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Preface

A significant sector of the development of spectral theory outside the
classical area of Hilbert space may be found amongst at multipliers defined
on a complex commutative Banach algebra A. Although the general theory
of multipliers for abstract Banach algebras has been widely investigated by
several authors, it is surprising how rarely various aspects of the spectral
theory, for instance Fredholm theory and Riesz theory, of these important
classes of operators have been studied. This scarce consideration is even
more surprising when one observes that the various aspects of spectral the-
ory mentioned above are quite similar to those of a normal operator defined
on a complex Hilbert space.

In the last ten years the knowledge of the spectral properties of multipli-
ers of Banach algebras has increased considerably, thanks to the researches
undertaken by many people working in local spectral theory and Fredholm
theory. This research activity recently culminated with the publication of
the book of Laursen and Neumann [214], which collects almost every thing
that is known about the spectral theory of multipliers.

The beautiful book of Laursen and Neumann has as a main motivation
that of providing a modern introduction to local spectral theory and a par-
ticular emphasis is placed on the applications of the general local spectral
theory to convolution operators on group and measure algebras. This book
contains also several results on Fredholm theory. However, most of the as-
pects of Fredholm theory which are developed in this book are those that
may be particularly approached through the methods of local spectral the-
ory.

In this book I will try, in a certain sense, to reverse this process. In-
deed, our first major concern is with the Fredholm theory, in particular the
interested reader will find here a distinct flavor of this theory, which is em-
phasized by the chapters devoted to the Kato decomposition, to the abstract
Fredholm theory in semi-prime Banach algebras, and by the chapter devoted
to inessential operators between Banach spaces.

A second concern of this monograph is that of showing how the interplay
between Fredholm theory and local spectral theory is significant and beau-
tiful. It should be clear that relative to the part on local spectral theory, the
content is rather limited, and the notions developed in this monograph are
those which are of interest for the applications to multipliers of commutative
semi-simple Banach algebras.

ix
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The deep interaction between the Fredholm theory and local spectral
theory becomes evident when one consider the so called single-valued ex-
tension property. This property, which dates back to the early days of local
spectral theory, was first introduced in 1952 by Dunford and has received
a systematic treatment in the classical Dunford and Schwartz book [97]. It
also plays an important role in the book of Colojoard and C. Foiag [83],
in Vasilescu [309], and in the recent book of Laursen and Neumann [214].
This single-valued extension property is one of the major unifying themes
for a wide variety of linear bounded operators in the spectral decomposition
property. This property is, for instance, satisfied by normal operators on
Hilbert spaces and more generally by decomposable operators. Examples
of non-decomposable operators having this property may be found amongst
the class of all multipliers of semi-simple Banach algebras. In fact, every
multiplier of a semi-prime Banach algebra has the single-valued extension
property and there exist examples of convolution operators which are not
decomposable.

A third aim of this book is to present some important progress, made
in recent years, in the study of perturbation theory for classes of operators
which occur in Fredholm theory. This subject is covered by several excel-
lent books, such as the monographies by Kato [183], by Heuser [160], by
Caradus, Pfaffenberger, and Yood [76], by Pietsch [263], but naturally they
do not present the more recent results. Some of these new results solve very
old open problems in operator theory and this book may be intended as a
complement of the books mentioned above.

For those unacquainted with the subject matter, examples and motiva-
tions for certain definitions are mentioned in order to give some feeling for
what is going on.

Now we describe in more detail the architecture of this monograph. This
book consists of seven chapters.

The first chapter is devoted to the Kato decomposition for bounded
operator on Banach spaces. This decomposition property arises from the
classical treatment of perturbation theory of Kato [182], and its flourishing
has greatly benefited from the work of many authors in the last ten years, in
particular from the work of Mbekhta [226], [227], Miiller [240], Rakocevié
[274] and Schmoeger [290]. The operators which satisfy this property form
a class which includes the class of semi-Fredholm operators. This is an im-
portant result of Kato and here we present the proof given by West [324].
We shall develop, quite systematically, the properties of some important
subspaces which play an important role in this decomposition theory, such
as the analytical core, the quasi-nilpotent part, and the Kato resolvent of an
operator. We shall also introduce the concepts of semi-regular, essentially
semi-regular, and Kato type of operators. All these concepts generate distin-
guished spectra, and particular emphasis is placed on the spectral mapping
theorems for these spectra.

The second chapter deals with a localized version of the single-valued
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extension property at a point and relates it, in the third chapter, to the
finiteness of some classical quantities associated with an operator. These
properties, such as the ascent and the descent of an operator, are the ba-
sic bricks of Fredholm theory, so the third chapter may be viewed as the
part of the book in which the interaction between local spectral theory and
Fredholm theory comes into focus. In fact, for semi-Fredholm operators the
single-valued extension property at a point may be characterized in several
ways, and some of these characterizations lead to the localization of some dis-
tinguished part of the spectra originating from Fredholm theory. Moreover,
some classical spectral mapping theorems related to semi-Browder spectra
and to the Browder spectrum, as well as the classification of the open con-
nected components of the Fredholm, or the semi-Fredholm, region being
able to be obtained via the localized single-valued extension property. The
third chapter also deals with another important class of operators, the class
of Riesz operators. Many of the results related to these operators are here
revisited through the single-valued extension property at a point.

The fourth chapter is devoted to the basic ingredients of the theory of
multipliers of commutative semi-simple Banach algebras. Our intention is
to make this book as much self-contained as possible, so we shall give in
our exposition of the elementary theory of multipliers the proofs of all the
results needed in the subsequent chapters. Of course, part of the material
concerning the basic theory of multipliers may be found in some books on
the subject, for instance in the monograph by Larsen [199], or the book by
Laursen and Neumann [214]. However, some parts of this chapter seems to
be new, and the basic material treated here is that strictly related to the
study of spectral properties of multipliers. The theory of multipliers may
also be developed for non-commutative Banach algebras. We shall not in-
vestigate this case extensively but instead shall restrict our study essentially
to the commutative algebras. In this case the Gelfand theory permits to rep-
resent every multiplier on a commutative semi-simple Banach algebra as a
bounded continuous complex-valued function, the Helgason—Wang function
defined on the regular maximal ideal space of the algebra. By means of this
representation it appears evident how the spectral properties of a multiplier
are related, in a certain measure, to the range of the Helgason—Wang func-
tion. In this chapter we shall also give an account of the multiplier theory
of various algebras: group algebras, Banach algebras with an orthogonal
basis, commutative H* algebras and commutative C* Banach algebras. In
particular, we describe the multiplier algebras and the ideal of all compact
multipliers of these algebras. The characterizations of compact multipliers
will permit to us to characterize the Fredholm operators which are multipli-
ers for several concrete Banach algebras.

The initial part of the fifth chapter is devoted to the introduction of
some basic ingredients of the abstract Fredholm theory on a not necessarily
commutative Banach algebras. It should be mentioned that the interested
reader may find a more complete treatment of this theory in the monograph
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by Barnes, Murphy, Smyth, and West [62], although our approach to the
abstract Fredholm theory is somewhat different. The central notion of this
chapter is that of inessential ideals. These ideals will be introduced by using
some ideas of Aupetit [53].

An abstract Fredholm theory on a Banach algebra A is essentially the
theory of all invertible elements of A modulo an essential ideal, i.e., an ideal
of A for which the spectrum of every element is a finite or a denumerable set.
The classical Fredholm theory for operators on Banach spaces corresponds
to the Fredholm theory of the semi-simple Banach algebra A := L(X) of all
bounded operators on a Banach space X with respect to the inessential ideal
of all bounded finite rank operators. However, the abstract Fredholm theory
in Banach algebras is not merely a generalization of the classical Fredholm
theory for operators. An illuminating example which strengthens this as-
sertion is given, in fact, by the theory of multipliers of semi-prime Banach
algebra. Indeed, in a semi-prime Banach algebra, the Fredholm theory of
multipliers is exactly the Fredholm theory of the semi-prime multiplier alge-
bra with respect to the socle of the algebra, or, which is the same thing, with
respect to the socle of the multiplier algebra. This result allows us to give
a description of multipliers which are Fredholm operators by involving only
objects of the same class, not involving operators which are not multipliers.
As a consequence we can obtain a very clear description of convolution op-
erators of group algebras which are Fredholm.

We shall focus our attention on the inessential ideal of the socle, which
corresponds in the case of the Banach algebra of all bounded linear oper-
ators to the ideal of all bounded finite rank operators. Subsequently we
shall consider the theory of Riesz algebras of Banach algebras, developed
by Smyth [304]. We shall give further information on the Fredholm theory
of multipliers of commutative regular Tauberian Banach algebras. These
results deal to the complete description of Fredholm convolution operators
acting on group algebras.

The content of the sixth chapter concerns some other important tools
of local spectral theory. The first part of the chapter concerns the class of
all decomposable operators, but we shall avoid the duality theory of these
operators, since this theory requires two functional models for operators on
Banach spaces, and to develop this argument in this book would lead too
far afield. Another important part of Chapter 6 concerns the study of the
property of decomposability within the theory of multipliers of commutative
semi-simple Banach algebras. In this framework the Fredholm theory, the
Gelfand theory, the local spectral theory, and harmonic analysis are closely
intertwined. This part is strongly based on the work of Laursen, Neumann
[210], [243], and Eschmeier, Laursen, and Neumann [112].

The concluding chapter of the book concerns some perturbation classes
of operators which occur in Fredholm theory. In this theory we find two
fundamentally different classes of operators: semi-groups, such as the class
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of Fredholm operators, the classes of upper and lower semi-Fredholm opera-
tors, and ideals, such as the classes of finite dimensional, compact operators.
A perturbation class associated to one of these semi-groups is a class of op-
erators T for which the sum of T" with an operator of the semi-group is still
an element of the semi-group. Here the concept of inessential operator re-
veals its significance in operator theory: the ideal of all inessential operators
is the perturbation class of some important semi-groups, for instance the
semi-group of Fredholm operators.

The notion of inessential operator is, in this chapter, extended to oper-
ators acting between different Banach spaces, and our presentation includes
several examples of inessential operators acting between classical Banach
spaces. These examples require the knowledge of the structures of the Ba-
nach spaces involved. For many pairs of classical Banach spaces the class of
inessential operators is the space of all bounded operators. This property
contrasts, curiously, with the historical denomination given at this class.
The class of inessential operators, as well as the class of Riesz operators,
presents also an elegant duality theory, and to make this clear we shall in-
troduce two useful classes of operators, the classes Q4 (X) and Q_(X), which
are in a sense the dual of each other.

The third section of Chapter 7 addresses the study of two other impor-
tant classes of operators, the class of all strictly singular operators and the
class of all strictly cosingular operators. Both these classes of operators are
contained, respectively, in the perturbation class of upper semi-Fredholm
operators and the perturbation class of lower semi-Fredholm operators. For
many classical Banach spaces these inclusions are actually equalities, but we
shall also give a recent example of Gonzélez [131] which shows that these
inclusions are, in general, proper. This counterexample, which solves an old
open problem in operator theory, is constructed by considering the Fredholm
theory of a very special class of Banach spaces: the class of indecomposable
Banach spaces.

An indecomposable Banach space is a Banach space which cannot be
split into the direct sum of two infinite dimensional closed subspaces. The
existence of indecomposable Banach spaces has been a long standing open
problem and was raised by Banach in the early 1930s. This problem has
been positively solved by Gowers and Maurey [137], who constructed an
example of a reflexive hereditarily indecomposable Banach space.

A part of the chapter is also devoted to the improjective operators be-
tween Banach spaces. This class of improjective operators contains the class
of inessential operators for all Banach spaces, and for several years it has
been an open problem if the two classes coincide. We shall give the recent
counterexample given by Aiena and Gonzélez [21], which shows that if Z is
an indecomposable Banach space which is neither hereditarily indecompos-
able nor quotient indecomposable then the ideal of inessential operators is
properly contained in the set of improjective operators. In the last section
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of the chapter we shall briefly discuss two notions of incomparability of Ba-
nach spaces which originate from the class of all inessential and improjective
operators. In particular, from the theory of indecomposable Banach spaces
we shall construct a counterexample which shows that these two notions of
incomparability do not coincide.

We conclude this preface by remarking that this monograph in intended
for professional mathematicians and graduate students, especially those
working in functional analysis. Of course, it is not possible to make a
presentation such as this entirely self-contained, so a certain background
in operator theory is required, specifically the classical Fredholm theory for
operators. However, several ideas from Fredholm theory may be extracted
from the chapter dedicated to the abstract Fredholm theory.

The present monograph is the result of intensive research work during
the last ten years. There are several friends and colleagues to whom I am
indebted for suggestions and ideas. In particular, I thank Manolo Gonzalez,
Kield Laursen, Michael Neumann, and Mostafd Mbekhta. I also thank the
participants of the Analysis Seminar of the Department of Mathematics of
the Universidad de Oriente (Cumand, Venezuela), and of the Department of
Mathematics of the Universidad UCLA (Barquisimeto, Venezuela), where I
gave several talks on some of the topics contained in this book. In particu-
lar T wish to thank Ennis Rosas for his numerous invitations and generous
hospitality.

Finally, I would like to express my deep gratitude to my wife Maria
and my sons Marco and Caterina for all the love, patience, and encourage-
ment which they generously provided over the years. Without their presence
writing this book would have been more difficult.



CHAPTER 1

The Kato decomposition property

The spectrum of a bounded linear operator can be divided into subsets
in many different ways, depending on the purpose of the inquiry. In this
chapter we shall look more closely to the spectrum of a bounded operator
on a Banach space from the viewpoint of Fredholm theory, by introducing
some special parts of the spectrum and, in the same time, acquiring grad-
ually some basic tools and techniques needed for local spectral theory. In
particular, we shall consider a part of the ordinary spectrum native from
the Fredholm theory, the semi-regular spectrum, in literature also known as
Kato spectrum, and some other spectra to it related.

The semi-regular spectrum was first introduced by Apostol [48] for op-
erators on Hilbert spaces and successively studied by several authors in the
more general context of operators acting on Banach spaces. The study
of this spectrum was originated by the classical treatment of perturbation
theory owed to Kato [182], which showed an important decomposition for
semi-Fredholm operators.

Throughout this chapter all linear spaces or algebras will have the com-
plex field C as their field of scalars. The first section of this chapter deals
primarily with the basic properties of some important invariant subspaces
associated with an operator. These subspaces, the hyper-range, the hyper-
kernel and the algebraic core of an operator are introduced in the purely
algebraic setting of a vector space. The importance of the role of these sub-
spaces becomes more evident when one considers a special class of bounded
operators on Banach spaces, the class of all semi-regular operators which
will be introduced in the second section. In this section we shall also in-
troduce the analytical core of a bounded operator on a Banach space X,
a subspace of X which may be thought as the analytic counterpart of the
algebraic core.

The concept of semi-regularity, amongst the various concepts of regu-
larity originating from Fredholm theory, seems to be the most appropriate
to investigate some important aspect of local spectral theory. This concept
leads in a natural way to the above mentioned semi-regular spectrum og.(T),
an important subset of the ordinary spectrum which is defined as the set of
all A € C for which AI — T is not semi-regular.

In the main results of the third section we establish many important
properties of os(T), as well as of its complement pg(7T). In particular we
shall see that this spectrum is a non-empty compact subset of C. We shall
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also establish non-elementary property of the Kato resolvent pg(T): the
analytical cores K (AI —T) are constant when X ranges through a connected
open component §2 of pse(T"). The proof of this property requires quite tech-
nical methods of gap theory. Another relevant result is that the semi-regular
spectrum oge(7") contains the boundary do(T") of the spectrum. Moreover,
ose(T) obeys a spectral mapping theorem, in the sense that the semi-regular
spectrum oge(f (7)) coincides with f(os(T")), for every analytic function f
defined on an open set containing the spectrum of 7'

The fifth section addresses an important decomposition property, the
generalized Kato decomposition for bounded operators on Banach spaces,
originating from the work by Kato. A bounded operator T' on a Banach
space X has this property if X is the direct sum of two closed 1" invariant
subspaces M and N, where T acts as a semi-regular operator on M and acts
as a quasi-nilpotent operator on IN. Further, we shall give a closer look at
the more special cases in which the operator T is of Kato type, namely the
restriction T|N is nilpotent, or T is essentially semi-regular, that is T|N is
nilpotent and N is finite-dimensional. We shall establish some perturbation
results, for instance, if T" is of Kato type, then A\l — T is semi-regular for all
A € C which belong to a punctured open disc centered at 0.

Two important classes of operators in Fredholm theory are the classes
of upper semi-Fredholm and lower semi-Fredholm operators. These opera-
tors are a natural generalization of Fredholm operators and one of the most
important result of this chapter is that every semi-Fredholm operator is
essentially semi-regular. To show this property we need to introduce the
concept of the jump of a semi-Fredholm operator. We shall see that the
semi-Fredholm operators which are semi-regular are exactly those having
jump equal to zero.

All the classes of operators mentioned above motivate the study of some
other distinguished parts of the spectrum, the semi-Fredholm spectra, the
Kato type of spectrum oy (7T), and the essentially semi-regular spectrum
oes(T). We shall see how these spectra are related and show that a spectral
mapping theorem holds for ges(T), i.e. the spectrum oes(T) behaves canon-
ically under the Riesz functional calculus.

The last part of the chapter concerns another invariant subspace related
to a bounded operator T' € L(X) is the quasi-nilpotent part of T. To-
gether with the basic properties of these subspaces we shall prove the local
constancy of the closure of the quasi-nilpotent parts Ho(A — T') on the
connected components of pge (7).

1. Hyper-kernel and hyper-range of an operator

The kernels and the ranges of the power T" of a linear operator T on a
vector space X form the following two sequences of subspaces:

ker T° = {0} Cker T C ker T2 C - --
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and
TY(X)=X2T(X)DT*X)D---
Generally all these inclusions are strict. In Chapter 5 we shall consider
operators for which one or both of the two sequences becomes constant.

Definition 1.1. Given a vector space X and a linear operator T on X,
the hyper-range of T is the subspace
T(X) = () T"(X).
neN
The hyper-kernel of T is the subspace
N(T) = U ker T".
neN

It is easy to verify that both 7°°(X) and N°°(T) are T-invariant sub-
spaces of X.

The following elementary lemma will be useful in the sequel.

Lemma 1.2. Let X be a vector space and T a linear operator on X. If

p1 and po are relatively prime polynomials then there exist polynomials q;
and gz such that py(T)q1(T) + p2(T)q2(T) = I

Proof If p; and ¢ are relatively prime polynomials then there are polyno-
mials such that py(u)q1(p) + pa(p)gz(p) = 1 for every p € C. .

The next result establishes some basic properties of the hyper-kernel and
the hyper-range of an operator.

Theorem 1.3. Let X be a vector space and T a linear operator on X.
Then we have:

(i) AL+ T)(N(T)) = N°(T) for every \ # 0;

(i) NN+ T) C (u + T)>°(X) for every X\ # pu.
Proof (i) It suffices to prove that (A + T')(ker T") = ker T™ for every
n € N and A # 0. Clearly, (A 4+ T)(ker T") C ker T™ holds for all n € N.
By Lemma 1.2 there exist polynomials p and ¢ such that

(M + T)p(T) + q(T)T™ = I.

If z € ker T™ then (A +7T)p(T)x = z and since p(T')z € ker T™ this implies
ker 7™ C (A + T')(ker T™).

(ii) Put S := AI + T and write

Pl +T = (- NI+ +T=(u—NI+8.

By assumption u — A # 0, so by part (i) we obtain that

(Wl +TYNZCAN+T)) = ((u— NI+ S)N®(S)) = NN +T).
From this it easily follows that (ul + T)"(N>®°(A 4+ T)) = N*°(A 4+ T) for
all n € N, and consequently N\ +T) C (ul +T)>(X). .
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Lemma 1.4. For every linear operator on a vector space X we have
T™(ker T™ ) = T™(X) Nker T™  for all m,n € N.
Proof If z € ker T™*" then T™xz € T™(X) and T"(T™z) = 0, so that
T™(ker T™+") C T™(X) Nker T™.
Conversely, if y € T™(X) Nker T™ then y = T™(x) and x € ker T™"™,
so the opposite inclusion is verified. N

The next result exhibits some useful connections between the kernels
and the ranges of the iterates T™ of an operator T on a vector space X.

Theorem 1.5. For a linear operator T on a vector space X the following
statements are equivalent:

(i) ker T C T™(X) for each m € N;

(ii) ker T C T(X) for each n € N;

(iii) ker T™ C T™(X) for each n € N and each m € N;

(iv) ker T™ = T™(ker T™*") for each n € N and each m € N.

Proof The implications (iv) = (iii) = (ii) are trivial.
(ii) = (i) If we apply the inclusion (ii) to the operator 7™ we obtain
ker 7™ C T™(X) and hence ker T C T™(X), since ker T' C ker T™".
(i) = (iv) If we apply the inclusion (i) to the operator T™ we obtain
ker T" C (T™)™(X) C T™(X). By Lemma 1.4 we then have
T™(ker T™™) = T™(X) Nker T" = ker T™,

so the proof is complete. .

Corollary 1.6. Let T be a linear operator on a vector space X. Then the
statements of Theorem 1.5 are equivalent to each of the following inclusions:

(i) ker T C T (X);

(i) N°(T) € T(X);

(iii) N°°(T) C T (X).

The following subspace, introduced by Saphar [284] , is defined in purely
algebraic terms.

Definition 1.7. Let T be a linear operator on a vector space X. The
algebraic core C(T) is defined to be the greatest subspace M of X for which
T(M)=M.

Trivially, if T € L(X) is surjective then C(T') = X. Clearly, for every
linear operator 7" we have C'(T") = T™(C(T')) € T™(X) for all n € N. From
that it follows that C'(T") C T°°(X).

The next result gives a precise description of the subspace C(T') in terms
of sequences.
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Theorem 1.8. For a linear operatorT on a vector space X the following
statements are equivalent:

(i) z € C(T);
(ii) There exists a sequence (un) C X such that © = ug and Tupt+1 = Uy
for everyn € Z...

Proof Let M denote the set of all x € X for which there exists a sequence

(up) C X such that = up and Tupy1 = u, for all n € Z;. We show first
that C(T) C M.

Let x € C(T). From the equality T(C(T)) = C(T'), we obtain that
there is an element u; € C(T) such that = Tuy . Since u; € C(T), the
same equality implies that there exists us € C(T) such that u; = Tus. By
repeating this process we can find the desired sequence (uy,), with n € Z,,
for which ¢ = wg and Tup+1 = uy,. Therefore C(T) C M. Conversely,
to show the inclusion M C C(T) it suffices to prove, since M is a linear
subspace of X, that T'(M) = M.

Let € M and let (uy), n € Z4, be a sequence for which z = uy and
Tup+1 = up. Define (wy,) by

wo:=Txr and wy, :=up_1, N E Z4.
Then
Wy = Up—1 = LUy = Twn+17

and hence the sequence satisfies the definition of M. Hence wg = Tx € M,
and therefore T'(M) C M.

On the other hand, to prove the opposite inclusion, M C T'(M), let us
consider an arbitrary element x € M and let (un)nez, be a sequence such
that the equalities x = ug and Tun11 = u, hold for every (n € Z,). Since
x = ug = Tuy it suffices to verify that u; € M. To see that let us consider
the following sequence:

wo :=u; and Wy = Uptl-
Then
Wy, = Upt1 = TUpto = Twpy  forall neZy,
and hence u; belongs to M. Therefore M C T(M), and hence M =T (M).

The next result shows that under certain purely algebraic conditions the
algebraic core and the hyper-range of an operator coincide.

Lemma 1.9. Let T be a linear operator on a vector space X . Suppose
that there exists m € N such that

ker TNT™(X) =ker TNT™*(X) for all integers k > 0.
Then C(T) =T (X).
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Proof We have only to prove that T°°(X) C C(T). We show that
T(T>°(X)) = T°°(X). Evidently the inclusion T(T*°(X)) C T°°(X) holds
for every linear operator, so we need only to prove the opposite inclusion.
Let D :=ker TNT™(X). Obviously we have
D=%ker TNT™(X)=ker TNT>(X).

Let us now consider an element y € T°°(X). Then y € T"(X) for each
n € N, so there exists 2, € X such that y = 7™z, for every k € N. If we
set
2k =Tz — Tm+k7137k (k € N),
then z, € T™(X) and since
Top =T oy — T g, =y —y=0
we also have z, € ker T. Thus z; € D, and from the inclusion
D =%ker TNT™™(X) Cker TNT™1(X)
it follows that z;, € T™+*~1(X). This implies that
T3 = 2z, + Tm+k_1xk € Tm+k_1(X)
for each k € N, and therefore T™x; € T°°(X). Finally, from
T(T™x) =T ey =y

we may conclude that y € T(T°°(X)). Therefore T>°(X) C T(T*°(X)), so
the proof is complete. .

Theorem 1.10. Let T be a linear operator on a vector space X . Suppose
that one of the following conditions holds:

(i) dim ker T < oo

(ii) codim T(X) < oo;

(iii) ker T C T™(X) for all n € N.

Then C(T) =T>(X).
Proof (i) If ker T is finite-dimensional then there exists a positive integer
m such that

ker TNT™(X) =ker T NT™(X)

for all integers k > 0. Hence it suffices to apply Lemma 1.9.

(ii) Suppose that X = F @ T(X) with dim F < co. Clearly, if we let
D,, := ker TNT"(X) then we have D, O D,41 for all n € N. Suppose
that there exist k distinct subspaces D,. There is no loss of generality in
assuming D; # D; 4 for j = 1,2,... k. Then for every one of these j we can
find an element w; € X such that TVw; € D; and TVw; ¢ Dj11. By means
of the decomposition X = F & T'(X) we also find u; € F and v; € T(X)
such that w; = u; + v;. We claim that the vectors uy,--- ,u are linearly
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independent.
To see this let us suppose Z§:1 Aju; = 0. Then

k k
Z )\jwj = Z )\j’l)j
j=1 j=1

and therefore from the equalities TFw; = - -- = T*wj,_; = 0 we deduce that

k k
TH " Njwy) = MTFw, = T Njuy) € THT(X)) = TF(X).
j=1 j=1

From T*w;, € ker T we obtain \,T*w;, € Dy 1, and since Tk, ¢ Dyy1
this is possible only if A\, = 0. Analogously we have A\p,_1 =--- = X1 =0, so
the vectors uq,...,u; are linearly independent. From this it follows that k
is smaller than or equal to the dimension of F' . But then for a sufficiently
large m we obtain that

ker TNT™(X) =ker TNT™(X)

for all integers j > 0. So we are again in the situation of Lemma 1.9.
(iii) Obviously, if ker T'C T™(X) for all n € N, then

ker TNT"(X) =ker TNT"™™(X)=ker T

for all integers k > 0. Hence also in this case we can apply Lemma 1.9. =

2. Semi-regular operators on Banach spaces

All the results of the previous section have been established in the purely
algebraic setting of linear operators acting on vector spaces. The concept of
semi-regular operators arises in a natural way when we consider operators
acting on Banach spaces.

Definition 1.11. Given a Banach space X, a bounded operator T €
L(X) is said to be semi-regular if T(X) is closed and T wverifies one of the
equivalent conditions of Theorem 1.5.

Trivial examples of semi-regular operators are surjective operators as
well as injective operators with closed range. Later other examples of semi-
regular operators will be given amongst semi-Fredholm operators. Some
other examples of semi-regular operators may be found in Mbekhta [233]
and Labrousse [193].

A semi-regular operator T' has a closed range. It is evident that it is
useful to find conditions which ensure that T'(X) is closed. For a bounded
operator T' € L(X,Y), X and Y Banach spaces, the property of having T
as a closed range may be characterized by means of the following quantity
associated with the operator T
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Definition 1.12. If T € L(X,Y), where X and Y are Banach spaces,
the reduced minimum modulus of a non-zero operator T is defined to be

[T|
T):= _—.
D) a¢ker T dist(z, ker T')
If T =0 then we take v(T) = cc.
Note that y(T") = v(T™) for every T' € L(X) (see Kato [183, Theorem
5.13]), where T™* denotes the dual of T
Theorem 1.13. Let T € L(X,Y), X and Y Banach spaces. Then:
(i) v(T) > 0 & T(X) is closed;
(ii) T(X) is closed < T*(X™*) is closed.
Proof (i) Let X := X/ker T and let T : X — Y denote the continuous
injection corresponding to T, defined by
T7:=Tz for every x € T.

Clearly TX = T(X). From the open mapping theorem it follows that TX
is closed if and only if T admits a continuous inverse, there exists a constant
0 > 0 such that ||T" z|| > 6||Z|| for every x € X. From the equality

j: ~
V(T) = inf I 2|
w0 [|1Z]
we then conclude that T X = T(X) is closed if and only if v(T) > 0.
(ii) Tt is obvious from the equality v(T') = v(T*) observed above. .

Theorem 1.14. Let T € L(X), X a Banach space, and suppose that
there exists a closed subspaceY of X such that T(X)NY = {0} and T(X)®Y
is closed. Then T(X) is also closed.

Proof Consider the product space X x Y under the norm
1@yl = llzll + 1yl (v eX,yeY).
Then X x Y is a Banach space, and the continuous map S : X xY — X

defined by S(z,y) := Tx + y has range S(X xY) = T(X) @ Y, which is
closed by assumption. Consequently by part (i) of Theorem 1.13 we have

- 1S (z, y)l
§):=  inf . > 0.
") (@y)gker s dist((z,y), ker )
Clearly, ker S = ker T' x {0}, so that if ¢ ker T then (x,0) ¢ ker S. More-

over,

dist((x,0), ker S) = dist(z, ker T),
and therefore
[Tz = [IS(z,0)[] = ~(5) dist((z,0),ker 5))
= ~(95) dist(x, ker T).
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This implies that v(T") > v(S), and therefore T has closed range. .

Corollary 1.15. Let T € L(X), X a Banach space, and Y a finite-
dimensional subspace of X such that T(X) +Y s closed. Then T(X) is
closed. In particular, if codim T'(X) < oo then T'(X) is closed.

Proof Let Y] be any subspace of Y for which Y1 NT(X) = {0} and T'(X) +
Y1) =T(X)+ Y. From the assumption we infer that T'(X) & Y] is closed,
so T'(X) is closed by Theorem 1.14. The second statements is clear, since
every finite-dimensional subspace of a Banach space X is always closed. =

Let M be a subset of a Banach space X. The annihilator of M is the
closed subspace of X* defined by

M*:={f e X*: f(x) =0 for every x € M},
while the pre-annihilator of a subset W of X* is the closed subspace of X
defined by

Wi={reX: f(x)=0 for every f € W}.
Clearly +(M*) = M if M is closed. Moreover, if M and N are closed
linear subspaces of X then (M + N)* = M+ N Nt. The dual relation
M+ + N+ = (M N N)* is not always true, since (M N N)* is always closed

but M+ 4+ N+ need not be closed. However, a classical theorem establishes
that

M+ + Nt isclosed in X* < M + N s closed in X,
see Kato [183, Theorem 4.8, Chapter IV].

The following standard duality relationships between the kernels and
ranges of a bounded operator T' on a Banach space and its dual 7™ are well
known, see Heuser [159, p.135]:

(1) ker T = T*(X*) and ‘ker T* = T(X),
and
(2) T(X) =ker T* and T*(X*) C ker T

Note that the last inclusion is, in general, strict. However, a classical
result states that the equality holds precisely when T has closed range, see
Kato [183, Theorem 5.13, Chapter IV].

Theorem 1.16. Suppose that T € L(X), X a Banach space, is semi-
reqular. Then ~v(T™) > ~(T)™.

Proof We proceed by induction. The case n = 1 is trivial.
Suppose that v(T™) > ~(T)". For every element x € X, and u €
ker T"*! we have

dist(z, ker T"H) = dist(z — u, ker T"1)
dist(x — u, ker T).

N
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By assumption 7 is semi-regular, so by Theorem 1.5 ker T' = T"(ker T"*1)
and therefore
dist(T"z, ker T) = dist(T"z, T" (ker "))
— il [T

u€ker Tnt1

~(T") - inf  dist(x — u,ker T™)

u€ker Tn+1
> ~(T™) dist(x, ker T"F1),
From this estimate it follows that

T 2| > (1) dist(T™, ker T) > y(T) 4(T™) - dist(x, ker T"*1).

Y

Consequently from our inductive assumption we obtain that
AT > A(T)y(T)" = ~(T)™,

which completes the proof. .

Corollary 1.17. If T € L(X), X a Banach space, is semi-reqular then
T" is semi-regular for all n € N.

Proof If T is semi-regular then by Theorem 1.16 S = T™ has closed range.
Furthermore, S*°(X) = T°°(X) and, by Theorem 1.5, ker'S C T°(X) =
S°(X). From Corollary 1.6 we conclude that T™ is semi-regular. .

Corollary 1.18. Let T € L(X), where X is a Banach space. Then T
is semi-reqular if and only if T™(X) is closed for all n € N and T verifies
one of the equivalent conditions of Theorem 1.5. .

Theorem 1.19. Let T € L(X) , X a Banach space. Then T is semi-
regular if and only if T* is semi-reqular.

Proof Suppose that T is semi-regular. Then 7'(X) is closed so that v(T") >
0 by part (i) of Theorem 1.13. From Theorem 1.16 we then obtain that
Y(T™) > 4(T)™ > 0 and this implies, again by part (i) of Theorem 1.13,
that T™(X) is closed for every n € N. The same argument also shows that
T(X™*) = T*"(X™*) is closed for every n € N, by part (ii) of Theorem 1.13.
Therefore from the relationships (1) and (2) it follows that the equalities

(3) ker T = T*"(X*) and “‘ker T*" = T"(X).

hold for all n € N.

Now, since T is semi-regular then ker 7' C T™(X) for every n € N and
therefore T7(X)*+ C ker T+ = T*(X*). Moreover, from the second equality
of (3) we obtain ker 7*" = T™(X)*, so that ker T7*" C T*(X*) holds for
every n € N. This shows, since T*(X™*) is closed, that T* is semi-regular.

A similar argument shows that if 7* is semi-regular then also 7" is semi-
regular. .
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3. Analytical core of an operator

The following subspace has been introduced by Vrbovd [313] and is, in
a certain sense, the analytic counterpart of the algebraic core C(T).

Definition 1.20. Let X be a Banach space and T € L(X). The analyt-
ical core of T is the set K(T) of all x € X such that there exists a sequence
(un) C X and a constant § > 0 such that:

(1) = =wup, and Tupt+1 = uy, for everyn € Zy;
(2) |lunll < 8™||x|| for every n € Z.

In the following theorem we collect some elementary properties of K (T).

Theorem 1.21. Let T € L(X), X a Banach space. Then:

(i) K(T) is a linear subspace of X ;

(i) T(K(T)) = K(T);

(i) K(T) € C(T).
Proof (i) It is evident that if z € K(T') then \x € K(T) for every A € C.
We show that if z,y € K(T') then x +y € K(T). If z € K(T) there exists
01 > 0 and a sequence (u,) C X satisfying the condition (1) and which is
such that ||u,|| < §1"||z| for all n € Z. Analogously, since y € K(T) there
exists d > 0 and a sequence (v,) C X satisfying the condition (1) of the
definition of K(7") and such that |lv,|| < 6%|y|| for every n € N.

Let § : = max {d1,d2}. We have

[un +vnll < flunll + llvall < 67 [zl + 62 {lyll < 6™ ([l + ly])-

Trivially, if  + y = 0 there is nothing to prove since 0 € K(T'). Suppose
then z + y # 0 and set
=]l + llyll
Il + |
Clearly > 1, so p < p™ and therefore

ln + vall < (6)"ulla +yll < Gu)"la +yll  for all m € Zy,

which shows that also the property (2) of the definition of K (T) is verified for
every sum z + y, with z, y € K(T'). Hence = +y € K(T), and consequently
K(T) is a linear subspace of X.

The proof (ii) of is analogous to that of Theorem 1.8, whilst (iii) is a
trivial consequence of (ii) and the definition of C(T). .

Observe that in general neither K (7') nor C(T) are closed. The next
result shows that under the assumption that C(T') is closed then these two
subspaces coincide.

Theorem 1.22. Suppose X a Banach space and T € L(X).
(i) If F is a closed subspace of X such that T(F) = F then F C K(T).
(ii) If C(T) is closed then C(T) = K(T).
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Proof (i): Let Ty : F — F denote the restriction of T on F'. By assumption
F is a Banach space and T(F) = F, so, by the open mapping theorem, Tj
is open. This means that there exists a constant § > 0 with the property
that for every x € F' there is u € F such that Tu = z and ||ul| < d||z]|.
Now, if x € F, define ug := x and consider an element u; € F' such that

Tuy =up and |ur|| < d||ugll-
By repeating this procedure, for every n € N we find an element u,, € F
such that
Tup =up—1 and |uyl| < d8||up—1]|-
From the last inequality we obtain the estimate
llunll < 6™||ugl| = 0™||z|| for every n €N,

soz € K(T). Hence F C K(T).

(ii) Suppose that C(T) is closed. Since C(T") = T'(C(T")) the first part of
the theorem shows that C'(T) C K(T'), and hence, since the reverse inclusion
is always true, C(T') = K(T). .

Theorem 1.23. Let T € L(X) be a semi-reqular operator on a Banach
space X. If x € X, then Tz € C(T) if and only if x € C(T).

Proof Clearly the equality T(C(T')) = C(T) implies that Tax € C(T') for
every © € C(T). Conversely let Tx € C(T). By Theorem 1.10 we have
that C(T) = T*°(X), consequently for each n € N there exists y, € X
such that T""ly, = Tz, hence z := x — T"y, € ker T C T"(X). Then
x=z+T"x € T"(X) for each n € N, and consequently = € C(T). =

Theorem 1.24. Let T € L(X), X a Banach space, be semi-regular.
Then C(T) is closed and

O(T) = K(T) = T®(X).

Proof The semi-regularity of T gives, by definition, ker T C T™(X) for
all n € N. Hence by Theorem 1.10 we have T°°(X) = C(T'). By Corollary
1.17 T™ is semi-regular for all n € N, so T"(X) is closed for all n € N and
hence T°°(X) = (), T"(X) is closed. By part (ii) of Theorem 1.22 then
we conclude that K(7') coincides with C(T'). .

Theorem 1.25. Let T € L(X), where X is a Banach space. Then T is
semi-reqular if and only if there exists a closed subspace M of X such that
T(M) = M and the operator T : X/M — X /M, induced by T, is injective
and has closed range.

Proof If T is semi-regular then by Theorem 1.24 the subspace M := T°(X)
has the required properties.
Conversely, let M be a closed subspace such that T'(M) = M and

suppose that T : X /M — X/M is injective and has closed range. Then
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M C C(T) C T™(X). Moreover, if 2 € ker T then TZ = 0, and therefore
the injectivity of 7' implies 2 € M. Hence ker T C M C T(X).
To show that T is semi-regular it remains to prove that T'(X) is closed.
Let 7 : X — X/M be the canonical quotient map. We show that T'(X) =
“YT(X/M)). If y € T(X) then y = T for some z € X, so my = Tz =
Ti € T(X/M). Hence T(X) C 7~ Y(T(X/M)).
On the other hand, let y € X be such that wy € T(X/M). Then §j = Tz
for some z € X and from the inclusion M C T'(X) we infer that y € T(X);
which shows the reverse inclusion. Therefore T(X) = w‘l(T(X /M)), and
this set is obviously closed since f(X /M) is closed and 7 is continuous. =

Theorem 1.26. Suppose that T,S € L(X), X a Banach space, com-
mute and T'S semi-regular. Then T and S are semi-regular.

Proof Clearly we need only to show that one of the two operators, say T,
is semi-regular. From the semi-regularity of 7'S' we obtain

(4) ker T' C ker ( ﬂ (T"8™)( ﬂ (X

At this point we need only to show that T'(X) is closed. Let (y,) :=
(T'zy,) be a sequence of T(X) which converges to some yg. Then Sy, =
STz, = TSz, € (TS)(X) and (Sy,) converges to Syg. By assumption
(T'S)(X) is closed, thus Syy € (T'S)(X) = (ST)(X). Hence there exists an
element zg € X such that Syyg = STzy. Consequently yo — T'zg € ker S C
ker (T'S). From (4) we obtain

o)
yo—Tz € [ TH(X) CT(X).
n=1
From this it follows that yo € T(X), so T(X) is closed. Hence T is semi-
regular. .

The following example, owed to Miiller [240], shows that the product
of two semi-regular operators, also commuting semi-regular operators, need
not be semi-regular.

Example 1.27. Let H be a Hilbert space with an orthonormal basis
(ei,j) where i, j are integers for which ij < 0. Let T' € L(H) and S € L(H)
are defined by the assignment:

0 ifi=0,7>0
Teij = { ei+1,; Otherwise,

and

G 0 ifj=0,i>0
) eijp1 otherwise.



14 1. THE KATO DECOMPOSITION PROPERTY

Then

0 ifi=0, j>0,0orj=0, >0,
€it1,j4+1 otherwise.

TS@Z"]‘ == ST@Z'J' == {

Hence T'S = ST and, as it is easy to verify,
ker T = \/{eio} C T>(H),
7>0
where \/;_o{eo;} denotes the linear subspace of H generated by the set
{ej : j > 0}. Analogously we have

ker S = \/{e,—,o} C S*(H).
>0
Moreover, since T and S have closed range it follows that T, S are semi-
regular.
On the other hand, ego € ker T'S and epo ¢ (T'S)(H), thus T'S is not
semi-regular.

The next example, owed also to Miiller [240], shows that the set of all
semi-regular operators need not be an open subset of L(X).

Example 1.28. Let H be a Hilbert space with an orthonormal basis
(ei,;) where i, j are integers and ¢ > 1. Let T' be defined by:

e i #0,
Teij = { 0 if j = 0.
Clearly T(H) is closed and
kerT = \/{eo,j} CT>(H),
i>1
so that T is semi-regular.
Now let € > 0 be arbitrarily given and define S € L(H) by

Se; j 1= { %ei’o ifj=0,
0 if j #£ 0.

