude that T ∈ I(X, Y ).

(i) ⇔ (iii) We use an argument dual to that used in the proof of the
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equivalence (i) ⇔ (ii). Let T ∈ I(X, Y ) and S ∈ Φ(X, Y ). By Theorem 7.22
it follows that β(T + S) = β(T + S) < ∞.

Conversely, suppose that β(T +S) < ∞ for each S ∈ Φ(X, Y ). As above,
from the inclusion K(X, Y ) ⊆ I(X, Y ) we obtain for all λ �= 0 that

β

(
T +

S − K

λ

)
= β(λT + S − K) < ∞ for all K ∈ K(X, Y ).

From Theorem 7.16 it follows that λT − S ∈ Φ−(X, Y ) for all λ ∈ C. In
particular, this is true for any |λ| ≤ 1. Now, if α(T + S) were infinite,
we would have ind (T + S) = ∞, and from the stability of the index we
would have ind (λT + S) = ∞ for each |λ| ≤ 1, and hence α(S) = ∞,
contradicting the assumption that S ∈ Φ(X, Y ). Therefore α(T + S) < ∞,
and consequently T + S ∈ Φ(X, Y ). By Theorem 7.22 we then deduce that
T ∈ I(X, Y ).

Clearly (i) ⇒ (iv) follows from Theorem 7.23, whilst the implication (iv)
⇒ (iii) is obvious; so the proof is complete.

We now establish a result which will be needed later.

Theorem 7.25. Given two Banach spaces X and Y , the following as-
sertions are equivalent:

(i) L(X, Y ) = I(X, Y );

(ii) Given an operator T ∈ L(X × Y ), defined by

T :=

(
A B
C D

)
,

where A ∈ L(X), D ∈ L(Y ), B ∈ L(Y, X), and C ∈ L(X, Y ), then T ∈
Φ(X × Y ) if and only if A,D are Fredholm.

Proof (i) ⇒ (ii) Suppose that L(X, Y ) = I(X, Y ). Then by Corollary 7.9,
L(X, Y ) = I(X, Y ), so both C and B are inessential. Obviously this implies
that

S :=

(
0 B
C 0

)
=

(
0 B
0 0

)
+

(
0 0
C 0

)
∈ I(X × Y ).

Let A and D be Fredholm. If

K :=

(
A 0
0 D

)
,

then obviously K ∈ Φ(X × Y ), and hence by Theorem 7.23 T = S + K ∈
Φ(X × Y ).

Conversely, if T ∈ Φ(X × Y ) is Fredholm and S ∈ I(X × Y ) is defined
as above, then K := T − S ∈ Φ(X × Y ), from which we obtain that A and
D are Fredholm.

(ii) ⇒ (i) Suppose that K ∈ L(X, Y ) is not inessential. Then also(
0 B
C 0

)
=

(
0 0
K 0

)
∈ L(X, Y ) is not inessential, so from Theorem
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7.23 there exists an operator

(
A B
C D

)
∈ Φ(X × Y ) such that

(
A B

C + K D

)
/∈ Φ(X × Y ),

so the assertion (i) fails.

Remark 7.26. It is clear, from the proof of Theorem 7.25, that if L(X, Y ) =

I(X, Y ) and T :=

(
A B
C D

)
∈ Φ(X × Y ) then ind T = ind A + ind D.

2. Ω+ and Ω− operators

Let us consider the following two classes of operators on a Banach space
X introduced by Aiena in [4]:

Ω+(X) :=

{
T ∈ L(X) :

T |M is an (into) isomorphism for no
infinite-dimensional, invariant subspace M of T

}

and

Ω−(X) :=

{
T ∈ L(X) :

QMT is surjective for no
infinite-codimensional, invariant subspace M of T

}

Observe that if M is a closed T -invariant subspace of a Banach space X and
x̃ := x + M is any element in the quotient space X/M , then the induced
canonical map TM : X/M → X/M , defined by

TM x̃ := T̃ x for every x ∈ X,

has the same range of the composition map QMT .

Theorem 7.27. If T is a bounded operator on a Banach space X then
the following implications hold:

(i) If T ∗ ∈ Ω−(X∗) then T ∈ Ω+(X);

(ii) If T ∗ ∈ Ω+(X∗) then T ∈ Ω−(X).

Proof (i) Suppose that T /∈ Ω+(X). We show that T ∗ /∈ Ω−(X∗). By
hypothesis there exists an infinite-dimensional closed T -invariant subspace
M of X such that T |M is injective and(T |M)−1 is continuous.

Let M⊥ be the annihilator of M . Clearly, M⊥ is closed and from the
inclusion T (M) ⊆ M it follows that T ∗(M⊥) ⊆ M⊥. Moreover, the continu-
ity of (T |M)−1 implies that the operator (T |M)∗ : X∗ → M∗ is surjective,
see Lemma 1.30. Now, if f ∈ X∗ then the restriction f |M ∈ M∗ and there
exists by surjectivity an element g ∈ X∗ such that (T |M)∗g = f |M , or,
equivalently, g(T |M) = f |M . Hence, f − gT ∈ M∗, so

f − gT + T ∗g ∈ M∗ + T ∗(X∗),

from which we conclude that X∗ = M⊥ + T ∗(X∗). This last equality obvi-
oulsy implies that QM∗T ∗ is surjective.

To show that T ∗ /∈ Ω−(X∗) it suffices to prove that codim M∗ = ∞.
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Let (xn) be a sequence linearly independent elements of M . Denote by
J : X → X∗∗ the canonical isomorphim. It is easily seen that

M∗ ⊆
∞⋂

n=1

ker(Jxn),

so the elements Jx1, Jx2, . . . being linearly independent, M⊥ is infinite-
codimensional.

(ii) Assume that T /∈ Ω−(X). We show that T ∗ /∈ Ω+(X∗). By as-
sumption there exists an infinite-codimensional closed T -invariant subspace
M ⊆ X such that QMT is surjective. Therefore X = M + T (X) and
T ∗(M⊥) ⊆ M⊥. We show that T ∗|M⊥ : M⊥ → X∗ is injective and has a
bounded inverse.

Let us consider the canonical quotient map TM : X/M → X/M . From
assumption TM is surjective and hence its dual (TM )∗ : (X/M)∗ → (X/M)∗

is injective and has continuous inverse. Define J : (X/M)∗ → M⊥ by

J(f)(x) := f(x̃) for all f ∈ (X/M)∗, x ∈ X.

Clearly J is an isomorphism of (X/M)∗ onto M⊥. If x ∈ X and φ ∈ M⊥

then

(T ∗φ)(x) = φ(Tx) = J−1(φ)(T̃ x) = J−1(φ)(TM x̃)

= (TM )∗(J−1(φ))x̃ = ((J(TM )∗(J−1)(φ))(x),

from which we obtain T ∗|M⊥ = J(TM )∗J−1. From this it follows that
T ∗|M⊥ is injective and has bounded inverse. To show that T ∗ /∈ Ω+(X∗) we
need to prove that M⊥ has infinite dimension. From codim M = dim X/M
we obtain that

dim M⊥ = dim J((X/M)∗) = dim(X/M)∗ = ∞,

so the proof is complete.

Theorem 7.28. The class of all Riesz operator R(X) is contained in
Ω+(X)∩Ω−(X) .

Proof We show first that R(X) ⊆ Ω+(X). Suppose that T /∈ Ω+(X).
Then there exists a closed infinite-dimensional T -invariant subspace M of
X such that the T |M admits a bounded inverse. Trivially, α(T |M) = 0 and
T (M) is closed, so T |M ∈ Φ+(M).

Let us suppose that T ∈ R(X). By Theorem 3.113, part (iii), the restric-
tion T |M is still a Riesz operator so, by part (g) of Remark 1.54 0 cannot
belong to the Fredholm resolvent ρf(T |M). Hence β(T |M) = ∞. From this
it follows that ind T |M = −∞ and the stability of the index implies that
λIM − T |M has index −∞ in some annulus 0 < |λ| < ε. This is impossible
since T |M is a Riesz operator. Therefore R(X) ⊆ Ω+(X).

We show now that R(X) ⊆ Ω−(X). We use an argument dual to that
given in the first part of the proof.



384 7. PERTURBATION CLASSES OF OPERATORS

Suppose that there is a Riesz operator T which does not belong to
Ω−(X). Then there exists a closed infinite-codimensional T -invariant sub-
space M of X such that the composition map QMT : X → X/M is
surjective. Therefore the induced map TM on X/M is onto and hence
TM ∈ Φ(X/M).

Now, by Theorem 3.115, TM is a Riesz operator, and since X/M is

infinite-dimensional the Fredholm resolvent ρf(T̃M ) cannot coincide with
the whole complex field. Consequently α(TM ) = ∞, so indTM = ∞ and

the stability of the index yields that λĨM − TM has index ∞ in some an-
nulus 0 < |λ| < ε. This contradicts the fact that TM is a Riesz operator.
Therefore R(X) ⊆ Ω−(X).

Example 7.29. The inclusion R(X) ⊆ Ω+(X) and R(X) ⊆ Ω−(X) are
generally proper. In fact, a well known result of Read [277] establishes that
there exists a bounded operator T on ℓ1 which does not admit a non-trivial
closed T -invariant subspace. The spectrum σ(T ) of this operator is the
whole closed unit disc and hence T /∈ R(ℓ1), whereas, obviously, T ∈ Ω+(ℓ1).
Moreover, since this operator T is not surjective we also have T ∈ Ω−(ℓ1).

Another interesting example which shows that the inclusion R(X) ⊆
Ω+(X) is strict, is provided by a convolution operator on L1(G), where
G := T is the circle group. To see this assume that µ ∈ M(G) satisfies the
following two properties:

(a) µn is singular for each n ∈ N.

(b) limn→∞ µ̂(n) = 0, where µ̂ is the Fourier–Stieltjes transform of µ.

Note that a such measure does exist. In fact, there exists a closed
independent set E ⊆ T which is the support of a positive measure µ such
that limn→∞ µ̂(n) = 0, see Kahane and Salem [179, p. 106] and the n-fold
sum E + E + · · ·+ E has measure 0, [179, p. 103]. Therefore µn is singular
for each n ∈ N.

If we suppose that µ is a probability measure we have for each f ∈ L1(G)

‖µn + f‖ = ‖µn‖ + ‖f‖ ≥ ‖µn‖ = 1,

so the class µ̃ := µ + L1(G) is not quasi-nilpotent in the quotient algebra
M(G)/L1(G). Now, from Theorem 5.98 we know that for any measure
ν ∈ M(G) the operator λI − Tν is a Fredholm operator on L1(G) if and
only if λ ∈ ρ(ν̃). Therefore Tν is a Riesz operator precisely when ν̃ is quasi-
nilpotent in M(G)/L1(G). Hence our operator Tµ is not a Riesz operator.

We show now that Tµ ∈ Ω+(L1(G)). Suppose that there is a closed
invariant infinite-dimensional subspace M of L1(G) such that the restriction

Tµ|M is invertible. Then there exists a sequence (nk) ⊆ Ĝ := Z and a

sequence (fk) in M such that nk → 0, as k → ∞, and f̂k(nk) �= 0.
Let U be the inverse of Tµ|M . For each p ∈ N we have

(̂Upfk)(nk) = µ̂(nk)
−pf̂k(nk),
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hence

|µ̂(nk)|−p|f̂k(nk)| ≤ ‖U‖p‖fk‖.
It follows that for fixed k and for each p

[ |µ̂(nk)| · ‖U‖ ]−p ≤ ‖fk‖ · |f̂k(nk)|−1,

from which we obtain |µ̂(nk)| · ‖U‖ ≥ 1, and hence ‖U‖ ≥ (|µ̂(nk)|)−1. Since
this is true for each k and by assumption µ̂(nk) = converges to 0, we obtain
a contradiction. Thus dim M < ∞.

We now characterize the Riesz operators among the classes Ω+(X) and
Ω−(X).

Theorem 7.30. For every operator T ∈ L(X) on a Banach space X,
the following statements are equivalent:

(i) T ∈ R(X);

(ii) T ∈ Ω+(X) and σ(T ) is a finite set or a sequence which converges
to 0;

(iii) T ∈ Ω−(X) and σ(T ) is a finite set or a sequence which converges
to 0.

Proof (i) ⇔ (ii) The spectrum of a Riesz operator is finite or a sequence
which clusters at 0 so the implication (i) ⇒ (ii) is clear from Theorem 7.28.

Conversely, suppose that there exists an operator T ∈ L(X) such that
the condition (ii) is satisfied. Let λ be any spectral point different from 0
and denote by Pλ the spectral projection associated with the spectral set
{λ}. By Theorem 3.111 to prove that T ∈ R(X) it suffices to show that Pλ

is a finite-dimensional operator. If we let Mλ := Pλ(X), from the functional
calculus we know that Mλ is a closed T -invariant subspace. Furthermore,
we have σ(T |Mλ) = {λ}, so that 0 /∈ σ(T |Mλ) and hence T |Mλ is invertible.
Since T ∈ Ω+(X) this implies that Mλ = Pλ(X) is finite-dimensional, as
desired.

(i) ⇔ (iii) The implication (i) ⇒ (iii) is clear, again by Theorem 7.28.
Conversely, suppose that there exists an operator T ∈ L(X) such that the
condition (iii) is satisfied. Let λ be any spectral point different from 0
and, as above, let Pλ be the spectral projection associated with the spec-
tral set {λ}. Again, by Theorem 3.111, to prove that T ∈ R(X) it suffices
to show that Pλ is a finite-dimensional operator. If we let Mλ := Pλ(X)
and Nλ := (I − Pλ)(X), then Mλ and Nλ are both T -invariant closed sub-
spaces. Furthermore, from the functional calculus we have X = Mλ ⊕ Nλ,
σ(T |Mλ) = {λ} and σ(T |Nλ) = σ(T ) \ {λ}. We claim that QNλ

T : X →
X/Nλ is surjective.

To see this observe first that for every x̂ ∈ X/Nλ there is z ∈ X such
that QNλ

z = x̂. From the decomposition X = Mλ ⊕Nλ we know that there
exist u ∈ Mλ and v ∈ Nλ such that z = u + v, and consequently,

x̂ = QNλ
z = QNλ

u.
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Since 0 /∈ {λ} = σ(T |Mλ), the operator T |Mλ : Mλ → Mλ is bijective, so
there exists w ∈ Mλ such that u = (T |Mλ)w = Tw. From this it follows
that

x̂ = QNλ
u = (QNλ

T )w,

i.e, QNλ
T is surjective. Since, by assumption, T ∈ Ω−(X) it follows that

codim Nλ < ∞, and hence dim Mλ < ∞. This show that Pλ is a finite-
dimensional operator, so the proof is complete.