It is easy to see that ||S|| = €. Moreover, S is a compact operator having
an infinite-dimensional range, thus S(H) is not closed. Let M denote the
subspace generated by the set {e; o : ¢ > 1}. Then T'(H) is orthogonal to M
and hence to S(H), since S(H) C M. Moreover, (T+S)(H) = T(H)+S(H),
so that (T'+ S)(H) is not closed and hence T + S is not semi-regular.

4. The semi-regular spectrum of an operator

Among the many concepts dealt with in Kato’s extensive treatment of
perturbation theory [182] there is a very important part of the spectrum
defined as follows:
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Definition 1.29. Given a Banach space X, the semi-regular resolvent
of a bounded operator T is defined by

pse(T) :={ A€ C: X =T is semi-regular}.

The semi-regular spectrum, known in the literature also as the Kato
spectrum, of T is defined to be the set oso(T) := C\ pse(T).

Obviously
0se(T) Co(T) and p(T) C pse(T).

Later we shall see that o (T) is a non-empty compact subset of C and that
for some important classes of operators the inclusions above are equalities.

An operator T € L(X) is said to be bounded below if T is injective and
has closed range. It is easy to show that T is bounded below if and only if
there exists K > 0 such that

(5) |ITz|| > K||z|| forall x € X.

Indeed, if ||Tz|| > K||z|| for some K > 0 and all 2 € X then T is injective.
Moreover, if (z,) is a sequence in X for which (T'z,) converges to y € X
then (z,,) is a Cauchy sequence and hence convergent to some z € X. Since
T is continuous then Tz = y and therefore T'(X) is closed.

Conversely, if T is injective and T'(X) is closed then, from the open
mapping theorem, it easily follows that there exists a K > 0 for which the
inequality (5) holds.

Clearly, if T is bounded below or surjective then T is semi-regular. The

next result shows that the properties to be bounded below or to be surjective
are dual each other.

Lemma 1.30. Let T € L(X), X a Banach space. Then:
(i) T is surjective (respectively, bounded below) if and only if T* is
bounded below (respectively, surjective);

(ii) If T is bounded below (respectively, surjective) then A\I —T is bounded
below (respectively, surjective) for all |\ < ~(T).

Proof (i) Suppose that T is surjective. Trivially 7" has closed range and
therefore also T* has closed range. From the equality ker T* = T(X)+ =
X+ = {0} we conclude that T* is injective.

Conversely, suppose that T* is bounded below, then T* has closed range
and hence by Theorem 1.13 also the operator T has closed range. From the
equality T(X) =" ker T* =+ {0} = X we then conclude that T is surjective.
The proof of T being bounded below if and only if T™* is surjective is analo-
gous.

(ii) Suppose that T is injective with closed range. Then (7)) > 0 and
from definition of v(7T') we obtain

~(T) - dist(z,ker T) = ~(T)||=|| < ||Tz|| for all z € X.
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From that we obtain
(A = D)z|| > [Tz — [All[z]| = (v(T) = [AD)l|[],

thus for all |A\| < v(T), the operator AI — T is bounded below.
The case that T is surjective follows now easily by considering the adjoint
T*. .

Theorem 1.31. Let T € L(X), X a Banach space, be semi-regqular.
Then AI — T is semi-regular for all |\| < v(T). Moreover, pse(T') is open.

Proof First we show that C(T) C C(AI — T) for all |A] < (7). Let
Ty : C(T) — C(T) denote the restriction of T' to C(T"). By Theorem 1.24,
C(T) is closed and Ty is surjective. Thus by Lemma 1.30 the equalities

(A =To)(C(T)) = (M = T)(C(T)) = C(T)

hold for all [A| < v(Tp).
On the other hand, T is semi-regular, so that by Theorem 1.10 ker T" C
T°°(X) = C(T). This easily implies that v(Tp) > v(T), and hence

(M —-T)(C(T))=C(T) for all|]\| < v(T).
Note that this last equality implies that
(6) C(T)CCA -T) forall |\ <~(T).

Moreover, for every A # 0 we have T'(ker (A\I —T')) = ker (A —T), so
from Theorem 1.24 and Theorem 1.22 we obtain that

ker (\[ = T) C C(T) for all X # 0.
From the inclusion (6) we now conclude that the inclusions
(7) ker (Al —T) CC\—-T)C (M -T)"(X)

hold for all |A| < y(T), A # 0 and n € N. Of course, this is still true for A = 0
since T is semi-regular, so the inclusions (7) are valid for all |A| < v(T).

To prove that AT — T is semi-regular for all |A\| < v(T), it only remains
to show that (A — T')(X) is closed for all |\| < (7). Observe that as
a consequence of Lemma 1.30 we can limit ourselves to considering only
the case C(T') # {0} and C(T) # X. Indeed, if C(T) = {0} then ker T C
C(T) = {0}, and hence T is bounded below, whilst in the other case C(T) =
X the operator T is surjective.

Let X := X/C(T), and let T : X — X be the quotient map defined by
T T := Tx, where x € T. Clearly T is continuous. Moreover, T is injective
since from T Z = Tz = 0 we have Tz € C(T), and this implies by Theorem
1.23 that « € C(T'), which yields Z = 0.

Next we show that T is bounded below. We only need to prove that T'
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has closed range. To see this we show the inequality v(T') > ~(T). In fact,
for each x € X and each u € C(T) we have, recalling that ker T C C(T),
[zl = dist(z, C(T)) = dist(z — u, C(T))
1
< dist(x —u,ker T) < —||Tx — Tu|.
( )< =5 [

From the equality C(T") = T(C(T')) we obtain that
|Tz| = mf ||Tx —Tul|| for allu e C(T),
ueC

so that ||Z|| < 1/4(T)||Tz|| from which we obtain that v(T) > v(T).

|zl| < v(T)~YT Z|| and, consequently, v(T) > ~(T). Hence T is
bounded below. By Lemma 1.30 A\ — T is then bounded below for all
Al < y(T) and a fortiori for all |A\| < ~(T).

Finally, to show that (A — T)(X) is closed for all |A| < v(T) let us
consider a sequence (x,,) of (Al —T')(X) which converges to x € X. Clearly,
the sequence (%,) converges to T and T, € (A — T)(X). The last space is
closed for all || < (T, and hence T € (A\[ = T)(X). Let T = (\[ = T)v
and v € v. Then

=AM =T eC(T)C AN -T)(C(T)) foralllA| <~(T),
and so there exists u € C(T) for which z = (Al — T)(v + u), hence z €
(M -T)(X) for all |]A\| < v(T"). Hence (A —T')(X) is closed for all |A\| < v(T")
and, consequently, A\ —T is semi-regular for all |A\| < v(T). Therefore pse(T")
is an open subset of C. .

The semi-regular resolvent pg(7") is open therefore it can be decomposed
into (maximal, open, connected, pairwise disjoint) non-empty components.
Next we want to show that C(A —T) = K(A — T) is locally constant on
each component Q of pge(T"). To show this property we first need to show
some preliminary results on the gap between subspaces.

Let M, N be two closed linear subspaces of the Banach space X and set
(M, N) :=sup{dist(u, N) : u € M, ||u|| =1},
in the case that M # {0}, otherwise we define 6({0}, N) = 0 for any subspace

N.
The gap between M and N is defined by

§(M,N) := max{8(M,N),5(N,M)}.

The function 4 is a metric on the set C (X) of all linear closed subspaces of
X, see [182, §2, Chapter IV] and the convergence M,, — M is obviously
defined by §(M,,, M) — 0 as n — oo.

Remark 1.32. Note that for two closed linear subspaces M and N of X
we have

§(M,N)=6§(N*, M) and §(M,N)=5§N* MY,
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see Kato book [182, Theorem 2.9, Chapter IV]. From these equalities it
casily follows, as n — oo, that M, — M if and only if M,* — M* .
Moreover,

-~

(8) S(M,N)<1= dimM = dim N,
see Corollary 2.6 of [182, §2, Chapter IV].

Lemma 1.33. For every operator T € L(X), X a Banach space, and
arbitrary A, p € C, we have:
(i) Y(AI =T) - d(ker (ud —T'), ker (Al = T')) < | — Al;

-~

(ii) min{y(Al = T),v(ul = T)} - d(ker (M —T),ker (ul —T)) < |u— Al.
Proof The statement is trivial for A = . Suppose that A # p and consider
an element 0 # = € ker (uI — T'). Then = ¢ ker (Al — T') and hence

~yA = T) dist(z,ker (AN = T)) < ||(M —T)z|
= M =T)x = (uI - T)z|
A =l fl]]-
From this estimate we obtain, if B := {x € ker (ul —T) : ||z|| < 1}, that

~YAI —=T) - sup dist (xz,ker (A —T)) < |A— pl,
reB

and therefore
YA =T) - (ker (A —T),ker (uI —T)) < |pu— Al
(ii) Clearly, the inequality follows from (i) by interchanging A and u. =

Lemma 1.34. For every x € X and 0 < e < 1 there exists o € X such
that © — xg € M and

(9) dist(zo, N) > ((1 — E)M) [[zoll-

Proof If z € M it suffices to take zg = 0. Assume therefore that = ¢ M.
Let X := X/M denote the quotient space and put T := 2z + M. Evidently,
IZ]] = inf,cz ||2]| > 0. We claim that there exists an element zy € X such
that

[Zol| = dist(zo, M) > (1 —¢)l|zo|-
Indeed, were it not so then
1Z|l = Iz]l < (1 —e)||z|| for every z € &
and therefore

2]l < (1 —e) inf |[2]| = (1 —&)|z],
ZEX

and this is impossible since [|Z|| > 0.
Let p := dist(z, N) = infyen ||zo—ul||. We know that there exists y € N
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such that ||zg — y|| < p+e||xo||. From that we obtain ||y|| < (1+¢)|zo|| + p-
On the other hand, we have dist(y, M) < §(N, M) - ||y|| and hence
(1 —e)llzoll dist(wo, M) < |lwo — y|| + dist(y, M)
p+ellzoll + 6(N, M) - |ly||

p+ellzoll + 0(N, M)[(1 +&)llzol| + pl-

VAN VARVAN

From this we obtain that

o [loe-owvean g,
F=1"156v, M) oll-
Since € > 0 is arbitrary, this implies the inequality (9). .

Lemma 1.35. Suppose that T € L(X), X a Banach space, is semi-
regular. Then

(10) YA —=T) > ~(T) — 3|\  for every X € C.
Proof Obviously, for every T € L(X) and |\| > v(T") we have
YA =T) 202 ~(T) =3\,

so we need to prove the inequality (10) only in the case that A < (7).
Suppose that T is semi-regular and hence, by Theorem 1.24, C(T') =
T>°(X). If C(T) = {0} then ker T' C T°°(X) = {0}, so that 7" is injective,
and since T(X) is closed it follows that T is bounded below. From an
inspection of the proof of Lemma 1.30 we then conclude that
YA =T) =2 ~(T) = || =2 v(T) = 3[A|

for every |A| < y(T).
Also the case C(T') = X is trivial. Indeed in such a case T is surjective
and hence T* is bounded below, and consequently

YA =T) =y(AI" =T7) =2 y(T") = 3]A| = (T) - 3|Al.

It remains to prove the inequality (10) in the case that C(T") # {0} and
C(T) # X. Assume that [N\ < y(T) and let z € C(T) = T(C(T)). Then
there exists w € C(T') such that z = T'u and therefore

dist(u, ker T) < (4(T)) | Tull = (4(T)) " ||]|-
Let € > 0 be arbitrary and choose w € ker T such that
lu = wl < [(1 =)y (D)) |l]-

Let g := v —w and p := (1 — &)y(T). Clearly, uy € C(T), Tuy = x and
|ui]] < p=t|lz|. Since u; € C(T), by repeating the same procedure we
obtain a sequence (u,)ncz, , where ug := x, such that

up € C(T), Tupt1 =un and |luy| < p="|z].
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Let D:={A € C: |\| < u} and let us consider the function f: D — X
FO) = Nuy,.
n=0

Clearly f(0) =z and f(\) € ker (M —T) for all |\| < . Moreover,

- A
lz = F) =1 p_ Aunll < :
; = [Al
From this we obtain
: Al
dist(z,ker (A —T)) <
(aker (M = T) € 2
which yields
A A

d(ker T,ker (N —T)) <

p—=1Al T (1 =)y (T) = A
for every |A| < p. Since € is arbitrary then we conclude that

A

(11) O(ker T ker (A\I —T)) < m

for every|\| < v(T).

If we let § := d(ker T, ker (A\] —T)), by Lemma 1.34 to the element u
and € > 0 there corresponds v € X such that z := u —v € ker (A\] —T) and

(1 =&)loll-

14

—
(=%

dist(v,ker T') >

(o)

From this it follows that

I =Tyl = AL =Tyol] > [To = Allo]
> (1) dist(v, ker T) = Al [o]
1-94§
> —(1- - )
> (T 1= 9ll = Al

By using the inequality (11) we then obtain
AL =T)ul = [(1=2)(v(T) = 2]A) = [Af]l[o]

(
(1 =e)(v(T) = 2A]) — [Al]flu — =
[(1— &) (Y(T) — 2|A|) — |A[] - dist(u, ker(\I — T)).

VAR

From the last inequality it easily follows that
YA =T) = (1 =e)(y(T) = 2[A)) — [,
and since ¢ is arbitrary we conclude that v(AI — T) > v(T') — 3|\l .

In the following result we show that the subspaces C(A —T') are constant
as A ranges through a component Q of pe(T). Note that C(A\] —T) =
KA —T)= (M —T)®(X) for all A € ps(T).
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Theorem 1.36. Let T € L(X), X a Banach space, and consider a
connected component Q of pse(T). If Ao € Q then C(AM —T) = C(Aol —
T) for every X\ € Q.

Proof Observe first that by the first part of the proof of Theorem 1.31 we
have C(T) € C(8I — T) for every |6| < v(T). Now, take |§| < 1v(T) and
define S := 61 — T. By Lemma 1.35 we obtain

Y(S) = (oI = T) > +(T) — 3|6 > |9
and hence, again by the observation above,
CI-T)=C(S) CC(6I - S)=C(T).

From this it follows that C(6I —T) = C(T') for ¢ sufficiently small.

Consider now two arbitrary points A, pp € Q. Then \I —T = (A — p)I —
(T — pI) and the previous argument shows that if we choice A, p sufficiently
close to each other then

O =T) = O((A = p)I — (T — pl)) = C(ul — T).

Finally, the next standard compactness argument shows that C(AI — T) =
C(pul —T) for all A\, € Q.

Join a fixed point A\g € ) with an arbitrary point A\; € € by a polygonal
line P C 2 and associate with each 4 € P a disc in which C(ul —T) is
constant. By the classical Heine-Borel theorem already finitely many of
these discs cover P, so C(A\gl —T) = C(MI —T). Hence the subspaces
C(A —T) are constant on 2. .

Lemma 1.37. Let X be a Banach space and suppose that T € L(X)
has a closed range. Let Y be a (not necessarily closed) subspace of X. If
Y +ker (T) is closed then T(Y) is closed.

Proof Let us denote by T the equivalence class x + ker T' in the quotient
space X/ker T and by T": X/ker ' — X the canonical injection defined by

T(Z) := Tx, where z € T. Since T(X) is closed T has a bounded inverse
1 P —

T :T(X)— X/kerT. Let Y := {7 :y € Y}. Clearly T(Y) = T(Y) is the
inverse image of ¥ under the continuous map 7', so T(Y) is closed if ¥ is
closed .

It remains to show that Y is closed if Y + ker T is closed. Suppose
that the sequence (Z,) of Y converges to T € X/ker T. This implies that
there exists a sequence (z) with z, € T, such that dist (z,, — x, ker (T)),
the distance of z,, — x to ker T', converges to zero, and so there exists a
sequence (z,) C ker T such that z, —z — 2z, — 0. Then the sequence
(n — 2n) CY +ker T converges to  and since by assumption Y + ker T is
closed, we have x € Y + ker T. This implies T € Y; thus Y is closed . .

The next result shows that the semi-regularity of an operator may be
characterized in terms of the continuity of certain maps.
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Theorem 1.38. For a bounded operator T on a Banach space X and
Ao € C, the following statements are equivalent:

(i) Aol — T is semi-regular;

(ii) v(AoI —=T) > 0 and the mapping A — y(AI —T') is continuous at the
point Ag;

(iii) y(Aol —T) > 0 and the mapping X — ker (A\I —T') is continuous at
Ao in the gap metric;

(iv) The range (A — T)(X) is closed in a neighborhood of Ao and the
mapping A — (A — T)(X) is continuous at Ao in the gap metric.

Proof There is no loss of generality if we assume that Ag = 0.

(i) = (ii) By assumption 7" is semi-regular and hence has closed range,
so that v(T) > 0. Moreover, for every || < (T), the operator A\I — T is
semi-regular, by Theorem 1.31. Consider |A| < v(T") and || < v(T). Then
by Lemma 1.35 we have

YA =T) = y(ul = T)| < 3|A = pl,
and this obviously implies the continuity of the mapping A — v(AI — T at
the point 0.
(ii) = (iii) The continuity of the mapping A — y(AI —T') at 0 ensures
that there exists a neighborhood U of 0 such that

T
M —T) > % for all A € U.

From Lemma 1.33 we infer that
~ 2
d(ker (uI —T),ker (A —T)) < WP\ —p| forall \,pel,
Y
and in particular that

~ 2
O(ker T ker (Al —T)) < —|\| forall A e U.

( (I =1)) < =N
From this estimate we conclude that ker (A\I—T")) converges in the gap metric
to ker T', as A — 0. Hence the mapping A — ker (Al —T') is continuous at 0.

(iii) = (i) It is clear that ker (\] —T') C T™(X) for every n. For every
x €kerT, n € N, and X # 0 we then have

dist (x, T™(X)) < dist(z,ker (A —T')) < d(ker T, ker (\I = T)) - ||z
From this estimate we deduce that

dist (z, T"(X)) < d(ker T, ker (AT — T)) - ||z||.

The continuity at 0 of the mapping A — ker (Al — T') then implies that
x € T"(X) for every n. Hence kerT' C T™(X) for every n=1,---.

To establish the semi-regularity of T' it suffices to prove that T"(X) is

closed for n € N. We proceed by induction.
The case n = 1 is obvious, from the assumption. Assume that 77 (X) is
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closed. Then kerT C T"(X) = T™(X) and hence kerT'+ T™(X) = T™(X)
is closed. By Lemma 1.37 we then conclude that T(T"(X)) = T""}(X) is
closed. Hence (i), (ii) and (iii) are equivalent.

(i) = (iv) If T is semi-regular and D(0,~ (7)) is the open disc centered
at 0 with radius v(T") then (M — T') is semi-regular for all A € D(0,~(T)),
by Theorem 1.31. In particular, (A\] —T')(X) is closed and this implies that
ker (A\I — T*)t = (A — T)(X) for all A € D(0,~(T)).

Now, T* is semi-regular by Theorem 1.19, and, by the first part of the
proof, this is equivalent to the continuity at 0 of the mapping

A —ker (M —T*) = (M - T)(X)*.
But from Remark 1.32 we know that
TS, (M = T)(X)H) = 8(T(X), A = T)(X)),
and consequently the mapping A — (Al — T)(X) is continuous at 0.
(iv) = (iii) Let U a neighborhood of 0 such that (A — T)(X) is closed
for every A € U. Then ~«(T) > 0. Again, from Remark 1.32 we infer that

S(ker T*, ker (A — T*)) = 0(“ker T** ker (A — T*))

= o(T(X), (M = T)(X)),
)

and hence the mapping A\ — (A — T*) = v(AI — T is continuous at 0. =

Theorem 1.39. Suppose that \oI — T € L(X), X a Banach space, is
semi-regular and 2 the component of pse(T') containing No. If (An)nez, is a
sequence of distinct points of Q0 which converges to Ay, then

oo

(12) K(T) = (I = T)(X ﬂ (Al —T)(

n=0

Proof We show first the second equality in (12). Trivially, the inclusion
MoroAI —=T)(X) C N2y (AI —T)(X) hold for every T € L(X).

To show the opposite inclusion, suppose that z € (72 (A1 — T)(X).
Then

dist (2, (Aol = T)(X)) < 8((A = T)(X), (Aol = T)(X)) - |1z

for every n € N. Because A\, — Ag, from Theorem 1.38 it follows that
x € (Al —T)(X) = (Al —T)(X). Therefore the equality

o

(13) (O = T)(X ﬂ (M —T)(
n=1

n=0
is proved.
By Theorem 1.36 we now have

KMI—T)=KMI—-T)C (\MI-T)X), neN.

Hence
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KXol —T) ﬂ (Ml — T)(X).
Conversely, assume that x € ﬂnzl()\nI—T) (X). From the equality (13)
we know that z € (A — T)(X) so that there exists an element v € X
such that z = (Aol — T)u. Write x = (A ] — T)u + (Mg — \p)u, where
n € N. Since z € (A I — T)(X) for every n € N then (Ao — A\, )u belongs to
Moy (Al —T)(X). Now, by assumption, A, # Ay for every n € N, so that
uwe o2y (Ad —T)(X). This shows that

o0

r =\l = T)u € (ol = T)([| (Al = T)(X)),
n=1
and therefore the inclusion
()l = T)(X) € (Aol = T)([) (Aud — T)(X)).

is proved. The opposite inclusion is clearly satisfied. By Theorem 1.22 we
then conclude that

(Al =T)(X) € KXol ~T);
=1
which concludes the proof. N

5. The generalized Kato decomposition

In this section we introduce an important property of decomposition for
bounded operators which involves the concept of semi-regularity.

Definition 1.40. An operator T € L(X), X a Banach space, is said
to admit a generalized Kato decomposition, abbreviated as GKD, if there
exists a pair of T-invariant closed subspaces (M, N) such that X = M & N,
the restriction T|M is semi-regular and T|N is quasi-nilpotent.

Clearly, every semi-regular operator has a GKD M = X and N = {0}
and a quasi-nilpotent operator has a GKD M = {0} and N = X.

A relevant case is obtained if we assume in the definition above that

T|N is nilpotent, there exists d € N for which (T|N)¢ = 0. In this case T is
said to be of Kato type of operator of order d.
An operator is said to be essentially semi-reqular if it admits a GKD (M, N)
such that IV is finite-dimensional. Note that if 7" is essentially semi-regular
then T|N is nilpotent, since every quasi-nilpotent operator on a finite di-
mensional space is nilpotent.

Hence we have the following implications:

T semi-regular = T essentially semi-regular = T of Kato type
= T admits a GKD.
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Some of the properties already observed for semi-regular operators may
be extended to operators which admit a GK D.

Theorem 1.41. Suppose that (M,N) is a GKD for T € L(X). Then
we have:

(i) K(T) = K(T|M) and K(T) is closed;
(ii) ker T|M =ker TN M = K(T) NkerT.

Proof (i) To prove the equality K(T) = K(T|M), we need only to show
that K(T) € M. Let 2 € K(T') and, according the definition of K(T'), let
(upn), n € Z4, be a sequence of X and § > 0 such that

x=wug, Tupy1 =up, and |uy| <d6"||z|] for alln e N.

Clearly T"™u,, = z for all n € N. From the decomposition X = M @& N
we know that © =y + z, u, = yp, + 2n, with y,y, € M and z, 2z, € N. Then
x = T"u, = Ty, + T"z,, hence, by the uniqueness of the decomposition,
y=T"y, and z = T"z, for all n. Let P denote the projection of X onto N
along M. From the estimate

(TN PY™ [ < [T N [P = (TN ey

we infer that also (T'|N)P is quasi-nilpotent, since, by assumption, T|N is
quasi-nilpotent. Therefore, if ¢ > 0, there is a positive integer ngy such that
[(TP)*|'/™ = ||((T|N)P)"||'/™ < ¢ for all n > ng. Now we have
(14) [zl = IT"zull = IT" Pun|l = (T P)"un| < ™6™z,

for all n > n,. Since € is arbitrary the last term of (14) converges at 0, so
z = 0 and this implies that z =y € M.

The last assertion is a consequence of Theorem 1.24, since the restriction
T|M is semi-regular.

(ii) This equality is a consequence of (i). Indeed, K(T) C M and, since
T|M is semi-regular, from Theorem 1.10 and part (i) we infer that
ker (T|M) C (T|M)>*(M) = K(T|M) = K(T).
From this we conclude that
K(T)NnkerT = K(T)NM NnkerT = K(T) Nker (T|M) = ker (T|M),
so part (ii) also is proved. .
The property that the hyper-range and the analytical core coincide for

every semi-regular operator may be extended to the more general situation
of operators of Kato type.

Theorem 1.42. Let T € L(X), X a Banach space, and assume that T
is of Kato type of order d with a GKD (M, N). Then:

(i) K(T) = T>(X);

(ii) ker (T|M) = ker TNT*°(X) = ker TNT™(X) for every naturaln > d;
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(iii) We have T(X) + kerT™ = T(M) & N for every natural n > d.
Moreover, T(X) +ker T" is closed in X.

Proof (i) We have (T|N)¢ = 0. For n > d we have
(15) T"(X)=T"(M)®T"(N)=T"(M)
and consequently T°(X) = (T|M)*(M). By Theorem 1.24 the semi-
regularity of T|M gives (T|M)*° (M) = K(T|M) and the last set, by Theo-
rem 1.41, coincides with K (7).

(ii) Let n > d. Clearly, T"(X) = T™(M). From the equalities (15) and
part (ii) of Theorem 1.41 we obtain

ker (T|M) =ker TN K(T) C kerT NT™(X) = ker T'NT™(M)
C kerTNM = ker (T|M).

Hence for all n > d, ker (T'|M)=kerT NT"(X).

(iii) It is obvious that if n > d then N C kerT", so T(M)® N C
T(X) +kerT™. Conversely, if n > d then

ker T" = ker (T'|M)" & ker (T'|N)" = ker (T|M)" & N

and from the semi-regularity of T'|M it follows that ker 7" C T'(M) @ N.
Since T'(X) =T(M)®T(N) C T(M)® N we then conclude that T'(X)+
kerT" C T(M) & N. Hence T(X) + ker T" =T (M) & N.
To complete the proof we show that T (M) @ N is closed. Let M x N
be provided with the canonical norm

@yl == Nzl + [yl (z € M,yeN),

Clearly, M x N with respect to this norm is complete. Let ¥ : M x N —
M @& N = X denote the topological isomorphism defined by

U(z,y):=x+y foreveryxz € M,y € N.

We have U(T(M),N) =T(M)® N and hence, since (T (M), N) is closed in
M x N, the subspace T'(M) @ N is closed in X. .

Note that the equality K (7)) = T°°(X) need not be verified if we assume
only that T admits a GKD. In fact, as we will see later, for every quasi-
nilpotent operator we have K(T') = {0}, whilst there are examples of quasi-
nilpotent operators for which T°°(X) # {0}, see Example 2.80.

Theorem 1.43. Assume that T € L(X), X a Banach space, admits a
GKD (M, N). Then (N*,M"') is a GKD for T*. Furthermore, if T is of
Kato type then T™* is of Kato type .

Proof Suppose that T has a GKD (M, N). Clearly both subspaces N+
and M~ are invariant under T*. Let Py denote the projection of X onto M
along N. Trivially, Pp/* is idempotent and from the equalities M = Py (X),
N = ker P); we obtain that

Pyt (X*) = (ker Py)t = N*  and  ker Py* = [Py (X)]" = M*.
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Hence
X* = Py (X*) @ ker Py* = Nt @ M+,

Now, if Py := I — Py; then TPy = PyT is quasi-nilpotent and therefore
also T*Py* = Py*T* is quasi-nilpotent, from which we conclude that the
restriction 7*| M~ is quasi-nilpotent.

To end the proof of the first assertion we need only to show that 7*| N+
is semi-regular, that is 7*(N*) is closed and ker (T*|[N+)" C T*(N*) for
all positive integer n € N.

From assumption T'(M) = T Py (X) is closed, and therefore, by Theorem
1.13, (Py*T*)(X™) is closed. From the equality T* Py/* = Py/*T* it then
follows that

(TPa)"(X*) = (T*Pa*)(X*) = T*(N )
is closed. Furthermore, for all n € N we have

ker (T*|N1)" = ker (T*)" N Nt =T"(X)t n Nt = [T"(X) + N+ .
From the equalities

ker (TPy) =kerT|IM + N CT*"(M)+ N CT"(X)+ N,
we then conclude that
ker (T*|N1)" = [T™(X) + N]* C [ker (T Py]* = T*Py*(X*) = T*(N1)

for all n € N, thus T*|N* is semi-regular. This shows that if 7' has a GKD
(M, N) then T* has the GKD (N+, M1). Evidently, if additionally T|N is
nilpotent then T\ML is nilpotent, so that T* is of Kato type. .

Theorem 1.44. Suppose that T € L(X), X a Banach space, is of Kato
type. Then there exists an open disc D(0, &) for which \I —T is semi-regular
for all A € D(0,¢) \ {0}.

Proof Let (M, N) be a GKD for T such that T'|N is nilpotent.

First we show that (Al — T)(X) is closed for all 0 < |A| < v(T|M),
where v(T'|M) denotes the minimal modulus of T|M. From the nilpotency
of T|N we know that the restriction AT — T|N is bijective for every A # 0,
thus N = (Al — T)(N) for every X # 0, and therefore

(M —T)(X) = (\[ = T)(M) & (A — T)(N) = (AT — T)(M) & N

for every A # 0. By assumption T|M is semi-regular, so by Theorem 1.31
(M — T)|M is semi-regular for every |A| < ~(T|M), and hence for these
values of A (AT —T)(M) is a closed subspace of M.

We show now that (M — T)(X) is closed for every 0 < |\| < (T |M).
Consider the Banach space M x N provided with the canonical norm

Gz )l = llzll +[lyll, =< M, yeN,

and let W : M x N — M & N = X denote the topological isomorphism
defined by ¥(x,y) :=  + y for every € M and y € N. Then for every
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0 < |A| < ~(T|M) the set
V[N -T)M)x N =N -T)(M)®N =\ -T)(X)

is closed since the product (Al — T)(M) x N is closed in M x N.
We show now that there exists an open disc D(0, €) such that

N®A—T) C (Al —T)®(X) for all A € D(0,¢) \ {0}.
Since T is of Kato type, the hyper-range is closed and coincides with K(T'),
by Theorem 1.41 and Theorem 1.42. Consequently T'(T°(X)) = T°(X).
Let Ty := T|T*°(X). The operator Ty is onto and hence, by part (ii) of
Lemma 1.30, also AI — Ty is onto for all |A| < ~«(Tp). Therefore (A —
T)(T*(X)) = T™(X) for |A\| < v(Tp), and hence, since by Theorem 1.22
the hyper-range T°°(X) is closed, we infer that

T®(X)C KA —-T)C (M —-T7)°(X) forall |\ <~(Tp).
From Theorem 1.3, part (ii) we then conclude that
(16) NN -T)CT®(X)C (AN -T)®(X) forall 0<]|\ <~(Tp).

The inclusions (16), together with (A —T')(X) being closed for all 0 < |\| <
~(T|M), then imply the semi-regularity of A\I — T for all 0 < |\| < &, where
e = min {7(7p),v(T|M)}. .

For every bounded operator T € L(X), X a Banach space, let us denote
by
ox(T):={A e C: X[ —T s not of Kato type}
the Kato type of spectrum, and by
0es(T) :={X € C: A\I — T is not essentially semi-regular}

the essentially semi-regular spectrum. The spectrum oes(T') is an essential
version of the semi-regular spectrum og(7) and, as we shall see, is very
closely related to the semi-Fredholm spectra which will be studied later.
Evidently

Uk(T) Cc Ues(T) C Use(T)-
As a straightforward consequence of Theorem 1.44 we easily obtain that
these spectra differ of at most countably many points.

Corollary 1.45. If T € L(X), X a Banach space, then oyx(T) and
oes(T) are compact subsets of C. Moreover, the sets 0s(T) \ ox(T) and
oes(T) \ ok(T) consist of at most countably many isolated points.

Proof Clearly pi(T) := C\ ox(T) and pse(T) := C\ 0s(T) are open,
by Theorem 1.44, so px(T) and og(7T) are compact. Furthermore, if Ay €
0se(T)\ok(T) then A\I—T is semi-regular as A belongs to a suitable punctured
disc centered at \g. Hence )\, is an isolated point of og(7"). From this it
follows that os(T) \ ox(T) consists of at most countably many isolated
points. N
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If My and My are subspaces of X then we shall say that M is essen-
tially contained in My, shortly My Ce My if there exists a finite-dimensional
subspace F' of X for which M; C My + F. Obviously

My Co My < dim Ml/(Ml ﬂMg) < 0.

Lemma 1.46. Let T € L(X), X a Banach space, be an operator with
closed range. Suppose that for every n € N there is a finite-dimensional
subspace Fy, C ker T such that ker T C T"(X) + F,,. Then T™(X) is closed
for alln € N.

Proof We proceed by induction on n. For n = 1 the statement is true, by
assumption. Suppose that 7"(X) = T"(X). To show that T""!(X) is closed
let y € T"*1(X) be arbitrarily given. Then there is a sequence (z;) C X
such that 7""z; — y as j — oo. From the inclusion 7""1(X) C T"(X)
we infer that y € T?(X) = T™(X), so we can find some z € X for which
y =T"z. Thus T(T"z; — T" '2) — 0 as j — oo.

Consider the canonical injection T:X := X/ker T — X induced by T.
The operator T is bounded below because it is injective and has range equal
to T(X). Furthermore, T(T"l‘j — Tz 4+ kerT) — 0 as j — 0, so that
in the quotient space X the sequence (Up )nenN, whose terms are defined by
Uy 1= T"x; — T 12 + ker T, converges to 0 as j — 0. Hence there exists a
sequence (z;)jen € ker T such that T"z; + z; — T" 1z as j — oo . Since
zj €ker T CT™(X)+ F,, and T™(X) + F, is closed it follows that

T" e =T"u+f forsomeue X and feF, CkerT.
Therefore y = T"x = T" 1y € T X), so T (X)) is closed. .

Lemma 1.47. Let T € L(X), X a Banach space. Suppose that either
of the two following conditions hold:

(i) No(T) Ce T>(X);
(i) N°(T) Ceo T(X).
Then for every n,m € N we have ker T" C, T™(X).

Proof Suppose that the inclusion (i) holds, namely, there is a finite-
dimensional space F for which N*°(T) C T°°(X) + F. Since kerT™ C
N®(T) and T™(X) 2 T°°(X), for all n,m € N, we easily obtain that
kerT" C T™(X) + F, for every n,m € N.

Assume that the inclusion (ii) is fulfilled. Here we proceed by induction
on m. The statement is immediate for m = 1. Suppose that the inclusions
ker T" C T7(X) + F,; hold for every n and every j < m — 1, where F, ; is
finite-dimensional and F;, ; C ker7™ . Then

ker 7" C TN (X) 4+ Fuy1m1

and hence
T(ker T C T™(X) 4+ T(Ft1m-1)-
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Moreover, T'(ker T"*1) = ker T" N T(X) and ker 7" C T'(X) + F,,1, where
F,1 Cker T™. Consequently

ker T" C [T(X)Nker T" + Fy1 = T(ker T"™) + F, 4
- Tm(X) + T(Fn+1,m—1) + Fn,l = Tm(X> + Fn,mv

where F, , € T(Fpt1,m) + Fn1 € ker T™ is finite-dimensional. Hence the
assertion is true also for n, thus the proof is complete. .

The following result shows that T is essentially semi-regular when T'(X)
is closed and the inclusions of Theorem 1.5 and Corollary 1.6 hold in the
essential sense.

Theorem 1.48. Let T be a bounded operator on a Banach space X.
Then the following conditions are equivalent:

(i) T is essentially semi-reqular;

(il) NO(T) Ce T (X) and T(X) is closed;
(ili) N°(T') Ce T(X) and T(X) is closed;
(iv) ker T Ce T*°(X) and T(X) is closed.

Proof (i) = (ii) Note first that if T is essentially semi-regular then T'(X) is
closed. Indeed, if (M, N) is a GKD for T for which N is finite-dimensional
then T(X) =T (M)®T(N). But T(M) is closed, since T'|M is semi-regular,
and T'(N) is finite-dimensional, so the sum 7'(X) is closed.

Now, as already observed in the proof of part (i) of Theorem 1.42,
we have T(X) = (T|M)>*(M). The semi-regularity of T|M yields that
ker (T'|M)™ C (T|M)>°(M) = T°(X) for every n € N. By assumption there
is d € N such that (T|N)¢ = 0 and hence for every natural n > d we obtain

kerT" = ker (T'|M)" & N CT(X)® N.

This shows that N°°(T') C, T°°(X), because N is finite-dimensional.

The implications (ii) = (iii) and (ii) = (iv) are clear, since T>°(X) C
T(X) and ker T C N>°(T)).

(iii) = (i) By Lemma 1.47, for all n,m € N there exist some finite-
dimensional subspaces Fj, ,, C ker T" such that ker 7" C T"(X) + Fp, m
and hence ker T™ C. T™(X). Note that by Lemma 1.46 T"(X) is closed for
every n € N.

To show that T is essentially semi-regular, observe first that if ker 7™ C
T>°(X) for all n € N then T is semi-regular since T'(X) is closed, and hence
essentially semi-regular. Therefore to prove the assertion (i) we may only to
consider the case that ker T™ is not contained in T°°(X) for some n. Let n
be exactly the smallest natural with this property. Let Y7 denote a subspace
of X such that

kerT =Y; @ [ker T NT"(X)].
If k is the dimension of ¥ then k > 1. Since Y7 C ker T C T" (X)) we can
find a subspace Y;, having dimension & and such that 7771(Y;,) = Y;.
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Let Y; := T"J(Y,,) for every j = 1,2, ,n. Clearly, for all j we have
Y; CT"9(X) and Y; NT" (X)) = {0}.

From this it follows that the subspaces Y1,Ys,--- Y, and T™(X) are lin-
early independent in the following sense: if z +y1 +---+y, =0, y; € Y;,
1<j<nandzeT(X)thenz=y; = - =y, =0.

Consider a basis {ej,- - ,ex} in Y7. Since e, - ,ep are linearly in-
dependent modulo T"(X) + Y, + --- + Y,,, we can find linear functionals
S, fke[TM(X)+ Yo+ -- -Yn}L for which fi(ej) =655, 1 < j,i < k. Set

n—1 k ) n
My:=\/ Jker (T*'f;) and Ny:= ]V
i=0 j=1 J=1

Clearly Nj is T-invariant, finite-dimensional and (T|N1)"™ = 0. Furthermore,
if x € My is arbitrarily given then

(T f;)(Tz) = (T*F f;) () =0 for0<j<n-—2.

and (T*"~1f;)(Tz) = f;(T"x) = 0, thus T(M;) C M.
Now choose z1, 22, - , 2, € Yy, such that z; = T”flzj, where 1 < j < k.
Then the set

{(T'z;:0<i<n—1,1<j<k}
forms a basis of N;. Moreover, these elements together with the elements
(T f;:0<i<n—-1,1<j<k}

form a bi-orthogonal system. From this it easily follows that X = M7 & Ny.
Set T1 := T'|M; and Ty := T|N;. Of course we have ker T' = ker 77 & N; and
T (X) =T1™(X).

From the inclusion N°(T') Ce T(X) we know that

N>=(T)

dim N> (T) N T=(X) =r <oo,
thus
. N=>=(T3) o N (Ty)
dn T nhx) — " W AR A he(X)
= rfdimin]if} =r—k<r,
\/j:l Y;

and we can repeat the same construction for 75. After a finite number of
steps we obtain the required a GKD (M, N), with N finite-dimensional and
T nilpotent, so T is essentially semi-regular.

(iv) = (i) Again, by Lemma 1.47 there exist, for every n,m € N, finite-
dimensional subspaces F, ., C ker T™ such that ker 7" C T™(X) + Fy m.,
hence ker T C, T™(X). Repeating the same construction as above we find
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two closed T-invariant subspaces M7, N1 such that X = M; & Ny and such
T, := T| Ny nilpotent. Set, as above, T} := T|M;. By assumption

Qi ker T <
M er TTe(X) S
and hence
ker T ker T
d' = d‘ — k
M er N T(X) M ker TNT=(X)
ker T
< d < 0.

Mker TNT(X)

As above, after a finite number of steps we obtain the desired decomposition,
thus T is essentially semi-regular. .

Corollary 1.49. IfT € L(X), X a Banach space, then T is essentially
semi-reqular if and only if T* is essentially semi-regular.

Proof If T is essentially semi-regular and (M, N) is a GKD for which T|N
is nilpotent and N is finite-dimensional then, see Theorem 1.43, T*|M* is
nilpotent and dim M* = codim M = dim N < oo, so T* is essentially
semi-regular.

Conversely, if T™* is essentially semi-regular then 7*(X*) and 7" (X™)
are closed for every n € N and therefore also T'(X) and T™(X) are closed,
by part (ii) of Theorem 1.13. Moreover, T** is essentially semi-regular, by
the first part of the proof, so ker T** C, (7T7*)*°(X**). From the equalities
kerT =kerT"* N X and T"(X) = (T™)"(X*) N X we then conclude that
T°(X) = (T")>°(X**)N X and hence ker T' C, T™°(X). .

Theorem 1.50. Suppose thatT and S are commuting bounded operators
on the Banach space X for which T'S is essentially semi-reqular. Then both
T and S are essentially semi-regular.

Proof We show that T is essentially semi-regular. Clearly
kerT C kerT'S C (T'S)™(X) C T™(X).

It remains only to prove that T(X) is closed. By assumption we know
that there exists a finite-dimensional subspace F such that ker 'S C (T'S)(X)+
F'. By Corollary 1.15 it suffices to prove that T'(X) + F is closed. Let (x,),
(yn) be two sequences of X for which Tx, + y, — = as n — oo. Then
STxn+ Sy, — Sz. Clearly (T'S)(X)+S(F) is closed, since ST is essentially
semi-regular and S(F) is finite-dimensional, so that Sz € (T'S)(X) + S(F).
Hence Sx =TSz + Sy for some z € X and y € F, and consequently

Tz+y—x€kerS CkerTS C(TS)(X)+FCT(X)+ F.
Hence z € T(X) + F and therefore T'(X) + F is closed. .
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Corollary 1.51. If T € L(X), X a Banach space, and n € N then T is
essentially semi-reqular if and only if T™ is essentially semi-reqular.

Proof Suppose that T is essentially semi-regular. If (M, N) is a GKD for
which T'|N is nilpotent and N is finite-dimensional, then the same decompo-
sition satisfies all required conditions for 7. Conversely, if T is essentially
semi-regular , from Theorem 1.50 we easily conclude that T is essentially
semi-regular. .

6. Semi-Fredholm operators

We now introduce some important classes of operators in Fredholm the-
ory. Let X and Y are Banach spaces. In the sequel, for every bounded
operator T' € L(X,Y), we shall denote by «(T) the nullity of T, defined
as a(T) := dim ker T, whilst the deficiency B(T) of T is defined S(T) :=
codim T'(X).

Definition 1.52. Given two Banach spaces X and Y, the set of all
upper semi-Fredholm operators is defined by

P (X)Y)={T e L(X,)Y):a(T) <o and T(X) closed},

whilst the set of all lower semi-Fredholm operators is defined by

S_(X,)Y) ={T € L(X,Y) : B(T) < oo}.
The set of all semi-Fredholm operators is defined by

P (X,)Y) =2, (X,)Y)UP_(X,Y).
The class ®(X,Y") of all Fredholm operators is defined by
(X, Y)=0, (X, Y)NP_(X,Y).
We shall set
P (X)=d,(X,X) and P_(X):=P_(X,X),

whist
B(X):=d(X,X) and L(X):=dL(X,X).
Note that T' € L(X,Y) if and only if a(T") and S(T') are both finite.

The following theorem establishes an important characterization of Fred-
holm operators.

Theorem 1.53. (Atkinson characterization of Fredholm operators) If
TeL(X,Y) thenT € ®(X,Y) if and only there exist Uy,Us € L(Y, X) and
finite-dimensional operators K1 € F(X), Ko € F(Y) such that

UlTZIx—K1 and TUQZIy—KQ.

In particular, T € ®(X) if and only if T is invertible in L(X) modulo the
ideal of finite-dimensional operators F(X). .
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For a proof of this classical result we refer to Proposition 25.2 and Propo-
sition 51.6 of Heuser [159] in the case X =Y, or to Theorem 2.1 of Schechter
[287] for the more general case. It should be noted that in the characteriza-
tion above the ideal F'(X) may be replaced by the ideal K(X) of all compact
operators, see also Chapter 5.

The index of a semi-Fredholm operator T' € ¢4 (X,Y) is defined by
ind T := a(T) — (7).

Clearly, ind T is an integer or £oo.

Remark 1.54. We shall make frequent use of the following basic and well
known properties of the classes of semi-Fredholm operators.

(a) T € . (X,Y) then T(X) is closed, see Corollary 1.15.

(b) Upper and lower semi-Fredholm operators are dual each other,
Ted (X,Y) e T cd_(Y* XY,
and
Ted_(X,Y) e T e d (Y* XY
Moreover,
o(T) = B(T*) and B(T) = (T7),

see Caradus, Pfaffenberger and Yood [76, §1.3, p.8] or Schechter [287, Chap.
V, Theorem 4.1].

()T e d (X,Y)and S € &, (Y,Z), then ST € &,(X,Z). Anal-
ogously, if T' € ¢_(X,Y) and S € ®_(Y,Z) then ST € ¢_(X,Z). In
particular if T € &4 (X) (respectively, ' € &_(X) then T" € &, (X) for
every n € N (respectively, T" € ¢_(X)), see [76, Corollary 1.3.3] and [287,
Chap. V, Theorem 6.6].

Again, if T € L(X,Y), S € L(Y,Z), and ST € &(X,Z) then T €
®(X,Y) if and only if S € ®(Y, Z), see Theorem 13.1 of Lay and Taylor
[217]. From this it follows that if T, S € L(X) and T'S € ¢(X), then either
both T and S belong to ®(X) or neither of T', S belongs to ®(X).
Analogously, if T € L(X,Y), S € L(Y,Z), and ST € ¢,(X,Z) (respec-
tively, ST € &4 — (X, Z)) then T € 4 (X,Y) (respectively, S € &_(Y, X)).
The sets &4 (X), ¢_(X) and ¢(X) are semi-groups in L(X).

(d) Let T € &4(X,Y). Then there exists ¢ := &(T) > 0 such that
S e L(X,Y) and ||S|| < € implies T+ S € ¢, (X,Y). Moreover,

a(T+95)<a(T) and ind (T'+S)= ind T.

Analogously, if T € #_(X,Y) then there exists ¢ := &(T") > 0 such that
for every S € L(X,Y) with ||S|| < e we have T+ S € ¢_(X,Y) and

B(T+S)<pB(T) and ind (T+S)= ind T.
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The proof of this important result may be found in Caradus, Pfaffenberger,
and Yood [76, p. 61], Heuser [160, p. 418]) or Schechter [287, Chap. V,
Theorem 6.3 and Theorem 6.8]. From this it follows that ¢, (X,Y) and
&_(X,Y) are open subsets of L(X,Y") and the index function

ind: 7 € ®.(X) — ind T € ZU {£o0}

is continuous and therefore constant on the connected components of the
open set P4 (X,Y). Clearly ¢4 (X,Y), ¢_(X,Y) and ¢,(X,Y) are open
subsets of L(X,Y).

(e) If the perturbation S above is caused by a multiple of the identity we
have the punctured neighbourhood theorem, see Kato [183, Theorem 5.31]: if
T € ¢, (X) then there exists ¢ > 0 such that A\T4+T € ¢, (X) and a(A[+T)
is constant on the punctured neighbourhood 0 < |A| < e. Moreover,

(17) aM+T)<a(T) forall |M\<e,
and
ind (AT +7T)=indT for all |A| <e.
Analogously, if T € ¢&_(X) then there exists e > 0 such that A\ + T €

&_(X), B(M+T) is constant on the punctured neighbourhood 0 < |A| < e.
Moreover,

(18) B +T)<B(T) forall |\ <e,

and
ind(AM +7T) = indT forall |\ <e.

() If T € ®4(X,Y) (respectively, ' € ®_(X,Y)) and K € L(X,Y)
is a finite-dimensional or a compact operator, then T + K € &, (X,|Y)
(respectively , T+ K € ®_(X,Y)) see Heuser [160, Satz 82.5]. Moreover
ind (T+K) = ind (T) for every T' € &, (X,Y) and K € L(X,Y) compact.

(g) If X is an infinite-dimensional complex Banach space then A\ —
T ¢ ®(X) for some A € C. This follows from the classical result that the
spectrum of an arbitrary element of a complex infinite-dimensional Banach
algebra is always non-empty. In fact, by the Atkinson characterization of
Fredholm operators, A\l — T ¢ ®(X) if and only if T := T + K(X) is non-
invertible in the Calkin algebra L(X)/K(X) . An analogous result hold for
semi-Fredholm operators on infinite-dimensional Banach spaces: if X is an
infinite-dimensional Banach space and T" € L(X) then A\l — T ¢ &, (X)
(respectively, A\I — T ¢ ®_(X)) for some X € C.

Definition 1.55. Let T € ¢4 (X), X a Banach space. Let € > 0 as in
(17) or (18). If T € &, (X) the jump j(T') is defined by

JT) = a(T) —aM +T), 0< A <e,
while, if T € ¢_(X), the jump j(T) is defined by
J(T):=06(T)—-pA+T), 0<|N<e.
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Clearly j(T) > 0 and the continuity of the index ensures that both
definitions of j(T') coincide whenever T' € &(X), so j(T') is unambiguously
defined. An immediate consequence of part (b) and part (e) of Remark 1.54
is that if T € @4 (X) then j(T') = j(T™).

In the sequel we shall denote by Too the restriction T'|T°°(X) of T to
the invariant subspace T°°(X) of a linear space X. Let Z := z + T°°(X) be
the coset corresponding to  in the quotient space X=X /T®(X). ItY
is a subset of X, we set Y = {y : y € Y}. Obviously Y coincides with the
quotient [V +T°°( )] /T (X).

Let T : X — X denote the quotient operator defined by
Too & 1= 7/“}, z e X.

It is easily seen that fo\o is well defined. In the next lemma we collect some
elementary properties of T,.

Lemma 1.56. Let T be a linear operator on a wvector space X, and
assume that a(T') < oo or B(T) < co. Then:

() N(Toe) = N(T);
(i) Too ™ (X) = {0}.
Proof (i) From Theorem 1.10 we know that T(T°°(X)) = T>°(X). Let

7 € kerTos. Then Tz € T2(X) = T(T*(X)). Consider an element u €
T°°(X) such that Tx = Tu. Clearly x — u € ker T, S0 =u+v for some

vekerT, x € kerT+T°°(X) and hence ¥ € kerT+T°°(X) = ker 7. This
shows the 1nclu51on ker T - kerT The opp051te inclusion is obvious, so
ker Too = ker 7. Similarly ker( o) = ker T for every n € N, and from

this the equality (i) easily follows.
(ii) It is easy to check that Too (f{) T”( ) for all n € N, and from
we obtain that f;oo()?) = T>(X) = {0}. .
Note that if T € &4 (X) then T°°(X) is closed since T" € ¢4 (X) for
every n € N, by part (¢) of Remark 1.54.
The following result reduces properties of semi-Fredholm operators to equiv-
alent properties of Fredholm operators.

Lemma 1.57. Let T € . (X), X a Banach space. Then:

(i) Too is a Fredholm operator;

(i) Too is an upper semi-Fredholm operator.

Proof (i) Since a(T) < oo, from Theorem 1.10 we have 3(Tw) = 0,
and from the inclusion kerT,, C kerT we conclude that kerT is finite-
dimensional, hence T is a Fredholm operator.
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(ii) From Lemma 1.56 we have ker Thy = kerT and hence a(fo\o) < 00.
Moreover, it is easy to see that fo\o(f() = T(X) is a closed subspace of X,
thus T € D4 (X). .

The next result gives a characterization of the semi-Fredholm operators
which are semi-regular.

Theorem 1.58. Let T € ¢4 (X), X a Banach space. Then j(T') =0 if
and only if is semi-reqular.

Proof Since T'(X) is closed it suffices to show the equivalence
J(T) =0 N(T) S T™(X) .
Assume first T € @4 (X) and N*°(T) C T°°(X). Observe first that
a(M+T)=a(A +Ty) foral XeC.

For A\ = 0 this is clear, since ker ' C N'*°(T") C T°°(X) implies that ker T' =
ker T,. For A # 0 we have, by part (ii) of Theorem 1.3,

ker T C N°(M +T) C T™(X),

so that ker (A + T = ker (M + To).

Now, from Theorem 1.10 we know that §(Ts) = 0 and hence there
exists € > 0 such that S(A +T) = 0 for all [A| < ¢, see Lemma 1.30. From
Lemma 1.57 we know that T, is Fredholm, so we can assume ¢ such that

ind (M +Tx) = ind (Tw) forall|)| <e.

Therefore a(A + Tw) = a(Tx) for all |A| < € and hence a(AM +T') = a(T)
for all |A| < g, so that j(T') = 0.

Conversely, suppose that T € ®(X) and j(T) = 0, namely there exists
e > 0 such (A + T') is constant for |A| < e. Then

aA(Teo) <a(T) =a(M+T) =a(M +Ty) foral0<|A\ <e.

But Ty is Fredholm by Lemma 1.57, and hence, see Remark 1.54, part (e),
we can choose € > 0 such that (M + T) < a(Tw) for all [A| < e. This
shows that (T ) = a(T) and consequently, N°°(T) C T>(X).

Consider now the case that T' € ¢_(X) and j(T) = 0. Then T* €
&, (X™*) and j(T') = j(T*) = 0. From the first part of the proof we deduce
that N'°°(T*) C T**°(X™*). From Corollary 1.6 it follows that ker 7*" C
T*(X*) for all n € N, or equivalently T"(X)* C ker T+ for all n € N. Since
all these subspaces are closed then T"(X) D ker T for all n € N, so by
Corollary 1.6 we conclude that N>°(T") C T*(X). .

Now we are interested in the case that N'°°(T) is not contained in
T*°(X). In this case, from Theorem 1.5 there exists a smallest integer
n € N such that

ker 7" ' C T(X) but ker T" ¢ T(X).
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Hence there is an element y € X and a smallest n € N such that
(19) y€ker T" buty¢ T(X).
In the next result we examine the elements 7%y, k =0,1,...,n — 1.

Lemma 1.59. Suppose that a linear operator T on a vector space X
verifies N°(T) € T®(X). Let y € X and n € N as in (19). Then

TFy e ker T K\ THY(X)  for allk=0,1,...,n— 1.

Furthermore, the elementsy, Ty, ..., T" Yy are linearly independent modulo
the subspace T™(X).

Proof The case n = 1 is obvious. Suppose that n > 2 and let y € X, and
that n € N verifies the conditions (19). Then Ty € T (ker T™) C ker T 1.
Suppose that Ty € T?(X). Let v € X such that Ty = T(Tv). Obviously, if
w:=Tv € T(X) then w —y € ker T, so there exists u € ker T such that
w = y+u. But we also have u € ker T' C ker ™1 C T(X) and this implies
y € T(X), which is false, since by assumption ker 7™ \ T(X). Therefore
Ty € ker T"~1\ T?(X) and the process can be continued for the elements
T?y, ..., T" 1y.

In order to show the linear independence modulo T%(X), assume that
there exist A, € C, k = 0,1,...,n — 1, such that Y, _, MT*y € T"(X).
Applying T"~! to this sum we obtain

ATy € T*HX) C T™(X),

which gives \g = 0. A similar argument shows that A\ = 0 for every
k=1,...,n—1, so the proof is complete. .

Lemma 1.60. Assume that T € L(X), X a Banach space, verifies
N(T) € T®(X). Lety € X and n € N as in (19). Then there exists
f € kerT*" such that

T f(T" 77 y) = 6;;  for every 0 <i,j <n — 1.
In particular, T*"f =0 and
T f € ker T*"F\ T X)) for all k=0,1,...,n— 1.
Proof Since y, Ty, ..., T" 'y are linearly independent modulo 77"(X), the

Hahn- Banach theorem ensures that there exists f € T™(X)+ = ker T*"
such that

f(T ) =1 and f(T79)=0 forall0<j<n-—2.
Clearly, T* f(T" 'y) = T*" f(y) = 0 and
T*f(T7y) = f(T?"T1y) =0 forall0<j<n—2,
S0
T*f(T" %)) =1 and T*f(T9y) =0 forall0<j<n-—3.

Continuing the process proves the lemma. The last assertion is obvious. =
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Lemma 1.61. Let T € L(X), X a Banach space, and suppose that
N(T) € T>®(X). Lety be chosen as in (19). Then

n—1
P:= ZT*jf QT Iy
7=0
s a bounded projection which commutes with T. Furthermore, the range of

P is the subspace Y spanned by the elements y, Ty, - --T" Yy, the restriction
T|Y is nilpotent and j(T|Y) = 1.

Proof P is idempotent by Lemma 1.60. Moreover,

n—1 n—1
TP=Y TYfT"'y=> TYfo1" "y,
j=0 Jj=1
and
n—1 n—2
PT — Z T*j“rlf ® T’n—j—ly — ZT*]+1f ® 1’17’L—j—1y7
§=0 §=0
hence PT = TP. Clearly, T|Y is nilpotent, «(T|Y) = 1, and j(T|Y) = 1,
since Y is finite-dimensional. .

Theorem 1.62. If T € &, (X) then T is essentially semi-regular .

Proof Let T € &4(X). If T is semi-regular then the pair (M, N), with
M = X and N = 0, is a Kato decomposition which verifies the desired
properties. If T is not semi-regular then j(T') > 0, by Theorem 1.58 and
hence N°(T) C T°°(X). Let P be the non-zero finite-rank projection of
Lemma 1.61. P commutes with T'. The restriction T'|ker P is semi-Fredholm
and j(T'|ker P) = j(T') — 1. Continuing this process a finite number of times
reduces the jump of the residual operator to zero. .

Remark 1.63. We have already noted that if T € ®(X) then AT — T is
still semi-Fredholm near 0. By Theorem 1.62 every semi-Fredholm operator
is of Kato type and therefore, see Theorem 1.44, there exists a punctured
open disc D, centered at 0 for which A\I — T is semi-regular for all A € Dy..
From Theorem 1.58 we then conclude that if a semi-Fredholm operator has
jump j(T') > 0 then there is an open disc D, centered at 0 for which j(7T') = 0
for all A € D{0}.

In the same vein the following result establishes that if T is essentially
semi-regular, but not semi-Fredholm, then Al —7T is essentially semi-regular
and not semi-Fredholm in an open punctured neighbourhood of 0.

Theorem 1.64. Let T € L(X), X a Banach space, be of Kato type of
order d. Then there exists an open disc D(0,¢e) centered at O such that the
following properties hold:
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(i) The dimension of ker (A\I — T) is constant for A ranging through
D(0,¢) \ {0}. Precisely,
dim ker (\] — T) = dim ker TNT4(X) for all A € D(0,¢) \ {0};

(ii) The codimension of (A — T)(X) is constant for A\ ranging through
D(0,¢) \ {0}. Precisely,

codim (A — T)(X) = codim (T(X) 4 ker T%) for all A € D(0,¢) \ {0}.
Moreover, if T is essentially semi-reqular and A € D(0,¢) \ {0} then

(20) M-Ted (X)eTecd (X),
and

(21) M-Ted (X)eTed_(X).
In particular,

(22) M-Ted(X)eTe dX).

Proof (i) Take € as in the proof of Theorem 1.44. Assume that \I — T €
&, (X) for A € D(0,¢) \ {0}. If Ty := T|7T°°(X) then, as observed in the
proof of Theorem 1.44, Ty and Al —Tj are both onto and hence upper semi-
Fredholm for all |A| < & < v(Tp). Moreover, ker (Al —T) C N\ -T) C
T°°(X) for all A € D(0,¢) \ {0}, by Theorem 1.3. From the continuity of the
index and part (ii) of Theorem 1.42 we then infer that
a(M[—T) = ind(A —Tp) = ind(Tp)

= o(Tp) = dim [ker T N M|

= dim [ker T NT4(X)]
for all A € D(0,¢) \ {0}.

(ii) From the proof of Theorem 1.44 we know that (A —T)(X) is closed,
and hence (A — T)(X) = ker (\ —T*)*, for all A € D(0,¢)\ {0}. Therefore
by part (i) we have

B —T) = a(N —T%) dim [T*4(X*) N ker T*]
= codim [T*(X*) Nker T*]*
= codim[ T*(X*)* + (ker T*)*]
= codim[ker T 4+ T(X)],

for all A € D(0,¢) \ {0}.

Now, assume that T is essentially semi-regular. If \I — T € & (X) for
A € D(0,¢) \ {0}, then dim ker (A\I — T) = dim [ker TN T%(X)] < co. From
Theorem 1.42 we obtain

ker T' = ker T|M @ ker T|N = [ker T N T%(X)] @ ker T|N,
and this implies, since by assumption ker T'|N is finite-dimensional, that

ker T is finite-dimensional. Moreover, T(X) = T(M)® T(N) is closed since
T|M is semi-regular and T'(N) is finite-dimensional. Hence T € &, (X).
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The opposite implication is a consequence of the fact that &, (X) is open
in L(X), so (20) is proved.
To conclude the proof consider the case A\I — T € ®_(X) for some
A €D(0,¢) \ {0}. From part (ii) we know that
T(X)+ker TYX) =T(M)® N

is finitely-codimensional and from this, and from N being finite-dimensional,
we conclude that T'(M) is finitely-codimensional. This also shows that T'(X)
has finite-codimension, so that T € ®_(X). The opposite implication is
clear, since ®_(X) is open, so also the equivalence (21) is proved.

The equivalence (22) is an obvious consequence of (20) and (21). .

The two classes of semi-Fredholm operator lead to the definition of the
upper semi-Fredholm spectrum of a bounded operator T' on a Banach space
X, defined by

ou(T) = {A € C: A =T ¢ o, (X)},
and the lower semi-Fredholm spectrum of T defined by
o(T):={ANe€C:A\[-T ¢ d_(X)}.
The semi-Fredholm spectrum is defined by
ost(T) :={AeC: N -T ¢ d,.(X)},
while the Fredholm spectrum is defined by
of(T) :={AeC: AN -T ¢ d(X)},
Clearly,
ost(T) = ot (T) Noy(T) and o¢(T) = 0w (T) U oy (T).
Furthermore, from part (b) of Remark 1.54 we obtain that
out(T) = o(T*)  and  o(T) = oue(T™).
Again, from Theorem 1.62 we have
es(T) C os¢(T) C o4(T).

The spectrum o¢(7') in the literature is often called the essential spec-
trum of T. The two spectra ou(T) and o(T) are also known as the left
essential spectrum and the right essential spectrum. These denominations
are originated from the property that in a Hilbert space H, A\ =T € & (H)
exactly when Al — T has a left inverse in L(H) modulo the ideal K(H) of
all compact operators, and, symmetrically, A\l — T € ®_(H) when \[ — T
has a right inverse in L(H) modulo K (H).

It is easy to find an example of operator for which ou(T") # o1:(T). Let
T be defined on ¢2(N) by

T(z) = (x1,0,22,0,23,0,...) forall z = (z,) € l2(N).
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Obviously, T is injective with closed range of infinite-codimension, so that
0e O'lf(T), but 0 ¢ qu(T).
Note that from Remark 1.54, part (e) the resolvents

pst(T) :=C\ oi(T),
and
put(T) := C\ow(T),  pu(T) := C\ ou(T),
are open subsets of C and hence ou(T), oi(T) and oy (7T') are compact

subset of C. Moreover, as observed in part (g) of Remark 1.54, if X is
infinite-dimensional then these spectra are non-empty.

Theorem 1.65. For a bounded operator T on a Banach space X the
following properties hold:

(i) If Mo € Oo¢(T) is non-isolated point of o¢(T) then Aoy € oy (T);
(ii) Jo¢(T) C 0es(T). Consequently, oes(T) is a non-empty compact
subset of C;

(iii) The set o¢(T) \ 0se(T) consists of at most countably many isolated
points.

Moreover, similar statements hold if, instead of boundary points of o¢(T),
we consider boundary points of ou(T), o (T) and ox(T).

Proof (i) Let Ao € do¢(T') be a non-isolated point of o¢(7"). Assume that
Aol — T is of Kato type. Then by Theorem 1.64 there exists an open disc
D(Ao,e) centered at g such that the dimension and the codimension of
A —T are constant as A ranges throughout D(\g, )\ {0}. But Ao € 9o¢(T),
so that AI —T is Fredholm for some A € D(\g, €) and consequently A\ —T €
®(X) for all A € D(Ng,¢€) \ {0}. This contradicts our assumption that Ag is
non-isolated in o¢(T).

(ii) Suppose that Ay € do¢(T) and Ao & 0es(T). Then Aol — T is essen-
tially semi-regular so that (A —T")(X) is closed and there is a decomposition
X =M®&N, M and N closed T-invariant subspaces, N finite-dimensional,
such that (Aol —T)|M is semi-regular and (Ao —T')|N is nilpotent. Let (A,)
be a sequence which converges at Ag such that A\,] — T € ®(X). Clearly,

a((Ml — T)|M)) < a(A — T) < co.

From part (iii) of Theorem 1.38, since (Aol —T)|M is semi-regular we know
that ker ((\,/ — T')|M) converges in the gap metric to ker (Aol — T')|M).
Hence, see the implication (8) of Remark 1.32, dim ker (Al —T)|M) < oo.

On the other hand, since N is finite-dimensional, ker (Ao —T')| N is also
finite-dimensional, so

a(MI —=T) =a((Ml —=T)|M)+ a((X —T)|N) < .

A similar argument shows that B(AI —T') < oo, therefore Aol — T € ®(X)
and this is a contradiction, since by assumption g € o¢(T).

(iii) This is clear, again by Theorem 1.64.
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The last assertion is proved in a similar way. .

Note that if T is semi-Fredholm operator and v(7T') denotes the minimal

modulus then the limit lim, o y(7™)"/" does exist and is equal to semi-
Fredholm radius of T', i.e.:

lim y(T™)Y" = dist {0, 04(T)}
= sup{reC: A\ —-T¢ec d,(X) foralll]A| <r}.

This classical result is owed to Forster and Kaashoek [117], see also Zemének
[332]. We do not present it here, but just mention that similar formulas hold
for semi-regular operators and essentially semi-regular operators. Precisely,
if T is semi-regular then limit lim,, . v(7T™)Y/™ does exist and

(23) lim ~+(T™)"/" = dist {0, 0es(T)},

whilst, if T is essentially semi-regular then

lim y(TMY" = dist {0,00(T) \ {0}}

n—oo

= sup {r € C: A\ — T is semi-regular for all 0 < |\| < r}.

Formula (23) has been proved by Apostol [48] and Mbekhta [227] for
Hilbert space operators. The formulas for semi-regular operators and essen-

tially semi-regular operators on Banach space operators are due to Kordula
and Miiller [190].

7. Quasi-nilpotent part of an operator

Another important invariant subspace for a bounded operator T € L(X),
X a Banach space, is defined as follows :

Definition 1.66. Let T € L(X), X a Banach space. The quasi-nilpotent
part of T' is defined to be the set

Ho(T) := {z € X : lim || T"z|'/"} = 0.
n—oo
As usual, T € L(X) is said to be quasi-nilpotent if its spectral radius
#(T) := inf |T"Y™ = lim |7
neN n—o00
18 zero.

Clearly Hy(T) is a linear subspace of X, generally not closed. In the
following theorem we collect some elementary properties of Hy(T).

Lemma 1.67. For every T € L(X), X a Banach space, we have:

(i) ker (T™) C N°°(T) C Ho(T) for every m € N;

(ii) z € Hy(T) & Tx € Ho(T);

(iii) ker (A —T') N Ho(T') = {0} for every A # 0.
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Proof (i) If 7x = 0 then T"x = 0 for every n > m.

(ii) If g € Ho(T) from the inequality ||[T"Tz| < ||T||||T"x]| it easily
follows that Tx € Ho(T). Conversely, if Ta € Hy(T) from

||Tn_1TCC||1/n_1 — (HTanl/n)n/n—l
we conclude that x € Hy(T).
(iii) If  # 0 is an element of ker (Al — T') then Tz = A"z, so
lim 772" = lim [Alfl]"/" = |A|
n—oo n—oo
and therefore ¢ Hy(T). .
Theorem 1.68. Let X be a Banach space. Then T € L(X) is quasi-
nilpotent if and only if Hy(T) = X.
Proof If T is quasi-nilpotent then lim, .o |[|[T"]'/" = 0, so that from

|T7z|| < | T™||||z|| we obtain that lim, . [|T7z||'/™ = 0 for every z € X.
Conversely, assume that Ho(T') = X. By the n-th root test the series

i [T
1
n=0 |)\‘n
converges for each z € X and A # 0. Define
o0 n"L‘
yi=) AL
n=0
It is easy to verify that (Al — T)y = =, thus (A — T') is surjective for all
A # 0. On the other hand, for every A # 0 we have that
{0} =ker M —T)NHo(T)=ker A\ —T)NX =ker (A —T),
which shows that AI — T is invertible and therefore o(T") = {0}.

The next result describes the quasi-nilpotent part of an operator T which
admits a GKD.

Corollary 1.69. Assume that T € L(X), X a Banach space, admits a
GKD (M,N). Then

Ho(T') = Ho(T'|M) ® Ho(T|N) = Ho(T|M) & N.

Proof From Theorem 1.68 we know that N = Hy(T|N). The inclusion
Ho(T) 2 Ho(T|M) + Ho(T|N) is clear. In order to show the opposite
inclusion, consider an arbitrary element x € Hy(T') and let x = u + v, with
uw € M and v € N. Evidently N = Ho(T|N) C Hyp(T'). Consequently u =
x—v e Hy(T)NM = Ho(T|M) and hence Hyo(T) C Ho(T|M) + Ho(T|N).
Clearly the sum Hy(T'|M) + N is direct since M N N = {0}. .
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The next result shows that for an essentially semi-regular operator T,
the closure of the quasi-nilpotent part of 7" and of the hyper-kernel of T
coincide.

Theorem 1.70. For every bounded operator T € L(X), X a Banach
space, we have:

(i) Ho(T) C+ K(T*) and K(T) C+ Ho(T*);

(ii) If T is essentially semi-regular, then
(24) Ho(T) = N=(T) =+ K(T*) and K(T) = Ho(T™).
In particular, these equalities hold for every T € ®L(X), or for every semi-
reqular operator.

(iii) If T is semi-regular then Ho(T) C K(T').
Proof (i) Consider an element u € Hy(T) and f € K(T*). From the
definition of K(T™*) we know that there exists § > 0 and a sequence (gy),
n € Z4 of X* such that

go="1F Tgny1=gn and |lgnll < 6" f]|

for every n € Z. These equalities entail that f = (T*)"g, for every n € Z,
so that

flw) = (T)"gn(u) = gn(T"u) for every n € Z.
From that it follows that | f(u)| < || T"u||||gn|| for every n € Z. and therefore
(25) [f(w)] < " SIIIT"ul|  for every n € Z.

From u € Hy(T) we now obtain that lim, .. ||7"u/|"/" = 0 and hence
by taking the n-th root in (25) we conclude that f(u) = 0. Therefore
Ho(T) C+ K(T%).

The inclusion K(T) C+ Hy(T*) is proved in a similar way.

(ii) Assume that T is essentially semi-regular and hence T* essentially
semi-regular, by Corollary 3.11. Every essentially semi-regular operator has
closed range, thus by Corollary 1.51 T*"(X™*) is closed for all n € N. From
the first part we also know that

N>(T) € Ho(T) €+ K(T*) =+ K(T™),
since + K (T*) is closed.
To show the first two equalities of (24) we need only to show the inclusion

LK(T*) CN>(T). For every T € L(X) and every n € N we have ker T" C
N°°(T), and hence

N®(T)* C ker T = T*"(X™*)
because the last subspaces are closed for all n € N.

From this we easily obtain that ./\/'OO(T)L C T*°(X*) = K(T*), where
the last equality follows from Theorem 1.42. Consequently LK (T*) C
N°(T), thus the equalities (24) are proved.

The equality K (T) =+ Hy(T*) is proved in a similar way.




46 1. THE KATO DECOMPOSITION PROPERTY

(iii) The semi-regularity of T entails that N'°(T") C T (X) = K(T),
where the last equality follows from Theorem 1.24. Consequently from part
(ii) it follows that

Ho(T) = N=(T) € K(T) = K(T),
since K(T) is closed, by Theorem 1.24. .

Corollary 1.71. Let T € L(X), X a Banach space, be semi-regular.

Proof Clearly by (ii) of Lemma 1.67 it suffices to show the inclusion Hy(T") C
T(Hy(T)). Let x € Ho(T). From part (iii) of Theorem 1.70 then z € K(T) =
T(K(T)), so x = Ty for some y € X and from part (ii) of Lemma 1.67 we
conclude that y € Ho(T'). Hence Hyo(T) C T(Ho(T)).

Theorem 1.72. Let T € L(X), X a Banach space, and let Q@ C C be a
connected component of pse(T). If Ao € Q then

Ho(M —T) = Hy(MI —T) for all A € Q,

i.e., the subspaces Ho(AI —T) are constant as A\ ranges through on €.

Proof By Theorem 1.19 we know that pse(T) = pse(T*). Further, Theorem
1.36 shows that K(A\[* —T*) = K(AoI* —T*) for all A € Q. From Theorem
1.70 we then conclude that

Ho(M —T) =+ K(\I* —T*) =+ K(\oI* — T*) = Ho(NoI — T),
for all A € Q. N

In the sequel, given a subset M C X, by span M we shall denote the
linear subspace generated by M.

Theorem 1.73. Let T € L(X), X a Banach space, and let Qo C C be
the connected component of pse(T) that contains Ao. Then

Ho(MI —T) =span{z € ker (A —=T) : A € Qp}.

Proof We can assume Ag = 0. The inclusion ker (A —T) C Ho(Al —T) is
obvious for every A € C, so that from Theorem 1.72 we infer that

span{x € ker (Al —T): XA € Qo} C Ho(M —T') = Ho(T).

Conversely, let f € [span{ker (\I —T): X € Qo}]*, in particular as-
sume that f € ker (A, — T)*, where {\,}nen is a sequence of distinct
points which converges to 0. We have ker (A, — T)* = (A, — T*)(X*) for
every n € N, since the last sets are closed by semi-regularity, see Theorem
1.19. Therefore, from Theorem 1.39 and Theorem 1.70, we obtain that

oo
fe (Ol = T(X*) = K(T*) = Hy(T) -

n=1
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Hence N
[span {ker (\] — T) : A € Q,}|* C Ho(T)* = Ho(T) ™,

and consequently
Ho(T) C span { e ker (AT = T) : A € Qo},

which completes the proof. .

Theorem 1.74. Let T € L(X) be of Kato type. Then:

(i) N°2(T) + T°(X) = Ho(T) + K(T);

(i) No(T)NT>(X) = Ho(T) N K(T).
Proof (i) Let (M, N) be a GKD for T such that (T|N)¢ = 0 for some integer
d € N. By part (i) of Theorem 1.41 we know that K(T) = K(T|M) =
K(T) N M. Moreover, by part (iii) of Theorem 1.70 the semi-regularity of
T'|M implies that Ho(T|M) C K(T|M) = K(T). From this we obtain

Ho(T)NK(T) = Ho(T)N (K(T)NM) = (Ho(T) " M) N K(T)
= Ho(TIM)NK(T)= Hy(T|M).

Therefore Hyo(T) N K(T) = Ho(T|M).

We claim that Ho(T)+ K(T) = N @ K(T). From N C ker T% C Hy(T)
we obtain that N @ K(T') C Ho(T)+ K (T). Conversely, from Corollary 1.69
we have

Ho(T) =N @ Ho(T|M) = N @ (Hy(T) N K(T)) € N @ K(T),

so that

Hy(T)+K(T)C(Ne K(T))+ K(T)C N K(T),
so our claim is proved.
Finally, from the inclusion N C ker 7% C N'(T), and, since K(T) =
T°°(X) for every operator of Kato type, we obtain that
Hy(T)+ K(T)=N® K(T) CN*>(T)+T>(X) C Hy(T)+ K(T),
so the equality N°(T) + T°(X) = Ho(T) + K(T) is proved.
(ii) Let (M,N) be a GKD for T such that for some d € N we have

(TIN)4 = 0. Then kerT" = ker (T|M)" for every natural n > d. Since
ker T™ C ker T"t! for all n € N we then have

N®(T) = D ker T" = fj ker(T|M)" = N> (T|M).

n>d n>d
The semi-regularity of T'|M then implies by part (i) of Theorem 1.70 that
(26) N(T) = N®(T|M) = Ho(T|M) = Ho(T) N M.

Next we show that the equality Ho(T) N M = Ho(T) N M holds.
The inclusion Ho(T)NM C Ho(T) N M is evident. Conversely, suppose
that x € Ho(T) N M. Then there is a sequence (z,) C Ho(T) such that
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Ty — x as n — 0o. Let P be the projection of X onto M along N. Then
Pz, — Px = z and Px, € Hyo(T) N P(Hy(T)). From Corollary 1.69 we
have Hy(T) = (Ho(T)N M) @ N, so

P(Ho(T)) = P(Ho(T) " M) = Ho(T) N M,

and hence Pz, € Ho(T) N M, from which we deduce that x € Ho(T) N M.
Therefore, Hy(T) N M = Ho(T)NM. Finally, from the equality (26) and tak-
ing into account that by Theorem 1.41 and Theorem 1.42 we have T°°(X) =
K(T) C M, we conclude that

NS NT®(X) = (Ho(T)NM)NK(T) = (Ho(T) N M)N K(T)

Ho(T) N (M 1 K(T)) = Ho(T) N K(T),

so the proof is complete. .

8. Two spectral mapping theorems

In the first part of this section we prove that the semi-regular spectrum
0se(T) of an operator T' € L(X) on a non-trivial Banach space X is always

non-empty. Indeed, we show that oy (7") contains the boundary points of
o(T).

Theorem 1.75. Let T € L(X), X # {0} a Banach space. Then
semi-regqular spectrum os(T) is a non-empty compact subset of C containing

9o (T).

Proof Let Ao € 90(T") and suppose Ay € pse(T) = C\ 0se(T). Since pse(T')
is open we can then consider a connected component €2 of pse(7) containing
Ap- The set Q is open so there exists a neighborhood U of \g contained in 2,
and since A\g € do(T) U also contains points of p(T"). Hence Q N p(T) # @.

Consider a point Ay € QN p(T). Clearly, ker (A1 I —T)" = {0} for every
n € N, so that N*°(\I —T) = {0}. From Theorem 1.72 and Theorem 1.70
we have

Ho(hol —T) = Ho(MI —T) = N(\I —T) = {0}.

From Lemma 1.67 we then conclude that ker(Agl —T") = {0}, so Aol =T
is injective. On the other hand, A\; € p(T") and hence from Theorem 1.36 we
infer that

KM I-T)=KMI-T)=X,
so Aol — T is surjective. Hence A\g € p(T") and this is a contradiction, since

Ao € o(T'). Therefore Ay € 05(T") and 0o (T') C o (T), so the last set is a
compact non-empty subset of C. .

Lemma 1.76. LetT € L(X), X a Banach space, and let {\1,--- , \;} be
a finite subset of C such that \j # A; fori # j. Assume that {ny,--- ,n;} C



8. TWO SPECTRAL MAPPING THEOREMS 49

N and set
p(A) ﬁ(A =A™ and p(T) f[(” )™

Then o -

(27) ker p(T @ker NI =T)%  and p(T)(X) = (k)(xip )" (X).

i=1
Proof We shall show the first equality of (27) for £ = 2 and the general
case then follows by induction.
Clearly ker (\I — T)™ C ker p(T) for i = 1,2, so that if p;(T) :=
(M —T)™ then ker pi(T) + ker po(T) C ker p(T).
In order to show the converse inclusion, observe that p;, ps are relatively
prime, hence by Lemma 1.2 there exist two polynomials q1, g2 such that

a(T)p1(T) + @2(T)p2(T) = 1,
so that every x € X admits the decomposition
(28) x=q(T)p1(T)x + q2(T)p2(T)x.
Now if x € ker p(T') then

0 =p(T)x = pr(T)p2(T)x = po(T)p1(T)z = p(T)x,
from which we deduce that pa(T)z € ker p1(T) and p1(T)x € ker po(T).
Moreover, since every polynomial in 7" maps the subspaces ker (\;] — T')™
into themselves we have 1 := qo(T)p2(T)x € ker p1(T') and x2 := ¢1(T)p1(T)x
ker pa(T'). From(28) we have x = x1 + x2, so

ker p(T") C ker p1(T) + ker pao(T).

Therefore ker p(T') = ker p1(T') + ker pa(T'). It remains to prove that
ker p1(T') Nker po(T') = {0}. This is an immediate consequence of the iden-
tity (28).

As above we shall prove the second equality of (27) only for n = 2. Evi-
dently p(T)(X) = p1(T)p2(T)(X) = p2(T)p1(T)(X) is a subset of p1(T")(X)
as well as a subset of po(7T)(X).

Conversely, suppose that € pi(T)(X) N pa(T)(X) and let y € X
such that * = po(T)y. Then p1(T)x = p(T)y € p(T)(X). Analogously
p2(T)x € p(T)(X). Let g1, g2 be two polynomials for which the equality
(28) holds. Then

r = qT)p1(T)z + @(T)p2(T)x € i (T

= p(Da(T)(X) +p(T)g2(T
Hence p1 (T)(X)N p2(T)(X) C p(T

as desired. u

If T e L(X) let H(T) denote the set of all functions f : A(f) — C
which are holomorphic on an open set A(f) D o(T). From the well known
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Riesz—Dunford functional calculus the operator f(T') is defined for every
f € H(T), (see Heuser [159, §48]). The classical spectral theorem asserts
that

a(f(T)) = f(o(T)) forall f € H(T).
It is meaningful to note that a similar mapping property holds for the semi-

regular spectrum og(7'), as well as for the essential semi-regular spectrum
oes(T).

Theorem 1.77. Let T € L(X), X a Banach space. Then

ose(f(T)) = f(ose(T)) for every f € H(T).

Proof We show first the inclusion f(0s(T)) C 0s(f(T)). To see this, let
Mo ¢ 0se(f(T)) and suppose that A\g € f(0se(T')). Let po € ose(T') be such
that f(uo) = Ao. Define g(\) := Ao — f(A). Then g € H(T') and g(ug) = 0,
so there exists a function h € H(T') such that g(A\) = (1o — A)h(N). Hence

9(T) = Mol — f(T) = (ol — T)h(T).

On the other hand, from Ay ¢ o4 (f(T)) we obtain that M\l — f(T) =
(ol — T)h(T) is semi-regular, and hence by Theorem 1.26 pol — T is semi-
regular, po ¢ ose(T"), which contradicts the assumption pg € oge(7"). There-
fore the inclusion f(oge(T) C ose(f(T)) is proved.

In order to show the reverse inclusion oy (f(T)) C f(os(T)), suppose
that Ao € f(0s(T)) and, as above, define g(X\) := A9 — f(A\). Then g(A\) # 0
for every A € 0g(T).

Consider first the case that g(A) # 0 for every A € o(T"). In this case
g(T) = Mol — f(T) is invertible, Ao € p(f(T)) C pse(f(T)), and there-
fore Ay ¢ 0se(f(T)). Hence, it remains to prove the inclusion og(f(T)) C
f(0se(T)) in the case that g vanishes at some points of o(T).