The class of Riesz operators may be also characterized as the set of
operators for which the sum with a compact operator is an Ω+(X) operator,
as well as an Ω−(X) operator.

Theorem 7.31. If T ∈ L(X) is an operator on a Banach space X, the
following statements are equivalent:

(i) T is Riesz;

(ii) For every compact operator K ∈ K(X) we have T + K ∈ Ω+(X);

(iii) For every compact operator K ∈ K(X) we have T + K ∈ Ω−(X).

Proof (i) ⇔ (ii) If T ∈ R(X) then T + K ∈ R(X) by (iv) of Theorem
3.112, and hence T + K ∈ Ω+(X) by Theorem 7.28.

Conversely, if T is not a Riesz operator there exists by Theorem 3.111
some λ �= 0 such that λI −T /∈ Φ+(X). Thus from part (i) of Theorem 7.16
we may find a compact operator K ∈ L(X) such that α(λI−T +K) = ∞. If
M := ker(λI −T + K) then M is infinite-dimensional and (T + K)x = −λx
for each x ∈ M . Therefore T + K /∈ Ω+(X).

(i) ⇔ (iii) If T ∈ R(X) then T + K ∈ R(X) by (iv) of Theorem 3.112,
and hence T + K ∈ Ω−(X) by Theorem 7.28.

Conversely, if T is not a Riesz operator there exists by Theorem 3.111
some λ �= 0 such that λI−T /∈ Φ−(X). From part (ii) of Theorem 7.16 there
exists a compact operator K ∈ L(X) such that β(λI − T − K) = ∞. Let

M := (λI − T − K)(X). Then M is infinite-codimensional. Denote by x̃
any residual class of X/M and define (T + K)M : X/M → X/M as follows:

(T + K)M x̃ := ˜(T + K)x where xIx̃.

We show that (T +K)M is surjective. If x ∈ X we have (λI−T −K)x ∈ M ,

and consequently ˜(λI − T − K)x = 0̃. Therefore x̃ = (T + K)M (λ−1x̃)
for all x ∈ X. Since the operator (T + K)M has the same range as the
composition operator QM (T + K), so, M being infinite-codimensional we
conclude that T + K /∈ Ω−(X).

The class of all inessential operators I(X) is contained in each one of
the two classes Ω+(X) and Ω−(X), since I(X) ⊆ R(X). We see now that
the structure of ideal of I(X) characterizes this class in Ω+(X) and Ω−(X).

Theorem 7.32. For every Banach space X I(X) is the uniquely deter-
mined maximal ideal of Ω+(X) operators. Each ideal of Ω+(X) operators is
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contained in I(X). Analogously, I(X) is the uniquely determined maximal
ideal of Ω−(X) operators. Each ideal of Ω−(X) operators is contained in
I(X).

Proof Let G be any ideal of Ω+(X) operators. Furthermore, let T be
a fixed element of G and S any bounded operator on X. Then ST ∈ G,
ker(I − ST ) is a closed subspace invariant under ST , and the restriction
of ST to ker(I − ST ) coincides with the restriction of I to ker(I − ST ).
Therefore ST | ker(I − ST ) has a bounded inverse. From the definition of
Ω+(X) operators ker(I − ST ) is finite-dimensional, and hence by Theorem
7.17 T ∈ I(X). Hence any ideal of Ω+(X) operators is contained in I(X).
On the other hand, I(X) is itself an ideal of Ω+(X) operators, so I(X) is
the uniquely determined maximal ideal of Ω+(X) operators.

To show that I(X) is the uniquely determined maximal ideal of Ω−(X)
operators, let us consider any ideal G of Ω−(X) operators. If T ∈ G and S

is any bounded operator on X then TS ∈ G. Let M := (I − TS)(X). Then

[(TS(I − TS)](X) = [(I − TS)TS](X) ⊆ (I − TS)(X).

From this it follows that M is invariant under TS. Let us consider the in-
duced quotient map (TS)M : X/M → X/M . The map (TS)M is surjective;

in fact, if x ∈ X then from (I−TS)x ∈ M we obtain that x̃ = (̃TS)x. From
the definition of Ω−(X) operators it follows that

β(I − TS) = codim I − TS)(X) < ∞,

and thus by Theorem 7.18 T ∈ I(X). Since I(X) is itself an ideal of Ω−(X)
operators we conclude that I(X) is the uniquely determined maximal ideal
of Ω−(X) operators.

The following useful result characterizes the inessential operators acting
between different Banach space by means of the two classes Ω+(X) and
Ω−(X).

Theorem 7.33. If T ∈ L(X, Y ), where X and Y are Banach spaces,
then the following assertions are equivalent:

(i) T is inessential;

(ii) ST ∈ Ω+(X) for all S ∈ L(Y, X);

(i) TS ∈ Ω−(Y ) for all S ∈ L(Y, X).

Proof (i) ⇔ (ii) Let T ∈ I(X, Y ) and S ∈ L(Y, X). Then for each λ �= 0
λIX − ST ∈ Φ(X), and hence ST ∈ R(X) ⊆ Ω+(X).

Conversely, let us suppose that T /∈ I(X, Y ). Then by Theorem 7.17
there exists an operator S ∈ L(Y, X) such that α(IX − ST ) = ∞. Let
M := ker(IX − ST ). Clearly ST |M = IX |M , and since M is infinite-
dimensional we conclude that ST /∈ Ω+(X), and the proof of the equivalence
(i) ⇔ (ii) is complete.

(i) ⇔ (iii) Let T ∈ I(X, Y ) and S ∈ L(Y, X). Then by Corollary 7.7 for
each λ �= 0 we have λIY − TS ∈ Φ(Y ), and hence TS ∈ R(X) ⊆ Ω−(Y ).
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Conversely, let us suppose that T /∈ I(X, Y ). Then by Theorem 7.18
there exists an operator S ∈ L(Y, X) such that β(IY − TS) = ∞. Let

M := (I − TS)(Y ). The induced quotient operator (TS)M : Y/M → Y/M
is surjective. In fact, for each y ∈ Y we have (IY − TS)y ∈ M and hence

(TS)M ỹ = (̃TS)y. Since M is infinite-codimensional and (TS)M has the
same range of QMTS it then follows that TS /∈ Ω−(Y ).

3. Strictly singular and strictly cosingular operators

In this section we shall introduce two other important classes of operators
in perturbation theory.

Definition 7.34. Given two Banach spaces X and Y , an operator T ∈
L(X, Y ) is said to be strictly singular if no restriction TJM of T to an
infinite-dimensional closed subspace M of X is an isomorphism.

The operator T ∈ L(X, Y ) is said to be strictly cosingular if there is no
infinite-codimensional closed subspace N of Y such that QNT is surjective.

We denote by SS(X, Y ) and SC(X, Y ) the classes of all strictly singular
operators and strictly cosingular operators, respectively.

For the detailed study of the basic properties of the two classes SS(X, Y )
and SC(X, Y ) we refer the reader to Pietsch [262], Section 1.9 and Section
1.10 (these operators are also called Kato operators and Pe�lczyński opera-
tors, respectively). We are interested in studyng the relationships between
strictly singular and strictly cosingular operators and semi-Fredholm oper-
ators.

We remark, however, that SS(X, Y ) and SC(X, Y ) are closed linear
subspaces of L(X, Y ). Furthermore, if T ∈ L(X, Y ), S ∈ SS(X, Y ) (respec-
tively, S ∈ SC(X, Y ) and U ∈ L(Y, Z)) then UST ∈ SS(X, Y ) (respec-
tively, UST ∈ SC(X, Y )). Therefore SS(X) := SS(X, X) and SC(X) :=
SC(X, X) are closed ideals of L(X). That SS(X) and SC(X) are closed
ideals in L(X) may be shown by means of the measure of non-strict singu-
larity defined by

µS(T ) := sup
M

inf
N⊆M

‖QNT‖,

where the sup is taken over all infinite-dimensional closed subspaces N, M
of X, see for instance Schechter [288], and, analogously, by means of the
measure of non-strict cosingularity, defined by

µC(T ) := sup
M

inf
N⊇M

‖T |N‖,

see González and Martinón [136]. Obviously

SS(X) ⊆ Ω+(X) and SC(X) ⊆ Ω−(X),

and hence by Theorem 7.32 SS(X) ⊆ I(X) and SC(X) ⊆ I(X).
In the next theorems we shall give a more precise localization of the two
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classes SS(X, Y ) and SC(X, Y ) with respect to the other subspaces. We
first need a preliminary result on compact operators.

Theorem 7.35. If X and Y are Banach spaces and K ∈ L(X, Y ) is a
compact operator having closed range then K is finite-dimensional.

Proof Suppose first that K is compact and bounded below, namely K has
closed range and is injective. Let (yn) be a bounded sequence of T (X) and
let (xn) be a sequence of X for which Kxn = yn for all n ∈ N. Since K
is bounded below there exists a δ > 0 such that ‖yn‖ = ‖Kxn‖ ≥ δ‖xn‖
for all n ∈ N, so (xn) is bounded. The compactness of K then implies that
there exists a subsequence (xnk

) of (xn) such that Kxnk
= ynk

converges
as k → ∞. Hence every bounded sequence of T (X) contains a convergent
subsequence and by a basic result of functional analysis this implies that
T (X) is finite-dimensional.

Assume now the more general case that T ∈ K(X, Y ) has closed range.
If T0 : X → T (X) is defined by T0x := Tx for all x ∈ X, then T0 is a compact
operator from X onto T (X). Therefore the dual T0

∗ : T (X)∗ → X∗ is a
compact operator by the classical Schauder theorem, see [159, Proposition
42.2]. Moreover, T0 is onto, so T0

∗ is bounded below by Lemma 1.30. The
first part of the proof then gives that T0

∗ is finite-dimensional, and hence
T (X)∗ is finite-dimensional because it is isomorphic to the range of T0

∗.
From this it follows that also T (X) is finite-dimensional.

Theorem 7.36. If X and Y are Banach spaces then

K(X, Y ) ⊆ SS(X, Y )∩SC(X, Y ).

Proof Suppose that T /∈ SS(X, Y ) and T ∈ K(X, Y ). Then there exists
a closed infinite-dimensional subspace M of X such that TJM admits a
bounded inverse. Since TJM is compact and has closed range T (M), it
follows that T (M) is finite-dimensional by Theorem 7.35, and hence also M
is finite-dimensional, a contradiction. This shows the inclusion K(X, Y ) ⊆
SS(X, Y ).

Analogously, suppose that T /∈ and T ∈ K(X, Y ). Then there exists
a closed infinite-codimensional subspace N of Y such that QNT is onto
Y/N . But T ∈ K(X, Y ) so QNT is compact, and since its range is closed
then, again by Theorem 7.35, Y/N is finite-dimensional. Thus N is finite-
codimensional, a contradiction. Hence K(X, Y ) ⊆ SS(X, Y ).

We give in the sequel some examples of strictly singular and strictly
cosingular operators. For some other example we refer to Goldberg [129].

Example 7.37. Let p, q ∈ N be such that 1 < p, q < ∞ and p �= q.
Then SS(ℓp, ℓq) = SC(ℓp, ℓq) = L(ℓp, ℓq). In fact, let T ∈ L(ℓp, ℓq) be
such that T /∈ SS(ℓp, ℓq). Then there exists a closed infinite-dimensional
subspace M of ℓp such that T |M has a bounded inverse. Therefore M is
isomorphic to a subspace of ℓq, hence by a theorem owed to Banach [55,
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Theorem 1, p.194] ℓq is isomorphic to a closed subspace of M and hence
to a subspace of ℓp, contradicting [55, Theorem 7, p.205]. This shows the
equality SS(ℓp, ℓq) = L(ℓp, ℓq). The equality SC(ℓp, ℓq) = L(ℓp, ℓq) will
follow from Theorem 7.51.

Example 7.38. If X is a Banach space which does not contain an
infinite-dimensional reflexive subspace and Y is a reflexive Banach space,
then SS(X, Y ) = L(X, Y ) and SS(Y, X) = L(Y, X). In fact, if T ∈
L(X, Y ) \ SS(X, Y ) then X contains a closed infinite-dimensional subspace
M which is isomorphic to a closed subspace of Y . Thus M is reflexive, and
this is impossible. A similar reasoning shows that SS(Y, X) = L(Y, X).
Note that this result proves that

SS(ℓ1, ℓ2) = L(ℓ1, ℓ2) and SS(ℓ2, ℓ1) = L(ℓ2, ℓ1),

and these sets coincide with SC(ℓ1, ℓ2) and SC(ℓ2, ℓ1), respectively, by The-
orem 7.49.

Example 7.39. A strictly singular operator can have a non-separable
range, see Goldberg and Thorp [128, p. 335], in contrast to the well known
result that every compact operator has separable range. Hence the inclusion
K(X, Y ) ⊆ SS(X, Y ) in general is proper. Another example of a non-
compact strictly singular operator is provided by identity map J injecting
ℓ1 into ℓ2. In fact, J is strictly singular, as noted in Example 7.38. Also the
embedding from ℓ1 into c0 is an example of a non-compact strictly singular
operator, see Lacey Withley [194]. An example of non-compact strictly
singular integral operators from L1[0, 1] into Lp[0, 1], 1 ≤ p < ∞, are given
in Goldberg [129, Example III.3.10 and Example III.3.12].

Example 7.40. The canonical embedding i : c0 → ℓ∞ is strictly cosin-
gular and non-compact. This easily follows once it is observed that every
separable quotient of ℓ∞ is reflexive and any reflexive quotient is finite-
dimensional, see Lindenstrauss and Tzafriri [221]. Note that since c0

∗ is
complemented in ℓ∞∗ that i∗ is not strictly singular.

Example 7.41. If X and Y are Hilbert spaces then

K(X, Y ) = SS(X, Y ) = SC(X, Y ) = I(X, Y ).

The equality SS(X, Y ) = SC(X, Y ) = I(X, Y ) is a consequence of the next
Theorem 7.51, whilst for the equality K(X, Y ) = S(X, Y ), see Kato [182].
A classical result of Calkin [75] demonstrates that for X := ℓ2 the set K(X)
is the unique closed ideal of L(X). An extension of this result was given by
Gohberg, Markus and Fel’dman [127], who obtained the same conclusion
for X = ℓp, with 1 ≤ p < ∞ and X := c0, see also Herman [158] or the
monograph [76, Section 5.4].