Now, g may admit only a finite number of zeros in o(T), say {1, ..., Ak},
where \; # \; for j # k. Since g(A\;) = 0 we have \; ¢ 04 (T) for
all ¢ = 1,2,...,k, i.e. the operators \; — T are semi-regular for every

1=1,2,...,k. Let n; € N denote the multiplicity of \;, write
p(A) =T, (A = A)™

and g(A) = p(A)h(N), where h(X) € H(T') has no zeros in o(T).
We show that g(T) is semi-regular. Since h(T') is invertible, from Lemma
1.76 we obtain

k
(29) ker g(T) = ker p(T) = @ ker (Ml - T)™,
i=1
and for every m € N
k
(30) g(T)™(X) = p(T)™(X) = [\ = T)"™™(X).

i=1
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From the equality (30) we easily obtain that

k
g(T)*(X) = (YT = T)>(X),

i=1
Let x € ker g(T). By (29) there exists for each ¢ = 1,...,k an element
z; € ker (AT —T)™ such that x = > | ;. Since, as already observed, the
operators \; — T are semi-regular for every ¢ then z; € (A1 — T)>®°(X).

On the other hand X\; # A;, by part (ii) of Theorem 1.3 we also have

ker (A — T) € (AT — T)®(X), so that z; € (AT — T)®(X) for all 4,j =
1,2,...,k. Therefore

k k
=Y €[N -T)°(X) = g(T)™(X).
=1 =1

Note that, the subspaces (A1 — T)(X) are closed for all i = 1,2,...,k, by
Corollary 1.17. Therefore also

=

9(T)(X) = p(T)(X) = [ |(Ad = T)™(X)

1

<.
Il

is closed, so g(T) is semi-regular. Since g(T') = A\l — f(T) we then conclude
that Ao ¢ ose(f(T)). Hence os(f(T)) C f(0se(T)), which completes the
proof. N

We conclude this section by showing the essential version of Theorem
1.77, that oes(T) also behaves canonically under the Riesz functional calcu-
lus.

Theorem 1.78. Let T € L(X), X a Banach space, and suppose that
[ is an analytic function on a neighbourhood of o(T). Then f(oes(T)) =

oes(f(T)) -

Proof The inclusion f(oes(T)) C oes(f(T)) may be proved by using the
same arguments of the first part of the proof of Theorem 1.77, replacing
Theorem 1.26 with Theorem 1.50.

To show the opposite inclusion, suppose that \g ¢ f(0es(T)) and define
g(A) := Ao — f(A). Then g(A\) # 0 for every X\ € oes(T). If g(A) # 0 for
every A € o(T), proceeding as in the proof of Theorem 1.77, we then obtain
that Ao ¢ oes(f(T)). Hence it remains to prove the inclusion oes(f(T)) C
f(0es(T)) in the case where g vanishes at some points of o(7). Since g

admits only a finite number of zeros A1, Mg, ..., g in o(T), we can write
k
g(n) =hN) [T =™
i=1

where n; denotes the multiplicity of A;, h()) has no zero in o(7T'), and A\, —T
are essentially semi-regular for all¢ = 1,2, ..., k. As in the proof of Theorem



52 1. THE KATO DECOMPOSITION PROPERTY

1.77, the operator g(7T') has closed range,

k
g(T)*(X) = (YN = T)™(X),
i=1
and ker(A\I —T) C (A\jI —T)>(X) for all i # j. By Theorem 1.48 we have
ker (\I—T) C (MI —T)°(X) + F; for some finite-dimensional subspace F;
of X. Therefore
k 00
ker g(T) € (YNl = T)®(X) + > Fi = g(T)*(X) + F,
i=1 i=1
where F := )", F; is finite-dimensional. Hence g(T') = Aol — f(T) is es-
sentially semi-regular, so that Ao ¢ oes(f(7")). This shows that oes(f(T')) C
f(oes(T')), so the proof is complete. .

8.1. Comments. The concept of the algebraic core of an operator has
been introduced by Saphar [284], whilst the analytic core has been intro-
duced by Vrbové [313] and Mbekhta [230]. The basic Lemma 1.9 is taken
from the book of Heuser [160] (in particular, the result of Lemma 1.9, al-
though not explicitly stated, is essentially contained in [160, Hilfsatz 72.7]),
whilst Theorem 1.10 is modeled after Aiena and Monsalve [31].

The concept of semi-regularity of an operator T' € L(X), X a Banach
space, was originated by Kato’s classical treatment [182] of perturbation
theory, even if originally these operators were not named in this way. Later
this class of operators was studied by several other authors, see for instance
Mbekhta [226], [227], [230], [231], Mbekhta and Ouahab [233], Schmoeger
[291]. Originally the semi-regular spectrum was defined for operators acting
on Hilbert spaces by Apostol [48], and for this reason it is called by some
authors the Apostol spectrum. This spectrum was defined for Hilbert space
operators as the set of all complex A such that either A\I — T is not closed
or \ is a discontinuity point for the function A\ — (A — T')~!, see Theorem
1.38. Later the results of Apostol were generalized by Mbekhta [226], [227],
Mbekhta and Ouahab [233], see also Harte [149] for operators defined on
Banach spaces.

The methods and the proofs adopted in this book are strongly inspired
by the paper of Mbekhta and Ouahab [233] and Schmoeger [290]. In partic-
ular, Theorem 1.22 and Theorem 1.24 were established by Schmoeger [290],
whilst the subsequent part, except Lemma 1.34 owed to Kato [182], can be
found in Mbekhta and Ouahad [233]. Example 1.27 and Example 1.27 are
from Miiller [240].

The proof of the local constancy of the hyper-range on the components
of the Kato resolvent here given is taken from Mbekhta and Ouahab [233].
This important property, and other related results, has also been previ-
ously shown by others in a somewhat different language; see, for instance,
Goldman and Krackovskii [143], Forster [116], O Searcéid and West [253].
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Further investigation on semi-regular spectrum may be found in the paper
by Kordula and Miiller [190].

The generalized Kato decomposition has been studied in several papers
by Mbekhta [227], [229] and [228]. The particular case of essentially semi-
regular operators has been systematically investigated by Miiller [240] and
Rakocevié [274]. The material presented here is completely inspired by
Miiller in [240]. Further information on the Kato decomposition may be
found in Aiena and Mbekhta [29]. In particular, the proof of Theorem 1.44
and Theorem 1.64 are adaptations to our theory of more general results es-
tablished in Aiena and Mbekhta [29], see also Rakocevié [274].

The fundamental result that a semi-Fredholm operator is essentially
semi-regular has been proved by Kato [182]. The clearer proof of this result,
presented here, is completely modeled after West [322], see also [324].

The section on the quasi-nilpotent part of an operator is totally inspired
by Mbekhta’s thesis [225], Mbekhta [230], and Mbekhta and Ouahab [233],
except Theorem 1.72 which is owed to Forster [116], whilst Theorem 1.74
is taken from Aiena and Villafane [34]. Finally, the spectral mapping the-
orem for the semi-regular spectrum has been proved by Mbekhta [227] for
Hilbert space operators and by Schmoeger [290] in the more general context
of Banach spaces, whilst Theorem 1.78, which shows the spectral mapping
theorem for the essentially semi-regular spectrum, was first proved by Miiller
[240]. It should be noted that an axiomatic approach to spectral mapping
theorems for many parts of the spectrum may be found in Kordula and
Miiller [190] and Mbekhta and Miiller [232]. Furthermore, Kordula [189]
has shown that if T € L(X) is essentially semi-regular then every finite-
dimensional perturbation of T is still essentially semi-regular.






CHAPTER 2

The single-valued extension property

In this chapter we shall introduce an important property for bounded
operators on complex Banach spaces, the so called single-valued extension
property. This property dates back to the early days of local spectral theory
and appeared first in Dunford [94] and [95]. Subsequently this property has
received a more systematic treatment in the classical texts by Dunford and
Schwartz [97], as well as those by Colojoara and Foiag [83], by Vasilescu
[309] and, more recently, by Laursen and Neumann [214].

The single-valued extension property has a basic importance in local
spectral theory since it is satisfied by a wide variety of linear bounded op-
erators in the spectral decomposition problem. An important class of op-
erators which enjoy this property is the class of all decomposable operators
on Banach spaces that will be studied in Chapter 6, but this is also shared
by many other operators which need not be decomposable. In fact, another
class of operators which enjoy the single valued extension property is the
class all multipliers of a semi-prime Banach algebra, and later it will be
shown that there exist multipliers which are not decomposable.

In this chapter we shall deal with a localized version of the single-valued
extension property and we shall employ the basic tools of local spectral the-
ory to establish a variety of characterizations that ensure the single-valued
extension property at a point A\g. These characterizations involve the kernel
type and range type of subspaces introduced in Chapter 3, as well as the
quasi-nilpotent part and the analytic core of AgI — T

We shall introduce two important classes of subspaces which have a cen-
tral role in local spectral theory: the class of local spectral subspaces X1 (2)
associated with subsets (2 of C. It will be also introduced a certain vari-
ant of these subspaces, the glocal spectral subspaces X7 (), which is better
suited for operators without the single-valued extension property. There are
important connections between the local and the glocal spectral subspaces
and the invariant subspaces introduced in the previous chapter. In fact, the
analytical cores and the quasi-nilpotent parts of operators are exactly the
local spectral subspaces and glocal spectral subspaces, respectively, associ-
ated with certain subsets of C.

From these characterizations we readily obtain in the second section
that the single-valued extension property of T at a point \g is satisfied if
the mentioned kernel type and range type of subspaces have intersection
equal to {0}. Dually, T* has the single-valued extension property at Ao if

55
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the sum of these subspaces is the whole space X. We shall also produce
several examples which prove that the converse of these implications are in
general not true.

The third section concerns a spectral mapping theorem which shows that
the single-valued extension property at a point behaves canonically under
the Riesz functional calculus. In the fourth section we shall give a further
look at some distinguished part of the spectrum of an operator T', as the
semi-regular spectrum oy (7"), the approximate point spectrum o,,(7") and
the surjectivity spectrum og,(T), in the case that the T has the single-valued
extension property.

These results are used successively to identify, for some general and im-
portant concrete cases, the set of points at which the single-valued extension
property occur. As an application this property will be settled in the case
of isometries, analytic Toeplitz operators, invertible composition operators
on Hardy spaces, and unilateral or bilateral weighted shifts.

The fourth section of this chapter concerns basic properties of another
class of T-invariant subspaces, the class of algebraic spectral subspaces
Ep(Q),  C C, associated with T' € L(X). Subsequently we shall introduce
the so called Dunford property (C), a stronger property than the single-
valued extension property, which will have an important role in the subse-
quent chapters. The last section addresses to some local spectral properties
of weighted shift operators on ¢P(N), with 1 < p < co. Most of these prop-
erties are established in the more general situation of operators T' defined
on Banach spaces for which the hyper-range 7°°(X) = {0}.

1. Local spectrum and SVEP

The basic importance of the single-valued extension property arises in
connection with some basic notions of local spectral theory. Before intro-
ducing the typical tools of this theory, and in order to give a first motivation,
let us present some considerations on spectral theory.

It is well known that the resolvent function R(\,T) := (A — T)~! of
T € L(X), X a Banach space, is an analytic operator-valued function de-
fined on the resolvent set p(T). Setting

fz(A) == R\, T)x for any z € X,
the vector-valued analytic function f,, : p(T) — X satisfies the equation
(31) (M —T)fz(N\) ==a forall A € p(T).

It should be noted that it is possible to find analytic solutions of the
equation (Al — T')fz(A) = x for some (sometimes even for all) values of A
that are in the spectrum of T. For instance, let T € L(X) be a bounded
operator on a Banach space X such that the spectrum o(7") has a non-empty
spectral subset o # o(T). If P, := P(o,T) denotes the spectral projection
of T associated with o we know that o(T |P,(X)) = o so the restriction
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(M —T) |Py(X) is invertible for all A ¢ o.
Let z € P;(X). Then the equation (31) has the analytic solution

ge(\) := A\ =T |P,(X)) 'a forall A\ € C\ 0.
This property suggests the following concepts:

Definition 2.1. Given an arbitrary operator T € L(X), X a Banach
space, let pr(x) denote the set of all X € C for which there exists an open
neighborhood Uy of X in C and an analytic function f : Uy — X such that
the equation

(32) (ul —T)f(u) =x holds for all i € Uy.

If the function f is defined on the set pr(x) then it is called a local
resolvent function of T' at . The set pp(x) is called the local resolvent of
T at x. The local spectrum op(z) of T at the point x € X is defined to be
the set

or(z) :=C\ pr(z).

Evidently pr(x) is the open subset of C given by the union of the domains

of all the local resolvent functions. Moreover,
p(T) € pr(z) and or(z) C o(T).

It is immediate to check the following elementary properties of op(x):

(a) o7(0) = &;

(b) or(ax + By) € or(z) Uor(y) for all z,y € X;

(¢) opar—my(w) € {0} if and only if o7 (x) C {A}.

Furthermore,

(d) or(Sz) C or(z) for every S € L(X) which commutes with 7. In
fact, let f : Uy — X be an analytic function on the open set Uy C C for
which (uI —T)f(p) = = holds for all u € Uy. If T'S = ST then the function
So f:Uy— X is analytic and satisfies the equation

(uI =T)So f(u) =S((uI =T)f(p) = Sz forall p €Uy,

Therefore pr(z) C pr(Sz) and hence or(Sz) C op(z).

A very important example of local spectrum is given in the case of mul-
tiplication operators on the Banach algebra C'(2) of all continuous complex-
valued functions on a compact Hausdorff space €2, endowed with pointwise
operations and supremum norm. Indeed, if 7 is the operator of multiplica-
tion on C'(€2) by an arbitrary function f € C(2) then

or,(g9) = f( supp g),
where the support of g is defined by

supp g :={X € Q: f(A) # 0},
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see Laursen and Neumann [214, Example 1.2.11].

The local spectrum at a point may be precisely characterized also in the
case of a spectral operator in the sense of Dunford [96]. It is well-known
that the spectrum o(T) of a spectral operator T € L(X) is the support of
the spectral measure F for T', in the sense that o(T') is the smallest closed
subset Q C C such that F(Q) = I. The local spectrum of a spectral operator
T at = plays a similar role for the localized spectral measure E(-)x, in the
sense that op(z) is the smallest closed subset @ C C such that E(Q)z = x,
see Corollary 1.2.25 of Laursen and Neumann [214].

Theorem 2.2. Let T € L(X), X a Banach space, v € X and U an
open subset of C. Suppose that f : U — X is an analytic function for
which (uI —T)f(u) = for all pw € U. Then U C pr(f(N)) for all X € U.
Moreover,

(33) or(z) =or(f(N) foral Xel.
Proof Let A be arbitrarily chosen in ¢/. Define
f) = fw) .
h(p) = — A if u# A,
o it = A,

for all p € U. Clearly h is analytic and it is easily seen that (uI —T)h(u) =
f(A) for all u € U\ {A\}. By continuity the last equality is also true for
W= A, so

(ML —=T)h(X) = f(\) forall ueld.
This shows that A € pp(f(\)) and since A is arbitrary in U then U C
pr(f(A\)) for all A e U.

To prove the identity (33) we first show the inclusion or(f())) C or(z),
or equivalently, pr(z) C pr(f(X)) for all A € Y. If w € U then w € pr(f(N))
for all A € U, by the first part of the proof. Suppose that w € pr(z) \ U.
Since w € pr(x) there exists an open neighbourhood W of w such that
A ¢ W and an analytic function g : W — X such that (uI —T)g(u) = z for
all € W. If we define

k(p) == %A for all € W,

then, as is easy to verify, (uI — T)k(u) = f(A) holds for all p € W. This
shows that w € pr(x), and hence or(z) C or(f(N)).

It remains to prove the opposite inclusion op(f(A)) C op(z).

Let n ¢ or(f(\)) and hence n € pr(f(X). Let h: V — X be an analytic
function defined on the open neighbourhood V of n for which the identity
(ul —T)h(p) = f(X) holds for all u € V. Then

(1l = T)M = T)h() = (AL = T)(ul — T)h(p) = AL = T)f(X) =«

for all u € V, so that € pr(x) and hence n ¢ op(z), so the proof is
complete. .
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Definition 2.3. Let X be a complex Banach space and T € L(X). The
operator T is said to have the single-valued extension property at Ay € C,
abbreviated T has the SVEP at Ay, if for every neighbourhood U of Xy the
only analytic function f: U — X which satisfies the equation

(\L=T)f(\) =0
is the constant function f = 0.

The operator T is said to have the SVEP if T has the SVEP at every
AreC.

Remark 2.4. In the sequel we collect some basic properties of the SVEP.

(a) The SVEP ensures the consistency of the local solutions of equa-
tion (32), in the sense that if x € X and T has the SVEP at A\ € pr(z)
then there exists a neighborhood U of Ay and an unique analytic function
f U — X satistying the equation (Al —T)f(A) =z for all A € .

Another important consequence of the SVEP is the existence of a max-
imal analytic extension f of R(\,T)x := (M — T)~ 'z to the set pr(z) for
every x € X. This function identically verifies the equation

(I =T)f(u) =z for every p € pr(z)

and, obviously,

f(u) = (uI —=T) 'z for every p € p(T).
(b) It is immediate to verify that the SVEP is inherited by the restric-
tions on invariant subspaces, i.e., if T € L(X) has the SVEP at \g and M
is a closed T-invariant subspace, then T'|M has the SVEP at \g. Moreover,

or(x) Copp(x) for every x € M.
(c) Let 0,(T") denote the point spectrum of T' € L(X), i.e.,
op(T) :={X € C: X is an eigenvalue of T'}.
It is easy to see the implication:
op(T) does not cluster at A\g = T has the SVEP ).

Indeed, if 0,(T") does not cluster at \g then there is an neighbourhood
U of A\ such that AI — T is injective for every A € U, X\ # Ag.

Let f : V — X be an analytic function defined on another neighbourhood
V of A\g for which the equation (Al — T')f(A\) = 0 holds for every A € V.
Obviously we may assume that V C Y. Then f(\) € ker (A —T) = {0}
for every A € V, A # Ao, and hence f(A) =0 for every A € V, A # Ag. From
the continuity of f at A\g we conclude that f(A\g) = 0. Hence f =0 in V and
therefore T has the SVEP at ).

(d) From part (c) every operator T has the SVEP at an isolated point
of the spectrum. Obviously T has the SVEP at every A € p(T). From these
facts it follows that every quasi-nilpotent operator 1" has the SVEP. More
generally, if o,(T") has empty interior then 7" has the SVEP. In particular,
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any operator with a real spectrum has the SVEP.
Later we shall give an example of an operator having the SVEP and
such that op,(T) # @ (Example 3.11).

Definition 2.5. For every subset 2 of C the local spectral subspace of
T associated with §2 is the set

Xr(Q):={z e X :or(x) CQ}.

ObViOUSly, if Ql - QQ - C then XT(Ql> - XT(QQ)
In the next theorem we collect some of the basic properties of the subspaces

Xr(Q).

Theorem 2.6. Let T € L(X), X a Banach space, and Q2 every subset
of C. Then the following properties hold:

(i) X7(Q) is a linear T-hyper-invariant subspace of X, i.e., for every
bounded operator S that commutes with T we have S(Xp(Q)) C Xp(Q);

(i) Xr(Q2) = Xr(QNo(T));

(iii) If X ¢ Q, Q C C, then (M — T)(Xp(Q)) = Xr(Q);

(iv) Suppose that A € Q and (M —T)x € Xp(Q) for some x € X. Then
HAS XT(Q);

(v) For every family (Q)) e of subsets of C we have

Xp(() ) = ) Xr(2y);
jed jed
(vi) I Y is a T-invariant closed subspace of X for which o(T |Y) C Q,
then Y C Xp(Q). In particular, Y C Xp(o(T |Y)) holds for every closed
T-invariant closed subspace of X .

Proof (i) Evidently the set X7(f2) is a linear subspace of X, since the
inclusion or(ax + By) C or(z) U or(y) holds for all o, 8 € C and z,y € X.
Suppose now that x € Xp(Q), that is op(z) € Q. If T'S = ST then
or(Sz) C op(x) CQ, so Sz € Xp(Q).

(ii) Clearly X (2N o(T)) C Xr(Q). Conversely, if x € Xp(€) then
or(z) CQNo(T), and hence x € Xr(QNo(T)).

(iii) The operators AXI — T and T' commute, so from part (i) it follows
that (M — T)(X7(Q)) € Xp(2) for all A € C. Let A ¢ Q and consider an
element z € X7 (Q), namely or(z) C Q. Then A € pp(Q), so there is an
open neighbourhood U of A and an analytic function f : Y — X for which
(Wl —=T)f(p) = = for all p € Y. In particular, (A\I — T)f(A) = =. By
Theorem 2.2 we obtain o7 (f(\)) = or(x) C Q, and hence f(\) € Xp(Q),
from which we conclude that @ = (Al —T)f(\) € (A —T) (X7 ().

(iv) Suppose that (AI —T)z € X7(2), A € Q. We need to show that
or(x) C Q, or equivalently, C\  C pp(x). Take n € C\ Q. By assumption
C\ Q C pr((M —T)x), so there is an analytic function f : U, — X defined
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on some open neighbourhood U, of 1 such that A ¢ U and (ul —T')f(n) =
(M —T)x for all u € U,). Define g : U, — X by

r — f(p)

g(p) :== T for all pu € U,.
Clearly the analytic function g satisfies the equality (uf — T')g(p) = « for

all 4 € Uy, so that n € pp(x). Therefore C\ Q C pr(z), as desired.

(v) Tt is immediate.

(vi) From o(T | Y) C Q we obtain C\ Q C p(T | Y), so that for any
y €Y we have (\[ — T)(AI =T |Y) ly =y for all A € C\ Q. Obviously
f(A) := (M =T |Y) 1y is analytic for all A € C\ ©, so C\ Q C pr(y),
consequently op(y) C Q. .

Remark 2.7. 1t is easily seen that the absorbency result established in
part (iv) of Theorem 2.6 implies ker (Al —T)™ C Xp({\} for all A € C and
n € N. From this it follows that N*°(AI —T) C Xp({\} for all A € C. Later
we shall see that Ho(A —T) C Xp({\} for all A € C.

We have already observed that 0 has an empty local spectrum. The
next result shows that if T' has the SVEP then 0 is the unique element of X
having empty local spectrum. In fact, this property characterizes the SVEP.

Theorem 2.8. Let T € L(X), X a Banach space. Then the following
statements are equivalent :

(i) T has the SVEP;
(if) Xr(2) = {0};
(iii) X7(@) is closed.

Proof (i) < (ii) Suppose that 7" has the SVEP and or(z) = @. Then
pr(z) = C, so there exists an analytic function f : C — X such that
(M —T)f()\) =z for every A € C. If X € p(T) we have f(\) = (M —T) 'a,
and hence, since ||(AI —=T)7!| — 0 as |\| — +oo, f()) is a bounded function
on C. By Liouville’s theorem f(A) is then constant, and therefore, since
(M —T) 'z — 0 as |A\| = 400, f is identically 0 on C. This proves that
x = 0. Since 0 € Xp(&) we then conclude that X (&) = {0}.

Conversely, let A\g € C be arbitrary and suppose that for every 0 # x € X
we have op(z) # @. Consider any analytic function f : 4 — X defined on
an neighbourhhod U of Ay such that the equation (AI — T)f(\) = 0 holds
for every A € U. From the equality

or(f(A) =or(0) = 2,

see Theorem 2.2, we deduce that f = 0 on I/ and therefore T" has the SVEP
at Ag. Since )g is arbitrary then T has the SVEP.

(ii) =(iii) Trivial.
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(iii)= (ii) Suppose that X7 (@) is closed. From part (iii) of Theorem 2.6
we deduce that

(M -T)(X7r(2)) = Xr(@) for every X € C.
Now, let T denote the restriction T | X7 (2). The operator M —T is surjective

and therefore semi-regular for every A € C. This means that pso(f) coincides
with the whole complex field C and, by Theorem 1.75, that is true if and

only if X7 (@) = {O} n

If T € L(X) is a spectral operator on a Banach space X with spectral
measure F, the local spectral subspaces X () associated with the closed
subset 2 C C may be precisely described. In fact, Xp(Q) is the range of
the projection E(Q), see Corollary 1.2.25 of Laursen and Neumann [214],
so that in this case X7(Q) is closed for all closed Q2 C C.

Note that this last property in general is not true. Indeed, Theorem 2.8
shows, in particular, that the local spectral subspaces need not be closed,
since X7(@) is not closed if T' does not have SVEP.

Later the Example 2.32 will show that for a closed subset 2 C C the
local spectral subspaces X (£2) need not be closed, also in the case that T
has the SVEP.

Theorem 2.9. Suppose that T; € L(X;), i = 1,2, where X; are Banach
spaces. Then Ty @ Ty has the SVEP at \g if and only if both Ty, T have the
SVEP at \g. If T1, Ts have the SVEP then

(34) or a1, (71 © T2) = o7y (71) U o1y (72).

Proof First, suppose that T7 and T have the SVEP at Ay and let us consider
an analytic function f = f1 @ fo : U — X1 & X2 on a neighbourhood U of
Ao, where f; : U — X, © = 1,2, are also analytic on U. Obviously, for every
A € U the condition (A — 11 & T3) f(A) = 0 implies that (A —T;) fi(\) =0,
i =1,2. The SVEP of T} and T» then entails that f{ =0 and fo =0 on U.
Thus f =0 on U.

Conversely, assume that 771 @75 has the SVEP at A\g and let f; : U — X,
U a neighbourhood of g, be two analytic functions which verify, for i = 1, 2,
the equations

(M -T;)fi(A) =0 forall \eU.
For all A € U we have

0=QA=T1)f1(A) & (A = T2) f2(A) = (A = T1 & T2)[1(A) & (fa(N)],
so that the SVEP at Ao of T & T% implies f1(A\) @ (f2(A) = 0 on U, and
therefore f; =0 on U for i =1,2.

To show the equality (34) , suppose that T1 & T5 has the SVEP. Assume
that A € pryor, (x1 @ x2). Then there exists an open neighbourhood U of
A and an analytic function f := f1 ® fo : U — X1 ® Xo, with f1 and fo
analytic, such that

(A =T1) fr(A) ® (M = T2) fa(A) = (M =Ty @ T3) f(A) = 21 @ 2.
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Then (M —T3) fi(A) = x4, 1= 1,2, 80 A € pr, (1) N pp,(x2). This shows that
or (1) Uorn (z2) C open (21 ® 22). The opposite inclusion has a similar
proof. N

Corollary 2.10. Suppose that T € L(X) has the SVEP and X = M &
N, where M and N are two closed and T-invariant subspaces. If Ty :==T |
M and Ty :=T | N, then for all closed subsets Q of C we have

XT(Q) = ]WT1 (Q) D .ZVT2 (Q)

The next result shows that the SVEP is stable under uniform conver-
gence.

Theorem 2.11. Suppose that the sequence (T,,) C L(X), where X is a
Banach space, converges to T in the uniform operator topology. If each T,
commutes with T and each T,, has the SVEP then T has the SVEP.

Proof Let f:U — X be an analytic function on the open set U such that
(35) (I =T)f(A) =0 forall peld.

Let A € U be arbitrary and for every ¢ = 1,2 let D(\,7;) denote a closed
disc in C centered at A with radius r; such that D(A,r;) C U. Furthermore,
assume that ro < r1 and let Q,, := T, — T for every n € N. Clearly @,
commutes with 7, for all n € N. By the uniform convergence we know that
for & := min{ry, 71 — 72} there exists n € N such that ||Q,| < e. Set

K.:={reC:|lv-\<e}

Since the spectral radius r(Qy,) is less than €, then for every u € C\ K, we
have p — X € p(Q,). Write

pwl =Ty =(pu—XNI+MN-T,)=(u—-N]—-Qn+ (N -T).
Since (AI —T')f(A\) =0, by (35), then
(36) (1l =To) f(A) = [(n = NI = @Qn]f(N),
and hence, if R(pp— X\, Q) = [(p — A\ — Qn] 71,
(B7) (ul = Tu)R(p = A), Qn)f(N) = R( = A), @Qu) (1 = T) f(A) = f(A).
Since the mapping p — R(p — A, Qr)f(X) is analytic on C\ K. we then
obtain that p € pr, (f()A), so that o7, (f(N)) C K.

In view of (36) and (37), by integration along the boundary of K. we
obtain from the elementary functional calculus

L[ Ru-vQ)i0) 1 [ S0)
([LI_Tn)% B T dV_QTl”i/(9KgV_)‘dV_f()\)
The functi

e Iunction e 1 R('[L—Z/,Qn)f(y) dv

21 Jok, v—A
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is analytic in the open disc D(A, r2), so D(A,r2) € pp, (f(N)) and hence
o, (f(A) € C\D(A,r2) € C\ K-.

Since o7, (f(A)) C K. the last inclusions imply that o1, (f()\)) = @. Since
by assumption T}, has the SVEP, by Theorem 2.8 we then conclude that
f(A) =0 for every A € U. Hence T has the SVEP. .

Corollary 2.12. Suppose that T € L(X) has the SVEP and Q is quasi-
nilpotent commuting with T. Then T + @ has the SVEP.

Proof Suppose that f: D — X is an analytic function on the set ¢ such
that (AT =T — Q)f(A) =0 for all A € D. For p # A, write (ul —T)f(N) =
(b =X+ Q)f(N). The assertion follows from the proof of Theorem 2.11
taking Qn :== —Q, T,, :=T and K. = {\}. .

Remark 2.13. The result of Corollary 2.12 may be generalized as follows.
If T,S € L(X), for every n € N let us define

_ ay\[n] . - 1=k [ T k gn—k
(T - 9= "(~1) <k>TS .

k=0
Note that (T — S)" is not a function of T — S. However, if T'S = ST then
(T — S)[") = (T — S)" for all n € N. The operators T, S are said to be
quasi-nilpotent equivalent if

lim (7~ S)PY" =0 and  lim (S — 7Y =0,

Of course, two commuting operators 7' and S are quasi-nilpotent equiv-
alent precisely when T — S is quasi-nilpotent. Note that the relation defined
above is actually an equivalence in L(X), see Colojoara and Foiag [83, p.
11]. Furthermore, if T, S are quasi-nilpotent equivalent then o(T") = o(S5),
see [83, Theorem 2.2], and if T has the SVEP then also S has the SVEP
and or(z) = og(z) for every x € X, see Theorem 2.3 and Theorem 2.4 of
[83].

We next show that the SVEP is preserved by some trasforms.

Definition 2.14. An operator U € L(X,Y") between the Banach spaces
X and Y is said to be a quasi-affinity if U is injective and has dense range.
The operator S € L(Y') is said to be a quasi-affine transform of T' € L(X)
if there is a quasi-affinity U € L(Y, X) such that TU = US.

Theorem 2.15. If T € L(X) has the SVEP at Ao € C and S € L(Y)
is a quasi-affine transform of T then S has the SVEP at \g.

Proof Let f:U — Y be an analytic function defined on an open neigh-
bourhood U of Ag such that (uI — S)f(n) = 0 for all 4 € U. Then
UM = 8S)f(p) = (uI —T)Uf(n) = 0 and the SVEP of T at A\ entails
that Uf(u) = 0 for all g € U. Since U is injective then f(u) = 0 for all
w € U, hence S has the SVEP at Ag. .
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Next we want establish a local decomposition property that will be
needed later. To establish this property we need first a preliminary result.

Lemma 2.16. Let K C C be a compact set and suppose that ' is a
contour in the complement C\ K that surrounds K. If T is a bounded
operator on a Banach space X and f: C\ K — X is an analytic function
for which (A —T)f(A\) =z for all A € C\ K, then

2m/f

Proof Let Y := C\ K. We may suppose that I' is contained in the
unbounded connected component of the open set Y. In fact, f is analytic
on U and therefore by Cauchy’s theorem only the part of I' which lies in the
unbounded component of ¢ contributes to the integral [i. f(A) dA.

Let A be the boundary, positively oriented, of a disc centered at 0 and
having radius large enough to include in its interior both I and ¢(T"). From
Cauchy’s theorem we have

/Ff()\) d)\_/Af(A) d)

and from an elementary property of the Riesz functional calculus it follows
that the last integral is 2m¢1. .

Theorem 2.17. Suppose that T € L(X), X a Banach space, has the
SVEP. If Q1 and Qg are two closed and disjoint subsets of C then

XT(Ql U Qg) = XT(Ql) D XT(QQ),
where the direct sum is in algebraic sense.

Proof The inclusion X7(Q1) @ X7(Q2) C X7 (21 U Q) is obvious.

To show the reverse inclusion observe first that we may assume that
Qy and Q9 are both compact, since by part (ii) of Theorem 2.6 we have
X7(Q) = Xp(Qno(T)) for all subsets Q of C. Now, if x € Xp(2; UQy) the
SVEP ensures that there exists an analytic function f: C\ (2 UQ) — X
such that

A =T)f(\) =2 forall A€ C\ (2 UQy).

Let A1, Ao be two compact disjoint sets such that A; for ¢ = 1,2 is a
neighbourhood of €); and the boundary T'; of A; is a contour surrounding
Q;. From Lemma 2.16 it follows that x = x1 4+ x2, where

/f d\ fori=1,2.
= 2mi

We claim that x; € Xp(A;). In fact, set

1 f)
()= =— [ 25 dn forall pe C\ A,
9i(n) =5~ LA orall peC\
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The functions g;(A) : C\ A; — X are analytic. Furthermore, for every
u € C\ A; we have

1 A
Wi =Tt = 5 [ w=rea-n I an
271 r; )\
1 fN) /
= — —Ti d\+ —
2mi Fi()\ ) +2m U
1 x

But from the Cauchy’s theorem we have that

1

e nuf% AA=0 forall peC\ A,
thus (uI — T)gi(n) = x; for ¢ = 1,2 and this implies x; € Xp(A;), as
claimed.

To conclude the proof observe that, again by Cauchy’s theorem, the
definition of z1 and x5 does not depend on the particular choice of A; and
Ay, with the properties required above. This implies that z; € Xr(A;) for
every compact neighbourhood A; of €, so that x; € Xp(Q;) fori = 1,2.
Hence © = x1 + x9, where z; € X7 (£2;), as was desired. To see that the sum
is direct, observe that since 1 N Qe = &, from Theorem 2.6, part (v), we
have

X7() N X7(Q2) = Xr(2) = {0},
since, by assumption, T" has the SVEP. N

The next result exhibits a simple characterization of the elements of the
analytical core K(T') by means of the local resolvent pp(z).

Theorem 2.18. Let T € L(X), X a Banach space. Then
K(T) = Xr(C\{0}) = {z € X : 0 € pr(z)}.

Proof Let x € K(T'). We can suppose that z # 0. According to the
definition of K(T'), let 6 > 0 and (u,) C X be a sequence for which

T =ug, TUupt1 = Up, |ugpl < "|z|| for every n € Zy.

Then the function f : D(0,1/§) — X, where D(0,1/6) is the open disc
centered at 0 and radius 1/4, defined by

- Z ALy, for all A € D(0,1/9),

is analytic and verifies the equation (A\[—T') f(A) = « for every A € D(0,1/4).
Consequently 0 € pr(z).

Conversely, if 0 € pp(z) then there exists an open disc D(0,¢) and an
analytic function f : D(0,e) — X such that

(38) (M —=T)f(A\) ==x for every A € D(0,¢).
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Since f is analytic on D(0, £) there exists a sequence (uy,) C X such that

(39) fo) =— i ALy, for every A € D(0,¢).
n=1
Clearly f(0) = —u;. and taking A = 0 in (38) we obtain
Tu; = =T(f(0)) = x.
On the other hand
z= —T)f(\) = Tus + NTuz — uy) + N (Tug — us) + - - -
for all A € D(0,¢). Since x = Tu; we conclude that
Tupt1 =uy, foralln=1,2,---.

Hence letting up = z the sequence (u,,) satisfies for all n € Z, the first of
the conditions which define K (7).

It remains to prove the condition ||u,| < ¢"||z| for a suitable § > 0
and for all n € Z,. Take p > 1/e. Since the series (39) converges then
A" YH|un|| — 0 as n — oo for all ||A|| < e and, in particular, 1/p" ! ||lu,| —
0, so that there exists a ¢ > 0 such that

(40) un|| < cp™ ! for every n € N.

From the estimates (40) we easily obtain

n
C
lunll < (‘”nxn) el

and therefore z € K (T). .

For a bounded operator T € L(X) on a Banach space X and a closed set
Q CC, let Xr(Q2) denote the set of all z € X such that there is an analytic
function f: C\ Q — X such that

M —-T)f(A) =z forall xeC\ Q.
It is easy to verify that Xp(Q) is a linear subspace of X. Clearly
(41) Xr(Q) C Xp(Q)  for every closed subset Q C C .

The set X7 () is a linear subspace of X, called the glocal spectral sub-
space of T associated with €). This subspace is more appropriate for certain
general questions of local spectral theory than the classical analytic subspace
Xr(9).

In the following theorem we show few basic properties of the glocal sub-
spaces. Some of these properties are rather similar to those of local spectral
subspaces. The interested reader may be found further results on glocal
spectral subspaces in Laursen and Neumann [214].

Theorem 2.19. For an operator T € L(X), X a Banach space, the
following statements hold:

(i) Xp(2) = {0} and X (o(T)) = X;
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(ii) Xp(Q) = Xr(Q2No(T)) and (M —T)X7(Q) = X (Q) for every closed
et QCC and all X € C\ Qy

(iii) Xp(21 U Q) = Xp() + Xr(Q2) for all disjoint closed subsets Oy
and Qo of C;

(iv) T has the SVEP if and only if Xp(Q) = Xp(Q), for every closed
subset Q2 C C.

Proof (i) Suppose that x € Xr(@) and let f : C — X be an analytic
function such that (Al — T')f(A\) = « for all A € C. Then f(\) coalesces
with the resolvent function R(\,T) := (Al — T)~! on p(T), so f(A) — 0 as
|A\| = oo. By the vector-valued version of Liouville’s theorem f = 0, and
therefore x = 0. The second equality of part (i) is straightforward.

The proof of (ii) easily follows from Theorem 2.2, whilst the proof of
the decomposition (iii) is similar to the proof of that given for spectral local
subspaces.

(iv) Clearly, if T" has the SVEP and @ C C is closed then Xr() =
X7(2). Conversely, if X7(2) = Xp(£2) for all closed sets Q2 C C then

Xp(2) = Xr(2) = {0},
so, by Theorem 2.8, T has the SVEP. N

Let D. denote the closed unit disc of C centered at 0 with radius € > 0.
The space Xr(D.) may be characterized in the following way.

Theorem 2.20. For every bounded operator T € L(X), X a Banach

space, we have

(42) Xr(De) = {x € X : limsup | T7z||*/™ < g} )

n—oo

In particular, Hy(T) = X7 ({0}) and if T has the SVEP then
(43) Hy(T) = X7({0}) = {z € X : op(x) C {0}}.
Proof Let z € X such that pp(z) := limsup,,_,, |7"z||"/" < . The series
A) =Y ATz, AeC\D.,
converges locally uniformly, so it defines an X-valued function on the set
C\ D.. Evidently
M-T)f(A\)=x forall \e C\Dq,

so z € Xp(D¢). Conversely, assume that z € Xp(D.) and consider an
analytic function f : C\ D, — X such that (A —T)f(A) = = holds for all
A € C\ D.. For every |A\| > max {e,|T||} we then obtain

FA) =W =T)" m—z/\ npnly,
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and therefore f(A) — 0 as |A\| — oo. Consider the open disc D(0,1/¢) of C
centered at 0 with radius e. The analytic function g : D(0,1/¢) — X defined
by

1

—) if 0 e D(0,1/¢g),

g(p) = f<)\> 1 als (0,1/¢)
0 if u=0,

verifies the equality

o

44 = "l for all e
(44) () n;u < e T

Since g is analytic on (0, 1/¢) it follows, exactly as in the scalar setting,
from Cauchy’s integral formula that the equality (44) holds even for all
€ D(0,1/¢e). This shows that the radius of convergence of the power series
representing g(u) is greater then 1/e. The standard formula for the radius
of convergence of a vector valued power series then implies that pp(x) < e.
Therefore the equality (42) holds.

The latter assertions are clear, by part (ii) of Theorem 2.19 and taking
e =0 in the equality (42). .

Later we shall give an example of operator T such that Hy(T) is not
closed. From the equality Ho(T) = Xp({0} we also obtain an example of
operator for which the glocal spectral subspaces need not be closed.

Given an element x € X and T € L(X), the quantity

rp(x) = limsup || T7z||'/"
n—oo
is called the local spectral radius of T  at x and the choice of this denomination
is justified by the following fact:

Theorem 2.21. Suppose that T € L(X) has the SVEP. Then
(45) rp(z) = maz{|\| : X € op(x)}.

Proof Let x € X be a non zero element. From Theorem 2.8 we know that
or(z) is a non-empty compact subset of C. Put r := max{|\|: A € op(z)}
and let D(0,r) denote the closed disc of C centered at 0 and radius r. Then
since T' has the SVEP z € X7 (D(0,r)) = Xr(D(0,7)), and hence rp(z) <r
by Theorem 2.20. Again, from Theorem 2.20 we obtain that x belongs to the
glocal spectral space associated with the closed disc D(0, rp(z)) centered at
0 and radius rp(z), and therefore € Xp(D(0,rr(x)). Therefore op(z) C
D(0,r7(z)). From this we easily conclude that r < rp(x), so the proof is
complete. "

2. The SVEP at a point

We have seen in Theorem 2.8 that T" has the SVEP precisely when for
every element 0 # = € X we have op(z) = &. The next fundamental result
establishes a localized version of this result.
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Theorem 2.22. Suppose that T € L(X), X a Banach space. Then the
following conditions are equivalent:

(i) T has the SVEP at \o;

(ii) ker (Mol — T) N X7 (@) = {0};

iii) ker (Aol — T) N K (Mol — T) = {0};

(iv) For every 0 # x € ker (Aol —T') we have op(z) = {Ao}.

Proof By replacing T with Aol —T we may assume without loss of generality
Ao = 0.

(i) & (ii) Assume that for x € ker T" we have op(x) = @. Then 0 €
pr(x), so there is an open disc D(0, £) and an analytic function f : D(0,¢) —
X such that (Al —T')f(\) = x for every A € D(0,¢). Then

T((M = T)f(N) = (M = T)T(F(N) =T = 0

for every A € D(0,¢). Since T has the SVEP at 0 then T f()\) = 0, and
therefore T'(f(0)) = = = 0.

Conversely, suppose that for every 0 # z € ker T we have op(z) # .
Let f : D (0,e) — X be an analytic function such that (A — T)f(\) = 0
for every A € D (0,). Then f(A) = >.0°  AN"u, for a suitable sequence
(up) C X. Clearly Tug = T(f(0)) = 0, so ug € ker T. Moreover, from the
equalities op(f(N)) = o7(0) = & for every A € D (0,e) we obtain that

or(f(0)) = or(uo) = 2,

and therefore by the assumption we conclude that ug = 0. For all 0 # X\ €
D (0,¢) we have

0=\ -T)f(\)=(W\-T) i)\”un =AM -T) i)\"unﬂ,
n=1 n=1
and therefore
0=\ — T)(i ANUpt1) for every 0 £ A €D (0,¢).
n=0
By continuity this is still true for every A € D (0,¢). At this point, by using
the same argument as in the first part of the proof, it is possible to show that

u1; = 0, and by iterating this procedure we conclude that uo = ug =--- = 0.
This shows that f =0 on D (0,¢), and therefore T has the SVEP at 0.

(ii) < (iii) It suffices to prove the equality
ker TN K(T) = ker TN Xp(2).

To see this observe first that by Theorem 2.20 we have ker T C Hy(T') C
X7({0}). From Theorem 2.18 it follows that

ker TNK(T) = ker TN Xp(C\ {0}) C Xr({0}) N X7 (C\ {0}) = X7 (2).
Since X7 (@) € X7 (C\ {0}) = K(T') we then conclude that
ker TNK(T)= ker TNK(T)NXp(2) = ker T N Xp(2),
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as required.

(ii) = (iv) Since ker T' C Hy(T), from Theorem 2.20 it follows that
or(z) C {0} for every 0 # = € ker T. By assumption op(z) # &, so
or(z) = {0}

(iv) = (ii) Obvious. .

The following corollary is a more detailed version of the result established
in Theorem 2.8.

Corollary 2.23. Let T € L(X), X a Banach space. Then T does
not have SVEP if and only if there exists A € op(T) and a corresponding

eigenvector xo(# 0) such that op(xg) = &. In such a case T does not have
SVEP at ). n

Clearly, if A\gI — T is injective then T has the SVEP at Ag. The next
result shows that if A\gI — T is surjective then T has the SVEP at )¢ if and
only if Ag belongs to the resolvent p(T').

Corollary 2.24. Let T € L(X), X a Banach space, be such that \oI —T
is surjective. Then T has the SVEP at \g if and only if \oI —T is injective.

Proof We can assume \g = 0. Assume that T is onto and has the SVEP
at 0. Then K(T) = X and by Theorem 2.22 ker TN X = ker T'= {0}, so
T is injective. The converse is clear. N

An immediate consequence of Corollary 2.24 is that every unilateral left
shift on the Hilbert space ¢2(N) fails to have SVEP at 0. In the next chapter
we shall see that other examples of operators which do not have SVEP are
semi-Fredholm operators on a Banach space having index strictly greater
than 0. Another example of operator which does not have SVEP at 0 is
the adjoint T™* of an isometric non-unitary operator T' € L(H) on a Hilbert
space H, see Colojoard and Foiag [83, Example 1.7].

Remark 2.25. Evidently if Y is a closed subspace of the Banach space
X such that (Aol —T)(Y) =Y and the restriction (Al — T') |Y" does not
have SVEP at Ag then also T' does not have the same property at Ag.

This property, together with Corollary 2.24, suggests how to obtain op-
erators without the SVEP: if for an operator T' € L(X) there exists a closed
subspace Y such that

NI -T)Y)=Y and ker (Aol —T)NY # {0}
then T does not have SVEP at Ag.

In the remaining part of this section we want show that the relative po-
sitions of all the subspaces introduced in the previous chapter are intimately
related to the SVEP at a point.

To see that let us consider, for an arbitrary Ay € C and an operator
T € L(X) the following increasing chain of kernel type of spaces:
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ker ()\0] — T) Q Noo()\ol — T) g Ho()\ol — T) g XT({)\O}),
and the decreasing chain of the range type of spaces:
Xp(2) CXp(C\{X}) =KXl —T)C (NI —T)°(X) C (Al —T)(X).

The next corollary is an immediate consequence of Theorem 2.22 and
the inclusions considered above.

Corollary 2.26. Suppose that T € L(X), X a Banach space, verifies
one of the following conditions:

(1) Nl —T) 0 (Aol — TY*(X) = {0};
(ii) NNl —T)N KNI —T) ={0};

(iii) N (Mol = T)N Xp(2) = {0};

(iv) Ho(MI —=T)N KXol —T) = {0};

(v) ker (Aol —T) N (Mol —T)(X) = {0}.

Then T has the SVEP at \g. .

The SVEP may be characterized as follows.

Theorem 2.27. Let T € L(X), X a Banach space. Then T has the
SVEP if and only if Hy(AM —T)N KM —T) = {0} for every A € C.

Proof Suppose first that T has the SVEP. From Theorem 2.18 we know
that

K(M =T) = Xyr—r(C\{0}) = Xp(C\ {A}) for every A € C,
and, by Theorem 2.20,
Hy(M —T) =X—7({0}) = Xr({\}) forevery A e C.
Consequently by Theorem 2.8
Ho(\ - T) N K(M - T) = Xp({A}) N X7(C\ {A}) = Xr(2) = {0} .

The converse implication is clear by Corollary 2.26. N

Corollary 2.28. Suppose that T € L(X), X a Banach space. If T is
quasi-nilpotent then K(T') = {0}.

Proof If T is quasi-nilpotent then Hy(7T') = X by Theorem 1.68. On the
other hand, since T" has the SVEP, from Theorem 2.27 we conclude that
{O}ZK(T)QH()(T):K(T). n

Theorem 2.29. Let T € L(X), X a Banach space, be essentially semi-
regular and quasi-nilpotent. Then X is finite-dimensional and T is nilpotent.
In particular, this holds for semi-Fredholm operators.
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Proof Suppose that (M, N) is a GKD for T such that T|N is nilpotent and
N is finite-dimensional. Since T is quasi-nilpotent, from Corollary 1.69 we
have X = Ho(T) = Ho(T|M) & N. Moreover, T|M is semi-regular, hence
by Theorem 1.70 and Theorem 1.41 Ho(T|M) C K(T|M) = K(T). But
K(T) = {0} by Corollary 2.28, so Hyo(T|M) = {0} and this implies that
X ={0}@& N = N. Therefore X is finite-dimensional and T is nilpotent. =

Example 2.30. The next example, based on theory of weighted shifts,
shows that the SVEP at a point does not necessarily implies that Ho( Aol —
T)N KM\ —T)={0}.

Let 3 := (8n)nez be the sequence of real numbers defined as follows:

5, = 1+ |n| ifn<0,
T e ifn>0.
Let X := Ly(f) denote the Hilbert space of all formal Laurent series

oo

o0
Z anz"  for which Z |Ocn|2ﬁn2 < 0,

n=—oo n=—oo

Let us consider the bilateral weighted right shift defined by

o o

T( Z anz") = Z anzn+17

n=—oo n=—oo

or equivalently, 72" := 2! for every n € Z. The operator T is bounded
on Ly(3) and

(17| zsup{ﬁgH :nEZ} =1.

Clearly T is injective, so it has the SVEP at 0. The following argument
shows that Ho(T) N K(T') # {0}. From ||2"||g = (3, for all n € Z we obtain
that

lim 2" 5"" =0
n—oo

and
lim [z Y5 =1
n—oo
By the formula for the radius of convergence of a power series we then

conclude that the two series

fA) = Z A7 and g()) = — Z/\”Zf’”‘*1
n=1 n=1

converge in Lo(B) for all [A] > 0 and |A| < 1, respectively. Clearly the
function f is analytic on C\ {0}, and

A =T)f(N) ==Y A" =Y A7t =1 forall A\#0,
n=1 n=1
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whilst the function g is analytic on the open unit disc D and verifies
o o0
A =T)gA\) =D A"z =D Al =1 forall A eD.
n=0 n=0

This means that 1 € Xp({0}) N Xp(C\ D) = Ho(T) N K(T'), where the last
equality follows from Theorem 2.18 and Theorem 2.20.

Theorem 2.31. Suppose that T € L(X), where X is a Banach space,
has a closed quasi-nilpotent part H(AoI —T') or that Hy(Ao—T)NK (Nl —T)
is closed. Then Ho(Ag—T)NK(AI—T) = {0} and hence T has the SVEP
at Ng.

Proof Without loss of generality we may consider Ag = 0.

Assume first that Hy(T) is closed. Let T denote the restriction of T to
the Banach space Ho(T). Clearly, Ho(T) = Ho(T), so T is quasi-nilpotent
and hence K(T) = {0}, by Corollary 2.28. On the other hand it is ecasily
seen that Hy(T) N K(T) = K(T).

Assume now that Y := Ho(T) N K(T) is closed. Clearly Y is invariant
under 7', so we can consider the restriction S := T |Y. If y € Y then
| S™y||/™ = |Ty||'/™ — 0 as n — oo, so y € Hp(S) and hence Hy(S) =
Y. From Theorem 1.68 we infer that S is quasi-nilpotent and hence, by
Corollary 2.28 K(S) = {0}. We show that Y = K(S). To prove this
equality choose y € Y = Ho(T) N K(T). By the definition of K(T') there is
then a sequence (y,) C X and a § > 0 such

Yo=Y Tyn=yn—1 and [yal <"yl

for all n € Zy. Since y € Y C Hy(T), from Lemma 1.67 we obtain that
yn € Ho(T) for all n € N. Moreover, since y € K(T) = Xp(C\ {0}, from
part (iv) of Theorem 2.6 we also obtain that y, € K(T) = for all n € Z,
so that ¢, € Y and therefore y € K(S). This shows that ¥ C K ().

The opposite inclusion is clear since K(S) = K(T)NY C Y. Thus
Y = K(T)N Hyo(T) = K(S) = {0}, and hence by Corollary 2.26 T" has the
SVEP at 0.

The last assertion is clear from Corollary 2.26. .

The next example shows that an operator T € L(X) may have the SVEP
at the point Ay but fails the property of having a closed quasi-nilpotent part
Ho(MI —T).

Example 2.32. Let X := /5 & {5 --- provided with the norm

o0 1/2
||| := (Z ||xn]|2> for all z := (x,) € X,
n=1
and define

if i > n.
i—n

€it+1 lf’l,::l,,’l'L,
T.e;:= €i+1
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It is easy to verify that
T2 = 1/K! and  (1/k)Y™F as k — oo

From this it follows that o(T;,) = {0}. Moreover, T}, is injective and the
point spectrum o, (7},) is empty, so T}, has the SVEP.

Now let us define T':=T1 & --- @ T, & - - -. From the estimate ||T,] =1
for every n € N, we easily obtain ||T'|| = 1. Moreover, since op,(1},) = @ for
every n € N, it also follows that op,(T) = @.

Let us consider the sequence = = (z,) C X defined by z,, := e;/n for

every n. We have
=1
ol = (Z n) <o,

n=1

[N

which implies that z € X. Moreover,
e e e VO

and the last term does not converge to 0. From this it follows that or(z)
contains properly {0} and therefore, by Theorem 2.20, x ¢ Ho(T').
Finally,

bo@ly--- @l {0}--- C Hy(T),
where the non-zero terms are n. This holds for every n € N, so Hy(T) is
dense in X. Since Hyo(T') # X it follows that Hy(T) is not closed.

Theorem 2.33. Suppose that for a bounded operator T € L(X), the
sum Ho(Agl —T) + (M — T)(X) is norm dense in X. Then T* has the
SVEP at \g.

Proof Also here we assume that Ag = 0. From Theorem 1.70 we know that
K(T*) C Ho(T)*. From a standard duality argument we now obtain

ker (T*) N K(T*) C T(X)* N Hy(T)* = (T(X) N Hy(T))*.

If the subspace H(T') + T(X) is norm-dense in X, then the last annihilator
is zero, so that ker 7% N K(T*) = {0}, and consequently by Theorem 2.22
T* has the SVEP at 0. .

Corollary 2.34. Suppose either that Ho(MI — T) + KXl — T') or
N®NoI —T) + (Mol — T)>®(X) is norm dense in X. Then T* has the
SVEP at \g. .

It is easy to find an example of an operator for which 7™ has the SVEP
at a point Ao and such that N°(X\gI — T') + (Aol — T)°°(X) is not norm
dense in X.

Example 2.35. Let T denote the Volterra operator on the Banach space
X := (0, 1] defined by

(THR) = /Otf(s)ds for all f € C[0,1] and ¢ € [0,1].
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T is injective and quasi-nilpotent. Consequently N*°(T') = {0} and K(T) =
{0} by Corollary 2.28. Tt is easy to check that

T(X) = {f € C*[0,1]: f7(0) =0, n € Z.},
thus 7°°(X) is not closed and hence is strictly larger than K(T) = {0}.

Clearly the sum N°(T) + T°°(X) is not norm dense in X, whilst 7* has
the SVEP because it is quasi-nilpotent.

The next theorem is, in a certain sense, dual to Theorem 2.33.

Theorem 2.36. Suppose that for a bounded operator T € L(X) the sum
Ho(AoI* = T*) + (AoI* — T*)(X™) is weak * dense in X*. Then T has the
SVEP at \g.

Proof From Theorem 1.70 we know that K (T') C+ Hy(T*). Therefore
ker TN K(T) Ct T*(X*) Nt Hy(T*) = (T*(X*) + Ho(T)).
But the sum Hy(T*) + T*)(X*) is weak* dense in X*, so by the Hahn—

Banach theorem the last annihilator is zero and therefore T has the SVEP
at 0, again by Theorem 2.22. .

Corollary 2.37. Suppose that for a bounded operator T € L(X), either
Ho(Mol —T*) + KXl —T*) or N®°(Xog — T*) + (Ao — T*)®(X™) is weak*
dense in X*. Then T has the SVEP at \g. .

3. A local spectral mapping theorem

Given an operator T € L(X), X a Banach space, and an analytic func-
tion f defined on an open neighborhood U of o(T'), and let f(T") denote
the corresponding operator defined by the functional calculus. The classical
spectral theorem states that f(o(T)) = o(f(T)). We also know that an
analogous formula holds for the semi-regular spectrum o (7") and the es-
sential semi-regular spectrum oeg(7"). One may be tempted to conjecture an
analogous result for the local spectrum, f(or(x)) = o) (x) for all x € X,
but it can be easily seen that in general that is not true. Indeed, if we con-
sider the constant function f = ¢ on the neighborhood U and an operator T’
without the SVEP, then there exists by Theorem 2.18 a vector 0 # z € X
such that op(z) = @. Clearly f(or(x) = @, whilst

opry(x) =o(f(T)) ={c} # 2.
However, in the next remark, where we collect some information about
the local spectra o*f(T)(:E), we see that the spectral theorem for the local

spectrum holds under certain additional assumptions on the function f or
onT .

Remark 2.38. Let T € L(X), X a Banach space, and let f be an analytic
function f on the open neighborhood U of o(T"). We have

(i) flor(z)) € op(x) for all z € X [214, Theorem 3.3.8].
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(ii) If T has the SVEP or if the function f is non-constant on each of
the connected components of U then

flor(z)) = opry(z) forall x € X,
see Laursen and Neumann [214, Theorem 3.3.8]. The proof of this equality
depend upon the glocal spectral subspaces canonical behaviour with respect
to Riesz functional calculus, i.e., if f is analytic on an open neighbourhood
of o(T) then Xp1)(Q) = Xp(f~1(Q)) for all closed sets 2 C C. The proof

of this deep result may be found in Laursen and Neumann [214, Theorem
3.3.6].

For an arbitrary operator 7' € L(X) on a Banach space X let
E(T):={A € C:T does not have the SVEP at A} .

From the identity theorem for analytic functions it readily follows that =(T")
is open and consequently is contained in the interior of the spectrum o (7).
Clearly Z(T) is empty precisely when T has the SVEP.

Theorem 2.39. Let T € L(X), X a Banach space. Let f :U — C be
an analytic function on the open neighborhood U of o(T). Suppose that f is
non-constant on each of the connected components of U. Then f(T) has the
SVEP at A € C if and only if T has the SVEP at every point yu € o(T) for
which f(p) = X. Moreover, f(E(T)) =EZ((f(T)).

Proof Suppose first that f(7') has the SVEP at \g € C. By Theorem 2.22
then

ker ()\()I — f(T)) n Xf(T)(Q) = {0}
Suppose now that for some ug € o(T") we have f(uo) = Ao. To show the
SVEP of T at uyg it suffices, again by Theorem 2.22, to show that ker (uol —
T) 1\ Xpo1-1(2) = {0},

Let © € ker (uol —T) N Xp(2) be arbitrarily given and define by
h(p) := Ao — f(p) for all p € U. Then A(T) = NI — f(T) and, since
h(pg) = 0 we can write h(p) = (uo — p)g(p), where g is analytic on U.
Clearly

MT) = (pol = T)g(T) = g(T) (ol = T),
so that z € ker h(T) = ker (Ao — f(T'). On the other hand, from x €
X7(2) we obtain op(z) = &, and hence by part (ii) of Remark 2.38

opr)(x) = flor(z) = f(9) = 2,
so ¥ € Xy(1)(9@). Therefore
ker (uol —T) N X7 (@) C ker (Aol — f(T)) N Xy(r)(2) = {0},

which shows that T has the SVEP at Ag.

Conversely, let \g € C and assume that T has the SVEP at every ug €
o(T) for which f(ug) = Ag. Write h(u) := Ao — f(u), where u € U. By
assumption f is non-constant on each connected component of U, so, by the
identity theorem for analytic functions, the function A has only finitely many

~— —
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zeros in o(T') and these zeros are of finite multiplicity. Hence there exists
an analytic function g defined on U without zeros in o(7) and a polynomial
p of the form

p(p) = (p1 =) -+ (pn — ),
with not necessarily distinct elements 1, -, un € o(T') such that

h(p) = Xo — f(r) = p(p)g(p) for all p e U.

Assume that x € ker (Aol — f(T)) N Xf)(@). In order to prove that
f(T) has the SVEP at \g it suffices to show, again by Theorem 2.22, that
x = 0. From the classical spectral mapping theorem we know that g(T') is
invertible, so the equality

Aol = f(T') = p(T)g(T) = g(T)p(T)

implies that p(T)x € ker g(T) = {0}. If we put q(u) := (o —p) -+ (o, — 1)
and y = ¢(T)x then (I —T)y = 0.

On the other hand, z € X)(@) and f is non-constant on each of the
connected components of Y. Part (ii) of Remark 2.38 then ensures that

flor(z)) = op)(z) = @
and therefore since T and ¢(T") commute

or(y) = or(q(T)x) Cop(x) = @.

But T has the SVEP at u1, by assumption, so, again by Theorem 2.22, y = 0.
A repetition of this argument for ps, - - - , i, then leads to the equality = 0,
thus f(T') has the SVEP at \g.

The last claim is obvious, being nothing else than a reformulation of the
equivalence proved above. N

Theorem 2.40. Let T € L(X), X a Banach space, and f :U — C an
analytic function on the open neighborhood U of o(T). If T has the SVEP
then f(T) has the SVEP. If f is non-constant on each of the connected
components of U, then T has the SVEP if and only if f(T) has the SVEP.

Proof The second assertion is immediate from Theorem 2.39, so we have
only to show the first assertion.

Assume that T has the SVEP and let f be an analytic defined on an open
neighborhood U of o(T'). We may assume that f is not identically 0 on each
component of . Since T' has the SVEP the inclusion f(or(x)) C ofr)(7)
holds for any analytic function. Proceeding exactly as in the second part of
the proof of Theorem 2.39 we easily obtain that f(7") has the SVEP. .

An immediate consequence of Theorem 2.39 is that, in the characteri-
zation of the SVEP at a point A\g € C given in Theorem 2.22, the kernel
ker (Ao — T') may be replaced by the hyper-kernel N (Mgl — T)).
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Corollary 2.41. For every bounded operator on a Banach space X the
following properties are equivalent:

(i) T has the SVEP at X\o;

(ii) T™ has the SVEP at Ay for every n € N.
(i) N (Mol — T)N X7 (2) = {0};

(iv) N©(Aol — T) N K (Mol — T) = {0};

Proof The equivalence (i) < (ii) is obvious from Theorem 2.39. Combining
this equivalence with Theorem 2.22 we then obtain that T has the SVEP at
Ao if and only if ker (A\gf —T)" N X7 (@) = {0}, for every n € N. Therefore
the equivalence (i) < (iii) is proved. The equivalence (i) < (iv) follows from
Theorem 2.22 in a similar way. .

Note that in the condition (ii) of Corollary 2.41 the power T™ may be
replaced by f(T'), where f is any analytic function on some neighborhood
U of o(T) such that f is non-constant on each of the connected components
of U and such that 0 is the only zero of f in o(T).

The spectrum of a bounded linear operator can be divided into subsets
in many different ways. In this section we shall consider some other parts
of the spectrum which play a relevant role in local spectral theory. In the
sequel we shall denote by

osu(T) := {X € C: AI — T is not surjective},

the surjectivity spectrum of T'. It should be noted that the surjectivity spec-
trum has been called something else by several authors, e.g., approximate
defect spectrum. Since the terminology does not appear standard, we prefer
to point out its purely algebraic nature by using the term of surjectivity
spectrum .

The approzimate point spectrum of T € L(X), is defined to be the set

Oap(T) :={A € C: X[ =T is not bounded below}.

We have already observed that A\ — T is bounded below if and only if
there exists K > 0 such that |\ —Tz| > K|z|| for all € X. From this it
easily follows that A € 0., (7") if and only if there exists a sequence (x,,) C X
such that ||z,]| =1 and (A — T)z,, — 0 as n — oo.

The next result gives further informations on o, (7).

Theorem 2.42. If T € L(X), X a Banach space, then os,(T) =
Oap(T*) and o,p(T) = osu(T*). Moreover, oap(T'), as well as o5 (T), is a
non-empty compact subset of C containing the topological boundary of o(T).

Proof The equalities o4 (T") = 0up(T™*) and oup(T) = 05y () are obvious
from Lemma 1.30, part (i). From Lemma 1.30, part (ii), we also obtain
that both 0,,(T") and o4, (T) are closed because have open complements.
Obvious, the two spectra are compact, since both are subsets of o(T).
That o,,(T") contains the topological boundary do(T') of the spectrum
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is an obvious consequence of part (ii) of Theorem 1.75, once observed that
Oap(T) D 0se(T). Furthermore, from the equality og (1) = oup(T™) we
conclude that o, (7") contains the topological boundary of o(T*) = o(T).

The following theorem shows that the surjectivity spectrum of an oper-
ator is closely related to the local spectra.

Theorem 2.43. For every operator T € L(X) on a Banach space X we

have
osu(T) = U or(z).
zeX

Proof If A\ ¢ (J,cx or(x) then A € pr(x) for every 2 € X and hence,
directly from the definition of pr(z), we conclude that (A —T)y = x always
admits a solution for every z € X, A\l — T is surjective. Thus X ¢ o4, (7).

Conversely, suppose A ¢ og,(T"). Then A\ —T is surjective and therefore
X = K(A —T). From Theorem 2.18 it follows that 0 ¢ ox;_r(x) for every
x € X, and consequently A ¢ op(z) for every © € X. .

Corollary 2.44. If X is a Banach space and T € L(X) then o(T) =
E(TYUosu(T). In particular, o5, (T) contains O=(T), the topological bound-
ary of Z(T).

Proof The inclusion Z(T) U osu(T) € o(T) is obvious. Conversely, if
A ¢ E(T) U og(T) then A\I — T is surjective and 7" has the SVEP at A, so
by Corollary 2.24 A\I — T is also injective. Hence A ¢ o(T).

The last claim is immediate, =(T) C o(T) and since Z(T') is open it

follows that 0=(T")NE(T") = @. This obviously implies that 0=(T") C o4, (7).

Corollary 2.45. Let X be a Banach space and T € L(X) has the SVEP.
We have

(i) If T has the SVEP then o (T) = o(T) and os(T) = oap(T).
(ii) If T* has the SVEP then o,5(T) = o(T) and 0se(T) = osu(T).
(iii) If both T and T* have the SVEP then
0(T) = 05u(T) = 0ap(T) = 05c(T).
Proof The first equality (i) is an obvious consequence of Corollary 2.44,
since Z(T) is empty. To prove the second equality of (i) observe first that
the inclusion o4 (T') C 0,4p(T) is trivial, since every bounded below operator

is semi-regular . Conversely, let A ¢ oy (7T). From the definition of semi-
regularity and Theorem 1.10 we have

ker (A —=T)C (M -T)°(X)=K\ -T)
and therefore, since ker (\I —T') C Ho(M —T) for all A € C,
ker (Al —T) C K(AMl —T)NHo(M —T)
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From Corollary 2.26 we then conclude that ker (A —7T') = {0}, i.e. A\ =T
is injective. This implies, since AI —T has closed range by assumption, that

A& oap(T).
The two equalities of part (ii) are obvious consequence of Theorem 2.42,
whilst part (iii) follows from part (i) and part (ii). .

Note that if T" fails the SVEP then the local spectral formula (45) is not
valid. This is obvious, once it is observed that in this case op(x) is empty for
some non-zero x € X by Theorem 2.8. Other informations about the local
spectral radius rr(x) may be found in Chapter 3 of the book by Laursen
and Neumann [214].

It is easily seen that if X7(Q) = {0} then QN o, (T) = @. In fact,
suppose that X7(2) = {0} and assume that there is \g € QN o, (7). Then
there is 0 # x € ker(AoI —T'). Clearly or(z) C {)\o}, and since Ay € 2 this
implies that z € Xp(Q2) = {0}, a contradiction.

We also have that X7(Q) = X precisely when o4, (7)) C Q. In fact, if
X7(2) =X and X ¢ Q then

KA =T) = Xr(C\{A}) 2 Xp(Q\ {A}) = X7(Q) = X,

so that X = K(A —T) and hence AI — T is surjective, namely A ¢ og, (7).
Conversely, suppose that o4 (7T) C Q. By Theorem 2.43 we obtain that
or(z) C Q for all x € X so that X = X7 ().

One of the deep results of local spectral theory shows that analogous
results hold for the glocal subspaces in the case where 2 is closed subset of
C. In the next theorem we only state this result and refer for a proof of it
to Laursen and Neumann [214, Theorem 3.3.12].

Theorem 2.46. Suppose that T € L(X), where X is a Banach space,
and § is a closed subset of C. Then the following assertions hold:

(i) Xp(Q) = X if and only if o5y (T) C Q;

(ii) Xr(Q) = {0} implies that QN oy, (T) = &;

(iii) If QN oap(T) = @ then Xp(Q2) = {0}. .

An interesting consequence of Theorem 2.43 is that the approximate
point spectrum o,,(7") and the surjectivity spectrum og,(7") behave canon-
ically under the Riesz functional calculus.

To see this we need first a preliminary remark. Suppose that a Banach
space X is the direct sum X = M & N, where the closed subspaces M and
N are T-invariant, and let Py denote the projection of X onto M. Clearly
Py commutes with T'. Tt is easily seen that

kerT = kerT|M & kerT|N and T(X)=T(M)®T(N),

so that T is injective if and only if both the restrictions T'|M and T|N are
injective. Moreover, T'(X) is closed if and only if T (M) is closed in M and
T(N) is closed in N. In fact, if T'(X) is closed then

T(M) =TPy(X) = Py(T(X)) =T(X)NM
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so T'(M) is closed, and analogously T'(N) is closed.

Conversely, assume that T'(M) is closed in M and T'(N) is closed in N.
Since the mapping ¥ : M x N — M & N, defined by ¥(z,y) :=x +y is a
topological isomorphism, then the image

V(ITM)xT(N)=T(M)®T(N)=T(X)
is closed in X. Combining all these resuls we obtain
T is bounded below < T'|M, T|N are bounded below,

and hence

Tap(T) = Oap(T|M) U 0ap(T|N).
Analogously, from the equality T'(X) = T(M) & T (N) we easily deduce that
T is onto if and only if both T|M and T|N are onto, so that

osu(T) = osu(T|M) U oy (T|N).
Clearly

o(T) =o(T|M)Uo(T|N).

Next we want to establish the spectral mapping theorem for the approx-

imate point spectrum and the surjectivity spectrum. To prepare this result

we first consider the very special case that the analytic function f is constant
on the connected components of its domain of definition.

Lemma 2.47. Let T € L(X), X a Banach space, and suppose that
the function f is constant on each connected component of an open set U
containing o(T). Then

flosu(T)) = osu(f(T)) = f(o(T)) = o(f(T)).

Analogously
0ap(f(T)) = 0up(f(T)) = f(o(T)) = o (f(T)).
Proof We shall prove first the equality for g, (7).
Since o(T') is compact we may assume that I has only a finite number
of components, say €4, ,,. Assume also that
o= No(M)#2, i=1,...,n

Let f(A\) = ¢ for every A € €; and denote by yx; the characteristic
function of €2;. From the elementary functional calculus we know that P; :=
xi(T) is the spectral projection associated with the spectral set o; and that
the decomposition X = My & --- & M, holds, where M; := P;(X). The
subspaces M; are invariant under 7" and under f(7"). Moreover,

f\) = ZCiXi()\) and f(T) = ZciPi,
=1 =1

so that f(T)|M; = ¢;I;, I; the identity on M;. Obviuously,,
osu(f(T)|M;) = o(f(T)|M;) = {ci},
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from which we obtain
o(f(T)) =osu(f(T)) ={c1,-..,cn}

On the other hand, os,(T") C

(46) f(o'su(T)) - f(U(T)) = {Cla s CVL}'

The reverse inclusion of (46) is also true, since every 2; contains some
points A of o, (T|M;), since the latter set is non-empty, and therefore

¢i = f(A) € flosu(T|M;) C flou(T)) foralli=1,...,n

Hence f(osu(T)) = osu(f(T)) = f(o(T)). The equality Uap(f(T)) = f(aap(T))
easily follows by duality, since o.p(f(T)) = osu(f(T)) and f(oap(T)) =

flosu(T™)). .

o(T) implies

Theorem 2.48. Let T € L(X), X a Banach space, and suppose that
the function f : U — C defined on an open set U containing o(T). Then

Usu(f(T)) = f(Usu(T)) and Uap(f(T)) = f(Uap(T))‘

Proof Assume first that f is non-constant on each component of U. As
noted in part (ii) of Remark 2.38 we have o)) (r) = f(or(z)) for all
x € X. Taking the union over all z € X, we obtain from Theorem 2.43 that
osu(f(T)) = flow(T)).

To show the general case consider the other possibility, i.e., suppose
that f is constant on some components of /. Denote by Q1,--- ,Q, all the
components where f is constant, say f(\) = ¢, for A € Q,,. Clearly we may
assume that o; := Q; No(T) # & for every i = 1,...,n. Define

n n
Q::UQZ- and O‘:ZUO'Z‘.
i=1 i=1
If P, @ denote the spectral projection associated with ¢ and o(T) \ o, re-
spectively, then X = M@ N, where M := P(X) and N := Q(X). Moreover,
o(TIM)=0cCQ, oT|N)=0c(T)\oCU\Q.

Let g be the restriction of f on Q and h the restriction of f onto U \ Q.
The functions g and h are analytic on an open set containing o(T|M) and
o(T|N), respectively. Furthermore,

9(T|M) = f(T|M) = f(T)|M
and
T|N) = f(T|N) = f(T)IN.

Clearly ¢ is constant on every connected component of {2, whilst h is non-
constant on every connected component of ¢ \ 2. From Lemma 3.68 and
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from the first part of the proof, we then obtain

ou(f(T)) = osu(f(T)|M)Uosu(f(T)IN) = osu(g(T|M)) Uosu(h(T|N))

9(osu(T|M)) Uh(oau(T|N)) = f(osu(T|M)) U flosu(T|N))
= flou(T|M)Uosu(TIN)) = f(osu(T)),

where the equality f(osu(T|M))U f(osu(T|N)) = f(osu(T|M) U osu(T|N))

follows since og,(T|M) and og,(T|N) are disjoint. Therefore the proof of

the spectral mapping theorem for og,(7") is complete.

By duality it easily follows that oay,(f(T)) = f(oap(T)), so also the
second equality is proved. .

The following result shows that the SVEP at a point Ag may be charac-
terized in a very simple way in the special case that T is semi-regular.

Theorem 2.49. Suppose that A\gI — T is a semi-regular operator on the
Banach space X. Then the following equivalences hold:

(i) T has the SVEP at Ao precisely when Mol — T is injective or, equiv-
alently, when Aol — T is bounded below,

(ii) T* has the SVEP at Ay precisely when \oI — T is surjective.

Proof (i) Assume that A\ = 0. Evidently we have only to prove that if
T has the SVEP at 0 then T is injective. Suppose that 7' is not injective.
The semi-regularity of T entails T7°°(X) = K(T) by Theorem 1.24, and
{0} # kerT C T*(X) = K(T), thus T does not have the SVEP at 0 by
Theorem 2.22.

(ii) We know that if AgI — T is semi-regular then also A\g/* — T™* is semi-
regular and by Theorem 2.42 Aol — T is surjective if and only if \gI* — T*
is bounded below . .

Clearly Theorem 2.49 generalizes Corollary 2.24 because every surjective
operator is semi-regular.

Corollary 2.50. Let X be a Banach space and T € L(X). The following
assertions hold:

(i) If Ao € o(T) \ 0ap(T) then T has the SVEP at o, but T* fails to
have the SVEP at \g.

(ii) If Ao € o(T) \ osu(T) then T* has the SVEP at Ao, but T fails to
have the SVEP at \g.

Proof The condition A\g € o(T') \ 0ap(7") implies that A\g/ — 7" has closed
range, is injective but not surjective, so we can apply Theorem 2.49. Anal-
ogously, if N\g € o(T) \ osu(T) then Aol — T is surjective but not injective,
so we can apply again Theorem 2.49. N

From Theorem 1.31 we know that the semi-regular resolvent pg.(7") is
an open subset of C, so it may be decomposed in connected disjoint open
non-empty components.
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Theorem 2.51. Let T € L(X), X a Banach space, and  a component
of pse(T). Then we have the following alternative:

(i) T has the SVEP at every point of Q. In this case op,(T) NQ = &;
(ii) For every A € Q, T does not have the SVEP. In this case op(T) D Q.

Proof Suppose that T has the SVEP at a point Ay € @ and consider an
arbitrary point A of 2. In order to show that 7" has the SVEP at X it suffices
to show, by Theorem 2.49, that A\l —T is injective. By Theorem 2.49 \ogI —T
is injective, so N°(\gl — T') = {0} and therefore Hy(Aol — T') = {0}, by
part (ii) of Theorem 1.70. From Theorem 1.72 we know that the subspaces
Hy(A — T) are constant for A ranging through €, so that Hy(A —T) = {0}
for every A € €. This shows that T has the SVEP at every A € Q.

The assertions on the point spectrum are clear from Theorem 2.49. =

A very special situation is given when o,,(T") and o, (T") are contained
in the boundary do(T) of the spectrum, or, equivalently, are equal since
both contain do(T'). Later we shall see that this situation is fulfilled by
several classes of operators. Note first that both 7" and T* have the SVEP
at every point A € p(T).

Theorem 2.52. Suppose that for a bounded operator T € L(X), X a
Banach space, we have o4, (T') = 0o (T'). Then T has the SVEP whilst Z(T™)
coincides with the interior of o(T). Similarly, if osu(T) = 0o (T) then T*
has the SVEP whilst Z(T) coincides with the interior of o(T).

Proof Suppose that oa,(T) = do(T). If A belongs to the interior of o(T)
then XA € o(T) \ 04p(T'), hence T has the SVEP at A whilst 7* does not have
the SVEP at A, by part (i) of Corollary 2.50. Similarly the last claim is a
consequence of part (ii) of Corollary 2.50. .

Theorem 2.52 has another nice application to the so called Césaro oper-
ator C), defined on the classical Hardy space Hy(D) , I the open unit disc
and 1 < p < co. The operator C), is defined by

A
(CoP)N) = i/o 1“_“2 du for all f € Hy(D) and A € D.

As noted by T.L. Miller, V.G. Miller and Smith [237], the spectrum
of the operator C), is the entire closed disc I'y, centered at p/2 with radius
p/2, and 0,,(Cp) is the boundary OT'y. Hence, the Césaro operator has the
SVEP, whilst its adjoint does not have the SVEP at any point of the interior
of I').

In order to find applications to Theorem 2.52, let us consider, for an
arbitrary operator T € L(X) on a Banach space X, the so called lower
bound of T' defined by

E(T) :=inf{||Tz| : z € X, ||z]| = 1}.
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It is obvious that if T is invertible then k(T) = || T~!||. Clearly
(47) E(T™k(T™) < k(T™™)  for all n,m € N

and consequently k(T) = 0 whenever k(T™) = 0 for some n € N. The
converse is also true: if k(T") = 0 then 0 € 0,4, (7T') and therefore k(T™) = 0
for all n € N.

Theorem 2.53. If T € L(X) then
(48) lim k(T™)Y"™ = sup k(T™)"/".

Proof Fix m € N and write for alln € N, n =mqg+r, 0 <r < m, where
q:=q(n) and r := r(n) are functions of n. Note that

lim M = l and lim r(n)

n—oo 1 m n—oo 1

From (47) we obtain that k(T™) > k(T™)%k(T)" and hence
lim inf(k(T™)Y™ > k(T™)Y™ for all m € N.

=0.

n—oo
Therefore
lim inf(k(T™)Y™ > sup k(T™)V™ > lim sup(k(T™))"/",
from which the equality (48) follows. .
Put

i(T) := lim k(T™)Y/™.
If (T') denotes the spectral radius of T' it is obvious that i(7") < r(T'). For

every bounded operator T' € L(X), X a Banach space, let us consider the
(possible degenerated) closed annulus

ANT):={ e C:i(T) <A <r(D])}.
The next result shows that the approximate point spectrum is located in
AT).
Theorem 2.54. For every bounded operator T € L(X), X a Banach
space, we have oap,(T) € A(T).

Proof Clearly, if A € 0,4, (T') then |A| < r(T"). Assume |A| < i(T") and let
¢ > 0 be such that || < ¢ < i(T). Take n € N such that ¢* < k(T"). For
every ¢ € X we have ¢"||z| < ||T™z|| and hence

IO =T > [T — A7) flel] > (" = XDl
thus A"I —T™ is bounded below, A" ¢ 0., (T"). Writing
AT —T" =N = T)(T" P+ AT 2 4 -+ \"]),
we then conclude that A ¢ oap, (7). .

As usual by D(0,¢) and D(0,¢) we shall denote the open disc and the
closed disc centered at 0 and radius €, respectively.



3. A LOCAL SPECTRAL MAPPING THEOREM 87

Theorem 2.55. For a bounded operator T € L(X), X a Banach space,
the following properties hold:

(i) If T is invertible then D(0,i(T)) C p(T), and consequently o(T) C
A(T). If T is non-invertible then D(0,i(T)) C o(T);

(ii) Suppose that i(T) = r(T). If T is invertible then o(T) C 9D(0,r(T)),
whilst if T is non-invertible then

o(T)=D(0,7(T)) and o0.p(T) = 00(T).

Proof (i) Let T be invertible and assume that there is some A € o(T) such
that |A| < (7). Since 0 € p(T') then there is some  in the boundary of o (7T')
such that |u| < |A| < i(T). But this is impossible since, again by Theorem
242, p € 04p(T) and hence by Theorem 2.54 |u| > i(T'). This shows the
first assertion of (i).

Suppose now that 7' is non-invertible and that there is an element A €
p(T) for which [A\| < i(T). By assumption 0 € o(T) and p(T) is open,
so there exists 0 < ¢ < 1 such that ¢\ belongs to the boundary of o(T).
From Theorem 2.42 we then conclude that cA € o,,(T"). On the other hand,
leA| < i(T'), so by Theorem 2.54 cX ¢ 0, (T), a contradiction. This shows
the second assertion of part (i).

(ii) The inclusion o(T") C 0D(0, (7)), if T is invertible, and the equality
o(T) = D(0,r(T)), if T is non-invertible, are simple consequences of part
(1).

Suppose now that if T' is non-invertible there exists some A € o(T) such that
|A| =1 and A ¢ 0,,(T"). By Corollary 2.50 T then fails the SVEP at A and
this contradicts the fact that A belongs to the boundary of the spectrum.
Therefore 0o(T) C 0ap(T) and from Theorem 2.54 it then follows that
00(T) = oap(T). .

Theorem 2.56. Let T € L(X), X a Banach space, and suppose that
X € C is a point for which |\ < i(T). Then T has the SVEP at X\, whilst
T* has the SVEP at X if and only if T is invertible.

Proof From Theorem 2.54 we know that if [A| < i(T) then X\ ¢ oup,(T).
Hence the assertions easily follow from Corollary 2.50. .

The following corollary describes the SVEP in the special case i(T) =
r(T).

Corollary 2.57. Let T € L(X), X a Banach space, and suppose that
i(T) =r(T). Then the following dichotomy holds:

(i) If T is invertible then both T and T* have the SVEP;

(ii) If T is non-invertible then T has the SVEP, whist T* has the SVEP
at a point X precisely when [N > r(T).

Corollary 2.57 applies, in particular to an arbitrary isometry T' € L(X).
Hence every isometry has the SVEP, whilst the adjoint of a non-invertible
isometry has the SVEP at a point A € C if and only if [A\| > 1.



88 2. THE SINGLE-VALUED EXTENSION PROPERTY

Trivially, an operator T € L(X) has the SVEP at every point of the
resolvent p(T) := C\ o (T). Moreover, from the identity theorem for analytic
functions it easily follows that 7' € L(X) has the SVEP at every point of
the boundary do(T') of the spectrum. Hence, we have the implications:

(49) oap(T) does not cluster at Ag = 7' has the SVEP at A,
and
(50) osu(T) does not cluster at \g = T* has the SVEP at A.

The first implication may be proved by using the same argument of the
proof of part (¢) of Remark 2.4. The second implication is an immediate
consequence of the equality os, (1) = oap(T™).