Example 7.42. Let T : L2[0, 1] → L1[0, 1] denote the natural inclusion.
We show that T is strictly cosingular and but not strictly singular. Suppose
that N is a closed subspace of L1[0, 1] such that QNT is surjective. Then



3. STRICTLY SINGULAR AND STRICTLY COSINGULAR OPERATORS 391

QN is a surjection onto a reflexive space and hence is weakly compact.
Now, since L1[0, 1] has the Dunford–Pettis property it follows that QN

is completely continuous and hence QNT is compact. From this it follows
that the quotient L1[0, 1]/N is finite-dimensional, from which we conclude
that T is strictly cosingular. To see that T is not strictly singular it is
enough to observe that the restriction of T to the subspace generated by the
Rademacher functions is an isomorphism, see Beauzamy [64, Proposition
VI.1.1].

Example 7.43. Given two Banach spaces X and Y let Z := X ⊕ Y
be canonically normed by ‖(x, y)‖ := max {‖x‖, ‖y‖}. If T ∈ L(X, Y ) let
L : Z → Z be defined by L(x, y) := (0, Tx). Then L is the composition
mapping UTW , where W is the natural map from Z to X and U is the
natural map from Y to Z. Therefore L is strictly singular (respectively,
strictly cosingular, compact) if and only if T is strictly singular (respectively,
strictly cosingular, compact). Note that this result can be used to obtain
from the previous examples endomorphisms which show that the inclusion
K(Z) ⊆ SS(Z)) and K(Z) ⊆ SC(Z)) are, in general, proper.

Theorem 7.44. If X and Y are Banach spaces then

SS(X, Y ) ∪ SC(X, Y ) ⊆ I(X, Y ).

Proof If T ∈ SS(X, Y ), for any S ∈ L(Y, X) we have ST ∈ SS(X, Y ) ⊆
Ω+(X), so by Theorem 7.33 T ∈ L(X, Y ). The inclusion SC(X, Y ) ⊆
I(X, Y ) follows in a similar way from Theorem 7.33.

Suppose now that Φ+(X, Y ) �= ∅ and let us consider the perturbation
class :

PΦ+(X, Y ) := {T ∈ L(X, Y ) : T + Φ+(X, Y ) ⊆ Φ+(X, Y )},
and, analogously, if Φ−(X, Y ) �= ∅ let

PΦ−(X, Y ) := {T ∈ L(X, Y ) : T + Φ−(X, Y ) ⊆ Φ−(X, Y )}.
Note that K(X, Y ) ⊆ PΦ+(X, Y ) and K(X, Y ) ⊆ PΦ−(X, Y ), see Remark
1.54, part (f).

Lemma 7.45. If X and Y are infinite-dimensional Banach spaces and
T ∈ L(X, Y ) then the following implications hold:

T ∈ Φ+(X, Y ) ⇒ T /∈ SS(X, Y ), T ∈ Φ−(X, Y ) ⇒ T /∈ SC(X, Y ).

Proof If T ∈ Φ+(X, Y ) then X = kerT ⊕ M for some closed subspace
M of X, and T0 : M → T (X), defined by T0x := Tx for all x ∈ M ,
is an isomorphism between infinite-dimensional closed subspaces. Hence
T /∈ SS(X, Y ).

Analogously, if T ∈ Φ−(X, Y ) then Y = T (X) ⊕ N for some infinite-
codimensional closed subspace N . Evidently Y/N = QN (Y ) = QNT (X), so
T /∈ SC(X, Y ).
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Theorem 7.46. If X and Y are Banach spaces and Φ+(X, Y ) �= ∅ then

(179) SS(X, Y ) ⊆ PΦ+(X, Y ) ⊆ I(X, Y ).

Analogously, if Φ−(X, Y ) �= ∅ then

(180) SC(X, Y ) ⊆ PΦ−(X, Y ) ⊆ I(X, Y ).

Proof To show the first inclusion of (179) assume that Φ+(X, Y ) �= ∅
and suppose that T ∈ SS(X, Y ) and S ∈ Φ+(X, Y ). We need to show
that T + S ∈ Φ+(X, Y ). Suppose that T + S /∈ Φ+(X, Y ). By part (i)
of Theorem 7.16 there exists a compact operator K ∈ K(X, Y ) such that
α(T + S − K) = ∞. Set M := ker(T + S − K). Then M is a closed
infinite-dimensional subspace and TJM = (K − S)JM . If U := K − S then
U ∈ Φ+(X, Y ) because S ∈ Φ+(X, Y ) and K is compact. Hence TJM =
UJM ∈ Φ+(M, Y ), and from Lemma 7.45 we obtain that TS /∈ SS(M, Y ).
From this it follows that T /∈ SS(X, Y ), a contradiction. Therefore the
inclusion SS(X, Y ) ⊆ PΦ+(X, Y ) is proved.

To show the second inclusion of (179) assume that T ∈ L(X, Y ) and
T /∈ I(X, Y ). By Theorem 7.17 there exists an operator S ∈ L(Y, X) such
that IX−ST /∈ Φ+(X). On the other hand, for every operator U ∈ Φ+(X, Y )
we have U(IX − ST ) = U − UST /∈ Φ+(X, Y ), otherwise we would have
IX − ST ∈ Φ+(X, Y ), see part (c) of Remark 1.54. But U ∈ Φ+(X, Y ) so
UST /∈ PΦ+(X, Y ), and hence by part (ii) of Theorem 7.21 we conclude
that T /∈ PΦ+(X, Y ), and this shows the second inclusion of (179).

To show the first inclusion of (180) assume that Φ−(X, Y ) �= ∅ and
suppose that T ∈ SC(X, Y ) and S ∈ Φ−(X, Y ). We need to show that
T + S ∈ Φ−(X, Y ). Suppose that T + S /∈ Φ−(X, Y ). By Theorem 7.16,
part (ii), there exists a compact operator K ∈ K(X, Y ) such that

M := (T + S − K)(X)

is a closed infinite-codimensional subspace of Y . Denote by x̃ the residual
class x + M in X/M . Since (T + S − K)x ∈ M it follows that QM (T +

S − K)x = 0̃ for all x ∈ X. Therefore QMT = QM (K − S). Clearly, if
U := K − S then U ∈ Φ−(X, Y ), and therefore QMU ∈ Φ−(X, Y/M). By
Lemma 7.45 we infer that QMT = QMU /∈ SC(X, Y/M) and this implies
that T /∈ SC(X, Y ).

To show the second inclusion of (180) assume that T ∈ L(X, Y ) and
T /∈ I(X, Y ). By Theorem 7.18 there exists S ∈ L(Y, X) such that IY −TS /∈
Φ−(Y ). For every operator U ∈ Φ−(Y, X) it follows that

U(IY − TS) = U − UTS /∈ Φ−(Y, X).

But U ∈ Φ−(Y, X), so UTS /∈ PΦ−(Y, X), and hence T /∈ ⊕−(X, Y ), so
also the second inclusion in (180) is proved.

We show next that if someone of the two Banach spaces X or Y possesses
many complemented subspaces, in the sense of the following definitions, the
inclusions of Theorem 7.46 actually are equalities.
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Definition 7.47. A Banach space X is said to be subprojective if every
closed infinite-dimensional subspace of X contains an infinite-dimensional
subspace which is complemented in X.

The space X is said to be superprojective if every closed infinite-codimensional
subspace of X is contained in an infinite-codimensional subspace which is
complemented in X.

Theorem 7.48. Let X be a Banach space. Then the following assertions
hold:

(i) If X is subprojective and N is an infinite-codimensional reflexive
subspace of X∗ then there exists an infinite-codimensional complemented
subspace of X∗ which contains N ;

(ii) If X is superprojective and N is an infinite-dimensional reflexive
subspace of X∗ then there exists an infinite-dimensional complemented sub-
space of X∗ contained in N .

Proof (i) Note that dim ⊥N = cod (⊥N)⊥ = ∞. By the subprojectivity of
X there exists an infinite-dimensional subspace M which is complemented
in X and is contained in ⊥N . Then X∗ = M⊥⊕W and M⊥ ⊇ (⊥N)⊥ ⊃ N ,
and cod M⊥ = dim (X∗/M⊥) = dim M∗ = ∞.

(ii) Note that cod ⊥N = dim (X/⊥N)∗ = dim (⊥N)⊥ = ∞. By the
superprojectivity of X there exists an infinite-codimensional complemented
subspace M which contains in ⊥N . Then M⊥ is complemented in X∗,
M⊥ ⊆ (⊥N)⊥ = N , and dim M⊥ = dim (X/M)∗ = ∞.

Corollary 7.49. Let X be a reflexive Banach space. Then X is sub-
projective (respectively, superprojective) if and only if X∗ is superprojective
(respectively, subprojective).

Example 7.50. We list some examples of subprojective and superpro-
jective Banach spaces. Further examples may be found in Whitley [328],
Pe
lczyński [259], Aiena and González [18].

(a) Evidently every Hilbert space is both subprojective and superprojec-
tive. The spaces ℓp with 1 < p < ∞, and c0 are subprojective, see Whitley
[328, Theorem 3.2 ]. Corollary 7.49 shows that all spaces ℓp with 1 < p < ∞
are also superprojective.

(b) The spaces Lp[0, 1], with 2 ≤ p < ∞, are subprojective and Lp[0, 1],
with 1 < p < 2 are not subprojective, see Whitley [328, Theorem 3.4 ].
Corollary 7.49 shows that all spaces Lp[0, 1] with 1 < p ≤ 2 are subprojective
and are not superprojective for 2 < p < ∞.

(c) The spaces L1[0, 1] and C[0, 1] are neither subprojective nor super-
projective, see Whitley [328, Corollary 3.6].

Theorem 7.51. Let X, Y be Banach spaces. The following statements
hold:

(i)) If Y is subprojective then SS(X, Y ) = PΦ+(X, Y ) = I(X, Y );
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(ii) If X is superprojective then SC(X, Y ) = PΦ−(X, Y ) = I(X, Y ).

Proof (i) Let T ∈ L(X, Y ), T /∈ SS(X, Y ). Then there exists an infinite-
dimensional closed subspace M of X such that the restriction TJM is bounded
below. Since Y is subprojective we can assume that the subspace T (M) is
complemented in Y , namely Y = T (M) ⊕ N . Then X = M ⊕ T−1(N) and
defining A ∈ L(Y, X) equal to T−1 in T (M) and equal to 0 in N it easily
follows that AT is a projection of X onto M . Therefore ker(IX − AT ) =
(AT )(X) = M is infinite-dimensional, so we have IX − AT /∈ Φ(X) and
consequently T /∈ I(X, Y ).

(ii) Let T ∈ L(X, Y ), T �∈ SC(X, Y ). Then there exists a closed infinite-
codimensional subspace N of Y such that QNT is surjective. Note that
T−1(N) is infinite-codimensional because Y/N is isomorphic to X/T−1(N).
So since X is subprojective we can assume that T−1(N) is complemented
in X. Clearly kerT ⊂ T−1(N), and hence if X = M ⊕ T−1(N) then
T (M)∩N = {0}. Moreover, Y = T (X) + N implies Y = T (M) + N ,
from which it follows that T (M) is closed, see Theorem 1.14. Therefore
the topological direct sum Y = T (M) ⊕ N is satisfied. Now, if we define
A ∈ L(Y, X) as in part (i) we then easily obtain that T /∈ I(X, Y ).

The following examples show that the property for an operator of being
strictly singular or strictly cosingular is not preserved under conjugation.

Example 7.52. Let T ∈ L(ℓ1, ℓ2) be onto. Note that such a map does
exist. In fact, by a well known result of Banach and Mazur [56, p. 2], given
any separable Banach space X there exists a continuous linear operator
which maps ℓ1 onto X. From Example 7.38 we know that T ∈ SS(ℓ1, ℓ2)
whilst its dual T ∗ has a bounded inverse and hence is not strictly singular.

To see that the dual of a strictly cosingular operator may be not strictly
cosingular, let us consider the natural inclusion T of L2[0, 1] into L∞[0, 1].
We have already proved in Example 7.42 that T is strictly cosingular and
not strictly singular. On the other hand, T ∗ cannot be strictly cosingular
because this would imply, as we show now in the next Theorem 7.53, that
T is strictly singular.

Theorem 7.53. If X and Y are Banach spaces and T ∗ ∈ SS(Y ∗, X∗),
then T ∈ SC(X, Y ). Analogously, if T ∗ ∈ SC(Y ∗, X∗) then T ∈ SS(X, Y ).

Proof The proof is analogous to that of Theorem 7.27.

We complement the result of Theorem 7.53 by mentioning a result estab-
lished by Pe
lczyński [260], which shows that T ∗ is strictly singular whenever
T ∈ L(X, Y ) is strictly cosingular and weakly compact. It is an open prob-
lem if T ∗ is strictly cosingular whenever T ∈ L(X, Y ) is strictly singular and
weakly compact, or, equivalently, if T is strictly singular and Y is reflexive.

Theorem 7.54. Let X and Y be Banach spaces and T ∈ L(X, Y ). Then
the following statements hold:
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(i) If T ∗ ∈ SS(Y ∗, X∗) and Y is subprojective then T ∈ SS(X, Y );

(ii) If T ∈ SS(Y, X), where X is reflexive and X∗ is subprojective, then
T ∗ ∈ SS(Y ∗, X∗).

Proof (i) Suppose that T /∈ SS(X, Y ). Then there is an infinite-dimensional
closed subspace M of X such that T |M has a bounded inverse. Since Y is
subprojective we can find a closed infinite-dimensional subspace N of T (M)
and a bounded projection P of Y onto N . Note that N = T (W ), where W
is a closed infinite-dimensional subspace of M . Since P maps Y onto N its
dual P ∗ is an injective continuous map of N∗ onto an infinite-dimensional
subspace Z of Y ∗. We prove that T ∗|Z has a bounded inverse and is there-
fore not strictly singular. For any f ∈ Z we have

‖T ∗f‖ = sup
0�=x∈X

‖(T ∗f)(x)‖
‖x‖ ≥ sup

0 �=x∈W

‖f(Tx)‖
‖x‖ .

Since T |M has a bounded inverse there is K > 0 such that ‖Tx‖ ≥ K‖x‖
for all x ∈ W ⊆ M . Moreover, since f ∈ P ∗(N∗) there is g ∈ N∗ such that
P ∗g = f . Combining this information, we deduce that

‖T ∗f‖ ≥ sup
0 �=y∈N

K‖(P ∗g)y‖
‖y‖ = sup

0 �=y∈N

K‖g(Py)‖
‖y‖ = K‖g‖.

Finally, from ‖P ∗‖‖g‖ ≥ ‖P ∗g‖ = ‖f‖ we obtain ‖T ∗f‖ ≥ (K/‖P ∗‖)‖f‖.
This shows that T ∗ has a bounded inverse on the subspace Z of Y ∗, so that
T ∗ /∈ SS(Y ∗, X∗).

(ii) Note that T ∗∗ = JY TJX
−1, where JX and JY are the canonical

embeddings of, respectively, X onto X∗∗ and Y into Y ∗∗. Then if T is
strictly singular so is T ∗∗, and by part (i) also T ∗ is strictly singular.

Corollary 7.55. If X is a Hilbert space and if T ∈ SS(X, Y ) then also
T ∗ is strictly singular. If Y is a Hilbert space and if T ∗ ∈ SS(Y ∗, X∗), then
T is strictly singular.

Observe that every separable Banach space is isomorphic to a subspace of
C[0, 1]. So the hypothesis of the following result implies that Φ+(X, Y ) �= ∅.

Theorem 7.56. Suppose that X is separable and Y contains a comple-
mented subspace isomorphic to C[0, 1]. Then PΦ+(X, Y ) = SS(X, Y ).

Proof Since C[0, 1] is isomorphic to C[0, 1] × C[0, 1] there are closed sub-
spaces W and Z of Y such that W is isomorphic to Y, Z is isomorphic to
C[0, 1] and Y = W ⊕ Z. Let r > 0 be such that ‖a + b‖ ≥ r max{‖a‖, ‖b‖}
for every a ∈ W and b ∈ Z, and let U ∈ L(Y ) be an isomorphism with range
equal to W .

Suppose that K ∈ L(X, Y ) is not strictly singular. Let K1 := UK ∈
L(X, Y ). Without loss of generality we assume that ‖K1‖ = 1. Then
there exist an infinite-dimensional subspace M of X and c > 0 such that
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‖K1m‖ ≥ c‖m‖ for every m ∈ M . We denote d := min{ c

3
,
1

3
}. Since X

is separable there exists an isomorphism V from X/M into Y with range
contained in Z. We define S ∈ L(X, Y ) by S := V QM . Without loss of
generality we assume that ‖Sx‖ ≥ ‖QMx‖ for every x ∈ X.

Let us see that the operator S + K1 is an isomorphism into. Indeed, let
x ∈ X be a vector of norm-one. If ‖QMx‖ ≥ d then

‖(S + K1)x‖ ≥ r‖Sx‖ ≥ rd.

Otherwise ‖QMx‖ < d, and we can choose m ∈ M such that ‖x − m‖ < d,
hence ‖m‖ > 2/3. Thus

‖(S + K1)x‖ ≥ r‖K1x‖ ≥ r(‖K1m‖ − ‖x − m‖) ≥ r(3d(2/3) − d) = rd.

Thus K1 �∈ PΦ+(X,Y ) because S + K1 is upper semi-Fredholm, but S
is not. Hence K �∈ PΦ+(X, Y ) by part (ii) of Theorem 7.21.

It is an interesting question to see if it is possible in Theorem 7.56 to
remove the requirement for C(0, 1) to be complemented.

Observe that every separable Banach space is isomorphic to a quotient
of ℓ1. So the hypothesis of the following result implies that Φ−(X, Y ) �= ∅.

Theorem 7.57. Suppose that X contains a complemented subspace iso-
morphic to ℓ1 and Y is separable. Then

PΦ−(X; Y ) = SC(X, Y ).

Proof Since ℓl is isomorphic to ℓ1 × ℓ1 there are closed subspaces W and Z
of X such that W is isomorphic to X, Z is isomorphic to ℓ1, and X = W⊕Z.
Let U ∈ L(X) be an operator which is an isomorphism from W onto X,
with kernel equal to Z. Suppose that K ∈ L(X,Y ) is not strictly cosingular.
Then there exists a closed infinite-codimensional subspace M of Y such that
the operator QMK is surjective; that is, M + R(K) = Y . We consider the
operator K1 := KU ∈ L(X, Y ).

Since Y is separable there exists an operator S ∈ L(X, Y ) with kernel
equal to W and range equal to M . Clearly S + K1 is surjective, but S
is not a lower semi-Fredholm operator. Thus K1 �∈ PΦ−(X,Y ). Hence
K �∈ PΦ−(X, Y ), by part (ii) of Theorem 7.21.

Also here an interesting question is that if it is possible in Theorem 7.57
to remove the requirement for ℓ1 to be complemented.

It has been for a long time an open problem whether or not SS(X,Y ) =
PΦ+(X,Y ) and SC(X,Y ) = PΦ−(X, Y ) for all Banach spaces X, Y . Next
we show a very recent result of González [131] which gives an example of
a Banach space for which these equalities do not hold. First we need a
preliminary work.
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Lemma 7.58. Suppose that T ∈ L(X) has range T (X) not closed. Then
for each ε > 0 there exists an infinite-dimensional closed subspace M of X
such that ‖T |M‖ < ε.

Proof Suppose that T (X) is not closed. We now observe that if M is
a closed finite-codimensional subspace of X then T |M does not have a
bounded inverse. In fact, if we assume that T |M has a bounded inverse,
then T (M) is certainly closed. Since X = M⊕N , with N finite-dimensional,
then T (X) = T (M)+T (N) with T (M) closed and T (N) finite-dimensional.
Hence T (X) is closed and this is a contradiction.

Now, since T does not have a bounded inverse there exists an x1 ∈ X
such that ‖x1‖ = 1 and ‖Tx1‖ < ε/3. By the Hahn–Banach theorem there
exists some f1 ∈ X∗ such that ‖f1‖ = 1 and f1(x1) = ‖x1‖ = 1. Since
ker f1 has codimension 1 in X we can find an x2 ∈ ker f1 such that ‖x2‖ = 1
and ‖Tx2‖ < ε/32. Again, there exists f2 ∈ X∗ such that ‖f2‖ = 1 and
f2(x2) = ‖x2‖ = 1. Since ker f1∩ ker f2 has finite codimension in X there
exists an x3 ∈ X such that ‖x3‖ = 1 and ‖Tx3‖ < ε/33. Repeating this
process we can construct a two sequences (xk) ⊆ X and (fk) ⊆ X∗ such
that

(181) ‖xk‖ = ‖fk‖ = fk(xk) = 1, ‖Txk‖ < ε/3k for all k ∈ N,

and

(182) fi(xk) = 0 for i < k.

The elements xk are linearly independent, hence if M denotes the subspace
spanned by these elements M is infinite-dimensional. We show now that
T |M and hence also T |M has norm less than ε. Let us consider x :=∑n

i=1 λixi ∈ M . From (181) and (182) we have

|fi(x)| =

∣∣∣∣∣fi(
n∑

i=1

λixi)

∣∣∣∣∣ = |λ1| ≤ ‖fi‖‖x‖ = ‖x‖.

We show by induction that

(183) |λk| ≤ 2k−1‖x‖, k = 1, . . . , n.

For k = 1 this inequality has been observed above. Suppose that (183) is
true for k ≤ j < n. Then from (181) and (182) we obtain

fj+1(x) =

j∑

i=1

λifj+1(xi) + λj+1.

Using the induction hypothesis we the obtain

|λj+1| ≤ |fj+1(x)| +
j∑

i=1

|λi||fj+1(xi)|

≤ ‖x‖ +

j∑

j=1

2i−1‖x‖ ≤ 2j‖x‖.
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Thus (183) follows by induction. Moreover, for every x ∈ M we have

‖Tx‖ ≤
n∑

i=1

|λi|‖Txi‖ ≤
n∑

i=1

2i−1ε3i‖x‖ =
ε

2
‖x‖.

Since this is true for every x ∈ M we then conclude that ‖T |M‖ ≤ ε/2 < ε
and hence ‖T |M‖ < ε, as desired.

Definition 7.59. A Banach space X is said to be decomposable if it
contains a pair of infinite-dimensional closed subspaces M and N , such that
X = M ⊕ N . Otherwise X is said to be indecomposable. A Banach space
X is said to be hereditarily indecomposable if every closed subspace of X
is indecomposable, i.e., there no exist infinite-dimensional closed subspaces
M and N for which M ∩ N = {0} and M + N is closed. Dually, a Banach
space X is said to be quotient hereditarily indecomposable if every quotient
of X is indecomposable.

Finite-dimensional Banach spaces are trivial examples of indecompos-
able spaces. Note that the existence of infinite-dimensional indecomposable
Banach spaces has been a long standing open problem and has been posi-
tively solved by Gowers and Maurey [137] and [138], who construct an ex-
ample of a reflexive hereditarily indecomposable Banach space XGM . Thus
the dual space X∗

GM is quotient hereditarily indecomposable. Moreover,
Gowers and Maurey constructed in [138] a whole family of other indecom-
posable Banach spaces, amongst them we shall find some Banach spaces
useful in order to construct our counterexamples.

Roughly speaking one can say that indecomposable Banach spaces are
Banach spaces with small spaces of operators. In fact, it is shown in [137]
that if X is hereditarily indecomposable then L(X) = {CIX} ⊕ SS(X),
whilst if X is quotient hereditarily indecomposable, then L(X) = {CIX} ⊕
SC(X). The Gowers Maurey construction is rather technical and requires
some techniques of analysis combined with involved combinatorial argu-
ments. We do not describe this space (a beautiful discussion of it may
be found in Bollobás [71]), but in the sequel we shall point out some of
the properties of these spaces, from the point of view of Fredholm theory,
needed for the construction of our counterexamples.

Theorem 7.60. Let X be a Banach space. Then we have:

i L(X, Y ) = Φ+(X, Y ) ∪ SS(X, Y ) for all Banach spaces Y if and only
if X is hereditarily indecomposable;

(ii) L(Y, X) = Φ−(Y, X)∪SC(Y, X) for all Banach spaces Y if and only
if Y is quotient hereditarily indecomposable.

Proof (i) Suppose that there exists an operator T ∈ L(X, Y ) for which
T /∈ Φ+(X, Y )∪SS(X, Y ). We may assume ‖T‖ = 1. Since T /∈ SS(X, Y ) T
is not invertible on infinite-dimensional closed subspaces of X, so there exist
ε > 0 and a closed infinite-dimensional subspace M such that ‖Tu‖ ≥ ε‖x‖
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for all u ∈ M . On the other hand, since T /∈ Φ+(X, Y ) there exists by
Lemma 7.58 a closed infinite-dimensional subspace N of X such that ‖Tv‖ <
ε/2‖v‖ for all v ∈ N . Let u ∈ M and v ∈ N such that ‖u‖ = ‖v‖ = 1. Then

‖u + v‖ ≥ ‖Tu + Tv‖ ≥ ‖Tu‖ − ‖Tv‖ > ε/2.

Therefore the operator S : M × N → X, defined by S(u, v) := u + v for all
u ∈ M and v ∈ N , has a continuous inverse and consequently M + N is a
direct sum. Hence the closed subspace M ⊕N is not decomposable, so X is
not hereditarily indecomposable.

Conversely, assume that not all the closed subspaces of X are inde-
composable. Then we can find two closed infinite-dimensional subspaces
M and N of X such that M ∪ N = {0} and M + N is closed. From
this it follows that the quotient map QN ∈ L(X, X/N) does not belong to
SS(X, Y )∪Φ+(X, Y ), since QN is an isomorphism on M and N is infinite-
dimensional.

(ii) Assume that T ∈ L(Y, X) but T /∈ Φ−(Y, X)∪SC(Y, X). Since T is
not strictly cosingular there exists an infinite-codimensional closed subspace
M of X such that QMT is onto. By the open mapping theorem there exists
a δ > 0 such that δDX/M ⊆ QMT (DY ), where DX/M and DY denote the
closed unit ball in X/M and Y , respectively. Therefore ‖T ∗f‖ ≥ δ‖f‖ for
every f ∈ M⊥. On the other hand, since T /∈ Φ−(Y, X) there exists an
infinite codimensional closed subspace N of X such that ‖QNTx‖ < δ/2‖x‖
for every x ∈ Y . Therefore ‖T ∗‖ < δ/2‖f‖ for every f ∈ N⊥. We have
M⊥∩N⊥ = {0} and M⊥ + N⊥ is closed. Then X = M + N and M ∩ N is
infinite-codimensional in M and N . This shows that the quotient

X/(M∩N) = M/(M∩N) ⊕ N/(M∩N)

is decomposable, and hence X is not quotient hereditarily indecomposable.
Conversely, if not all the quotient subspaces of X are indecomposable,

then we can find two closed infinite-codimensional subspaces M and N of X
such that M∩N = U , M + N = X and both the quotients M/U and N/U
are infinite-dimensional, hence X/U = M/U ⊕N/U is not indecomposable.
Then the injection JM ∈ L(M, X) does not belong to SC(M, X)∪Φ−(M, X),
because M + N = X and both M and N are infinite-codimensional.

Corollary 7.61. Suppose that X is hereditarily indecomposable, Y is
any Banach space and Φ+(X, Y ) �= ∅. Then PΦ+(X, Y ) = SS(X, Y ).
Analogously, if Φ−(X, Y ) �= ∅ then PΦ−(X, Y ) = SC(X, Y ).

Proof For the first equality, by Theorem 7.46 we need only to show that
PΦ+(X, Y ) ⊆ SS(X, Y ). Suppose that there is T ∈ PΦ+(X, Y )\SS(X, Y ).
By Theorem 7.60 then T ∈ Φ+(X, Y ) and hence 0 = T −T ∈ Φ+(X), which
is impossible. Therefore PΦ+(X, Y ) = SS(X, Y ).

The equality PΦ−(X, Y ) = SC(X, Y ) by using a similar argument.
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Theorem 7.62. If X is a hereditarily indecomposable space then for
every Banach space Y Φ+(X, Y ) is a connected subset of L(X, Y ). In par-
ticular, the index is constant on Φ+(X, Y ).

Proof Let T0 and T1 be in Φ+(X, Y ). For every λ ∈ [0, 1], consider the
operators Tλ := λT1 + (1 − λ)T0. We consider two cases.

First case: Suppose that Tλ ∈ Φ+(X, Y ) for all λ ∈ [0, 1]. Then clearly
T0 and T1 belong to the same connected component of Φ+(X, Y ).

Second case: Suppose that Tλ /∈ Φ+(X, Y ) for some µ ∈ (0, 1). By
part (i) then T ∈ SS(X, Y ) and we can write µT1 = (µ − 1)T0 + Tµ. Since
Φ+(X, Y ) is stable under strictly singular perturbations, by Theorem 7.46 it
follows that (µ−1)T0+λTµ ∈ Φ+(X, Y ) for all λ ∈ (0, 1). Hence (µ−1)T0 and
µT1 belong to the same connected component of Φ+(X, Y ). But L(X, Y ) is
a complex Banach space, so for any operator S ∈ Φ+(X, Y ) and λ �= 0, both
S and λS belong to the same connected component of Φ+(X, Y ). Therefore
again T0 and T1 belong to the same connected component of Φ+(X, Y ).