It is easily seen that none of the implications (49) and (50) may be
reversed in general. In fact, as observed in Theorem 2.42, the boundary
0o (T') of o(T) is contained in o,,(7") and in o, (7T"). Consequently, if o(T")
contains a non-isolated boundary point Ag of o(T") then o,,(T), as well as
osu(T), clusters at Ay but, as observed before, both T and T* have the SVEP
at Ag. In the next chapter we shall see that for operators of Kato type the
implications (49) and (50) may be reversed.

From the implications (49) and (50) we know that 7" and 7™* have the
SVEP outside 0ap(T') and o4, (T'), respectively. The question of the extent to
which an operator T or its adjoint T* may have SVEP, or not, at the points
inside the approximate point or surjectivity spectrum is a more delicate
issue.

The next result on non-invertible isometries will be useful to settle this
question in the case of certain operators.

Theorem 2.58. Let T € L(X) be a non-invertible isometry and suppose
that f : U — C is a non-constant analytic function on some connected open
neighborhood of the closed unit disc. Then the following assertions hold:

(i) o(f(T)) = f(D) and oap(f(T)) = f(OD), where D denotes the open
unit disc of C.

(ii) f(T') has the SVEP.
(iii) f(T)* has the SVEP at a point X\ if and only if A ¢ f(D).
(iv) fOD)N f(D) ={A e C: f(T)* does not have the SVEP at \}.

Proof Since o(f(T)) =D and, by Theorem 2.54, 0,,(T) = D, the equal-
ities (i) follow from the canonical spectral mapping theorem and Theorem
2.48, respectively. The assertion (ii) is a consequence of Corollary 2.57 and
the spectral mapping Theorem 2.39.

(iii) Since f(T)* = f(T™), from Theorem 2.39 it follows that f(7)* has
the SVEP at the point A € C if and only if 7* has the SVEP at each point
w € U for which f(u) = M. Corollary 2.57 then ensures that the latter
condition holds precisely when A ¢ f(D).

The assertion (iv) easily follows from part (i) and part (iii). .



3. A LOCAL SPECTRAL MAPPING THEOREM 89

Part (iv) of Theorem 2.58 leads to many examples in which the SVEP
for the adjoint fails to hold at points which belong to the approximate point
spectrum of T. In fact, if f is a non-constant analytic function on some
connected open neighborhood U of the closed unit disc and A := f(9D) N
f(D) is non empty then for every A € A the adjoint of f(T') does not have
SVEP at A. This situation is, for instance, fulfilled for every function of the
form

fA) =AM =7)A=w)g(A) for Xel,

where ¢ is an arbitrary analytic function on U, |y| =1 and |w| < 1.
In the next example we give an application of Theorem 2.58 to operators
which act on the Hardy space Ha(D).

Example 2.59. Let D denote the open unit disc of C and 1 < p < infty.
If g € H*(ID). The operator Ty on HP(D) defined by the assignment

Trg := fg for every g € HP(D)

is called the analytic Toeplitz operator with symbol f.

Let f be a non-constant analytic function on some connected open neigh-
borhood of the closed unit disc, and consider the multiplication Toeplitz
operator Ty on H%(D). It is clear that Ty = f(T), where T denotes the
operator of multiplication by the independent variable,

(Tg)(\) := Ag(\) for all g € H*(D), \ € D.

The operator T is a non-invertible isometry (actually, is unitary equivalent
to the unilateral right shift on ¢2(N)), thus by part (i) of Theorem 2.58 we
have

o(Ty) = f(o(T)) = f(D) and oup(Ty) = f(OD).

Moreover, from part (iv) of Theorem 2.58, we conclude that the adjoint T'/*
has the SVEP at A € C if and only if A ¢ f(D).

Note that similar results holds for Toeplitz operators with arbitrary
bounded analytic symbols. In fact, if f € H*(D) the approximate point
spectrum o,p(Tf) coincides with the essential range of the boundary function
that is obtained by taking non-tangential limits of f almost everywhere on
the unit circle, and operator the T’y does not have the SVEP at any A ¢ f(ID).
These results may be established using standard tools from theory of Hardy
spaces, see [265].

Example 2.60. We conclude this section by mentioning an example
from theory of composition operators on Hardy spaces. It is well known
that every analytic function ¢ : D — I on the open unit disc D induces a
bounded linear operator on HP(D) defined by

T,(f):=foe forall fe H(D).
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The operator T, is an isometry which is invertible if and only if ¢ is an
automorphism of D, a mapping of the form
a\+b
A) = forall A e D,
w(N) B or a
where a and b are complex numbers for which |a|? — |b]> = 1. The automor-
phisms ¢ are classified as follows:

e o is elliptic if | Im a| > |b|;

e ¢ is parabolic if | Im a| = |b];

e o is hyperbolic if | ITm a| < |b].
If ¢ is either elliptic or parabolic then a result of Smith [300] shows that the
composition operator T, on HP(ID) and its adjoint has the SVEP (actually
we have much more, T, is generalized scalar and therefore decomposable,
see § 1.5 of Laursen and Neumann [214]).

On the other hand, from an inspection of the proof of Theorem 6 of
Nordgreen [249] and Theorems 1.4 and 2.3 of Smith [300] it easily follows
that if ¢ is hyperbolic the spectrum of the corresponding composition op-
erator T, on H?(D) is the annulus I'; := {A € C: 1/r < |A| < r} for some
r > 1. Moreover, T, does not have the SVEP at A if and only if A belongs
to the interior of I',. We mention that the adjoint 7,,* has the SVEP since
it is subnormal, see [214].

In contrast, if an automorphism of I is either elliptic or parabolic, then,
as shown by Smith [300], the corresponding composition operator is gener-
alized scalar on HP(D) for arbitrary 1 < p < oo, thus both 7" and T* have
SVEP.

4. Algebraic spectral subspaces

In this section we shall introduce an important class of subspaces related
to an operator T' € L(X), where X is a Banach space. These spaces are
defined in purely algebraic terms.

Definition 2.61. Let X be a vector space and T : X — X be a linear
mapping. Given an arbitrary subset Q C C the algebraic spectral subspace
Ep(Q) is defined as the algebraic sum of all subspaces M of X with the
property that (A — T)(M) = M for every A € C\ Q.

Evidently E7(Q) is the largest subspace of X on which all the restrictions
of \I =T, A € C\ Q, are surjective, in particular
(M —T)(Er(Q)) = Er(Q) forevery A e C\ Q.
Note that
Ep(C\{A}) = C(M - T)
where, as usual, C(A — T) denotes the algebraic core of A\I —T. If \I = T
is semi-regular then by Theorem 1.24

Er(C\{A}) = KA =T) = (A = T)=(X).
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Clearly, if 1 C Q9 are two subsets of C then Ep(Q;) C Ep(Q2).

The subspace Ep (@) is of particular interest. By definition Ep(2) is
the largest linear subspace M of X for which (A — T')(M) = M holds for
every A € C. It is easily seen that Ep(@) = Ep(2) whenever o(T)NQ = .
The space Ep(@), which is usually called the largest divisible subspace for T,
plays a remarkable role in theory of automatic continuity where it is often
necessary to exclude the existence of non-trivial divisible subspaces. For an
extensive treatment of this theory we refer to the monograph by Laursen
and Neumann [214].

Our next results concern some other basic properties of the subspaces
Er(9).

Theorem 2.62. Let X be a Banach space and T € L(X). For each
proper subset Q C C the subspace Ep(Q) is hyper-invariant under T, i.e.,
Er(Q) is invariant under any linear map S commuting with T .

Proof In fact, for A ¢ Q we have
(AL =T)S(Er(Q)) = S(M = T)(Er(Q)) = Er(Q),
thus S(ET(Q)) - ET(Q) n

Corollary 2.63. For each proper subset Q@ C C we have Ep(Q2) =
Er(Qno(T)).
Proof Clearly, for each A € Q\o(T) the operator (A\I —T)~! commutes with
T. Hence (A — T) Y Er(Q)) € Er(Q), and so Er(Q) = (M — T)Er(Q2)
for all A € Q\ o(T) as well as for all A ¢ Q. It follows that Ep(2) C
Ep(QNo(T)). The other inclusion is obvious. .

Theorem 2.64. Let T be a linear operator on a vector space X , Q C C
and Ao € Q. Then z € E7p(Q) if and only if (Aol — T)z € Ep(9).
Proof Let \p € Q and suppose that x € Ep(Q2). Since (Al — T)Ep(Q)) =
Ep(Q) for every A ¢ Q, we see that
Ml —T)x =M —T)x+ (Mg — Nz € Ep(Q).

Conversely, let yo € X such that (A\gI—T)yo € E7r(2). Let Y := Ep(£2)+Cyo
and consider z :=y+ ayp € Y, with y € Ep(2) and « € C.
Clearly, if A ¢ Q we have
«
YT
From the equality (Al — T)(E7()) = Ep() we obtain an element y; €
Er(9) such that

()\OI — T)yo S ET(Q)

(6]
I-TYyy=y— —— (ol —T)yo-
(A Y1 . Ao( 0 )Yo

For the element

z0 = Y1 + Yo

«
A—=Xo
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we have
(M —T)zg = (A —T)ys + ——— I —T)yo
A— Ao
(8% (8%
= ——— NI =T Mol —T
Y )\_)\0(0 )y0+>\7)\0(0 )Yo + ayo
= y+ay =2

Hence z € (M — T)(Y) and therefore the inclusion Y C (A — T)(Y) is
verified for every A ¢ . It is easy to see that also the inverse inclusion
holds. Indeed, for every element z = y + ayp € Y and A ¢ Q we have
MN-T)z=MN-T)y+ N —-T)ayg =N —-T)y +
(Aol = T)yo +a(A = Xo)yo € Er(R) +Cyo=Y
This implies that Y C Ep(£2) and therefore yg € Ep(Q2). .

Corollary 2.65. ker (Aol —T) C Ep(Q) for every Ao € Q. .

Theorem 2.66. Let X be a Banach space, T € L(X), Q C C. Then

o(T [Ep()) € o(T |ET(Q)) € o(T).
Proof Let Y := Ep(Q) and suppose A € p(T|Y). Then AI — T is injective
on Ep(Q). Let y € Ep(2) and let z € Y be chosen so that (A —T)z = y.
Observe that if A ¢ Q then by Theorem 2.64 z € Ep(Q2) (indeed there is a
pre-image of y in Ep(€2) and since A € p(T|Y) this pre-image is unique in
Y, so it must be z). Hence A\ — T is injective and onto Ep(£2). Therefore
p(TIY) € C\ o(TIEr(Q))

and hence o(T|E7(Q2)) C o(T|Y).

The second inclusion is almost obvious: if A ¢ o(T) then A ¢ o(T) N,
and consequently,

(A = T)(Bp(Q)) = (M - T)(Er(o(T) N Q) = Er(o(T) N Q) = Br(Q).

Therefore (AI —T)(Y) = Y. Since AI — T is injective, this shows that
A §é O'(T|Y). ]

Next we want show that the algebraic spectral subspace of the intersec-
tion of any family of proper subsets (€2;) of C coincides with the intersection
of all E7(Q;). First we need some preliminary results.

Let # : X — X/Ep(Q) denote the canonical quotient map and let
T : X/Ep(Q) — X/Ep(€) be the map

T7 = f;, with = € 7.
It is evident that T'r = nT.

Lemma 2.67. Let Q C Q be proper subsets of C. Then Ex(Q) =
T(Er(€2)).
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Proof Observe first that if A ¢  then
(A = T)(x(Br(2)) = w(M = T)(Er(2)) = 7(Er(2),
thus 7(E7(2)) C E7(Q).

To prove the inverse inclusion, let us consider M := wflEf(Q). We shall
prove that (Al —T)(M) = M for each X ¢ Q. Clearly,

7(M = T)(M) = (M = T)(r(M)) = (A - T)(Ez()) = Ez(%),

and therefore

(A = T)(M) =7 (Ez(Q)) = M.

On the other hand, if # € M then & = 7z € Ez(2), thus there exists
an element § = 7y € Ex() such that (M — T)j = & This implies that
x— (M —T)y € Ep(). Since X ¢ Q the equality (A —T)(Er(Q) = Ep(Q)
also holds, so there exists z € Ep(2) for which

r=N-T)y+ N -T)z= N —-T)(y + 2).

From the equality 7(y + z) = 7y € Ez(Q) follows that y + 2 € M so
M C (M —-T)(M). Hence M = (A — T)(M) for every A ¢ M and this
implies M = 7~ (Ez(Q)) C Ep(Q).

Hence also the inclusion E#(Q2) € 7(E7(£2)) holds, so the proof is com-
plete. N

Lemma 2.68. Let {Q4,...,Q,} be a finite family of proper subsets of

C. Then
Er (ﬂ Qk> = () Er(%)
k=1 k=1

Proof Obviously it suffices to consider only the case of two sets 21 and .
Moreover, by Corollary 2.63 we may assume that €2; and {29 are subsets of
o(T).

Suppose first that O U Qs = o(T). Let Y := Ep(1) U Ep(€Q2) and
let A ¢ Q1 N Q2. As we have seen in the proof of Corollary 2.63, Ep(Q2) =
(M —T)Ep(Q) for any 2 C C and A ¢ o(T). So we may assume A € o(7T)
and hence A € Q1 \ Qg or A € Qo \ 5.

Consider the case A € Q1 \ Qo. If xp € Y then there exists y € Ep(Qo)
so that zg = (Al — T)y. But A € Q; and z9 € E7(£1), so by Theorem
2.64 we have y € E7(21). Hence (M —T)(Y) =Y for every A ¢ Q1 N
and, by maximality, Y C E7(21 Ns). As the other inclusion is obvious we
conclude that Y = Ep(Q1 N Q).

Now let us consider the general case 27 and 29 are arbitrary subsets of
o(T) . Let Q3 := Q22U (o(T) \ Q1). Then

f@r(f)l) F]far(glg) - l?j(()l) rwl}T(Slg) = f}r(f)l f\f)g)
= ET(Ql N QQ) - ET(Ql) N ET(QQ),

so the proof is complete. N
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Theorem 2.69. Suppose (2;)jes) is a family of proper subsets of C.
Then

Er (9| =) Er(Q)).
jeJ jed
Proof Let Y := (;c; Er(Q;). Clearly ();c; Er(©;) € Y. Since the
statement has already been proved whenever J is a finite set, there is no
harm in replacing the index set J by the set of finite subsets of J, ordered
by inclusion. Thus we may assume without loss of generality that J is a
directed set and that j; > jo implies 5, C €2;,.
Let A ¢ (¢, €2 and choose j, such that A ¢ Q;,. Let

7 = m ET(Q]‘).
J2Jo

Clearly Y C Z. On the other hand, if z € Z and if Ep(Q;) is given then
there exists some j' > j, for which j’ > j also holds. From this we then ob-
tain that z € Ep(Qy) C Ep(2;), so z € Y. To show that (Al —T)(Y) =Y
holds for each A ¢ (¢ ; €2 it therefore suffices to show that (A[-T)(Z) = Z
for the A chosen above.

Consider first the case Ep(@) = {0}. Since A ¢ [, €2, there corre-
sponds to our given z € Z an element z; € Ep(£);) such that

(Ml —T)zj =z forevery j > jo.
Let us consider j',j"” > j, and take j” > j', j” > j". If zjy = z;» then
zjm = zj, say. Hence zjm — zy € ker (A —T) C Ep({\}) and therefore
zjm — 2 € ET<QJ'/) N ET({)\}) = ET(Q)

From this it follows that if (\] —T")z; = z then z; € Ep(Q;) is independent
of j > jo. Thus z; € Z and the surjectivity of A\I — T has been established
for every A ¢ (;c;€2;. This completes the proof in the case Er (@) = {0}.

To remove this additional assumption we can invoke Lemma 2.67. In
X \ BEr(2) we have Ex(@) = n(Er(2)) = {0}. Hence, by our previous
results,

Ex | (%] =) E+(®)
jeJ jed

and so

Er (| =" [Ez(() | == "(ExQ)) =) Er(Q)).
jeJ jeJ jeJ jed

As an immediate consequence of Theorem 2.69, we can express an alge-
braic spectral subspace as intersection of cores.



4. ALGEBRAIC SPECTRAL SUBSPACES 95

Corollary 2.70. For every proper subset Q of C we have

T(C\Q) = [ Er(C\{\}) = () C(\ - T)

AeQ AeQ

Next, we shall introduce a property, introduced by Dunford, which is
strictly stronger than the SVEP. First we give some additional informations
on the relationships between the SVEP and local spectral subspaces X7 (2).

Theorem 2.71. Let T € L(X), X a Banach space, has the SVEP and
let Q C C be a closed subset such that Xp(Q) is closed. Then

o(T|X7(Q)) € QN a(T).

Proof Let T denote the restriction of 7" to the invariant closed subspace
X7(Q). Clearly, \I —T has the SVEP and by Theorem 2.6, part (iii), A —

is surjective for every A ¢~Q By Corollary 2.24, then A\ — T is 1nvert1ble
for every A ¢ €2, hence o(T") C Q.

It remains to prove that o(T) C o(T). Suppose that A ¢ o(T). Clearly,
if A ¢ Q from the inclusion o(T) C ©, it follows that A ¢ o(T). Consider
the other case A\ € Q. Since A\I — T is bijective, for every y € Xr(2) there
exists © € X such that y = (M — T)z. From Theorem 2.6, part (iv), it
then follows that z € Xp(Q), thus X7(Q) C (M — T)(Xr(£2)). Since the
reverse inclusion is always true, see Theorem 2.6, part (i), it follows that
X7(Q) = (M = T)(X7()), so A\I — T is bijective. Hence also in this case

A ¢ J(Tv. ]
Theorem 2.72. For every bounded operator T € L(X), X a Banach
space, we have
Xr(Q) C Ep(Q)  for every Q C C.
Moreover, if @ C C is closed and Ep(Q) is closed then Ep(2) = X1 ().

Proof Consider any subset Q C C. If z € Xp(Q2) then (Al —T)x € Xp(Q)
for every A € pr(x). The inclusion pr(x) 2 C\ £ then ensures that

Xr(Q) € (A - T)Xr(Q)  forall A € C\ Q.

The reverse inclusion is an obvious consequence of part(i) of Theorem
2.6. Hence

M —-T)X7p(Q) = Xp(Q) for every A € C\ Q

and this implies X7 (2) C Ep(9).
To prove the second assertion, suppose that 2 C C is closed and that
Er(Q) is closed. Let Y := Ep(£2). By Theorem 2.43 we know that

oan(TY) = | orpy (2
yeyY
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Obviously, if # € Y then ppy(x) C pr(y) and therefore
UT(.’L’) Q O'le(.’L’) Q Usu(T|Y).

Since Y = Ep(Q), by definition the restriction A\l —7 on Y is surjective
for every A ¢ Q, so o5y (T|Y) C Q. This proves that inclusion Ep(Q) is
contained in X7(2), and since the inverse inclusion has already been proved,
the proof is complete. .

Later we shall exhibit an example for which Xp(€Q) is a proper subset
of Ep(Q). In Chapter 7 we shall prove that for the super-decomposable
operators T € L(X), for which Ep(2&) = {0}, then the equality Ep(Q2) =
X7(Q) holds for every closed set 2 C C.

Theorem 2.73. Let X be a Banach space, T € L(X) and 2 C C a
connected component of the semi-reqular resolvent pse(T). For any A € Q
we have

(M - T)®(X) = KO\ —T)=Ep(C\Q)
Xp(C\Q) = [ (ul - T)(X),

lul<e

where € > 0 is such that p € Q for all [N < e.

Proof By Theorem 1.36 the spaces C(AI —T) = K(AI —T) are constant as
A ranges through Q, and hence by Corollary 2.70 E7(C\Q) = K(AM —T). By
Theorem 1.24 we know that K(AI —T) is closed, and therefore by Theorem
2.72

K\ —T)=Ep(C\Q) =Xp(C\Q).
Let € > 0 be such that p € Q for all || < e. From Theorem 1.39 it
easily follows that
(51) KA =T)2 () (ul = T)(X).
lnl<e

On the other hand, again by Theorem 1.24 we have
K\ = T) = K(ul = T) = (ul — T)*(X)  (ul — T)(X)
for arbitrary A, p € €, so the reverse inclusion of (51) holds. "

The following result may be viewed as the local version of the inclusion
00 (T) C 04(T) established in Theorem 1.75.

Corollary 2.74. Let T € L(X) be a bounded operator on a Banach
space X. Then Oor(z) C 0se(T') for every xz € X.

Proof Let z € X be arbitrarily given and suppose that there is a point
A € Oop(x) for which A\I — T is semi-regular. Let Q be the component
which contains A\. The set  is open and A € dop(z) N Q, thus Q cannot be
contained in op(x). Consider a point p € Q \ op(z). By Theorem 2.73 it
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follows that z € X7 (C\ {u}) = Xr(C\ Q) and hence op(z) C C\ Q, but
this is impossible since A € dop(z) N Q. .

Corollary 2.75. Suppose that T € L(X), X a Banach space, has a
spectrum o (T)) with connected interior T such that o(T) = T. If T has the
SVEP and 04, (T) = 00(T) then for every x € X either or(z) = o(T) or
or(z) = do(T).

Proof From Corollary 2.45 we know that o,,(7) = 0s(T"). Suppose that
or(z) # o(T). If op(z) is not included in the boundary do(T) then there
exists two points A\; € I'\op(z) and Ay € op(z)\I'. Since I' is connected then
there is a third point u € dor(x) NT'. From Theorem 2.74 we then conclude
that u € or(z) NT', which contradicts our assumption that I' N o, (T) = @.

As has been observed before, the local spectral subspaces X7 (£2) need
not be closed, also in the case that T has the SVEP. In fact, the operator T
of Example 2.32 has the SVEP, its quasi-nilpotent part Hy(7T') is not closed
and by Theorem 2.20 Ho(T) = X7 ({0}.

Definition 2.76. A bounded operator T € L(X), X a Banach space,
is said to have the Dunford property (C), shortly the property (C), if the
analytic subspace X1(Q) is closed for every closed subset ) C C.

Clearly, every spectral operator T' with spectral measure E() has the
property (C), since Xp(Q2) for every closed Q is the range of the projection

The property (C) dates back to the earliest days of local spectral theory,
and was introduced first by Dunford. In the book by Dunford and Schwartz
[97] this property plays a fundamental role since, as noted above, every
spectral operator has the property (C).

Trivially, by Theorem 2.8, we have the following relevant fact:

Theorem 2.77. If T € L(X), X a Banach space, has the property (C)
then T has the SVEP.

Note that if an operator T has the property (C), and hence the SVEP,
then the quasi-nilpotent part Ho(T') is closed since Ho(T) = X ({0}, see
Theorem 2.20. The operator T considered in Example 2.32 shows that
the implication of Theorem 2.77 cannot be reversed in general. Further
examples of operators with the SVEP but without the property (C) will
be given amongst the class of all multipliers of semi-simple commutative
Banach algebras. These operators, as we shall show later, have the SVEP,
whilst the property (C) plays a distinctive role in this context.

A first example of operators which have the property (C) is given by
quasi-nilpotent operators.

Theorem 2.78. Let T € L(X) be a quasi-nilpotent operator on a Ba-
nach space X. Then T has the property (C).
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Proof Consider any closed subset of @ C C. Consider first the case 0 ¢ (2.
Then since T" has the SVEP

Xr(Q) = Xr(Qno(T)) = Xr(2) = {0}

is trivially closed. On the other hand, if 0 € Q then by Theorem 1.68 and
Theorem 2.20

Xr(Q)=Xr(Qno(T)) = Xp({0}) = Hy(T) = X.
Hence, also in this case X7(Q) is closed. .

The next result shows that the property (C) is inherited by restrictions
to closed invariant subspaces.

Theorem 2.79. Suppose that T € L(X), where X is a Banach space,
has the property (C). If Y is a T-invariant closed subspace of X then the
restriction T|Y has the property (C).

Proof Set S :=T | Y and let Q be a closed subset of C. Suppose that
the sequence (z,) C Ys(f2) converges at x € X. We have to show that
x € Ys(2). Evidently Yg(Q2) C X7(©2) NY, so that z € Yg(Q2) C X7 ().
By Theorem 2.77 we know that T has the SVEP, so there exists an analytic
function f : C\ Q@ — X such that (A = T)f(A\) =z forall A € C\ Q.

To show that x € Yg(Q) it suffices to prove that f(\) belongs to Y for
all A € C\Q. Since T has the SVEP, for every n € N there exists an analytic
function f, : C\Q — Y such that (A\I —T)fn(\) = z,, for all A € C\ Q. The
elements x and z,, belong to X7 (Q2), so Theorem 2.2 implies that f(\) and
fn(X) belong to Xp(Q) for all A € C\ Q and n € N. From Theorem 2.71 we
know that o(T | X7(22)) C €, so the bounded operator A\I — T | X7(€2) on
X7(2) has an inverse (A — T | X7(Q))~! for every A € C\ Q.

From this we then obtain that f,,(\) = (A =T | X7(Q2)) ', converges
to the element (\] —T | X7(2)) "'z, as n — oo. Therefore f(\) € Y, so the
proof is complete. .

Note that if 7" has the property (C)then so does f(T') for every function f
analytic on an open neighbourhood U of o(T'), see Theorem 3.3.6 of Laursen
and Neumann [214]. It could be reasonable to expect that the converse is
true if we assume that f is non-constant on each connected component of
U, as it happens, by Theorem 2.40, for the SVEP; but this is not known.

In chapter 6 we shall see that every decomposable operator has the
property (C), and, in particular, that every bounded operator having a
totally disconnected spectrum on a Banach space, enjoys the property of
being super-decomposable, a property which is stronger than the property
(C). Furthermore, the property (C) will be studied in the framework of
multipliers of commutative Banach algebras.

The following example shows that the inclusion X7 () C Ep(Q) may
be strict.



5. WEIGHTED SHIFT OPERATORS AND SVEP 99

Example 2.80. Let X := ([0, 1] and T be the quasi-nilpotent Volterra
operator defined in Example 2.35. By Theorem 2.78 T has the property (C)
and hence X7 (@) = {0}. On the other hand, the non-trivial subspace

T®(X) :={f € C*[0,1] : f™(0) =0 for all n € Z,}
is T-divisible for X, Y C Ep(@). Hence X7(9@) # Er(2).

We conclude this section by giving a result which shows the connec-
tion between algebraic local spectral subspaces and local spectral subspaces
associated with closed subsets of C.

Theorem 2.81. For an arbitrary operator T € L(X), X a Banach
space, the following statements are equivalent:

(i) Er(Q) is closed for every closed subset  C C;

(ii) T has the property (C) and Ep(Q) = Xp(Q) for every closed subset
QCC.

Proof (i) = (ii) Suppose that E7(Q) is closed for every closed subset 2 C
C. From the inclusion X7 (&) C Ep(2) = {0} and Theorem 2.8 we then
infer that T" has the SVEP . By Theorem 2.45 we now have o(T |Ep(2) =
osu(T |E7(©2) C Q and therefore from Theorem 2.6, part (vi), Ep(Q2) C
X7 (). Hence the equality E7(2) = X7r(2) holds for every closed subset
Q) C C and, since Ep(Q) is closed by assumption, T has the property (C).
The implication (ii) = (i) is trivial. .

5. Weighted shift operators and SVEP

In this section we want explore the question of the SVEP for both uni-
lateral and bilateral weighted shifts. For a thorough discussion of the basic
theory of weighted shifts in the Hilbert setting we refer to Shields [297], or
Laursen and Neumann [214] for weighted shifts in ¢P(N).

In the first part we shall establish some results in the more general sit-
uation of operators T € L(X), X a Banach space, for which the condition
T°°(X) = {0} holds. This condition may be viewed, in a certain sense,
as an abstract shift condition, since it is satisfied by every weighted right
shift operator T' on ¢P(N). Clearly the condition T°°(X) = {0} entails that
T is non-surjective and hence non-invertible. This condition also implies
that K(T') = {0}, since K(T) is a subset of T°°(X), but the quasi-nilpotent
Volterra operator defined in Example 2.35 shows that in general the converse
is not true. In fact, for this operator we have by Corollary 2.28 K(T') = {0},
whilst T°°(X) # {0}, see Example 2.80.

As usual, in the sequel we shall denote by D(0,i(7")) the closed disc
centered at 0 with radius (7).

Theorem 2.82. Suppose that for T € L(X) we have T*(X) = {0}.
Then:

(i) ker (Al —T) ={0} for all0 # X € C;
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(ii) T' has the SVEP ;

(iii) op(x) and o(T) are connected, and the closed disc D(0,i(T)) is
contained in op(z) for all x # 0.

(iv) Ho(AL —T) = {0} for all0# X € C.

Proof (i) For every A # 0 we have ker (Al —T) C T>°(X).

(ii) This may be seen in several ways, for instance from Theorem 2.22,
since ker (A —T) N K (M —T) = {0} for every A € C.

(iii) It is easy to see that 0 € op(z) for every non-zero z € X. Indeed,
from Theorem 2.18 we have

{0} = K(T) = {w € X : 0 pr(a)},

and hence 0 € op(x) for every x # 0. Now, suppose that op(x) is non-
connected for some element = # 0. Then there exists two non-empty closed
subsets 1, Q9 of C such that:

O'T([E):Ql Uy, and Q1 NQ =02.

From the local decomposition property established in Theorem 2.17, there
exist two elements z1,x2 € X such that

x=x1 4+ with op(z;) CQ; (1 =1,2),
Now, from Theorem 2.17 we have x; # 0 and z2 # 0, and hence
0e O‘T(CC1) n UT(mg) COHNQ =9,

a contradiction. Hence op(z) is connected.
To prove that o(T) is connected observe that since T has the SVEP we
have by Theorem 2.43 and Corollary 2.45

o(T) = oa(T) = | ] or(=).

zeX

By Theorem 2.82 the local spectra or(x) are connected for every non-zero
z € X, and 0(0) = @, thus o(T") is connected.

It remains to prove the inclusion D(0,¢(T")) C or(x) for all = # 0. By
Theorem 2.74 we have Oor(z) C 0w(T) C 0ap(T) for all z € X. Since
i(T) < |A| for all X € o,5(T), it follows easily that D(0,i(T")) C or(x), as
desired.

(iv) Since T' has the SVEP then Hy(A —T) = {z € X : op(z) C {A}}
for every A\ € C, see Theorem 2.20. Now, if z # 0 and x € Ho(A — T') the
SVEP ensures that op(x) # &, so op(z) = {A\}. On the other hand, from
part (iii) we have 0 € {A}, a contradiction. .

It is evident that the proof of theorem 2.82 works also if we assume
K(T) = {0}, a condition which is less restrictive with respect to the condi-
tion T°°(X) = {0}. However, the next result shows that these two conditions
are equivalent if #(T") > 0.
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Corollary 2.83. Suppose that for a bounded operator T € L(X), X
a Banach space, we have i(T) > 0. Then the following statements are
equivalent:

(i) T>(X) = {0};
(ii) D(0,4(T)) C or(x) for all x # 0;
(iii) K(T) = {0}.

Proof the implication (i) = (ii) has been proved in Theorem 2.82, whilst
(ii) = (iii) is obvious. It remains only to prove the implication (iii) = (i).
From Theorem 2.54 the condition ¢(7") > 0 implies that 0 ¢ 0., (T"), T is
bounded below and therefore semi-regular. By Theorem 1.24 it follows that
T(X)=K(T)={0}. .

Corollary 2.84. Suppose that for a bounded operator T € L(X), X a
Banach space, we have T>(X) = {0} and i(T) = r(T'). Then we have

(52) or(z) = o(T) = D(0,7(T)),

for every x # 0, where D(0,r(T)) denotes the closed disc centered at 0 and
radius v(T). Furthermore, if i(T) = r(T) > 0 then the equalities (52) hold
for every x # 0 if and only if T*°(X) = {0}.

Proof If 7°°(X) = {0} then T is non-invertible, so by Theorem 2.55
the condition #(T") = r(T) entails that o(7T) = D(0,r(T)), and therefore
or(z) C o(T) = D(0,7(T)). The opposite inclusion is true by part (iii) of
Theorem 2.82, so (52) is satisfied. The equivalence in the last assertion is
clear from Corollary 2.83. .

It should be noted that if T € L(X) satisfies the conditions of the
preceding corollary then T has the property (C). In fact, for every closed
subset 2 of C we have:

X if Q2 D(0,r(T)),
Xr(Q) = { {0} otherwise,

and hence all X7(Q) are closed.

Let 1 < p < oo and denote by w := {wy, }nen any bounded sequence of
strictly positive real numbers. The corresponding unilateral weighted right
shift operator on the Banach space (P(N) is the operator defined by:

oo
Tx = anxnen+1 for all z := (2 )nen € P(N).
n=1
It is easily seen that T" does not admit eigenvalues, thus 7" has the SVEP.
Furthermore, the lower bound and the norms of the iterates 7" may be easily
computed as follows:

k(T") = /ilelrf\rwk o Wgip—1 forallm €N,
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and
IT"|| = supwg -+ - wgsn—1 for all n € N.
keN

Moreover, a routine calculation shows that the numbers ¢(7T") and r(7T') may
be computed as follows:

i(T) = lim inf
n—o0 keN

(wg - ‘WkJrnfl)l/n
and

r(T) = lim sup(wg - - - Wprn1)"™

To determine further properties of the spectrum of an unilateral weighted
right shift we recall two simple facts which will be used in the sequel.

Remark 2.85. (i) Let o € C, with |a| = 1 and define, on ¢P(N), the
linear operator Uyx := (a™xp)nen for all z = (zy)nen € P(N). Evidently,
XU, =U,T and

UUg =UgU, = 1.
From this it follows that the operators a1 and T are similar, and conse-
quently have the same spectrum. This also shows that o(7') is circular
symmetry about the origin.

(ii) Let K be a non-empty compact subset of C. If K is connected and
invariant under circular symmetry about the origin, then there are two real
numbers a and b, with 0 < a < b, such that K ={A € C:a < |\ < b}.

Theorem 2.86. For an arbitrary unilateral weighted right shift T on
£,(N) we have o(T) = D(0,7(T)).

Proof We know by Theorem 2.82 that o(T) is connected and contains the
closed disc D(0,4(T)). Since, by part (i) of Remark 2.85 o(T") is circularly
symmetric about the origin, from part (ii) of the same Remark we deduce
that o(T") is the whole closed disc D(0,r(T)). .

Remark 2.87. Theorem 2.54 shows that the approximate point spectrum
is located in the annulus A(T). For an arbitrary unilateral weighted right
shift we can say more. In fact, in this case

oup(T) = (A€ C:(T) < A < r(T)}.

For a proof of this result we refer to Proposition 1.6.15 of Laursen and
Neumann [214].

It is easily seen that the adjoint of an unilateral weighted right shift T’
is the unilateral weighted left shift on £9(N) defined by:

o0
Tz = anxn+1en for all & := (z,,)nen € ¢1(N),
n=1

where, as usual, 1 + 1 = 1, and ¢4(N) is canonically identified with the dual

(P(N))* of P(N). Finally, from Corollary 2.57 we deduce that T* does not
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have SVEP whenever i(T") > 0.

To investigate more precisely the question of the SVEP for T* we intro-
duce the following quantity:
1/n

e(T) := lim inf(w; -+ - wy)

It is clear that i(T) < ¢(T) < r(T).
The next result shows that every unilateral weighted right shift on ¢P(N)
has the SVEP and gives a precise description of the SVEP for T*.

Theorem 2.88. Let T be an unilateral weighted right shift on ¢P(N) for
some 1 < p < oco. Then T* has the SVEP at a point \ € C precisely when
|A| > e(T). In particular, T* has the SVEP if and only if ¢(T) = 0.

Proof By the classical formula for the radius of convergence of a vector-
valued power series we see that the series

> e )\n—l
FO) = = —
n:1 wl ... wn—l

converges in ¢9(N) for every |A| < ¢(T'). Moreover, this series defines an
analytic function f on the open disc D(0, ¢(T)).

Clearly

M =T*)f(A\) =0 for all A € D(0,¢(T)),

and hence Z(T*) C D(0, ¢(T)).

On the other hand, it is not difficult to check that 7 has no eigenvalues
outside the closed disc D(0,¢(T)). This implies that T* has the SVEP at
every point A for which |A| > ¢(T), so the proof is complete. .

The preceding result has a certain interest, since for every triple of real
numbers 7, ¢, and r for which 0 <1 < ¢ < r it is possible to find a weighted
right shift 7" on ¢P(N) for which i(T') =4, ¢(T) = cand r(T') = r. The details
for the construction of the sequences {wy, }nen for which the corresponding
weighted right shift 7" has these properties are outlined in Shields [297].

It is clear that for every weighted right shift operator T on ¢P(N) we
have e; € ker T* NT**°(X), so N°°(T*) N T**°(X) is non-trivial. On the
other hand, if we consider a weighted right shift 7" such that ¢(7T") = 0 then
by Theorem 2.88 T* has the SVEP at 0 whilst N'°°(T*) N T**°(X) # {0}.
This observation illustrates that the implication established in Corollary
2.26 cannot be reversed in general.

The next result shows that also the converse of the implications provided
in Theorem 2.33 and Theorem 2.36 fails to be true in general.

Theorem 2.89. Let 1 < p < oo arbitrarily given and let T be a weighted
right shift operator on ¢P(N) with weight sequence w := (wp)nen. Then:

(i) Ho(T) + T(X) is norm dense in P(N) if and only if

(53) lim sup(wy - - .wn)l/n =0;
n—oo
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(ii) T* has the SVEP at 0 if and only if

lim inf(w; - - wy) /™ = 0.
n—oo

Proof By Theorem 2.88 we need only to prove the equivalence (i). Since
IT"ei|| =w1- - wy forallneN,

the equality (53) holds precisely when e; € Hy(T'). From this it follows that
(53) implies that the sum Hy(T) + T(X) is norm dense in ¢?(N) because
en € T(X) for all n > 2.

Conversely, suppose that Ho(7T') +T(X) is norm dense in ¢P(N), and for
every k € N choose u € Ho(T) and v, € T(X) such that up + vy, — €1 as
k — oo. Let P denote the projection on ¢P(N) defined by

Pz :=mxe; for every z := (n)nen € P(N).

It is clear that P vanishes on T'(X) and leaves Hy(T') invariant. Moreover,
the subspace Hy(T)NT'(X) is closed, since its dimension is at most 1. Finally,
P(up +vg) — Pey =e;  as k — oo,
so that e; € Hy(T), which concludes the proof. .

Every weighted right shift operator T on £P(N) is injective, thus N°°(T') =
{0}. Moreover, T>°(¢?(N)) = {0}, and consequently K(T) = {0}. From this
it follows that for these operators the implications provided in Corollary 2.34

and the implications provided in Corollary 2.37 are considerably weaker than
those provided in Theorem 2.33 and Theorem 2.36.

We conclude this section with a brief discussion on the SVEP for bi-
lateral weighted right shift operators. Given a two-sided bounded sequence
w := {wp }ney of strictly positive real numbers, the corresponding bilateral
weighted right shift operator on P(Z), for 1 < p < oo, is defined by

Tz = (Wp—1Tn-1)nez for all z = (zp)nez € P (Z).

Contrary the unilateral case, a bilateral weighted right shift 7" may admit
eigenvalues. In fact, we shall see that T need not have SVEP. To see that,
first we define the following bilateral sequence:

Qo =1, ap:=w, - wn_1, and a_p:=WwW_p- - W_1,
for all n € N. Define

(T = lim infas,/”  and dH(T):= lim supai,'/™

n—oo n—oo

Theorem 2.90. Let T be a bilateral weighted right shift on ¢P(Z) for
some 1 <p<oo. Then

(54) E(T)={NeC:d"(T) < |\ <c (T)}.
In particular, T has the SVEP precisely when ¢~ (T) < d*(T).
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Proof Suppose that A is an eigenvalue of T" and consider a corresponding
non-zero eigenvector x € (P(Z). A simple computation shows that A # 0
and that the equations

To O ro A"
and z_, =
A a_n
hold for every n € N. From z € (P(Z) it then follows that d*(T) < |\ <

¢ (T)}. On the other hand, if d*(T) < ¢ (T')} we can define the analytic
function

Ty =

e, Ze_n A
n n —n n
=2 S
for all A € C with d*(T) < |\ < ¢ (T). Proceeding as in the proof of
Theorem 2.89, the classical formula for the radius of convergence of a series
guarantees that the equation

(M —T)f(A\) =0 holds for all d™(T) < |\ <c (1)},
which shows the identity (2.90).

The last assertion is obvious. n

The following result establishes the SVEP for the dual of the bilateral
weighted right shift on 2(Z).

Theorem 2.91. For every bilateral weighted right shift on (P(Z), 1 <
p < o0, the following properties hold:

() E(T*)={ eC:d (T) <N <c"(T)};

(ii) T* has the SVEP if and only if ¢™(T) < d~(T);

(iii) At least one of the operators T or T has the SVEP.
Proof 1t is clear that the adjoint of T is bilateral weighted left shift on
t4(Z), defined by

Tz := (wn®nt1)nez  for all x = (xy,)nez € L4(Z),
where, as usual, — + — = 1. Moreover, if we choose
p

W= (w_p-1)nez and Sz :=(T_p)nez
for all z = (zy)nez € ¢9(Z), it follows that
(ST*S)x = (wn—1%n—1)nez for all x = (xy)ney € L4(Z).
This shows that 7™ is similar to the bilateral weighted right shift on ¢7(Z)

with weight sequence @. In the sense of the right shift representation of T,
we obtain the identities

ET)=cF(T)  and dH(T*) = dT(T),
because a,, = a_, for all n € Z. From Theorem 2.90 we then conclude that

the assertion (i) is valid.
The assertion (ii) is clear from (i).
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To prove (iii) assume that both T" and T* fail to have the SVEP. Then
the preceding results entail that d*(T) < ¢ (T') and d~(T) < ¢"(T). But
this is an obvious contradiction because ¢~ (T') < d~(T) and ¢™(T) < d*(T).

Tt should be noted that in part (iii) of the preceding theorem it is possible
that both T" and T* have the SVEP . In fact, there are several examples of
bilateral weighted shift which are decomposable and for these operators, as
remarked before, both T" and T have the SVEP.