The last assertion is clear, the continuity of the index implies that the
index is constant on connected components, see Goldberg [129, 7. V.1.6
Theorem].

Corollary 7.63. If X is hereditarily indecomposable and T ∈ Φ±(X)
then indT = 0.

Proof The index of the identity IX is 0.

Corollary 7.64. If X is hereditarily indecomposable and T ∈ L(X)
then σf(T ) is a singleton.

Proof Since F (X) ⊆ SS(X) ⊆ I(X), as it was observed in the beginning
of this chapter T ∈ Φ(X) precisely when T is invertible in L(X) modulo
SS(X). We know also that σf(T ) is non-empty, so there exists some λ ∈ C
such that λIX −T is not Fredholm. By Theorem 7.60 and by the continuity
of the index we obtain that λIX −T is not semi-Fredholm. Hence λIX −T ∈
SS(X) and σf(T ) = {λ}.

We can now establish González’s result.

Theorem 7.65. Let X be a reflexive hereditarily indecomposable Banach
space and Y be a closed subspace of X such that dim Y = codim Y = ∞. If
Z := X × Y then PΦ+(Z) �= SS(Z) and PΦ−(Z) �= SC(Z).

Proof We show first that L(X, Y ) = SS(X, Y ). By Theorem 7.60 it suffices
to prove that Φ+(X, Y ) = ∅.

Suppose that there exists T ∈ Φ+(X, Y ). If JY denotes the canonical
embedding of Y then JY T ∈ Φ+(X) and ind T = −∞, which is impossible
by Corollary 7.63. Therefore L(X, Y ) = SS(X, Y ), and from the inclusion
SS(X, Y ) ⊆ I(X, Y ) ⊆ L(X, Y ) we then conclude that L(X, Y ) = I(X, Y ).
Note that by Corollary 7.9 we also have L(Y, X) = I(Y, X).
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We now prove that Φ+(Z) = Φ(Z). Clearly we have only to show that
Φ+(Z) ⊆ Φ(Z). To see this inclusion set T ∈ L(Z) as

T :=

(
A B
C D

)
,

where A ∈ L(X), D ∈ L(Y ), B ∈ L(Y, X) and C ∈ L(X, Y ). Since
L(X, Y ) = I(X, Y ), by Theorem 7.25 we have that

σf(T ) = σf(A) ∪ σf(D).

Thus σf(T ) contains at most two points by Corollary 7.64. This also shows
that if T is not Fredholm then there exists δ > 0 such that λIZ − T ∈ Φ(Z)
for all 0 < |λ| < δ. By the continuity of the index then T /∈ Φ+(Z). Hence
Φ+(Z) = Φ(Z).

From the last equality and Theorem 7.22 we obtain that

PΦ+(Z) = PΦ(Z) = I(Z),

so the operator

S =

(
0 JY

0 0

)
,

provides an example of an operator S ∈ PΦ+(Z) which does not belong to
SS(Z). This shows that PΦ+(Z) �= SS(Z).

To see that PΦ−(Z) �= SC(Z) observe that S ∈ PΦ−(Z) because Z is
reflexive, and an operator T ∈ Φ+(Z) if and only if T ∈ Φ−(Z). However,
S is not strictly singular since JY is surjective.

4. Improjective operators

The characterizations of inessential operators T given in the previous
sections are given in terms of the properties of the product of T by a large
class of operators, or also as the perturbation class of Fredholm operators.
It is a problem of a certain interest to find an intrinsic characterization of
inessential operators, for instance in terms of their action on certain sub-
spaces. A characterization of this type is, for instance, obtained in the cases
I(X, Y ) = SS(X, Y ) or I(X, Y ) = SC(X, Y ).

In this section we shall see that for many classic Banach spaces the
class of the inessential operators coincide with a class of operators, the im-
projective operators, which are defined by means of their action on certain
complemented subspaces. In order to see that, we first define an interesting
class of operators introduced by Tarafdar [305] and [306].

Definition 7.66. An operator T ∈ L(X, Y ) is said to be improjective
if there exists no infinite-dimensional closed subspace M of X such that the
restriction TJM is an isomorphism and T (M) is a complemented subspace
of Y . The set of all improjective operators from X into Y will be denoted
by Imp(X, Y ) and we set Imp(X) := Imp(X, X).
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Trivially, the identity on an infinite-dimensional Banach space X and
any isomorphism between infinite-dimensional Banach spaces are examples
of operators which are not improjective. Moreover, the restriction T |M of
an improjective operator T ∈ Imp(X, Y ) to a closed infinite-dimensional
subspace M of X is also improjective.

The next result will be useful for studying the improjective operators
and their relationships with other classes of operators.

Lemma 7.67. Let X and Y be Banach spaces and T ∈ L(X, Y ). Then
the following assertions hold:

(i) If M is a closed subspace of X such that TJM is an isomorphism,
T (M) is complemented in Y , and N is a closed complement of T (M), then
M is complemented in X and T−1(N) is a closed complement of M ;

(ii) If N is a closed subspace of Y such that QNT is surjective, T−1(N)
is complemented in X, and M is a closed complement of T−1(N), then N
is complemented in Y and T (M) is a closed complement of N .

Proof (i) If N is a closed complement of T (M) in Y and TJM is an isomor-
phism then T−1(N)∩M = {0}, both T−1(N) and M are closed subspaces
and X = T−1(N)⊕M . Hence the result is a direct consequence of the closed
graph theorem.

If M is a closed complement of T−1(N) in X, since ker T is contained
in T−1(N), we have T (M)∩N = {0}. Moreover, since QNT is surjective we
obtain that T (M)⊕N = T (X) + N = Y , and it follows from Theorem 1.14
that T (M) is closed; hence N is complemented in Y .

The class Imp(X, Y ) admits the following dual characterization in terms
of quotient maps.

Theorem 7.68. An operator T ∈ L(X, Y ) is improjective if and only if
there is no infinite-codimensional closed subspace N of Y such that QNT is
surjective and T−1(N) is a complemented subspace of X.

Proof Assume that T ∈ L(X, Y ) is improjective and let N be a closed
subspace of Y such that QNT is surjective and T−1(N) is a complemented
subspace of X. By Lemma 7.67 if M is a closed complement of T−1(N)
then T (M) is a closed complement of N . Since the restriction of T to M is
an isomorphism and T is improjective it then follows that T (M) is finite-
dimensional; hence N is finite-codimensional.

Conversely, assume that T is not improjective and take an infinite-
dimensional closed subspace M of X such that TJM is an isomorphism
and T (M) is complemented in Y . Given a closed complement N of T (M)
we have that N is infinite-codimensional and QNT is surjective. Hence by
Lemma 7.67 we conclude that M is a closed complement of T−1(N).

Theorem 7.69. For every pair of Banach spaces X and Y we have
I(X, Y ) ⊆ Imp(X, Y ).



4. IMPROJECTIVE OPERATORS 403

Proof If T ∈ L(X, Y ) is not improjective then there exists an infinite-
dimensional closed subspace M of X such that the restriction TJM is an
isomorphism and T (M) is a complemented subspace of Y. By Lemma 7.67
we have that M is also complemented in X and

X = M ⊕ T−1(N) and Y = T (M) ⊕ N,

where N and T−1(N) are closed subspaces of Y and X, respectively. So we
can define an operator S ∈ L(Y, X) by

Sy :=

{
(T |M )−1y if y ∈ T (M),
0 if y ∈ N.

We have that ker(IX − ST ) = M ; hence by Theorem 7.17 the operator T is
not inessential.

Theorem 7.70. Let A ∈ L(Y, Z), T ∈ Imp(X, Y ) and B ∈ L(W, X).
Then TB ∈ Imp(W,Y ) and AT ∈ Imp(X, Z).

Proof Assume first that AT is not improjective. Then we can find an
infinite-dimensional closed subspace M of X such that ATJM is an iso-
morphism and AT (M) is complemented in Z. Note that TJM is also an
isomorphism; hence T (M) is closed. Since AJT (M) is an isomorphism it
follows from Lemma 7.67 that T (M) is complemented in Y . Hence T is not
improjective.

In the case in which TB is not improjective Theorem 7.68 allows us to
select an infinite-codimensional closed subspace N of Y such that QNTB is
surjective and (TB)−1(N) is a complemented subspace of W. Denoting M :=
T−1(N) we have that M is an infinite- codimensional closed subspace of X
such that QMB is surjective and B−1(M) is complemented. It follows from
Lemma 7.67 that M is complemented in X. Moreover QNT is surjective;
hence it follows from Theorem 7.68 that T is not improjective.

To determine the structure of the set Imp(X, Y ) we now introduce the
following concept, that will be useful in our discussions.

Let L denotes the class of all bounded operator acting between Banach
spaces, and let F denote the class of all operators with finite-dimensional
range acting between Banach spaces. Given a subclass A of L, the subsets

A(X, Y ) := A∩L(X, Y ),

are called the components of A. Moreover, we set A(X) := A(X, X).

Definition 7.71. A subclass A of L is said to be a quasi-operator ideal
if it satisfies the following two conditions:

(a) F ⊆ A;
(b) A ∈ L(Y, Z), K ∈ A(X, Y ), B ∈ L(W,X) ⇒ AKB ∈ A(W, Z).

A quasi-operator ideal is an operator ideal (in the sense of Pietsch [263])
if and only if A(X, Y ) is a subspace of L(X, Y ) for every pair X, Y of Banach
spaces. It is easily seen the the closure of a quasi-operator ideal, defined as
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the union of all closures of components, is a quasi-operator ideal. Evidently,
I, SS, SC, K are operator ideals, while Imp is a quasi-operator ideal by
Theorem 7.70.

Theorem 7.72. The class of all improjective operators Imp is the largest
quasi-operator ideal A for which IX /∈ A(X) for every infinite-dimensional
Banach space X.

Proof As observed before, Imp is a quasi-operator ideal and Ix /∈ Imp(X).
To complete the proof, let Aα denote the family of all quasi-operator

ideals for which IX /∈ A(X). Note that this family is non-empty since Imp
belongs to it. Let A0 :=

⋃
Aα. Clearly A0 is a quasi-operator ideal which

contains every quasi-operator ideal for which IX /∈ A(X) for every infinite-
dimensional Banach space X.

We show that A0 = Imp. To see this it suffices to prove that A0 ⊆
Imp. Suppose that there exist two Banach spaces X, Y and an opera-
tor T ∈ A0(X, Y ) such that T /∈ Imp(X, Y ). Then there exists a closed
infinite-dimensional subspaces M of X such that T |M has a bounded in-
verse and T (M) is complemented in Y . The equality T |M = TJM yields
that T |M ∈ A0(M, Y ), since A0 is a quasi-operator ideal.

Now, let Q denote the projection of Y onto T (M). Clearly, S :=
QTJM ∈ A0(M, T (M) is an isomorphism. From this it follows that IM =
S−1S ∈ A0(M), and since M is infinite-dimensional we obtain a contradic-
tion. Therefore T ∈ Imp(X, Y ).

Corollary 7.73. Imp(X, Y ) is a closed subset of L(X, Y ).

Proof Imp is a closed quasi-operator ideal, by maximality.

We now investigate the cases where Imp(X, Y ) = I(X, Y ). The next
result shows a symmetry of this equality.

Theorem 7.74. Let X, Y be Banach spaces. Then I(X, Y ) = Imp(X, Y )
if and only if I(Y, X) = Imp(Y, X).

Proof Suppose that I(X, Y ) = Imp(X, Y ) and let T ∈ Imp(Y, X). We
have only to show that T ∈ I(Y, X).

Given S ∈ L(X, Y ), by Theorem 7.70 we have that STS ∈ Imp(X, Y ) =
I(X, Y ); hence (TS)2 ∈ I(Y, X). Therefore

IX − (TS)2 = (IX + TS)(IX − TS) ∈ Φ(X),

and hence ker(IX−TS) ⊆ ker(IX−(TS)2) is finite dimensional. By Theorem
7.17 we conclude that T is inessential.

The following Lemma will be the key to characterize the inessential
operators amongst the improjective operators.

Lemma 7.75. For every T ∈ L(X, Y ) and S ∈ L(Y, X) the following
statements hold:
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(i) If the subspace M := ker(IX −ST ) is complemented in X with closed
complement U then both subspaces T (M) and S−1(U) are complemented in
Y . In fact, we have Y = T (M) ⊕ S−1(U);

(ii) If the subspace N := (IY − TS)(Y ) is complemented in Y with closed
complement V then both subspaces T−1(N) and S(V ) are complemented in
X. In fact, we have X = S(V ) ⊕ T−1(N).

Proof (i) Let P denote the projection from X onto M along U ; thus
P (X) = M and ker(P ) = U . Since (IX −ST )P = 0 we have that P = STP .
Therefore on defining Q := TPS we have

Q2 = TP (STP )S = TP 2S = Q;

i.e., Q is a projection in Y . From the equality P = STP we easily obtain
that ker(T )∩P (X) = {0}; thus

ker(Q) = ker(PS) = S−1(U).

Moreover, P = STP implies that ST (M) = M ; hence S−1(U)∩T (M) =
{0}. On the other hand, from Q = TPS it follows that Q(Y ) ⊂ T (M); thus
we conclude that Q(Y ) = T (M).

(ii) Let us denote by Q the projection from Y onto V along N . Then
we have Q(IY − TS) = 0; hence Q = QTS. Therefore, as in the previous
part, P := SQT defines a projection in X.

From Q = QTS we obtain that ker(S)∩Q(Y ) = {0}; thus

ker(P ) = ker(QT ) = T−1(N).

Moreover, Q = QTS implies that (TS)−1(N) = N ; hence S(V )∩T−1(N) =
{0}. On the other hand, from P = SQT , it follows that P (X) ⊂ S(V ); thus
we conclude that P (X) = S(V ).

We now establish several characterizations of the inessential operators
among the improjective operators in terms of the complementability of some
subspaces.