5.1. Comments. A modern and extensive treatment of the role of the
local spectral subspaces in theory of spectral decomposition may be found
in the recent monograph of Laursen and Neumann [214]. This book also
provides a large variety of examples and applications to several concrete
cases. The local decomposition property given in Theorem 2.17 dates back
to Radjabalipour [269], whilst the characterization of the analytical core of
an operator given in Theorem 2.18 is owed to Vrbova [313] and Mbekhta
[227].

The concept of glocal spectral subspace dates back to the early days
of local spectral theory, see Bishop [70]. However, the precise relationship
between local spectral subspaces and glocal spectral subspaces has been es-
tablished, together with some other basic property, only recently by Laursen
and Neumann [212] and [213]. Theorem 2.20 is owed to L. Miller and Neu-
mann [236], see also Laursen [201]. The equality Ho(T) = X7 ({0} for an
operator having the SVEP may be also found in Mbekhta [227].

The counter example of the bilateral right shift on Hilbert space of all for-
mal Laurent series is owed to Aiena, L. Miller, and Neumann [30]. Note that
this counter example, which shows that the condition K(T) N Ho(T) = {0}
does not characterize the SVEP at 0, corrects a claim made in Theorem 1.4
of Mbekhta [229].

The localized SVEP at a point has been introduced by Finch [115]. The
characterization of the SVEP at a single point A\¢ given in Theorem 2.22 is
taken from Aiena and Monsalve [31], whilst the classical result of Corollary
2.24 is owed to Finch [115].

Except for Theorem 2.27 and Corollary 2.28, owed to Mbekhta [229],
the source of the results of the second section is essentially that of Aiena,
T.L. Miller and Neumann [30], and Aiena, Colasante, and Gonzdlez [16].
Also the spectral mapping result of Theorem 2.39, as well as all the material
on isometries, Toeplitz operators, and shift operators is taken from Aiena,
T.L. Miller, and Neumann [30], see also V.G. Miller, T.L. Miller and Neu-
mann [239].

The relations between the local spectrum and the surjectivity spectrum
established in Theorem 2.43 are taken from Laursen and Vrbovd [215] and
Vrbovd [313]. The propertty of a decomposable operator the aproximate
point spectrum being the entire spectrum dates back to Colojoara and Foiag
[83]. Theorem 2.49 and the alternative for the SVEP on the components of
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the semi-regular resolvent established in Theorem 2.51 are from Aiena and
Monsalve [31].

The concept of algebraic spectral subspace was first introduced by John-
son and Sinclair [178]. This concept has been revisited by several authors,
but the definition considered in this book was first given by Laursen and
Neumann [209]. The material developed here, in the section of the algebraic
spectral subspaces, is part of [200], whilst the results of the section on local
spectral subspaces are mostly contained in Laursen [200] and Laursen and
Vrbovd [215]. Further informations on algebraic and divisible subspaces
may be found in Bade, Curtis, and Laursen [54].

The property (C) was introduced by Dunford and plays a large role in
the development of theory of spectral operators. In the book by Dunford
and Schwartz [97] the property (C) was one of the three basic conditions
used in the abstract characterization of spectral operators, and another was
the SVEP. Note that it has been observed only recently, by Laursen and
Neumann [212], that the SVEP is actually a consequence of the property
(©). ,

Theorem 2.73 extends to semi-regular operators a result of O Searcéid
and West [253], which showed that the hyper-range of a semi-regular semi-
Fredholm operator is the intersection of neighbouring ranges. The more
general case, here established in Theorem 2.73, is obtained by adapting to
the local spectral language previous results of Goldman and Krackovskii
[143], and Forster [116] .

The final results on algebraic spectral subspaces are owed to Laursen
[200]. For more results on algebraic spectral subspaces see also Pték and
Vrbovéa [267].






CHAPTER 3

The SVEP and Fredholm theory

An operator which does not have the single-valued extension property
hides in its spectrum a pathology which does not permit the construction of
a satisfactory spectral theory. For this reason it is useful to find conditions
for an operator which ensure that this property is satisfied.

In the first part of this chapter we shall see that some of these con-
ditions are related to the finiteness of some classical quantities associated
with an operator 1. These quantities, such as the ascent, and the descent
of an operator are defined in the first section and are the basic bricks in the
construction of one of the most important branches of spectral theory, the
theory of Fredholm operators.

In the preceeding chapter we have exhibited a variety of conditions which
imply the SVEP at a point A\g € C. In this chapter we shall see that for semi-
Fredholm operators, or more generally for operators of Kato type, all these
conditions are actually equivalent to the SVEP at Ag. These equivalences
also show how deeply Fredholm theory and local spectral theory interact.

In fact, many classical results of Fredholm theory may be explained in
terms of the SVEP, for instance the classification of the connected open
components €2 of the semi-Fredholm resolvent ps(7') := C\ o¢(T"), or more
generally of the Kato type of resolvent py(T), is a consequence of the SVEP
at a point Ay € Q implying the SVEP at every point of . Since this clas-
sification is established in the more general framework of the Kato type of
operators, these results subsume some classical results contained in standard
texts on Fredholm theory, such as Kato’s book [182] or Heuser’s book [159].

The SVEP at a point for operators of Kato type may be also character-
ized by means of the approximate point spectrum, to be precise, if \ogI — T
is of Kato type then T has the SVEP at a point Ay precisely when the ap-
proximate point spectrum o,p,(7) does not cluster at Ag. Dually, 7 has the
SVEP at A\ precisely when the surjectivity spectrum o, (7T") does not cluster
at A\g. These two properties lead to many results on the cluster points of
some distinguished parts of the spectrum.

In the fifth section we shall study some spectra originating from the clas-
sical Fredholm theory, the semi-Browder spectra and the Browder spectrum,
defined by means of the ascent and the descent, and the Weyl spectrum.
We establish some characterizations of these spectra as the intersection of
spectra of compact perturbations, as well as of compressions. The more
remarkable result of this section shows that a classical result on the spectral
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theory of normal operators on Hilbert spaces may be extended to the more
general case of operators 1" having the SVEP together with its adjoint T™.
In fact, the Browder spectrum and the Weyl spectrum coincide when T' or
T* has the SVEP, and coincide with the Fredholm spectrum o¢(7T') if T and
T™* have both the SVEP.

The Riesz functional calculus yields for an analytic function f defined
on an open subset containing the spectrum an operator f(T") € L(X). The
classical spectral mapping theorem asserts that f(o(T)) = o(f(T)) and a
natural question is whether a similar result holds for distinguished parts
of the spectrum. We shall prove the spectral mapping theorem for many
of the spectra mentioned above and, in particular, we shall show, via the
local spectral theory, that the spectral mapping theorem holds for the semi-
Browder spectra and the Browder spectrum.

An interesting situation is obtained when the two subspaces K (Aol —T)
and Hy(M\gI —T) are relative to an isolated point Ag of the spectrum (7). In
this case we establish a very illuminating description of these two subspaces.
Indeed, they coincide with the kernel and the range of the spectral projec-
tion associated with A\, respectively. These properties lead to a very simple
characterization of the poles of the resolvent in terms of the single-valued
extension property at Ag . Moreover, these characterizations are useful tools
for studyng some important classes of operators: the class of operators which
satisfy Weyl’s theorem and the class of all Riesz operators.

The last section of the chapter is devoted to operators T € L(X) hav-
ing hyper-range 7°°(X) = {0}. In particular, the results obtained apply to
isometries and give useful information about the spectra of these operators.

1. Ascent, descent, and the SVEP

We have already seen that the kernels and the ranges of the iterates of
a linear operator T', defined on a vector space X, form two increasing and
decreasing chains, respectively. In this section we shall consider operators
for which one, or both, of these chains becomes constant at some n € N.

Definition 3.1. Given a linear operator T on a vector space X, T is
said to have finite ascent if N°°(T) = ker T* for some positive integer k.
Clearly, in such a case there is a smallest positive integer p = p(T) such that
ker TP = ker TPH1. The positive integer p is called the ascent of T'. If there
is no such integer we set p(T) := co. Analogously, T is said to have finite
descent if T>°(X) = T*(X) for some k. The smallest integer ¢ = q(T) such
that T (X) = T9(X) is called the descent of T. If there is no such integer
we set q(T') 1= oo.

Clearly p(T) = 0 if and only if T is injective and ¢(T) = 0 if and
only if T" is surjective. The classical Riesz—Schauder theory asserts that
p(AMl —=T) = g\l = T) < oo for every compact operator T' on a Banach
space X, see Heuser [159, Chapter VI.
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The following lemma establishes useful and simple charaterizations of
finite ascent and finite descent.

Lemma 3.2. Let T be a linear operator on a vector space X. For a
naturalm € Z4, the following assertions hold:

(i) p(T) < m < oo if and only if for every n € N we have T™(X) N
ker T" = {0};

(ii) ¢(T) < m < oo if and only if for every n € N there exists a subspace
Y, CkerT™ such that X =Y, & T™(X).

Proof (i) Suppose p(T)) < m < oo and n any natural number. Consider an
element y € T™(X) Nker T™. Then there exists © € X such that y = T™x
and T"y = 0. From that we obtain 7™z = T"y = 0 and therefore
x € ker T = ker T™. Hence y = T™x = 0.

Conversely, suppose T™(X) Nker T™ = {0} for some natural m and let
x € ker T, Then T™z € ker T and therefore

T"x e T™(X)Nker T CT™(X)Nker T" = {0}.

Hence = € ker T™. We have shown that ker 7™t C ker T™. Since the
opposite inclusion is verified for all operators we conclude that ker T™ =
ker 7™+,

(ii) Let ¢ := ¢(T) < m < oo and Y be a complementary subspace to
T™(X) in X. Let {x; : j € J} be a basis of Y. For every element z; of
the basis there exists, since T9(Y) C T9(X) = T9""(X), an element y; € X
such that T%; = T7"y;. Set z; := x; — T}. Then

T%; = T2; — T "y; = 0.

From this it follows that the linear subspace Y,, generated by the elements
zj is contained in ker T and a fortior:i in ker T™. From the decomposition
X =Y @ T™(X) we obtain for every 2 € X a representation of the form

=Y Naj+Ty=> Nz +T"y) + Ty => Nz + 1"z,
jeJ jeJ jeJ
so X =Y, +T"(X). We show that this sum is direct. Indeed, suppose that
z €Y,NT"(X). Then x =}, ; pjzj = T"v for some v € X, and therefore

dowiwg =y Ty + T € T(X).

jeJ jeJ
From the decomposition X =Y & T"(X) we then obtain that p; = 0 for all
j € J and hence x = 0. Therefore Y,, is a complement of 7" (X) contained

in ker T™. Conversely, if for n € N the subspace T"(X) has a complement
Y, C kerT™ then

Tm(X) — Tm(Yn) + Tm+n(X) — Tm+n(X),
and therefore q(T') < m. .
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Theorem 3.3. If both p(T) and q(T) are finite then p(T) = q(T).

Proof Set p := p(T) and ¢ := ¢(T). Assume first that p < ¢, so that
the inclusion T9(X) C TP(X) holds. Obviously we may assume g > 0.
From part (ii) of Lemma 3.2 we have X = ker 77+ T%(X), so every element
y:=TP(x) € TP(X) admits the decomposition y = z+T%w, with z € ker TY.
From z = TPx — T9w € T7(X) we then obtain that z € kerT9 N T9(X)
and hence the last intersection is {0} by part (i) of Lemma 3.2. Therefore
y =T%w € T9(X) and this shows the equality TP(X) = T9(X), from whence
we obtain p > ¢, so that p = gq.

Assume now that ¢ < p and p > 0, so that ker T? C ker T?. From part
(ii) of Lemma 3.2 we have X = ker T9+TP(X), so that an arbitrary element
x of ker TP admits the representation x = u + TPv, with v € ker T?. From
TPx = TPy = 0 it then follows that T?Pv = 0, so that v € ker 7% = ker T7.
Hence TPv = 0 and consequently x = u € ker T9. This shows that ker TY =
ker TP, hence q > p. Therefore p = q. .

Let A(X) denote the set of all linear operators on vector space X for
which the nullity «(T") and 3(T') are both finite. We recall that for every
T € A(X), the index of T, defined by

ind T := o(T) — B(T),
satisfies the basic index theorem:
ind (T'S) =ind T +ind S for all T, S € A(X),
see Theorem 23.1 of Heuser [159].

In the next theorem we establish the basic relationships between the
quantities «(T), 8(T), p(T) and ¢(T).

Theorem 3.4. If T is a linear operator on a vector space X then the
following properties hold:

(i) If p(T') < oo then a(T) < B(T);

(i) If ¢(T) < o0 then B(T) < a(T);

(iii) If p(T) = q(T') < oo then a(T) = B(T) (possibly infinite);

(iv) If a(T) = B(T) < oo and if either p(T) or q(T) is finite then
p(T) = q(T).
Proof (i) Let p := p(T) < co. Obviously if 3(T') = oo there is nothing to
prove. Assume that G(T) < oo. It is easy to check that also G(7™) is finite.
By Lemma 3.2, part (i), we have ker T N T?(X) = {0} and this implies that
a(T) < oo. From the index theorem we obtain for all n > p the following
equality:

n-ind T =ind T" = «(T?) — B(T™).

Now suppose that ¢ := ¢(T) < co. For all integers n > max{p, ¢} the
quantity n - ind T = «(TP) — S(TP) is then constant, so that ind T" = 0,
a(T) = B(T). Consider the other case ¢ = co. Then (T™) — 0 as n — oo,
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so n - ind T eventually becomes negative, and hence ind 7' < 0. Therefore
in this case we have «(T) < (7).

(ii) Let ¢ := ¢(T) < oco. Also here we can assume that o(7) < oo,
otherwise there is nothing to prove. Consequently, as is easy to check, also
B(T") < oo and by part (ii) of Lemma 3.2 X =Y & T(X) with Y C ker T.
From this it follows that 5(7) = dim Y < «(T7) < oco. If we use, with
appropriate changes, the index argument used in the proof of part (i) then
we obtain that 3(T) = «(T) if p(T') < 00, and B(T") < a(T) if p(T') = 0.

(iii) It is clear from part (i) and part (ii).

(iv) This is an immediate consequence of the equality a(T™) — B(T™") =
ind 7" =n-ind T = 0, valid for every n € N. .

The finiteness of p(T) or ¢(T') has also some remarkable consequences
on T| T*(X), the restriction of T on T°°(X). Recall that the hyper-range
T>°(X) is a T-invariant subspace of X.

Theorem 3.5. Let T be a linear operator on the vector space X. We
have:
(i) If either p(T) or q(T) is finite then T |T°°(X) is surjective. To be
precise
T*(X) = C(T),
where, as usual, C(T) denotes the algebraic core of T';
(i) If either o(T) < oo or B(T) < oo then

p(T) < 0o & T|T(X) is injective.

Proof (i) The assertion follows immediately from Lemma 1.9 because if
p=p(T) < oo then by Lemma 3.2

ker TNTP(X) =ker TNTPYF(X) for all integers k > 0;
whilst if ¢ = ¢(T") < oo then
ker TNTYX) =ker TNTY*(X) for all integers k > 0.

(i) Assume that p(T") < oco. We have C(T') = T°°(X) and hence
T(T>*(X)) = T*(X). Let T := T|T*°(X). Then T is surjective, thus

q(T) = 0. From our assumption and from the equality ker T" = ker T" N

T>°(X) we also obtain p(T) < co. From part (iii) of Theorem 3.4 we con-
clude that p(T) = ¢(T) = 0, and therefore the restriction 7' is injective.
Conversely, if T is injective then ker T N T (X) = {0}. By assumption
a(T) < 0o or B(T) < oo, and this implies (see the proof of Theorem 1.10)
that ker TNT™(X) = {0} for some positive integer n. By Lemma 3.2 it then

follows that p(T") < co. .

The finiteness of the ascent and the descent of a linear operator T is
related to a certain decomposition of X.
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Theorem 3.6. Suppose that T is a linear operator on a vector space X .
Ifp=p(T) =q(T) < 0o then we have the decomposition

X = TP(X) @ ker TP.

Conversely, if for a natural number m we have the decomposition X =
T™(X) @ ker T™ then p(T) = q(T) < m. In this case T|TP(X) is bijective.

Proof If p < oo and we may assume that p > 0, then the decomposition
X = TP(X) & ker TP immediately follows from Lemma 3.2. Conversely,
it X =T™(X) @ ker T™ for some m € N then p(T),q(T) < m, again by
Lemma 3.2, and hence p(T') = ¢(T") < oo by Theorem 3.3.

To verify the last assertion observe that 7°°(X) = TP(X), so from The-
orem 3.5 T := T|T?(X) is onto. On the other hand, ker T C ker T C ker T?,
but also ker T C TP(X), so the decomposition X = TP(X) @ ker TP entails
that ker T = {0}. .

Remark 3.7. The following statements establish some other basic rela-
tionships between the ascent and the descent of a bounded operator T €
L(X) on a Banach space X in the case of semi-Fredholm operators.

(a) If T' € &4 (X) then the chain lengths of T" and its dual T are related
by the equalities p(T*) = ¢(T) and p(T) = q(T*). This can be easily seen,
because if T € $4(X) then T" € ¢, (X), and hence the range of T is closed
for all n. Analogously, also T*" has closed range, and therefore for every
n €N,

ker T"* = T"(X)%, ker T" =1 T"*(X*) =1 T*"(X™).

Obviously these equalities imply that p(T*) = ¢(T') and p(T) = ¢(T™*). Note
that these equalities hold in the Hilbert space sense: in the case of Hilbert
space operators T € @4 (H) the equalities p(T*) = ¢(T) and p(T) = ¢(T™*)
hold for the adjoint T*.

(b) The chain lengths of (Al — T') are intimately related to the poles of
the resolvent R(\,T). In fact,

Mo € 0(T) isapoleof RIAT) ©0<phol =T)=q(hl —-T) < 0.

Moreover, if p := p(AI — T) = q(MoI — T) then p is the order of the pole,
every pole Ag € o(T) is an eigenvalue of T', and if P, is the spectral projection
associated with {Ag} then

P()(X) = ker ()\OI - T)p, ker P() = ()\0[ - T)p(X),
see Heuser [159, Proposition 50.2].
(¢) If Ag € o(T) then A\gI —T is a Fredholm operator having both ascent
and descent finite if and only if \g is an isolated spectral point of T' and the

corresponding spectral projection P is finite-dimensional, see Heuser [159,
Proposition 50.3].

The following theorem establishes a first relationship between the ascent
and the descent of \o/ — T and the SVEP at \g € C.
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Theorem 3.8. For a bounded operator T on a Banach space X and
Ao € C, the following implications hold:

pMNol —T)<oo = NN —-T)N (NI —-T)®(X)=1{0}
= T has the SVEP at )y,
and
qMIl —T) <o = X =N NI-T)+ Nl —-T)°(X)
= T* has the SVEP at \g.
Proof There is no loss of generality in assuming Ag = 0.
Assume that p := p(T) < co. Then N*°(T) = ker TP, and therefore
from Lemma 3.2 we obtain that
N®(T)NT>®(X) Cker TP NTP(X) = {0}.

From Theorem 2.22 we then conclude that T has the SVEP at 0.
To show the second chain of implications suppose that ¢ := ¢(T) < co.
Then T°°(X) =T?%(X) and

(55)  N(T) + T(X) = N*°(T) + T9(X) 2 ker T + T9(X).

Now, the condition ¢ = ¢(T') < oo yields that T%(X) = T9(X), so
for every element x € X there exists y € T9(X) such that T% = T9(x).
Obviously  — y € ker 7Y, and therefore X = kerT? + T9(X). From the
inclusion (55) we conclude that X = N°°(T) + T°°(X), and therefore by
Corollary 2.34 T™* has the SVEP at 0. .

The previous theorem indicates that the two notions of ascent and de-
scent are quite useful for establishing the SVEP for some important classes
of operators.

It is well known that if T" is a normal operator on a Hilbert space H
then

H=ker(AM-T)® (M —T)(H) forevery A € C,
(see [159, Proposition 70.3]), so by Lemma 3.2 we have for these operators
(56) p(AM—=T) <1 forall AeC.

Consequently, every normal operator on a complex Hilbert space has the
SVEP. Later we shall see that the condition (56) is also satisfied for every
multiplier of a semi-prime Banach algebra.

The next example shows that the condition (56) is satisfied by classes of
operators strictly larger than the class of all normal operators.

Example 3.9. A bounded operator T' on a Banach space is said to be
paranormal if
|Tz|? < ||T%x||||z]| forallz e X .
It is easy to see that every paranormal operator T is normaloid, in the
sense that r(T) = ||T||, where r(T) is the spectral radius of T, or, equiva-
lently, || 77| = ||T||"* for every n € N. Obviously, if T' is paranormal then
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the restriction of T to every closed invariant subspace is also paranormal,
so T is spectrally normaloid in the sense of Heuser [159, §54].

An operator T on a Banach space X is said to be totally paranormal if
Al — T is paranormal for every A € C. Examples of totally paranormal op-
erators are all the operators T on a Hilbert space H which are hyponormal.
Recall that T € L(H) is said to be hyponormal if

|T*z|| < ||Tx| for every z € H.
Now, if T" is hyponormal then
|Tx|* = (T*Ta,z) < |T*Tx||lx| < |||l for all x € H,

so T is paranormal. Clearly T is totally paranormal, since every operator T’
is hyponormal if and only if Al — T is hyponormal for every A\ € C.

It is immediate from the definition that every totally paranormal oper-
ator has ascent p(AI — T') < 1 for every A € C, so these operators have the
SVEP. The SVEP of a totally paranormal operator T' is also consequence
of Theorem 2.31, once noted that for these operators we have

Ho(M —T) =ker(A\] —T) forall A eC.

To show this observe first that if T is totally paranormal then for every
z € X and X\ € C we have

(AL = T)"z|"/™ > ||(A\] = T)z|| for all n € N.

If 2 € Ho(AM — T) then ||(\] — T)"z||/™ — 0 as n — oo, and consequently
(M —T)x =0, so Hy(AM —T') C ker(A\ — T'). Since the reverse inclusion is
always true for every operator it follows that Ho(A — T) = ker(A — T).

It should be noted that every totally paranormal operator has the prop-
erty (C), see Laursen [201].

Example 3.10. Other examples of operators 1" for which the condition
p(AM —T) < oo is verified for all A € C, and hence that have the SVEP, may
be found amongst the class Py(X) of operators on a Banach space X which
satisfy a polynomial growth condition. An operator T satisfies this condition
if there exists a K > 0, and a § > 0 for which

(57) lexp(iXT)|| < K(1+ [A]°) for all A € R,

Examples of operators which satisfy a polynomial growth condition are
Hermitian operators on Hilbert spaces, nilpotent and projection operators,
algebraic operators with real spectra, see Barnes [61] .

In Laursen and Neumann [214, Theorem 1.5.19] it is shown that P,(X)
coincides with the class of all generalized scalar operators having real spec-
tra, see also Colojoard and Foiag [83, Theorem 5.4.5].

To show the condition (56) we first note that the polynomial growth con-
dition may be reformulated as follows: T' € Py(X) if and only if o(7') C R
and there is a constant K > 0 and a ¢ > 0 such that

(58) (M —=T)7Y| < K(1+|Im A% for all A € C with Im X\ # 0,
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see Theorem 1.5.19 of Laursen and Neumann [214], or Barnes [61].
We claim that if T' € Py(X) and ¢ :=Im A > 0 then

(59) M —T) = —i / (M e=itT gy
0

Indeed, for every s > 0,

i T) /s ATt g4 — /S d (ei()\I—T)t) dt = ¢ M-T)s _ .
0 0 dt
From the estimates

”ei()\I—T)s” — €—cs”e—isT” < K6_05(1+85),

it follows that ||e’*~T)%|| — 0 as s — oco. From this we obtain that
oo
i\ —T) / M= qp = 7,
0

from which the equality (59) follows.

Now, in order to establish the finiteness of p(AI—T') we may only consider
the case A € o(T'). Of course, there is no loss of generality if we assume
A=0.If § is as in (58), put m := [0] + 1. Then

lim (it)™(it] — T)~* = 0.

Jim (&)™ (2 )

Suppose p(T") > m. Choose z € X and f € X* such that
Ty =0, Tmz#0, and f(T™z)=1.

Define a linear continuous functional ¢ on the Banach space L(X) by
the assignment

o(T) := f(Tx) for every T € L(X).
From (59) we have for all ¢ > 0

o0
(it —T)™! = —i/ e~ el qy
0

and therefore, for all ¢ > 0,

(it = T) ) = —i /000 et (Z (_:j)n ¢(Tn)> dz.
n=0 :

Clearly ¢(T") = f(T™x) = 0 for all n > m, so for every t > 0 we have

)" p((itI —=T)7") = =)™y _n—z'” lz x”em]
n=0 0

— (41!

+ { terms involving non-negative powers of t}.
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This shows that (it)™¢((it — T)~!) does not converge at 0 as t — 0%, a
contradiction. Hence p(AI —T) < m for every A € C .

It is easy to see that if T' € Py(X) and (Aol — T')(X) has closed range
for some Ao € C then also g(A\oI — T') is finite. In fact, if T € Py(X) then
T* € P(X*), so p:=p(AI — T) < co. This means that

ker(Agl — T*)P = ker(A\oI — T*)PT*
for every k € N, and hence
(Ml —T)P(X) = (Nl —T)PtF(X), keN.

Finally, if (Ao — T)(X) is closed then (Aol — T)*(X) is closed for every
k=0,1,---, thus g(A\I — T) < co. It follows from part (c) of Remark 3.7
that if A\g € o(7T) is such that Aol — T has a closed range then ) is a pole
of the resolvent R(\,T) = (A — T)~L.

The next example shows that T' may have the SVEP, although the point
spectrum o, (7) is non empty.

Example 3.11. Let € denote a compact subset of C with a non-empty
interior. Let X := B()) denote the Banach space of all bounded complex-
valued functions on €2 and consider the operator T': X — X defined by the
assignment

(TfYA) :==Af(A) forall fe X and X € Q.

It is easy to see that p(ul —T') is less than or equal to 1 for every p € C,
so T has the SVEP. Clearly 0,(T) =Q # @ .

As we observed in Theorem 5.4 and Theorem 2.31, each one of the two
conditions p(Agl —T') < oo or Ho(Nol —T') closed implies the SVEP at \g. In
general these two conditions are not related. Indeed, the operator T' defined
in Example 2.32 has its quasi-nilpotent part Ho(7T') not closed whilst, being
T injective, p(T) = 0.

In the following example we find an operator T" which has a closed quasi-
nilpotent part but ascent p(T') = co.

Example 3.12. Let T : /2(N) — ¢2(N) be defined

Tr:= (%, e ﬁ, .. ) , where 2 = (z,,) € /*(N).
n
It is easily seen that
1
| T = m for every £k =0,1,...

and from this it easily follows that the operator T is quasi-nilpotent and
therefore Ho(T') = ¢*(N) by Theorem 1.68. Obviously p(T) = co.

Note that the operator T' above shows that the reverse of the implication

p(AI —T) < oo =T hasthe SVEP at )
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established in Theorem 5.4 generally is not true. In fact, T has the SVEP
at 0 since T' is quasi-nilpotent, and p(T") = cc.

2. The SVEP for operators of Kato type

In this section we shall characterize the SVEP at a point Ay € C in
the cases of operators of Kato type. In fact, we shall see that most of the
conditions which ensure the SVEP at a point Ay, established in Chapter 2
and in the previous section, are actually equivalences.

Recall that if A\gI — T is of Kato type then also A\gl* — T™* is of Kato
type. More precisely, the pair (N, M+) is a GKD for \oI* — T* with
MoI* — T*|N* semi-regular and A\oI* — T*| M~ nilpotent.

Lemma 3.13. Suppose that \oI — T has a GKD (M,N). Then
Mol — T|M is surjective < AoI* — T*|N+is injective.

Proof We can assume \g = 0. Suppose first that T'(M) = M and consider
an arbitrary element z* € ker T*| N+ = ker T* N N+. For every m € M then
there exists m’ € M such that Tm’ = m. Then we have
#*(m) = 2*(Tn') = (T"&*)(m') = 0,

and therefore 2* € M+ N N+ = {0}.

Conversely, suppose that T'|M is not onto, i.e., T(M) C M and T(M) #
M. By assumption T'(M) is closed, since T|M is semi-regular, and hence
via the Hahn-Banach theorem there exists z* € X* such that z* € T(M)~+
and z* ¢ M.

Now, from the decomposition X* = N1+ @ M~' we have z* = n* + m*
for some n* € N+ and m* € M+. For every m € M we obtain

T*n*(m) = n*(Tm) = 2*(T'm) — m*(T'm) = 0.

Hence T*n* € Nt N M+ = {0}, and therefore 0 # n* € ker T* N N*. .

The first result shows that the SVEP at Ay of a bounded operator which
admits a GKD (M, N) depends essentially on the behavior of \gI — T on
the first subspace M.

Theorem 3.14. Suppose that \oI —T € L(X) admits a GKD (M, N).
Then the following assertions are equivalent:
(i) T has the SVEP at X\o;
i) T |M has the SVEP at \o;
iii) (ANl —T) |M is injective;
iV) HQ()\()[ - T) == N,'
v) Ho(AoI —T) is closed;
Vi) H()()\()I - T) N K()\QI - T) = {0},
vii) Ho(Mol —T)N K (NI —T) is closed.
In particular, if \oI — T is semi-regular then the conditions (1)—(vii) are
equivalent to the following statement:

o~ o~~~ o~ o~
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(viil) Ho(XoI — T) = {0}.

Proof Also here we shall consider the particular case Ay = 0.
The implication (i) = (ii) is clear, since the SVEP at 0 of T' is inherited
by the restrictions on every closed invariant subspaces.

(ii) = (iii) T|M is semi-regular, so by Theorem 2.49 T'|M has the SVEP
at 0 if and only if T'|M is injective.

(iii) = (iv) If T|M is injective, from Theorem 1.70 the semi-regularity
of T|M implies that Ho(T|M) = N°>°(T|M) = {0}, and hence

Ho(T) = Ho(T|M) & Ho(T|N) = {0} & N = N.

The implications (iv) = (v) and (vi) = (vii) are obvious, whilst the
implications (v) = (vi) and (vii) = (i) have been proved in Theorem 2.31.
The last assertion is clear since the pair M := X and N := {0} is a
GKD for every semi-regular operator. .

The next result shows that if the operator \oI — T admits a generalized
Kato decomposition then all the implications of Theorem 2.33 are actually
equivalences.

Theorem 3.15. Suppose that \gI — T € L(X) admits a GKD (M, N).
Then the following assertions are equivalent:

(i) T* has SVEP at \o;

(ii) (Aol —T) |M is surjective;

(iii) KMl = T) = M;

(iv) X = Hy(MI = T) + K(M\I —T);

(v) Ho(MAI —T) + K(MNI —T) is norm dense in X.

In particular, if \oI — T is semi-reqular then the conditions (1)—(v) are
equivalent to the following statement:

(vi) K(AI —T) = X.

Proof Also we suppose Ay = 0 here.

(i) < (ii) We know that the pair (N+, M) is a GKD for T*, and hence
by Theorem 3.14 T* has SVEP at 0 if and only if T* [N' is injective. By
Lemma 3.13 T* then has the SVEP at 0 if and only if T' |M is onto.

(ii) = (iii) If T'| M is surjective then M = K(T|M) = K(T'), by Theorem
1.70.

(iii) = (iv) By assumption X = M @ N = K(T) @ N, and therefore
X = Ho(T)+ K(T), since N = Ho(T|N) C Ho(T).

The implication (iv) = (v) is obvious, whilst (v) = (i) has been estab-
lished in Theorem 2.33.

The last assertion is obvious since M := X and N := {0} provides a
GKD for T. .
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Now let us consider the case Aol — T is of Kato type. In this case, by
Theorem 1.74 and Theorem 3.15 we have

T has the SVEP at \g < N (Mol —T) N (Ao — T)>®(X) = {0}.

The next result shows that in this case to the equivalent conditions (i)—(vii)
of Theorem 3.14 we can add the condition p(Agl — T') < oo.

Theorem 3.16. Let T € L(X), X a Banach space, and assume that
Aol — T is of Kato type. Then the conditions (1)—(vii) of Theorem 3.14 are
equivalent to the following assertions:

(viii) p(Aol —T) < o0;

(ix) NNl = T) N (NI — T)>(X) = {0}.

In this case, if p := p(AoI —T) then
(60) Ho(hoI —T) = N®°(MoI — T) = ker(\oI — T)P.

Proof Here we assume also that A\g = 0.

Let (M, N) be a GKD for which T|N is nilpotent. Assume that one of
the equivalent conditions (i)—(vii) of Theorem 3.14 holds, for instance the
condition Hyo(T) = N. We also have that ker T" C N°°(T) C Hy(T) for
every n € N. On the other hand, from the nilpotency of T|N we know that
there exists a k& € N for which (T|N)* = 0. Therefore Ho(T) = N C ker T*
and hence Ho(T) = N°°(T) = ker T*. Obviously this implies that p(T) < F,
so the equivalent conditions (i)—(vii) of Theorem 3.14 imply (viii).

The implication (viii) = (ix) has been established in Theorem 5.4 and
the condition (ix) implies the SVEP at 0, again by Theorem 5.4. The equal-
ities (60) are clear because ker T* = ker TP. .

Theorem 3.17. Let Y € L(X), X a Banach space, and assume that
Mol — T is of Kato type. Then the conditions (1)—(v) of Theorem 3.15 are
equivalent to the following conditions:

(vi) g(Aol —T) < oo;
(Vii) X = NOO()\()I — T) + (Aol — T)OO(X);
(viiil) NNl = T) + (Mol — T)>®(X) is norm dense in X.
In this case, if q := q(AoI — T') then
Ml —T)®(X) =KAol —T) = (Mol —T)4(X).

Proof Assume that Ao = 0. Since T is of Kato type then K(7T') = T*°(X),
by Theorem 1.42. Suppose that one of the equivalent conditions (i)—(v) of
Theorem 3.15 holds, in particular suppose that K(T) = M. Then M =
T>°(X) C T™(X) for every n € N.

On the other hand, by assumption there exists a positive integer k such
that (T|N)* = 0, so for all n > k we have

T"(X) C TH(X) = TH(M) & T*(N) = T*(M) C M,
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and hence T"(X) = M for all n > k. Therefore ¢q(T') < oo, so (vi) is proved.
The implication (vi) = (vii) has been established in Theorem 5.4 whilst
the implication (vii) = (viii) is obvious. Finally, by Corollary 2.34 the
condition (viii) implies the SVEP at 0 for T*, which is the condition (i) of
Theorem 3.15.
The last assertion is clear since T9(X) = T*(X). .

In the next result we consider the case where Aol — T is essentially
semi-regular, namely N is finite-dimensional and M is finite-codimensional.

Theorem 3.18. Suppose that \gI — T € L(X) is a essentially semi-
regular. Then the conditions (i)—(vil) of Theorem 3.14 and the conditions
(viii)—(ix) of Theorem 3.16 are equivalent to the following condition:

(a) The quasi-nilpotent part Hy(AoI — T') is finite-dimensional.
In particular, if T has the SVEP at Ao then Aol —T € @ (X).

Again, the conditions (1)—(v) of Theorem 8.15 and the conditions (vi)—
(viii) of Theorem 8.17 are equivalent to the following condition:

(b) The analytical core K(AI — T is finite codimensional.
In particular, if T* has the SVEP at A then \gI — T € &_(X).

Proof The condition (iv) of Theorem 3.14 implies (a) and this implies the
condition (v) of Theorem 3.14. Analogously, the condition (iii) of Theorem
3.15 implies (b) whilst from (b) it follows that (Ao —T)>(X) = K(AI —T)
is finite-codimensional, see Theorem 1.42. Because (Aol —T1)*®(X) C (Aol —
T)%(X) for every ¢ € N we then may conclude that g(AoI — T') < oo, which
is the condition (vi) of Theorem 3.17.

It remains to establish that (a) implies that A\gI — T € ®4(X). Clearly
if Hy(AoI —T) is finite- dimensional then its subspace ker(AgI —T') is finite-
dimensional. Moreover, if (M, N) is a GKD for Ao — T such that N is
finite-dimensional then

(Aol = T)(X) = (Aol = T)(M) + (Aol = T)(N)

is closed since it is the sum of the closed subspace (Al — T)(M) and a
finite-dimensional subspace of X. This shows that \gI — T € ¢, (X).
Analogously, from the inclusion K(AI — T) C (Aol — T)(X) we see
that if K (Aol — T') finite codimensional then also (Aol — T)(X) is finite
codimensional, so Ao — T € &_(X). .

Corollary 3.19. Let T € L(X), X a Banach space, and suppose that
)\0[ —Te€ (I)j:(X). We have:

(i) If T has the SVEP at Ag then ind (Aol —T') < 0;
(ii) If T* has the SVEP at M\ then ind (Ao —T) > 0.

Consequently, if both the operators T and T* have the SVEP at \g then
Mol =T has indez 0.
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Proof By Theorem 3.16 if T" has the SVEP then p(Agl — T) < oo, and
hence a(MI —T) < B(AoI — T) by part (i) of Theorem 3.4. This shows
the assertion (i). The assertion (ii) follows similarly from Theorem 3.17 and
part (ii) of Theorem 3.4. The last assertion is clear. .

The following example shows that a Fredholm operator T having index
less than 0 may be without the SVEP at 0.

Example 3.20. Let R and L denote the right shift operator and the
left shift operator, respectively, on the Hilbert space H := ¢2(N), defined by

R(z) := (0,z1,22,...) and L(z):= (z2,23,...)
for all (z) := (z,,) € £2(N). Clearly
a(R)=p(L) =0 and oL)=pB(R)=1,
so L and R are Fredholm. Let e, := (0,---,0,1,0,...) € ¢*(N), where
1 is the n-th term and all others are equal to 0. It is easily seen that
ent1 € ker L™ whilst e,,1 ¢ ker L" for every n € N, so p(L) = oc.

Moreover, p(R) = 0 being R injective, and hence, since R and S are each
one the adjoint of the other,

p(L) =q(R) = o0 and ¢(L) =p(R) = 0.
Consider the operator L & R € L(H x H) defined by
(L® R)(x,y) := (Lx, Ry), with x,y € {5(N).
It is easy to verify that
alLe&R)=a(l)=1, [BL®R)=1 and p(L&R)=occ.
Analogously, if T:=L@® R® R € L(H x H x H) then
B(T)=2, oT)=«a(L)=1 and p(T)= o0,

so T is a Fredholm operator having index ind T < 0 which by Theorem 5.4
does not have the SVEP at 0.

Corollary 3.21. Let Ay € o(T) and assume that \gI — T € P4 (X).
Then the following statements are equivalent:

(i) T and T* have the SVEP at \o;

(i) X = Ho(\ol — T) & K (Mol — T);

(iii) Ho(AoI —T) is closed and K (Aol — T) is finite-codimensional;

(iv) Ao is a pole of the resolvent (NI —T) ™!, equivalently 0 < p(A\gl—T) =
q(Nol —T) < o0;

(v) Ao is an isolated point of o(T).

In particular, if any of the equivalent conditions (i)—(v) holds and p :=
p(Mol —T) = q(Aol —T) then

Ho(Mol —T) = NN — T) = ker(AoI — T,
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and
KMl —-T)= Al —-T)°(X) =Ml —T)P(X).

Proof The equivalences of (i), (ii), (iii), and (iv) are obtained by combining
all the results previously established. The implication (iv) = (v) is obvious
whilst the implication (v) = (i) is an immediate consequence of the fact
that both 7" and T™* have the SVEP at every isolated point of the spectrum
o(T) = o(T™). .

The next result shows that also the implications of Theorem 2.36 and

Corollary 2.37 are actually equivalences if we assume that Aol — T is essen-
tially semi-regular.

Theorem 3.22. Suppose that \gI — T € L(X), X a Banach space, is
essentially semi-reqular. Then T has the SVEP at Ao if and only if one of
the following conditions hold:

(¢) N®(Nol —T*) + (Mol — T*)(X™) is weak x-dense in X*;

(d) Ho(MAoI —T*) 4+ (NI — T*)(X™) is weak x-dense in X*;

(e) Ho(AoI —T*) + K(AoI —T%) is weak x-dense in X*.

Proof Assume Ao = 0. If one of the conditions (c), (d) and (e) holds then,
by Theorem 2.36 and Corollary 2.37, T has the SVEP at 0.

Conversely, suppose that T has the SVEP at 0 or, equivalently by The-
orem 2.22, that K(T') Nker T' = {0}. We know from Theorem 1.70 that if T’
is essentially semi-regular then *N°°(T*) = K(T). Since ker T = T*(X*)
we then obtain

{0} = K(T) Nker T =1 N>°(T*)n +T*(X™),

which implies via the Hahn-Banach theorem that the sum N (T*)+T*(X*)
is weak x- dense in X*.

The proof that the SVEP of T" at 0 implies each one of the conditions
(d) and (e) is similar, and therefore is omitted. .

If AgI — T is of Kato type, the SVEP at Ay is simply characterized in
terms of the approximate point spectrum as follows:

Theorem 3.23. Suppose that \gI — T, X a Banach space, is of Kato
type. Then the following statements are equivalent:

(i) T has SVEP at \o;
(ii) oap(T) does not cluster at Xo.

Proof If 0,,(T) does not cluster at Ao then 7" has the SVEP at \g, see
the observation just before Theorem 2.58. Hence we need only to prove the
implication (i) = (ii). We may suppose that \g = 0.

Assume that 7" has SVEP at 0 and let (M, N) be a GKD for T'. From
Theorem 1.44 we know that there exists € > 0 such that A\ — T is semi-
regular, and hence has closed range for every 0 < |A| < e. If D, denotes the
open disc centered at 0 with radius ¢ then A € (D, \ {0}) N o,p(T) if and
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only if A is an eigenvalue for T

Now, from the inclusion ker(Al —T') C T*°(X) for every A # 0 we infer
that every non-zero eigenvalue of T' belongs to the spectrum of the restriction
T|T>(X).