Theorem 7.76. For an operator T ∈ L(X, Y ) the following assertions
are equivalent:

(i) T is inessential;

(ii) T ∈ Imp(X, Y ) and ker(IX − ST ) is complemented for every S ∈
L(Y, X);

(iii) T ∈ Imp(X, Y ) and ker(IY − TS) is complemented for every S ∈
L(Y, X);

(iv) T ∈ Imp(X, Y ) and (IX − ST )(X) is complemented for every S ∈
L(Y, X);

(v) T ∈ Imp(X, Y ) and (IY − TS)(Y ) is complemented for every S ∈
L(Y, X).
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Proof First we show that (i) implies the other assertions.
Assume that T is inessential. By Theorem 7.69 T is improjective.

Moreover, by Theorem 7.17, for every S ∈ L(Y, X) ker(IX − ST ) and

ker(IY − TS) are finite-dimensional, and (IX − ST )(X) and (IY − TS)(Y )
are finite-codimensional; hence all of them are complemented.

(ii) ⇒ (i) Assume that T ∈ Imp(X, Y ) and M := ker(IX − ST ) is
complemented. We have that T is an isomorphism on M , and by Lemma 7.75
T (M) is complemented. Hence M is finite-dimensional. We have seen that
(ii) implies that ker(IX − ST ) is finite- dimensional for every S ∈ L(Y, X).
By Theorem 7.17 we conclude that T is inessential.

(iii) ⇒ (i) Assume that T ∈ Imp(X, Y ) and N := ker(IY − TS) is
complemented. We have that S is an isomorphism on N (so that S(N) is
closed), T is an isomorphism on S(N) and T (S(N)) = N is complemented.
Hence N is finite-dimensional. We have seen that the condition (iii) implies
that ker(IY − TS) is finite-dimensional for every S ∈ L(Y, X). By Theorem
7.17, we may conclude that T ∈ I(X, Y ).

(iv) ⇒ (i) Assume that T ∈ Imp(X, Y ) and M := (IX − ST )(X) is
complemented. Since QM (IX − ST ) = 0 we have that QMST = QM ; in
particular (ST )(X) + M = X. Then T (X) + S−1(M) = Y ; i.e., QS−1(M)T
is surjective. Moreover, we have that

T−1S−1(M) = (ST )−1(M) =⊥
(
(ST )∗(M⊥)

)

=
(
T ∗S∗(ker⊥(IX∗ − T ∗S∗)

)

= ⊥ (ker(IX∗ − T ∗S∗)) = M

is complemented. From Theorem 7.68 it then follows that S−1(M) is finite-
codimensional; hence M = T−1S−1(M) is also finite-codimensional. There-

fore (iv) implies that (IX − ST )(X) is finite-codimensional for every S ∈
L(Y, X). Again, by Theorem 7.18 we conclude that T ∈ I(X, Y ).

(v) ⇒ (i) Assume that T ∈ Imp(X, Y ) and N := (IY − TS)(Y ) is com-
plemented. Since QN (IY −TS) = 0 we have that QNTS = QN . In particular
QNT is surjective, and by Lemma 7.75 T−1(N) is complemented. Applying
Theorem 7.68 we conclude that N is finite-codimensional. Therefore (v) im-

plies that (IY − TS)(Y ) is finite-codimensional for every S ∈ L(Y, X), and
hence by Theorem 7.18 we conclude that T ∈ I(X, Y ).

To give some sufficient conditions for the equality I(X, Y ) = Imp(X, Y ),
we consider the two classes of operators Ω+ and Ω− introduced in Section
2 of this chapter.

Theorem 7.77. Let A be a quasi-operator ideal and let Y be a Banach
space.

(i) If A(Y ) ⊆ Ω+(Y ), then A(Y, Z) ⊆ I(Y, Z) holds for every Banach
space Z;
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(ii) If A(Y ) ⊆ Ω−(Y ), then A(X, Y ) ⊆ I(X, Y ) holds for every Banach
space X.

Proof (i) Suppose that there exists T ∈ A(Y, Z)\I(Y, Z). By Theorem 7.17
we can find S ∈ L(Z, Y ) so that M := ker (IY −ST ) is infinite-dimensional.
However, since ST ∈ A(Y ) ⊆ Ω+(Y ) and ST coincides with the identity on
M it follows that M is finite-dimensional; a contradiction.

(ii) Suppose that there exists T ∈ A(X, Y ) \ I(X, Y ). By Theorem

7.18 we can find S ∈ L(Y, X) such that N := (IY − TS)(Y ) is infinite-
codimensional. However, since TS ∈ A(Y ) ⊆ Ω−(Y ), N is an invariant
subspace of TS and QNTS is surjective, we also obtain that N is finite-
codimensional; a contradiction.

In the case A = Imp, we obtain further characterizations of pairs X, Y
satisfying I(X, Y ) = Imp(X, Y ).

Corollary 7.78. For a Banach space X the following statements are
equivalent:

(i) I(X) = Imp(X);

(ii) Imp(X) ⊆ Ω+(X);

(iii) Imp(X) ⊆ Ω−(X);

(iv) Imp(X) ⊆ R(X);

(v) I(X, Y ) = Imp(X, Y ) for every Banach space Y .

Proof The implications (i) ⇒ (ii) and (i) ⇒ (iii) are obvious since by The-
orem 7.32 we have I(X) ⊆ Ω+(X)∩Ω−(X).

The implication (ii) ⇒ (v) follows from Theorem 7.77, once it is ob-
served that I(X, Y ) ⊆ Imp(X, Y ), whilst the implication (iii) ⇒ (v) follows
from Theorem 7.77, the inclusion I(Y, X) ⊆ Imp(Y, X) and the equivalence
I(Y, X) = Imp(Y, X) if and only if I(X, Y ) = Imp(X, Y ) are proved in The-
orem 7.74.

The implication (v) ⇒ (i) is trivial. Therefore (i), (ii), (iii), (v) are
equivalent. Finally, (iv) ⇒ (ii) by Theorem 7.28, whilst from (i) we obtain
that Imp(X) = I(X) ⊆ R(X), so (i) ⇒ (iv).

Theorem 7.79. Let X be an infinite-dimensional complex Banach space
and let T ∈ Imp(X). Then we have:

(i) 0 ∈ σ(T );
(ii) If σ ⊆ σ(T ) is a spectral set and 0 �∈ σ then the spectral projection

associated to σ has finite-dimensional range.

Proof (i) The assertion is evident, since an invertible operator in an infinite-
dimensional space cannot be improjective.
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(ii) Let P denote the spectral projection associated with σ. Then taking
M := P (X) we have that T (M) = M , and the restriction TJM is an isomor-
phism. Since T ∈ Imp(X) we then conclude that M is finite-dimensional
subspace of X.

Next we show tha, for complex Banach spaces the equality I(X) =
Imp(X) can be formulated in terms of the spectral properties of improjective
operators.

Theorem 7.80. Let X be a complex Banach space. Then Imp(X) =
I(X) if and only if for every T ∈ Imp(X), the spectrum σ(T ) is either a
finite set or a sequence which clusters at 0.

Proof The direct implication follows from the fact that each inessential
operator T ∈ I(X)) is a Riesz operator, so by Theorem 3.111 the spectrum
σ(T ) is either a finite set or a sequence which clusters at 0.

For the converse, let us fix an operator T ∈ Imp(X). For every S ∈ L(X)
we have that ST ∈ I(X). Now, by the hypothesis and Theorem 7.79 we
obtain that either IX − ST is bijective or 1 is an isolated point in σ(ST )
and the spectral projection associated to the spectral set {1} has finite-
dimensional range. In any case ker(IX − ST ) is finite-dimensional, and
applying Theorem 7.17 we conclude that T is inessential.

The next result shows that if one of the spaces is subprojective or su-
perprojective, all the improjective operators are inessential.

Theorem 7.81. Assume that one of the spaces X, Y is subprojective or
superprojective . Then we have Imp(X, Y ) = I(X, Y ).

Proof Assume first that Y is superprojective. If T ∈ L(X, Y ) is not inessen-

tial then we can find an operator S ∈ L(Y, X) such that M := (IY − TS)(Y )
is infinite-codimensional in Y . We take an infinite-codimensional comple-
mented subspace N of Y containing M , and we select a projection P with
kernel kerP = N . We have that P (Y ) is infinite-dimensional. Moreover,
since P (IY −TS) = 0 we obtain that PTS restricted to P (Y ) coincides with
the identity operator. Then PTS is not improjective, and by Theorem 7.70
T is not improjective.

Now we consider the case in which X is subprojective. If T ∈ L(X, Y )
is not inessential then we can find an operator S ∈ L(Y, X) such that
M := ker(IX − ST ) is infinite-dimensional in X. We take an infinite-
dimensional complemented subspace N of X contained in M . Since ST
restricted to the subspace N coincides with the identity we have that T (N)
is closed, the restriction SJT (N) is an isomorphism, and S(T (N)) is comple-
mented. Hence by Lemma 7.67 the subspace T (N) is complemented. Since
TJN is an isomorphism we conclude that T is not improjective.

For the remaining cases it is enough to apply Theorem 7.74 and the
previously proved cases.
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Corollary 7.82. Suppose that X and Y are Banach spaces. Then the
following assertions hold:

(i) If Y is subprojective then I(X, Y ) = SS(X, Y );

(ii) If X is superprojective then Imp(X, Y ) = SC(X, Y ).

Proof Combine Theorem 7.81 with Theorem 7.51.

The following examples show that we cannot change the order of the
spaces X, Y in Theorem 7.82. To be precise, in part (i) if X is subprojective
then Imp(X, Y ) = SS(X, Y ) is not true in general, and analogously in part
(ii) if Y is superprojective, then Imp(X, Y ) = SC(X, Y ) is in general not
true.

Example 7.83. (a) The space ℓ2 is subprojective, so by Theorem 7.81
and taking into account what was established in Example 7.12, we obtain

L(ℓ2, ℓ∞) = Imp(ℓ2, ℓ∞) = I(ℓ2, ℓ∞);

On the other hand, we also have L(ℓ2, ℓ∞) �= SS(ℓ2, ℓ∞) because ℓ∞ contains
a closed subspace isomorphic to ℓ2, see Beauzamy [64, Theorem IV.II.2] .

Another example may be derived from the natural inclusion of L2[0, 1] in
L1[0, 1] being not strictly singular, as observed in Example 7.42. However,
see Example 7.14, we have

L(L2[0, 1], L1[0, 1]) = Imp(L2[0, 1], L1[0, 1]) = I(L2[0, 1], L1[0, 1]).

(b) The space ℓ2 is superprojective and, as already seen, every operator
T ∈ L(ℓ1, ℓ2) is strictly singular. Therefore we have

L(ℓ1, ℓ2) = Imp(ℓ1, ℓ2) = I(ℓ1, ℓ2).

However, L(ℓ1, ℓ2) �= SC(ℓ1, ℓ2), because ℓ1 has a quotient isomorphic to ℓ2,
see Beauzamy [64, Theorem IV.II.1].

In order to see that the inessential operators and the improjective op-
erators coincide for many other classical Banach spaces, we introduce the
following two concepts of S-system and C-system.

Definition 7.84. A class N of closed infinite-dimensional subspaces
of Y is said to be a S-system of Y with respect to a Banach space X if
T ∈ L(X, Y ) is strictly singular if and only if for every subspace M of X
with T (M) ∈ N we have that TJM is not an isomorphism.

A S-system N is said to be complemented if every element of N is
complemented in Y . Note that by Lemma 7.67 if T (M) is complemented in
Y then M is complemented in X .

Example 7.85. In the sequel we shall give several examples of S-
systems between concrete examples of Banach spaces.
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(a) If Y is a subprojective Banach space and X an arbitrary Banach
space then the class

N := {N : N is an infinite-dimensional complemented subspace of Y }
is a S-system of Y with respect to X, by Theorem 7.81.

(b) Let Y be an arbitrary separable Banach space and X := C(K), K
compact. As has been shown by Pe
lczyński [260] T ∈ L(X, Y ) is strictly
singular if and only if there are no embeddings J1 : co → X and J2 : co → Y
such that TJ1 = J2. From Theorem 8.3 of Przeworska and Rolewicz [266]
we then conclude that

N := {N : N a subspace of Y isomorphic to co}
is a complemented S-system of Y with respect to X.

In the case that K is σ-Stonian a similar characterization of strictly
singular operators shows that the subspaces of Y isomorphic to ℓ∞ form a
complemented S-system of Y with respect to X.

(c) If Y is a Lp-space, see Lindenstrauss and Tzafriri [220] for defini-
tions, with 2 ≤ p < ∞, then the class

N := {N : N a subspace of Y isomorphic to ℓ2 or to ℓp}
forms a complemented S-system of Y with respect to every Banach space
X. This is a consequence of the property that for 2 ≤ p < ∞, Lp[0, 1] is
subprojective and every Lp-space is complemented in some Lp(µ).

(d) If Y := L1(µ) and X has the Dunford–Pettis property then

N := {N : N a complemented subspace of Y isomorphic to ℓ1}
is a complemented S-system of Y with respect to X. Indeed, see Pe
lczyński
[260], T ∈ L(X, Y ) is strictly singular if and only if there are no embeddings
J1 : ℓ1 → X and J2 : ℓ1 → Y such that TJ1 = J2.

Theorem 7.86. Let X and Y be two Banach spaces. Then Y has
a complemented S-system with respect to X if and only if Imp(X, Y ) =
SS(X, Y ).

Proof Suppose T /∈ SS(X, Y ) and Y admits a complemented S-system
with respect to X. Then there exists a subspace M for which T (M) is
complemented in Y and TJM is not an isomorphism. Hence T /∈ Imp(X, Y ).

Conversely, if Imp(X, Y ) = SS(X, Y ) then the class M of all infinite-
dimensional complemented subspaces of Y is a complemented S-system of
Y with respect to X.

Corollary 7.87. Suppose that one of the two Banach spaces X and Y
admits a complemented S-system with respect to the other. Then

Imp(X, Y ) = I(X, Y ).

In particular, this equality holds whenever X and Y are the Banach spaces
in parts (a), (b), (c), and (d) of Example 7.85.
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Proof If Y has a complemented S-system with respect to X then Imp(X, Y )
= I(X, Y ) = SS(X, Y ). If X has a complemented S-system with respect to
Y then Imp(Y, X) = I(Y, X) = SS(X, Y ) and therefore, from Proposition
7.74, Imp(X, Y ) = I(X, Y )

Definition 7.88. A class N of closed infinite-codimensional subspaces
of X is said to be a C-system of X with respect to Y if T ∈ L(X, Y ) is strictly
cosingular if and only if for every subspace M of Y with T−1(M) ∈ N we
have that QMT is not surjective.

A C-system N is said to be complemented if every element of N is
complemented in X. Note that if T−1(M) is complemented in X then M is
complemented in Y by Lemma 7.67.

Example 7.89. In the sequel we shall give several examples of C-
systems between some Banach spaces.

(e) If X is a superprojective Banach space and Y an arbitrary Banach
space then the class

N := {N : N is a complemented subspace of X}
is a C-system of X with respect to Y by Theorem 7.81.

(f) Let Y be an arbitrary separable Banach space which has the Dunford–
Pettis property and X := C(K), K compact. Then the class

N := {N : N a subspace of C(K) such that C(K)/N is isomorphic to c0}
is a complemented C-system of X with respect to Y .

In the case in which K is σ-Stonian and Y is a (not necessarily separable)
Banach space which has the Dunford–Pettis property the subspaces N of X
such that C(K)/N is isomorphic to ℓ∞ form a complemented C-system of
X with respect to Y .

Indeed, every separable non-reflexive quotient of C(K) has a quotient
isomorphic to c0. The case K σ-Stonian a similar.

(g) If X is a Lp-space, 1 < p < 2, the class

N := {N : N a subspace of Lp such that X/N is isomorphic to ℓ2 or to ℓp}
forms a complemented C-system of X with respect to every Banach space
Y . This can be obtained by duality from (c) of Example 7.85.

(h) If Y := L1(µ) and X is arbitrary then

N := {N : N a subspace of X such that X/N is isomorphic to ℓ1}
is a complemented C-system of X with respect to Y .

This is a consequence of every non-reflexive subspace of L1(µ) containing
a complemented copy of ℓ1, see Wojtaszczyk [329, p.144].

Theorem 7.90. Let X and Y be two Banach spaces. Then X has
a complemented C-system with respect to Y if and only if Imp(X, Y ) =
SC(X, Y ).
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Proof If T /∈ SC(X, Y ) and X admits a complemented C-system with
respect to Y , there exists a subspace M of Y for which T−1(M) is com-
plemented in X and QMT is not surjective. Hence by Theorem 7.68 T /∈
Imp(X, Y ).

Conversely, if Imp(p(X, Y ) = SC(X, Y ) then the class M of all sub-
spaces M of Y for which T−1(M) is complemented in X is a complemented
C-system of X with respect to Y .

Corollary 7.91. Suppose that one of the spaces X and Y admits a
complemented C-system with respect to the other. Then

Imp(X, Y ) = I(X, Y ).

In particular, this equality holds whenever X and Y are the Banach spaces
in parts (e), (f), (g, and (h) of Example 7.89

Proof If X has a complemented C-system with respect to Y then Imp(X, Y )
= I(X, Y ) = SC(X, Y ). If Y has a complemented C-system with respect to
X then Imp(Y, X) = I(Y, X) = SC(X, Y ), and therefore from Proposition
7.74 Imp(X, Y ) = I(X, Y ).

Let us see some cases in which the components of Imp coincide with
those of the biggest proper operator ideal.

Theorem 7.92. Let A be a proper operator ideal. Suppose that one of
the spaces X and Y admits a S-system or a C-system with respect to the
other. Then

A(X, Y ) ⊆ Imp(X, Y ) = I(X, Y ).

Proof Clearly A ⊆ Imp since Imp is the largest proper quasi-ideal. There-
fore from Corollary 7.87 or Corollary 7.91 we have A(X, Y ) ⊆ Imp(X, Y ) =
I(X, Y ).

Corollary 7.93. If X and Y are two Banach spaces and T ∈ L(X, Y ),
then the following statements hold:

(i) If Y admits a S-system with respect to X then T ∗ ∈ SS(Y ∗, X∗) ⇒
T ∈ SS(X, Y );

(ii) If X admits a C-system with respect to Y then T ∗ ∈ SC(Y ∗, X∗) ⇒
T ∈ SC(X, Y ).

Remark 7.94. Note that the property of having a certain Banach space
a S-system, as well as a C-system with respect to another Banach space is
not symmetric. For instance, since ℓ2 is subprojective ℓ∞ has an S-system
with respect to ℓ2, whilst ℓ2 does not admit any S-system with respect to
ℓ∞. Indeed,

L(ℓ2, ℓ∞) = Imp(ℓ2, ℓ∞) = I(ℓ2, ℓ∞),

see Example 7.15, whereas L(ℓ2, ℓ∞) �= SS(ℓ2, ℓ∞) since ℓ∞ contains a copy
of ℓ2. Analogously the superprojective space ℓ2 admits a C-system with
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respect to ℓ∞, whilst ℓ∞ does not admit a C-system with respect to ℓ2. In-
deed, L(ℓ∞, ℓ2) = Imp(ℓ∞, ℓ2) whilst L(ℓ∞, ℓ2) �= SC(ℓ∞, ℓ2), since ℓ∞ has
a quotient isomorphic to ℓ2.

We wish to show now that the class of inessential operators is in general
strictly smaller than the class of improjective operators. As in the per-
turbation theory of Section 3, we solve this question in the framework of
indecomposable Banach spaces. Note that by Corollary 7.78 for a Banach
space X we have I(X) �= Imp(X) if and only if I(X, Y ) �= Imp(X, Y ) for all
Banach spaces Y . We have the following characterization of indecomposable
spaces in terms of improjective operators.

Theorem 7.95. For a Banach space Y , the following statements are
equivalent:

(i) Y is indecomposable;
(ii) L(Y, Z) = Φl(Y, Z) ∪ Imp(Y, Z) for every Banach space Z;
(iii) L(X, Y ) = Φr(X, Y ) ∪ Imp(X, Y ) for every Banach space X;
(iv) L(Y ) = Φ(Y ) ∪ Imp(Y ).

Proof (i) ⇒ (ii) Assume that Y is indecomposable. If T ∈ L(Y, Z) is
not improjective then there exists an infinite-dimensional subspace M of Y
such that TJM is an isomorphism and T (M) is complemented. By Lemma
7.67 M is also complemented; hence M is finite-codimensional since Y is
indecomposable.

Now, it is clear that ker T is finite-dimensional and T (X) is the direct
sum of T (M) and a finite-dimensional subspace, hence T (X) is comple-
mented. Thus T ∈ Φl(Y, Z) by Theorem 7.3, part (ii).

(i) ⇒ (iii) Assume that Y is indecomposable. If T ∈ L(X, Y ) is not
improjective then by Theorem 7.68 and Lemma 7.67 there exists an infinite-
codimensional complemented subspace N of Y such that QNT is surjective
and T−1(N) is also complemented in X. Since Y is indecomposable N is
finite-dimensional. Therefore T (X) is finite-codimensional, hence closed,
and T−1(N) is the direct sum of kerT and a finite-dimensional subspace.
This argument shows that ker T is complemented. Thus T ∈ Φr(X, Y ) by
part (i) of Theorem 7.3.

(ii) ⇒ (iv) Assume that T ∈ L(Y )\ Imp(Y ). Then T ∈ Φl(Y ) and T (X)
is infinite-dimensional. Now we can select an operator S ∈ L(Y ) so that ST
is a projection with kerST = ker T and Y = ker S ⊕T (X). It is easy to see
that the restriction SJT (X) is an isomorphism and S(T (X)) = (ST )(X) is
complemented. Then S /∈ Imp(Y ); hence S ∈ Φl(Y ). In particular, ker S is
finite-dimensional. Therefore T (X) is finite-codimensional; thus T ∈ Φ(Y ).

(iii) ⇒ (iv) Assume that T ∈ L(Y ) \ Imp(Y ). Then T ∈ Φr(Y ) and
ker T is infinite-codimensional. Now we can select an operator S ∈ L(Y )
so that TS is a projection with (TS)(Y ) = T (X) and Y = ker T ⊕ S(Y )).
Also here we have that Qker T S is surjective and S−1(ker T ) = ker TS is
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complemented. Then S /∈ Imp(Y ); hence S ∈ Φr(Y ). Now, since we have
ker T∩S(Y ) = {0} it follows that kerT is finite-dimensional; thus T ∈ Φ(Y ).

(iv) ⇒ (i) Suppose that Y is decomposable. Then we can find a projec-
tion P ∈ L(Y ) such that both the subspaces ker P and P (Y ) are infinite-
dimensional; therefore P /∈ Φ(Y ) ∪ Imp(Y ).

Theorem 7.96. Let X be a Banach space. Assume that either X is
hereditarily indecomposable or quotient hereditarily indecomposable. Then
L(X) = Φ(X) ∪ I(X).

Proof Since strictly singular operators and strictly cosingular operators
are inessential, by Theorem 7.60 we have

L(X) = Φ+(X) ∪ Φ−(X) ∪ I(X).

Assume that there exists T ∈ L(X) \ I(X). Then X is infinite-dimensional,
T ∈ Φ+(X) ∪ Φ−(X) and T has index not finite. It easily follows from
Remark 1.54, part (d), that the set of all semi-Fredholm operators Φ+(X)∪
Φ−(X) with index equal to a fixed value is open. Therefore since λIX −T is
invertible for |λ| > ‖T‖ we can find real numbers µ, ν such that µ < 0 < ν
and the operators µIX − T and νIX − T are not in Φ+(X) ∪ Φ−(X), and
consequently they belong to I(X). Since I(X) is a subspace of L(X) we
conclude that (µ − ν)IX ∈ I(X); hence X is finite-dimensional, and so we
obtain a contradiction.

Theorem 7.97. Let X be Banach space. Assume that L(X) = Φ(X) ∪
I(X). Then Imp(X, Y ) = I(X, Y ) for every Banach space Y .

Proof The result is clear if I(X, Y ) = L(X, Y ). So we assume that there
exists T ∈ L(X, Y ) \ I(X, Y ), and we show that T �∈ Imp(X, Y ).

We take S ∈ L(Y, X) such that ker (IX − ST ) is infinite dimensional.
Since IX − ST is not Fredholm then by the hypothesis it is inessential;
hence ST = IX − (IX −ST ) is Fredholm. In particular, T ∈ Φl(X, Y ), so by
Theorem 7.3 we have X = ker T⊕M , the restriction TJM is an isomorphism,
and T (M) = T (X) is complemented; hence T is not improjective.

Theorem 7.97, Corollary 7.96, and Proposition 7.97 suggest that if we
want to find improjective operators which are not inessential, we should look
for an indecomposable Banach space which is not hereditarily subspace and
quotient indecomposable. Again, Gowers and Maurey ([138]) provide the
required example.

Theorem 7.98. ([138]) There exists an indecomposable Banach space
Z which is neither hereditarily indecomposable nor quotient hereditarily in-
decomposable. This space has a Schauder basis and the associated right shift
S is an isometry on Z.

We can show Aiena and González’s counter example ([21]).
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Theorem 7.99. There exists a complex Banach space Z with the fol-
lowing properties:

a) I(Z) �= Imp(Z);

b) There exists T ∈ Imp(Z) which is not Riesz;

c) Imp(Z) is not a subspace of L(Z).

Proof We consider the space Z mentioned in Theorem 7.98. This space
has a Schauder basis and the associated right shift S is an isometry on Z.
Moreover, Z is indecomposable, so L(Z) = Φ(Z)∪Imp(Z) by Theorem 7.95.

Let λ ∈ C be a complex number. Clearly, for |λ| > 1 the operator λIZ−S
is invertible; in particular, it is a Fredholm operator with ind (λIZ −S) = 0.
Moreover, for |λ| < 1 the operator λIZ −S is Fredholm with ind (λIZ −S) =
−1. Therefore by the continuity of the index of Fredholm operators, see
Remark 1.54, for |λ| = 1 the operator λIZ − S is not Fredholm; hence for
|λ| = 1 the operator λIZ − S belongs to Imp(Z) but it is not Riesz. In
particular, IZ − S ∈ Imp(Z) \ I(Z).

On the other hand, we have

(IZ − S) − (−IZ − S) = 2IZ /∈ Imp(Z),

since Z is infinite-dimensional. Hence Imp(Z) is not a subspace of L(Z).

Theorem 7.99 answers in the negative some questions of Tarafdar [305,
306]. In particular, Imp(X, Y ) is not, in general, a linear subspace of
L(X, Y ), the class Imp of all improjective operators between Banach spaces
is not an operator ideal.

5. Incomparability between Banach spaces

An important field in which operator ideals find a natural application is
that of the incomparability of Banach spaces. There are several notions of
incomparability; for an excellent survey we refer to González and Martinón
[135]. Roughly speaking, two Banach spaces X and Y are incomparable if
there is no isomorphism between certain infinite-dimensional subspaces.

Definition 7.100. Given two Banach spaces X and Y are said pro-
jection incomparable, or also totally dissimilar, if no infinite-dimensional
complemented subspace of X is isomorphic to a complemented subspace of
Y .

The next result shows that the notion of incomparabilty defined above
may be given in terms of improjective operators.

Theorem 7.101. Two Banach spaces X and Y are projection incom-
parable precisely when L(X, Y ) = Imp(X, Y ).

Proof Suppose first that X, Y are projection incomparable and suppose
that there exists T ∈ L(X, Y ) which is not improjective. Then there exists
an infinite-dimensional closed subspace M of X such that the restriction
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T |M is an isomorphism and T (M) is complemented. From this it follows
by part (i) of Lemma 7.67 that also M is complemented in X, so we have a
contradiction.

Conversely, it is easy to see that if X and Y are not projection incom-
parable then there exists a bounded operator T ∈ L(X, Y ) which is not im-
projective. Indeed, assume that M is an infinite-dimensional complemented
subspace of X isomorphic to a complemented subspace N of Y . If S is the
isomorphism of M onto N , P a projection of X onto M , and JM the injec-
tion of M into X, then T := JMSP ∈ L(X, Y ) and T /∈ Imp(X, Y ), since
the restriction T |M is an isomorphism of M onto N , which is complemented
in Y .

Definition 7.102. Given two Banach spaces X and Y are said to be
essentially incomparable if L(X, Y ) = I(X, Y ).

From the inclusion I(X, Y ) ⊆ Imp(X, Y ) we immediately obtain:

X, Y essentially incomparable ⇒ X, Y projection incomparable.

Moreover, since the existence of T ∈ Φ(X, Y ) implies that kerT has an
infinite-dimensional complement M isomorphic to T (X) we also have:

X, Y projection incomparable ⇒ Φ(X, Y ) = ∅.

The last implication, in general, cannot be reversed. In fact, if X = Lp[0, 1]
and Y = Lq[0, 1], with 1 < p < q < ∞, then Φ(X, Y ) = ∅, whereas
I(X, Y ) �= L(X, Y ), since both Lp[0, 1] and Lq[0, 1] have a complemented
subspace M isomorphic to ℓ2, M the subspace spanned by the Rademacher
functions, see Lindenstrauss and Tzafriri [220].

Of course, all the examples in which L(X, Y ) = I(X, Y ), given in Section
2, provide pairs of Banach spaces which are essentially incomparable. Anal-
ogously, all the examples of Banach spaces for which L(X, Y ) = Imp(X, Y )
provide examples of projection incomparable Banach spaces. The next result
is an obvious consequence of Theorem 7.81.

Theorem 7.103. Suppose that X or Y is a subprojective Banach space.
Then X and Y are projection incomparable precisely when X and Y are
essentially incomparable. Analogously, if X or Y is superprojective then X
and Y are projection incomparable if and only if X and Y are essentially
incomparable.

We show now that the two kind of incomparability are not the same.
In fact, the example given in Theorem 7.99 also allows us to show that
the inequality I(Z, Y ) �= L(Z, Y ) does not imply that Z has an infinite-
dimensional complemented subspace isomorphic to a complemented sub-
space of Y . Moreover, we see also that Imp(Z, Y ) being a subspace of
L(Z, Y ) does not imply I(Z, Y ) = Imp(Z, Y ).
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Theorem 7.104. There exist a pair of Banach spaces Z, Y for which
we have

I(Z, Y ) �= Imp(Z, Y ) = L(Z, Y ).

Proof Let Z be the Banach space considered in the proof of Theorem 7.99.
We consider the operator T = IZ − S ∈ L(Z). Again from Remark 1.54
we obtain that T �∈ Φ−(Z). Therefore, by part (ii) of Theorem 7.16 we can
find a compact operator K ∈ L(Z) such that the closure of (T − K)(Z)

is infinite-codimensional in Z. We take Y = (T − K)(Z) and consider the
operator U ∈ L(Z, Y ) defined by

Uz := Tz − Kz for all z ∈ Z.

Clearly U is not inessential, because T −K = J
(T−K)(Z)

U is not inessential

either. Moreover, every infinite-dimensional complemented subspace of Z
is isomorphic to Z, see [138, Theorem 13], but Z is not isomorphic to any
of its infinite- codimensional closed subspaces [138, Theorem 16]. Hence
Imp(Z, Y ) = L(Z, Y ).

One may ask whether an improjective operator T on a complex Banach
space X has its spectrum σ(T ) as either a finite set or a sequence which
clusters at 0. Again, assuming that for T ∈ Imp(X) the spectrum is either
a finite set or a sequence which clusters at 0, one may ask whether T is
inessential. The following examples allow us to give a negative answer to
these questions.

Example 7.105. The operator T = IZ − S ∈ L(Z) in the proof of
Theorem 7.99 is improjective, but it is not Riesz. Moreover, taking Y =
R(T − K) as in the proof of Theorem 7.104 and A : Y ×Z → Y ×Z defined
by

A(y, z) := (Tz, 0) for all y ∈ Y, z ∈ Z,

we have that A is improjective and its spectrum is the set {0}. Therefore A
is Riesz, but clearly A is not inessential.

Observe that if all the improjective operators in a complex Banach space
are Riesz, then they are also inessential.

The last result provides some infomation about the structural properties
of products of essentially incomparable Banach spaces.

Theorem 7.106. Suppose that X and Y are essentially incomparable
Banach spaces. For every complemented subspace M of X × Y there exists
a bijective isomorphism U ∈ L(X × Y ) and complemented subspaces X0 of
X and Y0 of Y such that U(M) = X0 × Y0.

Proof We may only consider the case of complex Banach spaces, since the
real case can be reduced to the complex case by using the complexifications
of the spaces involved. Also we shall assume that M is infinite-dimensional
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and infinite-codimensional in X × Y . Otherwise the result is immediate.
Suppose that P ∈ L(X × Y ) is a projection onto M , and write

P =

(
A B
C D

)
,

with A ∈ L(X), D ∈ L(Y ), B ∈ L(Y, X) and C ∈ L(X, Y ). The operator
defined as

S :=

(
0 B
C 0

)
,

is inessential, since by assumption B and C are inessential. By Theorem
7.25, the operator

Q =

(
A 0
0 D

)
,

has the same Fredholm spectrum , namely λI − P is Fredholm if and only
if λI − Q is Fredholm. In particular, the spectrum of Q is countable, has
at most 0 or 1 as cluster points, and for all λ ∈ σ(Q) with 0 �= λ �= 1 the
corresponding spectral projection is finite-dimensional. Let us denote by Γ
the boundary of a rectangle which does not meet σ(Q), with 1 in the interior
and 0 in the exterior of the rectangle. Let

P1 :=
1

2πi

∫

Γ
(λI − Q)−1 dλ.

Clearly, P1 is a projection that commutes with Q and

P1 =

(
A1 0
0 D1

)
,

where A1 is a projection in X and D1 is a projection in Y . Moreover, as is
easy to see,

P := − 1

2πi

∫

Γ
(λI − P1)

−1 dλ.

Moreover, for every λ ∈ Γ we have (λI − P ) − (λI − Q) ∈ I(X × Y ), and
from the equality

(λI − P )−1 − (λI − Q)−1 = (λI − Q)−1 ((λI − Q) − (λI − P )) (λI − P )−1

we see that (λI − P )−1 − (λI − Q)−1 belongs to I(X × Y ). From this it
follows that P1 − P ∈ I(X × Y ), since I(X, Y ) is closed and is an operator
ideal by Theorem 7.5.

Now define V := I − P + P1. Then V is a Fredholm operator having
index 0. Furthermore V (M) = P1(M) ⊆ P1(X). Since I − P1 + P is also
Fredholm and

(I − P1 + P )(X × Y ) ⊆ (I − P1)(X × Y ) + P (X × Y ) = kerP1 + M,

we then infer that the sum kerP1 + M is a subspace of finite-codimension
in P1(X × Y ). Therefore V is a Fredholm operator of index 0, which maps
the subspace M into a subspace of finite codimension of P1(X × Y ). Now
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we can find a subspace M1 of finite-codimension in M such that V iso-
morphically maps M1 into X1 × Y1 for some subspaces X1 ⊆ A1(X) and
Y1 ⊆ D1(Y ). Note that either X1 has infinite codimension in X, or Y1 has
infinite-codimension in Y . We may assume the first possibility since the
second case will follow in an analogous way.

Let N be a complement of M1 in M . Let us consider a finite-dimensional
operator L defined in X × Y with kernel kerL = M1 ⊕ ker P and mapping
N into a subspace of X disjoint from X1. Clearly, V + L is a Fredholm
operator having index 0 and ker(V + L) ∩ M = {0}. Now we can find an-
other finite-dimensional operator K such that M is contained in kerK and
U := V + L + K is bijective. Setting X0 := X1 ⊕ L(X × Y ) and Y0 := Y1,
we have clearly that U maps isomorphically M onto X0 × Y0, so the proof
is complete.

Let now consider an integer n ∈ N, and for any Banach space X set

Φn(X) := {T ∈ Φ(X) : indT = n}.
If we consider an operator T ∈ Φ(X), by the Atkinson characterization of
Fredholm operators there exists A ∈ L(X), K1, K2 ∈ K(X) such that

AT = IX − K1 and TA = IX − K2.

From the index theorem we have indA = −ind T . Moreover, since for any
T ∈ Φ(X) we also have T k ∈ Φ(X) for all k ∈ N, we obtain indT k = k indT .
From this it follows that if Φn(X) is non-empty Φnk(X) is also non-empty.
However, there is a Banach space X, defined by Kalton and Peck [180], such
that Φ2(X) is non-empty, but it is not known whether Φ1(X) is non-empty.
In general it is not known whether, for every Banach space X and every
n > 0, the class Φn(X) is non-empty.

Theorem 7.107. Let X, Y be essentially incomparable Banach spaces,
and suppose that Φ1(X) and Φ1(Y ) are non-empty. Then for every n ∈ N,
the class Φn(X × Y ) is not connected.

Proof Given an integer n ∈ N there exist A0 ∈ Φn−1(X), A1 ∈ Φn(X) and
D0 ∈ Φ1(X). We have that

(
A0 0
0 D0

)
and

(
A1 0
0 IY

)
∈ Φ(X × Y ),

but they cannot be continuously connected by a family of Fredholm opera-

tors

(
At Bt

Ct Dt

)
, otherwise indAt and indDt would be constant.

5.1. Comments. The concept of inessential operators was introduced
first by Kleinecke [188] in order to find the largest ideal of Riesz operators.
The characterization of I(X,Y ) as the class of all perturbations of Fredholm
operators, here established in Theorem 7.22, is owed to Schechter [286],
which also shows the characterization of I(X, Y ) in terms of the nullity α
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given in Theorem 7.24. The class of Atkinson operators was introduced by
Atkinson [51]. The characterization of inessential operators given in Theo-
rem 7.17 is owed to Pietsch [262], whilst all the characterizations in terms of
the defects β or β established in Theorem 7.18 and Theorem 7.22 are owed
to Aiena [1], [4] in the case X = Y . Succesively these characterizations
were extended to different Banach spaces by Aiena and González [18]. The
examples where L(X, Y ) = I(X, Y ) are taken from González [130].

The two classes of operators Ω+(X) and Ω−(X) were introduced by
Aiena in [2], [1] and [4], which established all the results of the second sec-
tion, except for the duality result of Theorem 7.27, which was proved by
Volkmann and Wacker [312], whilst Theorem 7.31 and Theorem 7.33 were
proved in Aiena and González [18]; for related results see also Harte [150]
and [151].

The class of strictly singular operators was introduced by Kato [182] in
his treatment of perturbation theory, whilst the class of strictly cosingular
operators was introduced by Pe
lczyński [260]. These classes of operators
and the class of inessential operators in the monograph of Pietsch [263]
form important examples of operator ideals and have been studied by sev-
eral authors, see, for instance, Schechter [288]. An useful class of operators
associated with an operator ideal is that of operator semi-group in the sense
of Aiena, González, and Mart́inez-Abejón [23]. This concept is, in a sense,
opposite to that of operator ideal and includes most of the classical semi-
groups. To every operator ideal one may associate several semigroups, for
instance Fredholm and semi-Fredholm operators are associated with the op-
erator ideal of all compact operators, whilst the Tauberian and coTauberian
operators are associated with the operator ideal of weakly compact opera-
tors, see, for instance, González and Mart́inez-Abejón [132], [133], [134],

Aiena, González, and Mart́inez-Abejón [25].
The material on subprojective and superprojective Banach spaces is

modeled after Whitley [328], Pfaffenberger [261], Goldberg and Thorp
[128].

Theorem 7.56 and Theorem 7.57 are taken from Aiena, González, and
Martinón [26]. The perturbation classes problem which consists in determin-
ing whether or not SS(X, Y ) = PΦ+(X, Y ) and SC(X, Y ) = PΦ−(X, Y )
can be traced back to results of Kato [182], Gohberg, Markus, and Fel’dman
[127], and Vladimirskii [311]. These problems have been also treated in
Caradus, Pfaffenberger and Yood [76], Pietsch [263] and Tylli [307]. The
negative answers to these problems, here given in Theorem 7.65, have been
given only recently by González [131].

Weis in [317] studied the perturbation classes for not necessarily con-
tinuous, closed semi-Fredholm operators, and gave some other examples of
Banach spaces X for which the corresponding perturbation classes coincide
with SS(X) or SC(X). However, these perturbation classes for the closed
semi-Fredholm operators can be smaller than the classes PΦ+(X), PΦ−(X)
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in the case of bounded operators.
The existence of indecomposable Banach spaces was proved by Gowers

and Maurey [137] and [138] and has solved many open questions in Banach
space theory. Several of these questions, such as the hyperplane problem
and the unconditional basic sequence problem, were raised by Banach in the
early 1930s.

The class of improjective operators was introduced by Tarafdar, [305]
and [306], which showed that all inessential operators are improjective, and
in most of the classical Banach spaces the two classes of operators are the
same. For this reason, for a quite long period it has been an open problem
whether the two classes of operators coincide. The class Imp(X, Y ) was
studied in Aiena and González [20], which reformulated in several ways the
original Tarafdar problem, and succesively the inequality of these classes
was proved by Aiena and González in [21]. The crucial result of Theorem
7.60, which characterizes the Banach spaces which are hereditarily indecom-
posable or quotient hereditarily indecomposable in terms of semi-Fredholm
operators, is essentially owed to Weis [317]. Note that at the time Weis
proved this result the existence of hereditarily indecomposable or quotient
hereditarily indecomposable Banach spaces was an open problem. To the
dissertation thesis of Weis [316] is also owed the concept of S-system and its
dual concept of C-system. The last section on incomparable Banach spaces
is modeled after González [130], Aiena and González [21], and Tarafdar
[306].

Note that the notions of incomparability may be also used to define
families of semigroups, see Aiena, González, and Mart́inez-Abejón [24].
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[135] M. González, A. Martinón, (1994). On incomparability of Banach spaces., Banach
Center Publ. 30, 161–74.
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type fini de M(G)., Ann. Inst. Fourier (Grenoble) 28, 143–64.
[167] T. Husain, (1985). Orthogonal primitive idempotents and Banach algebras isomor-

phic with l2., Pacific J. Math. 117, 313–27.
[168] T. Husain, (1991). (Orthogonal Schauder bases., Marcell Dekker Series in Pure and

Applied Mathematics 143, Marcel Dekker, New York.
[169] T. Husain, S. Watson, (1980). Algebras with inconditional orthogonal basis., Proc.

Amer. Math. Soc. 79, 539–45.
[170] T. Husain, S. Watson, (1980). Topological algebras with orthogonal Schauder basis.,

Pacific J. Math. 91, 339–47.
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[271] V. Rakočević, (1984). On the essential approximate point spectrum II., Math. Vesnik
36, 89–97.
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holmelementen., Dissertation, Karlsruhe.
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Colojoară I., 55, 64, 71, 106, 116, 188,

309, 364
compact multiplier, 192, 224, 229, 234,

236, 240, 266, 269, 272, 277, 284,
293, 298

compression operator, 109, 143, 144, 240,
302

continuous character, 219
convolution operator, 221, 223
Conway J.B., 170, 184
Curtis P.C., 107
Curto R.E., 189

Dales H.G., 225
deficiency of an operator, 33, 112, 284,

367, 371, 376, 378, 380
descent, 109, 110, 114, 115, 118, 121–

123, 125, 131, 132, 136, 137, 142,
145, 161, 163, 182, 185, 186, 281,
282, 335

Diestel J., 372, 373
Dirac measure, 221, 303
divisible subspace, 330
Djordjević D.S., 190
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Villafãne F., 189, 307
Vladimirskii J.I., 420
Volkmann P., 420
Volterra operator, 75, 99
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