Finally, assume that 0 is a cluster point of o4, (7"). Let (Ay,) be a sequence
of non-zero eigenvalues which converges to 0. Then X, € o(T|T*°(X)) for
every n € N, and hence 0 € o(T|T*°(X)), since the spectrum of an operator
is closed. But T has the SVEP at 0, so by Theorem 3.14 the restriction 7| M
is injective, and hence by Theorem 1.41 {0} = ker T|M = ker T N T*°(X).
This shows that the restriction T'|T°°(X) is injective.

On the other hand, from the equality T(T°(X)) = T°°(X) we know
that T |T°°(X) is surjective, so 0 ¢ o(T |T°°(X)); a contradiction. .

The result of Theorem 3.23 is quite useful for establishing the member-
ship of cluster points of some distinguished parts of the spectrum to the
Kato type spectrum oy (7).

A first application is given from the following result which improves a
classical Putnam theorem about the non-isolated boundary points of the
spectrum as a subset of the Fredholm spectrum.

Corollary 3.24. If T € L(X), X a Banach space, every non-isolated
boundary point of o(T) belongs to o (T). In particular, every non-isolated
boundary point of o(T) belongs to the Fredholm spectrum o¢(T).

Proof If \g € Jo(T) is non-isolated in o(T") then 0., (T) clusters at Ao,
since by Theorem 2.42 0o (T') C 04p(T). But T has the SVEP at every point
of 9o (T, so by Theorem 3.23 A\gI — T is not of Kato type.

The last assertion is obvious since o (T") C o¢(T). .

Corollary 3.25. Suppose that T € L(X), X a Banach space, has the
SVEP. Then all cluster points of oap(T') belong to oy (T) and in particular
to o¢(T).

Proof Suppose that \g ¢ o (T). Since T has the SVEP | and in particular
has the SVEP at Ao, by Theorem 3.23 it follows that .,(7") does not cluster
at A\g. n

The next result gives a clear description of the points \g ¢ o (T') which
belong to the boundary of o(T).

Theorem 3.26. Let T € L(X), X a Banach space, and suppose that
Ao € 0o (T). Then Mgl — T is of Kato type if and only if Ao is a pole of the
resolvent R(\,T).

Proof By Corollary 3.24 if \gI — T is of Kato type then )\g is isolated in
o(T). Moreover T' and T* have the SVEP at \g € 0o(T) = 0o(T™), so
by Theorem 3.23 and Theorem 3.27 it follows that both p(Agl — T') and
q(MoI —T) are finite,.
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Conversely, assume that Ag is a pole of the resolvent R(A,T') or, equiv-
alently, that d := p(AoI — T) = q(AoI — T) < co. Put M := (Mol — T)4(X)
and N := ker(A\oI — T)¢. Then the restriction Ao/ — T|M is bijective by
Theorem 3.6, and hence semi-regular. Obviously the restriction A\gI — T|N
is nilpotent. N

The following result is dual to that established in Theorem 3.23.

Theorem 3.27. Suppose that \gI — T, X a Banach space, is of Kato
type. Then the following properties are equivalent:

(i) T* has the SVEP at Ao;
(ii) osu(T) does not cluster at \g.

Proof The equivalence immediately follows from Theorem 3.23 since cop(T%) =
osu(T). .

Corollary 3.28. Suppose that for T € L(X), X a Banach space, T*
has the SVEP. Then all cluster points of os(T) belong to oy (T).

Proof Suppose that \g ¢ oy (T). Since T* has the SVEP at Ag by Theorem
3.27 it follows that og,(T) does not cluster at Ag. .

Since 0ee(T), 0es(T') and oy (T") are subsets of oa,(1'), one may ask if T’
has the SVEP at a point Ag whenever one of these spectra does not cluster
at A\g. Generally this is not true. To see this it suffices to consider the case
that os(T) does not cluster at Ao, since oes(T) and oy (T) are subsets of
0se(T).

Let T' € L(X) be any non-injective semi-regular operator 7. Then 0 is a
point of the semi-regular resolvent pge(1") := C\0ge(T) . This implies, pse(T")
being an open set of C, that o5,(7T") does not cluster at 0. On the other hand,
since T is not injective then by Theorem 2.49 T does not have the SVEP at 0.

Theorem 3.29. Suppose that for T € L(X), X is a Banach space, the
semi-regular spectrum ogse(T) clusters at Ag. Then g € o (T).

Proof Suppose that o (T') clusters at A\g and \gI — T € ®4(X). Then
Ao € pst(T), where pge(T') := C\ 04 (T) is the semi-Fredholm resolvent of T.
Let © denote the component of the open set pg(T') which contains the point
Ao If weset I' := QN oge(T) then I' C 0¢(T) \ 05t (T") and by Theorem 1.65
the last set is denumerable.

This shows that there exists a an open disc D()\g) centered at \g such that
A & 0se(T)\ o5t (T) for every A € D(Ag) \{Ao}. But AI —T are semi-Fredholm
for all A € Q, s0 A ¢ 0e(T) for all A € D(N\g) \ {Ao}; a contradiction. .

Example 3.30. Let 1 < p < oo and let T denote an arbitrary weighted
right shift operator on ¢P(N). It has been already observed that

aap(T) = {A € Cift) < [N <r(T)},
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where the quantity ¢(T") is defined before Theorem 2.54. Since T has the
SVEP, see Theorem 2.88, by part (i) of Theorem 2.45 we have that o,,(T) =
0se(T). We prove that

0t(T) = ox(T) = 0es(T) = 05t (T) = 0ap(T).

The inclusion o,,(T") C o¢(T") follows from Corollary 3.25. We show now
the opposite inclusion.

Assume that A ¢ 0,,(7T"). In the case |A| > r(T") then A\ —T is invertible,
so A ¢ o¢(T).

Assume the other case |A| < i(T") and therefore |A\| < ¢(T"), where the
quantity ¢(T") is defined as in the discussion after Example 2.60. To show
that AI —T is Fredholm we need only to prove that 3(A —T) < oo, because
by assumption a(AI —T) = 0. Now, A\I =T is bounded below so (Al —T')(X)
is closed and hence ker (A — T*) = [(A — T)(X)]*. The last space is
canonically isomorphic to the quotient space (X/(AI —T)(X))* so, to show
that (AI—T)(X) is finite-codimensional, it suffices to prove that ker (A\I—T%)
is finite-dimensional. We prove that dim ker (A\I* —T*) = 1.

Assume that T*x = Ax. Then z, 11w, = Az, for every n € N, where
{wn} is the sequence which defines T'. If we impose the normalization 21 = 1
and define the empty product to be 1, a simple recursive argument shows
that this system has the unique solution

An—l

x = (Tp)nen, where x, = ———.
wl PEEEEY wn—l

The standard formula for the radius of convergence of a series then
yields that the series ) 7, epxy, converges for all |A| < ¢(T'). This shows
that x = (z,,) € ¢9(N). Hence the solutions of the equation T*z = Az form
a 1-dimensional subspace of £4(N), and hence

B —T)(X) = a(\[* — T*) = 1.

Therefore A ¢ o¢(T), so the reverse inclusion o¢(T') C 0.p(T) is proved.
From this we then conclude that os(T") = 0ap(T) = 0¢(T'), as desired.

The inclusions oy (T') C 0ap(T) and o4f(T) C 0ap(T) are true for every
operator. The opposite of these inclusions follows from Corollary 3.25 and
Theorem 3.29, respectively. The equality of all these spectra with oes(T) is
then clear, since ok (T) C 0es(T) C 0¢(T) for every T € L(X).

3. The SVEP on the components of py(T)

In this section we shall give a closer look at the connected components of
resolvent sets associated with the various spectra introduced in the previous
chapters. In particular, we shall obtain a classification of these components
by using the equivalences between the SVEP at a point and the kernel type
and range type conditions established in the previous section.

The results of Theorem 1.36 and Theorem 1.72 show that the mappings
A— KM —T) and A — Hyo(M —T) are constant as A ranges through a
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connected component of the semi-regular resolvent pg(7T). Now, also the
Kato type resolvent py(T') is an open subset of C, so it may be decomposed
in connected maximal components. The first result of this section shows the
constancy of some mappings on the components of py (7).

Theorem 3.31. Let T € L(X), X a Banach space, be of Kato type.
Then there is an € > 0 such that:

(i) KM —=T)+ Hy(M —T)=K(T)+ Ho(T) for all 0 < |A| < ¢,
and
(ii) KM —=T)NHo(Al —=T) = K(T)N Hy(T) for all 0 < |A| < €.

Proof (i) Let (M, N) be a GKD for T such that 7" | N is nilpotent. From the
proof of part (i) of Theorem 1.74 we know that K (T')+ Ho(T) = K(T)+ N.

Now, from Theorem 1.44 there exists € > 0 such that A\ — T is semi-
regular for all 0 < |A| < &, and hence by Theorem 1.70,

(61) Ho(M —T)C K(AI—T) forall 0< |\ <e.

Clearly, the nilpotency of 7' |N implies that (A —T)"(N) = N for all
A # 0 and n € N. From Theorem 1.24 it then follows that

KO —T) = (M —T)°(X) = (A — T|M)®(M) + (A — TN)®(N)
K(A —T|M) + N,

for all A # 0. Since T' |M is semi-regular by Theorem 1.36 we may choose
e > 0 such that K(A —T|M) = K(T|M) = K(T'), and hence

(62) KW -T)=K(T)+N forall0< |\ <e.
By Theorem 1.22 the equality (AI — T)(N) = N implies that
N C KM —T) forall A # 0.
Finally, from (61) and (62) for all 0 < |A| < & we obtain that
Ho(M —T) + K\ - T) = K(\[ - T) = K(T) + N = K(T) + Ho(T),
so the first statement is proved.

(ii) Recall that from the proof of part (ii) of Theorem 1.74, if A\I — T is
of Kato type then

Ho((M = T)[M) = HiM —T)N M = Ho(A —T) N M.

Now, by Theorem 1.44 we know that there is € > 0 such that \[ — T is
semi-regular for all 0 < |A\| < e. Hence by Theorem 1.70 and Theorem 1.24,
we have

HyM-T)CKWM -T)=K(W\I-T) forall0< |\ <e¢,
and therefore
(63) Ho(M —T)=HoM —T)NK(M —T) forall 0 <|\ <e.
From Lemma 1.3 and Theorem 1.70 we also have
(64) Ho Ml —=T)=N>*\ -T)CT*®(X)=K(T) C M,
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for all 0 < |A| < e. By Theorem 1.70 the semi-regularity of T'|M yields that

Ho(T|M) C K(T|M) = K(T), so
Ho(T)NK(T) = Ho(T)N(MNK(T)) = He(T)NMnK(T)

H()(T|M) N K(T) = Ho(T|M).

Finally, by Theorem 1.72 we may chosen € > 0 such that

Ho(T|M) = Hy(M — T|M) = Hy(M —T) N M for all |A| < e.

Using the inclusions (64) and (63) we then conclude that

HoT)NK(T) = Ho(T|M)=Ho(M —T)nM
Ho(M —T) = HiM —T)NK(M —T)

for all || < €, so also (ii) is proved. .

By using a compactness argument similar to that which has been used
in the proof of Theorem 1.36 we obtain the following result:

Corollary 3.32. Let T € L(X), X a Banach space. If Q) is a component
of px(T) and Mg € Q is arbitrarily given, then

KM —T)+ HyM —T) =KMol —T)+ Ho(MI —T)
and
Hoy M —-T)NKA —T)=Ho(MI —-T)NK(XNI-T)
for all X € Q. Therefore the mappings
A= KW —T)+ Ho(M —T)

and
A= HyM-T)NK\ -1T)

are constant on the connected components of py(T). "

Remark 3.33. As an obvious consequence of Theorem 1.74 we obtain
that the mappings

A= HoM—-T)+ K\ —-T), N> N\ —-T)+ (M —T)°(X),
and
A= HMN-T)NKA =T), A=>N®*A -T)N A\ —T)>*(X)

assume the same values on each component of p (7).

From Theorem 3.31 and the results established in the previous section
we now obtain the following classification of the components of py (7).
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Theorem 3.34. Let T € L(X), X a Banach space, and 0 a component
of the Kato type resolvent pk(T). Then the following alternative holds:

(i) T has the SVEP for every point of ). In this case p(A —T) < oo for
all X € Q. Moreover, oap(T') does not have limit points in §; every point of
Q is not an eigenvalue of T, except a subset of Q) which consists of at most
countably many isolated points.

(ii) T has the SVEP at no point of Q. In this case p(AI —T) = oo for
all A € Q. Every point of Q is an eigenvalue of T'.

Proof (i) Suppose that T has the SVEP at Ay € 2. Then by Theorem 3.14
Hy(A —T) is closed and

Ho(MI —T)NK(MI —T) = Hy(Aol — T) N K (Xl — T) = {0}.

By Corollary 3.32 the mapping A — Ho(AM —T) N K (A — T) are constant
on {2, so
HyM —-T)NKA —=T)={0} forallA\eQ

and therefore, again by Theorem 3.14, T has the SVEP at every A € Q.
This is equivalent by Theorem 3.16 to saying that p(AI — T) < oo for all
A€ Q.

By Theorem 3.23 0,,(T") does not clusters in €2, and consequently every
point of €2 is not an eigenvalue of T', except a subset of ) which consists of
at most countably many isolated points.

(ii) It is clear, again by Theorem 3.16. .

Recall that A € C is said to be a deficiency value for if A\I — T is not
surjective.

Theorem 3.35. Let T € L(X), X a Banach space, and 2 a component
of px(T). Then the following alternative holds:

(i) T* has the SVEP for every point of Q. In this case (A —T) < oo
for all X € Q and o5, (T') does not have limit points in Q@ and X — T is not
a deficiency value, except a subset of Q0 which consists of at most countably
many isolated points.

(ii) T* has the SVEP at no point of Q. In this case g(AI —T) = oo for
all A € Q and every A € Q is a deficiency value of T.

Proof Proceed as in the proof of Theorem 3.34, combining the constancy
of the mapping

AeQ— KA —T)+ Hy(M —T)
with Theorem 3.16, Theorem 3.17 and Theorem 3.15. .

Let us consider the Fredholm resolvent pg(T") := C\ o4 (7). Clearly
Psf(T) - pes(T) c pk(T)7

and all these sets are open. It is natural to ask what happens for the compo-
nents of pgr(T) and the components of pes(T') := C\oes(T). The classification
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of the components of pes(T') may be easily obtained from Theorem 3.34 and
Theorem 3.35, once observed, by Corollary 1.45, that the two sets pes(T')
and px(7') may be different only for a denumerable set.

A more interesting situation is that relative to the components of pg(T),
since for semi-Fredholm operators we can consider the index. Clearly, by
Theorem 3.34 and Theorem 3.35 T', as well as T, has the SVEP either for
every point or no point of a component Q of pg (7).

We can classify the components of ps(T") as follows:

Theorem 3.36. Let T € L(X), X a Banach space, and Q a component
of pst(T). For the SVEP, the index, the ascent and the descent on €, there
are exactly the following four possibilities:

(i) Both T and T* have the SVEP at every point of Q. In this case we
have ind (A\I = T) =0 and p(AI —=T) = qg(A\l —T) < oo for every A € Q.
The eigenvalues and deficiency values do not have a limit point in . This
case occurs exactly when Q intersects the resolvent p(T');

(ii) T has the SVEP at the points of 0, whilst T* fails to have the SVEP
at the points of ). In this case we have ind (A —T) < 0, p(A —T) < oo,
and g(A —T) = oo for every A € Q. The eigenvalues do not have a limit
point in €, every point of 2 is a deficiency value;

(iii) T* has the SVEP at the points of Q, whilst T fails to have the SVEP
at the points of Q. In this case we have ind (A —T) >0, p(Al = T) = oo,
and gq(AI —T) < oo for every A € Q. The deficiency values do not have a
limit point in 2, whilst every point of Q is an eigenvalue;

(iv) Neither T or T* have the SVEP at the points of Q. In this case we
have p(AI — T) = q(AM —T) = oo for every A € Q. The index may assume
every value in Z; all the points of Q) are eigenvalues and deficiency values.

Proof The case (i) is clear from the results established in the previous
section, from Theorem 3.34 and Theorem 3.34. In the case (ii) the condition
p(AM —T') < oo implies that ind (A —T') <0, by part (iii) of Theorem 3.4,
whilst the condition g(AI — T') = oo excludes that ind (Al — T') = 0, again
by Theorem 3.4, part (iv).
A similar argument shows in the case (iii) that ind (Al —T) > 0.

The statements of (iv) are clear. .

The following corollary establishes that a very simple classification of
the semi-Fredholm is obtained in the case that T' or T* has the SVEP. Note
that the case that both 7" and T have the SVEP applies in particular to
the decomposable operators, which will be studied later.

Corollary 3.37. Let T € L(X), X a Banach space, and 2 any compo-
nent of pss(T). If T has the SVEP then only the case (1) and (ii) of Theorem
3.86 are possible, whilst if T* has the SVEP only the case (i) and (iii) are
possible. Finally, if both T and T* have the SVEP then only the case (i) is
possible. N
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4. The Fredholm, Weyl, and Browder spectra

Two important classes of operators in Fredholm theory are given by the
classes of semi-Fredholm operators which possess finite ascent or a finite
descent. We shall distinguish two classes of operators. The class of all upper
semi-Browder operators on a Banach space X that is defined by

Bo(X) = {T € 0.(X) : p(T) < o0},
and the class of all lower semi-Browder operators that is defined by
B_(X):={T € ®_(X):q(T) < oo}
The class of all Browder operators (known in the literature also as Riesz
Schauder operators) is defined by
B(X) = B4 (X) N B_(X) = {T € ®(X) : p(T), q(T) < oc}.
Clearly, from part (i) and part (ii) of Theorem 3.4 we have
TeB(X)=ind T <0,
and
TeB (X)=ind T >0,
so that
TeB(X)=ind T=0.
From Remark 3.7 and Remark 1.54, we also obtain that
TeBy(X)&TreB_(X%)
and, analogously,
TeB_(X)& T eBi(X7Y).

A bounded operator T' € L(X) is said to be a Weyl operator if T is a
Fredholm operator having index 0. Denote by W(X) the class of all Weyl
operators. Obviously B(X) C W(X) and the inclusion is strict, see the
operator L & R of Example 3.20. Combining Theorem 3.16, Theorem 3.17,

and Theorem 3.4, we easily obtain for a Weyl operator T the following
equivalence:

T has the the SVEP at 0 & T™ has the SVEP at 0.
Moreover, if T or T* has SVEP at 0 from Theorem 3.4 we deduce that
T is Weyl < T is Browder.

Note that by part (c¢) of Remark 3.7 if 0 € ¢(T") and 7' is Browder then 0 is
an isolated point of o(7"). Furthermore, from Theorem 3.16 and Theorem
3.17 it follows that

X = N®(T) & T®(X) = Ho(T) & K(T) = ker T? & TP(X),

where p := p(T) = q(T).
The classes of operators defined above motivate the definition of several
spectra. The upper semi-Browder spectrum of T € L(X) is defined by

oun(T) :={A€C: A - T ¢ B,(X)},
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the lower semi-Browder spectrum of T € L(X) is defined by

op(T) ={ e C: N[ -T ¢ B_(X)},
whilst the Browder spectrum of T € L(X) is defined by

op(T) :={AeC: \[-T ¢ B(X)}.
Clearly

ob(T) = oun(T) U o (T).

The Weyl spectrum of T € L(X) is defined by

ow(T) ={AeC: N[ -T ¢ W(X)}.
Obviously
(65) oi(T) Cow(T) C on,(T).

Moreover, part (g) of Remark 1.54 ensures that if X is infinite-dimensional
then o¢(T') is non-empty, and consequently also oy (T) and oy, (T) are non-
empty.
It is clear that

Usf(T) - qu(T) - Uub(T) - Ub(T)a
and

ost(T) € ou(T) € ow(T) S on(T).
It is easy to see that, in general, the inclusions (65) are proper. For instance,
for the right shift operator R on ¢2(N) of Example 3.20 we have 0 € o (T),
whilst 0 ¢ o¢(T). Furthermore, if T := L & R then 0 ¢ oy (T), whilst
0e Ub(T).

Remark 3.38. Recall that by F(X) we denote the ideal in L(X) of all
finite-dimensional operators. A basic result of operator theory establishes
that every finite-dimensional operator T € L(X) may be always represented
in the form

To =Y fr(@)z,
k=1

where the vectors x1, ..., 2, from X and the vectors fi,..., f, from X* are
linearly independent, see Heuser[159, p. 81]. Clearly T'(X) is contained in
the subspace Y generated by the vectors z1,...,x,.

Conversely, if y := Mx1+. ..+ Az, is an arbitrary element of Y we can
choose z1,...,2, in X such that fj(z;) = 6;, where §; ; denote the delta
of Kronecker (a such choice is always possible, see Heuser [159, Proposition
15.1]). If we define z := Y _; Agz; then

Tz=Y fi(2)ex =Y fx (Z >\ka> Tp = etk = .
k=1 k=1 k=1

k=1
This shows that the set {z1,...,z,} forms a basis for the subspace T'(X).



134 3. THE SVEP AND FREDHOLM THEORY

Theorem 3.39. For a bounded operator T on a Banach space X, the
following assertions are equivalent:

(i) Aol — T is a Weyl operator;

(ii) There exists a finite-dimensional operator K € F(X) such that Ao ¢
o(T+ K);

(iii) There exists a compact operator K € K(X) such that Ao ¢ o(T+K).

Proof We can assume A\g = 0.

(i) = (ii) Assume that T is a Fredholm operator having index ind 7 =
a(T) — B(T) = 0 and let m := «(T) = B(T). Let P € L(X) denote
the projection of X onto the finite-dimensional space ker T'. Obviously,
ker T N ker P = {0} and according Remark 3.38 we can represent the
finite-dimensional operator P in the form

Pz = i fi(x)z,
i=1

where the vectors x1,...,z,, from X, the vectors fy, -, f;, from X*, are
linearly independent. As observed in Remark 3.38, the set {x1,...,2m}
forms a basis of P(X) and therefore Px; = x; for every i = 1,...,m, from

which we obtain that f;(zy) = d; -

Denote by Y the topological complement of the finite-codimensional
subspace T'(X). Then Y is finite-dimensional with dimension m, so we can
choose a basis {y1,...,ym} of Y. Let us define

m
Kz:=Y" fi(x)y
i=1
Clearly K is a finite-dimensional operator, so by part (f) of Remark 1.54
S =T+ K is a Fredholm operator, and from Remark 3.38 we know that
KX)=Y.

Finally, consider an element x € ker S. Then Tx = Kz = 0, and this
easily implies that f;(z) =0 for all ¢ = 1,...,m. From this it follows that
Pz =0 and therefore x € ker T’ Nker P = {0}, so S is injective.

In order to show that S is surjective observe first that

fi(Pz) = f; (Z fk($)$k> = fi(@).
k=1

From this we obtain that
m m

(66) KPz =Y fi(Px)yi=Y_ fi(z)y; = K.
i=1 i=1

Now, we have X =T(X)®Y =T(X) ® K(X), so every z € X may be
represented in the form z = Tu + Kv, with u,v € X. Set

up:=u—Pu and vy := Pv.
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From (66) and from the equality P(X) = kerT" we easily obtain that
Ku; =0, Tvy =0, Kvi=Kv and Tu; =Tu.
Therefore
S(ur +v1) =T+ K)(u1 +v1) =Tu+ Kv =z,
and hence S is surjective. Therefore S =T + K is invertible.
(ii)= (iii) Clear.
(iii)= (i) Suppose T'+ K = U, where U is invertible and K is compact.

Obviously U is a Fredholm operator having index 0, and hence by part (f)
of Remark 1.54 we conclude that 7' € W(X). .

Remark 3.40. By means of a modest modification of the proof of Theo-
rem 3.39 we easily obtain the following equivalence:

(a) The operator \oI —T € ®,(X) has ind (Aol —T) < 0 precisely when
Ao & 0ap(T + K) for some K € K(X).

To show this equivalence take m := «(T') and proceed as in the proof
of Theorem 3.39. The operator S = T + K is then injective and has closed
range, since T+ K € &, (X), by part (f) of Remark 1.54.

Analogously we have:

(b) The operator Aol =T € ®_(X) has ind (Ao —T') > 0 precisely when
Ao ¢ osu(T + K) for some K € K(X).

The proof of equivalence (b) is easily obtained taking m := (T) and
proceeding as in the proof of Theorem 3.39.

Corollary 3.41. Let T € L(X), X a Banach space. Then ow(T) is
closed and
(67) ow(T)= (] oT+K)= () oT+K).
KeF(X) KeK(X)
Proof Let py(T) := C\ 0w (T). The equality (67) may be restated, taking
the complements, as follows

(68) M) = |J oT+K)= |J »T+K)
KeF(X) KeK(X)

The equalities (68) are now immediate from Theorem 3.39. The last asser-
tion is clear u

Lemma 3.42. Suppose that T € L(X) and K € K(X) commute.
(i) If T is bounded below then p(T — K) < oo;
(ii) If T is onto then q(T — K) < oo.
Proof We first establish the implication (ii). The implication (i) will follows

then by duality.
(ii) Obviously T is lower semi-Fredholm, and hence by part (f) of Remark
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1.54 we have S :=T — K € ®_(X). Consequently, from part (c) of Remark
1.54 also S¥ € ®_(X) for every k € N, and hence the range S*¥(X) is finite-
codimensional. R

Let us consider the map T : X/S¥(X) — X/S*(X), defined canonically
by

Tz :=Tz for all 7 := z + S*(X).

Since T is onto, for every (RS X there exmts an element z € X such that
y = Tz, and therefore § = Tz = Tz thus 7 is onto.

Since X/S*(X) is a finite-dimensional space then T is also injective and
this easily implies that ker T C S*(X). The surjectivity of T also implies
that y(T) > 0, v(T') the minimal modulus of T', and

|Tz|| > v(T) dist(x,ker T') for all z € X.
Let z € S*(X) be arbitrarily given. The equalities
T(S*(X)) = (S"T)(X) = S*(X)

show that there is some y € S*(X) for which Ty = 2. For every z € X we
have

[Tz =zl = [[T(z—y)ll =~(T)dist(z —y,ker T)
Y(T) dist(z — y, S*(X)),

where the last inequality follows from the inclusion ker 7 C S*(X). Conse-
quently, for every x € X we obtain that

| T2z — z|| > (T) dist(z, S*(X)) for all z € S¥(X),
and this implies that
dist(Tz, S¥(X)) > ~(T) dist(z, S*(X)) for all k € N.

Suppose that ¢(S) = oco. Then there is a bounded sequence (Zy)neN
with x, € S*(X) and dist(z,, S""}(X)) > 1 for every n € N. For m > n,
m and n € N, we have

Kzy — Kxy = (Ko, + (T — K)xy) — Ty,

Y

Now
Kz, € K(S™(X)) = S"K(X) C S™(X),
and
(Ti)zn € (T — K)n +1(X) = §"1(X),
hence w := Kxp, + (T — K)w,, € S"T1(X) for all m > n. Therefore
[ K2m — Kzpl| = [lw— T, > dist(T2,, S"T(X))
> diSt(xnv‘S’nJrl (X)) 2 ’Y(T)’

which contradicts the compactness of K. Therefore S = T — K has finite
descent.
(i) If K is a compact operator and T is bounded below then K* is

compact and T* is onto, see Lemma 1.30. Moreover, by part (f) of Remark
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1.54 the operators T'— K and T* — K* are semi-Fredholm, hence p(T — K) =
q(T* — K*) < 0. .

Theorem 3.43. Let T € L(X), K € L(X) be commuting operators on
a Banach space X. If K € K(X) we have the following equivalences:

() If T € & (X) then p(T + K) < oo if and only if p(T) < oo;
(ii) If T € ®_(X) then q(T + K) < oo if and only if ¢(T') < oc.

Proof Suppose first that 7' € ®_(X) and ¢ := ¢(T) < co. Then T9(X) =
T9t1(X) and T9(X) is a closed subspace of finite-codimension, since by
Remark 1.54, part (c), also 77 € ®_(X). Let S := T + K. We know from
part (f) of Remark 1.54 that S € ®_(X). The restriction of 7' to T9(X) is
surjective, so by Lemma 3.42 the restriction of S to T7(X) has finite descent.
From this it follows that there is a positive integer k for which

S™(X) D (8S™T)(X) = (S*T9)(X) for all m > k.

We have S¥T9 ¢ &_(X), again from part (c) of Remark 1.54, thus the
subspace S*T%(X) has finite-codimension. From this we then conclude that
S =T + K has finite descent.

Conversely, assume that ¢(7' 4+ K) < oo. Since T+ K € &_(X), from
the first part of the proof we obtain that ¢(T') = ¢(T+ K — K) < co. Hence
the equivalence (ii) is proved.

The equivalence (i) follows by duality from (ii), since T and S =T + K
are upper semi-Fredholm if and only if 7* and S* = T* + K* are lower semi-
Fredholm, respectively, and hence p(T") = ¢(T™), p(S) = q(S*), see part (a)
of Remark 3.7. .

It should be noted that the equivalence (i) of Theorem 3.43 may be also
deduced directly from the assertion (i) of Lemma 3.42.

We now give a characterization of semi-Browder operators by means of
the SVEP.

Theorem 3.44. For an operator T € L(X), X a Banach space, the
following statements are equivalent:

(i) Aol — T is essentially semi-regular and T has the SVEP at M\o;

(ii) There exists a finite-dimensional operator K € L(X) such that TK =
KT and \o ¢ 0ap(T + K);

(iii) There exists a compact operator K € L(X) such that TK = KT
and Ao ¢ oap(T + K);

(iv) Aol =T € BL(X).

Proof (i) = (ii) Suppose that Aol — T is essentially semi-regular and that
T has SVEP at Ag. Let (M, N) be a GKD for A\gI —T', where (Aol —T)|N is
nilpotent and NV is finite-dimensional. Let P denote the finite-dimensional
projection of X onto N along M. Clearly P commutes with 7', because N
and M reduce T. Since T has the SVEP at )\ it follows that (Aol —T)|M
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is injective, by Theorem 3.14 . Furthermore, the restriction (A\gI — T —I)|N
is bijective, since from the nilpotency of (A\gI — T)|N we have 1 € o((Aol —
T)|N). Therefore (A, =T — I)(N) = N and ker((A\ol —T —I)|N) = {0}.

From this it follows that

ker(A\I —T — P) = ker((AI —T — P)|M) @ ker((AogI —T — P)|N)
= ker((Aol —T)|M) @ ker((Aol —T —I)|N)
{0}.

so that the operator (Ao — T — P) is injective.

On the other hand, the equalities

(Ml —T—P)X) = (Mol —T — P)(M)& (AI —T — P)(N)
(Aol =T)(M) & (Aol =T —I)(N)
= (oI -T)(M)& N,

show that the subspace (Al — T — P)(X) is closed, since it is the sum
of the subspace (Aol — T)(M), which is closed by semi-regularity, and the
finite-dimensional subspace N. This shows that A\ ¢ oap(T + P).

(ii) = (iii) Clear.

(iii) = (iv) Suppose that there exists a commuting compact operator
K such that A\l — (T + K) is bounded below, and therefore upper semi-
Fredholm. The class @ (X) is stable under compact perturbations, as noted
in part (f) of Remark 1.54, and hence \gI — (T+K)—K = \I—-T € &, (X).

On the other hand, p(AoI — (T'+ K)) = 0, and hence from Lemma 3.42
also p(Aol —T) = p(Mol — (T + K) — K) is finite.

The implication (iv) = (i) is clear from Theorem 3.14 since every semi-
Fredholm operator is essentially semi-regular and hence of Kato type. .

Corollary 3.45. Let T € L(X), X a Banach space. Then ou(T) is
closed and

(69) ouw(T) = N Oap(T + K) = N Oap(T + K).
KeF(X),KT=TK KeK(X),KT=TK

Later we shall see that the Browder spectrum oy (7') is the intersection
of all spectra of commuting compact perturbations of 7. For this reason
oub(T) is sometimes called the Browder essential approzimate point spectrum,
of T € L(X).

The next result is dual to that given in Theorem 3.44.

Theorem 3.46. Let T € L(X), X a Banach space. Then the following
properties are equivalent:

(i) Aol — T is essentially semi-reqular and T* has the SVEP at \o;

(ii) There exists a finite-dimensional operator K € L(X) such that TK =
KT and \y ¢ o5u(T + K);
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(iii) There exists a compact operator K € L(X) such that TK = KT
and Ao € osu(T + K);

(iv) Aol — T € B_(X).

Proof (i) = (ii) Let Ao — T be essentially semi-regular and suppose that
T* has SVEP at \g. Let (M, N) be a GKD for \gI — T, where (\oI —T') |N
is nilpotent and N is finite-dimensional. Then (N, M=) is a GKD for
AoI* — T*, see Theorem 1.43.

Let P denote the finite rank projection of X onto NV along M. Then P
commutes with 7', since N and M reduce T. Moreover, (AgI — T*) |[N* is
injective by Theorem 3.14, and this implies that (Al —T') |M is surjective,
see Lemma 3.13. From the nilpotency of (Aol — T) |N we know that the
restriction (Al —T — I) |N is bijective, so we have

(NI —T—P)X) = (Mol —T— P)(M)& (AI T — P)(N)
= (ol = T)(M) & (oI — T — )(N)
= MeN=X.
This shows that A\g € o5, (T + P).

(ii) = (iii) Obvious.

(iii) = (iv) Suppose that there exists a commuting compact operator K
such that Ao — (T+ K) is surjective and therefore lower semi-Fredholm. The
class ®_(X) is stable under compact perturbations, so Aol —(T'+ K)— K =
Aol — T € d_(X).

On the other hand, ¢(AI — (T + K)) = 0, and hence, again by Lemma
3.42, also g(AoI —T) = q(Mol — (T + K) — K)) is finite.

(iv) = (i) This is clear from Theorem 3.15. .

Corollary 3.47. Let T € L(X), X a Banach space. Then on,(T) is
closed and

(70) oy(T) = N o(T+ K) = N oou(T + K).
KeF(X), KT=TK KeK(X),KT=TK
n
The spectrum o1,(T") is sometime called the Browder essential approxi-
mate defect spectrum of T' € L(X).

Combining Theorem 3.44 and Theorem 3.46 and recalling that o(7T') =
Tap(T) Uosu(T') we readily obtain the following characterizations of Browder
operators.

Theorem 3.48. Let T € L(X), X a Banach space. Then the following
properties are equivalent:
(i) oI — T is essentially semi-regular, T and T* have the SVEP at Ao;

(ii) There exists a finite-dimensional operator K € L(X) such that TK =
KT and My ¢ o(T + K);
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(iii) There exists a compact operator K such that TK = KT and A\ ¢
o(T+K);
(iv) Aol =T € B(X).

From the preceding characterizations of the Browder operators we read-
ily obtain the following characterization of the Browder spectrum.

Corollary 3.49. Let T € L(X), X a Banach space. Then op(T) is
closed and

on(T) = N o(T+ K) = N o(T + K).
KcF(X), KT=TK KeK(X),KT=TK

Later we shall see that the ideal F(X) or K (X) in the intersections above
may be replaced by any ideal of operators T in L(X) for which A\ — T is
a Fredholm operator for every A # 0. Of course, this is also true for the
intersections (69) and (70).

The following corollary is an immediate consequence of Theorem 3.48,
once observed that both the operators T" and T have the SVEP at every
boundary point of o(T).

Corollary 3.50. Let T € L(X), X a Banach space, and suppose that
Ao € 0o(T). Then Aol —T is essentially semi-regular if and only if \oI —T
is semi-Fredholm, and this is the case if and only if \oI — T is Browder. =

It is immediate from Corollary 3.48 that if T' € ®4(X) and both opera-
tors T and T* have the SVEP at 0, then T is a Browder operator.

An immediate consequence of Theorem 2.39 is given by the following
result.

Corollary 3.51. Suppose that T € L(X) is a bounded operator on a
Banach space X and

k
p(A) = = V™, nieN.

i=1
Then p(T) € B4 (X) if and only if N\ —T € BL(X) for every i. A similar
statement holds if we replace B4 (X) by B_(X), or by B(X).
Proof From Remark 1.54, part (c), we know that
p(T)ed (X)) N —-Ted(X) foreveryi=1,... k.
From Theorem 2.39 we also have

p(T) has the SVEP at 0 < T has the SVEP at \;, i =1,... k.

The equivalence is then a consequence of Theorem 3.44. The other state-
ments may be obtained in a similar way from part (c¢) of Remark 1.54,
Theorem 3.46 and Theorem 3.48, respectively. .
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The preceding result implies the spectral mapping theorem for the semi-
Browder spectra and the Browder spectrum in the special case the analytic
function is a polynomial. This result will be extended later to arbitrary
functions analytic on an open neighborhood of o(T).

For an arbitrary operator 7' € L(X) let us consider the set
B(T) := {) € C: T does not have the SVEP at A}.

The following theorem describes the relationships between the semi-
Browdwer spectra, the spectrum oe(7) and the points where T, or T*,
do not have the SVEP.

Theorem 3.52. Let T' € L(X), X a Banach space. Then

(71) Oub (T) = Ues(T) U E(T) =ou(T)U E(T)
and

(72) o(T) = 0es(T) UE(T™) = o (T) UE(T™).
Moreover,

(73) ob(T) = 0 (T) UE(T) = 00 (T) UE(T?),
Again,

(74) on(T) = o¢(T) UE(T) UE(T™)

and

(75) ob(T) = o (T) UE(T*) = oy (T) UE(T).

Proof If Ay ¢ oy (T') then Aol — T € &, (X) and p(Aol — T') < o0, s0, by
Theorem 3.14, A\g ¢ 0es(T) UE(T). Hence oes(T) UE(T) C oy (T).

Conversely, if \g & 0es(T)UE(T') then A\gI —T is upper semi-Browder, by
Theorem 3.44. Hence the first equality in (71) is proved. The second equal-
ity of (71) follows from this, that if T has the SVEP at Ag then by Theorem
3.44 X\oI — T is essentially semi-regular if and only if \gI — 7T € ®,(X).

The equality of (72) follows in a similar way from Theorem 3.27 and
Theorem 3.46.

To prove the first equality of (73) it is sufficient to observe that if T" fails
to have the SVEP at A\ then p(AI — T') = oo, by Theorem 5.4, so from the
inclusion oy (T) C 0,(T) we may conclude that oy (T) UE(T) C op(T).

To show the opposite inclusion assume that Ao ¢ ow(7') UE(T). Then
Mol — T is a Fredholm operator of index 0 and 7" has the SVEP at Ag. From
Theorem 3.16 we know that p(Agl —T') < oo and this implies that also
q(MoI —T) < o0, see part (iv) of Theorem 3.4. Hence g ¢ oy, (7).

The second equality of (73) can be proved in similar way by using Theo-
rem 5.4 , Theorem 3.15, and Theorem 3.4. The equality (74) is a consequence
of Theorem 3.48.

It remains only to prove the equalities (75). Clearly oy, (1) C (T') and if
T* fails to have the SVEP at A\ then ¢(AI —T) = oo, again from Theorem
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5.4, so the inclusion o, (1) UE(T*) C o1, (T) is verified.

On the other hand, the opposite inclusion readily follows from the prop-
erty that if Ag € ou,(T) UE(T*) then A\gI — T is an upper semi-Fredholm
operator having finite ascent. Since T* has SVEP at A\g then Ao/ — T has
finite descent by Theorem 3.15, so Ag ¢ op(T).

The second equality of (75) follows from a similar argument, by using
Theorem 5.4 and Theorem 3.14. .

An useful consequence of the preceding result is that under the assump-
tion of the SVEP for T, or for T, various of the spectra considered above
coalesce. This also generalizes some classical results on the spectra of normal
operators on Hilbert spaces to operators having the SVEP.

Corollary 3.53. Suppose that T € L(X), X a Banach space. We have

(i) If T has the SVEP then

(76) 0es(T) = 05¢(T) = ot (T) = oup(T),
and

(77) U]b(T) = Ub(T) = UW(T);

(ii) If T* has the SVEP then

(78) UeS(T> = O'Sf(T) = 0'1f(T) = U]b(T7)7
and

(79) Oub(T) = Ub(T) = O—W(T);

(iii) If both T and T* have the SVEP then all the spectra in (76), (77), (78)
and (79) coincide and are equal to the Fredholm spectrum o¢(T').

Proof (i) For every bounded operator T' € L(X) we have
Ues(T) - Usf(T) - qu(T) c Uub(T)'

If T has SVEP then E(T) = @, and hence from the equality (110) we obtain
Oes(T) = ouw(T). The equalities (77) are obvious from (73) and (75) of
Theorem 3.52.

(ii) The proof of (78) and (79) is similar to the proof of (76) and (77) of
part (i).

(iii) Clearly, all the spectra in (76), (77), (78) coincide, by part (i) and
part (ii). Moreover, these spectra coincide with o¢(T') since o¢(T') = oue(T)U
Glf(T). ]

In the next theorem we consider a situation which occurs in some con-
crete cases.

Theorem 3.54. Let T' € L(X) be an operator for which c.p(T) = 0o (T)
and every X € 9o (T) is not isolated in o(T). Then T has the SVEP and

Oap(T) = ox(T) = 05e(T) = 0es(T)
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Moreover, these spectra coincide with all the spectra of (76) of Corollary
3.58.

Proof By Corollary 3.24 we have o,p(T) = Jo(T) C oy (T), whilst the
inclusion oy (T') C 0,p(T) is true for every T' € L(X). Hence 0ap,(T') = ok (T).

Moreover, these last two spectra coincide with o (T') and ges(T) because
the inclusions o (T) C 0es(T)) C 0se(T) C 0ap(T) are verified for every
T € L(X). Finally, T has the SVEP at every point of the boundary as well
as at every point A which belongs to the remaining part of the spectrum,
since o,p(T") does not cluster at A.

Hence T has the SVEP, so all these spectra coincide with the spectra of
(76). .

The proof of the following result is similar to that of Corollary 3.14,
taking into account the equality (78) of Corollary 3.53, and that T* has the
SVEP at Ay whenever oy, (T) does not cluster at Ag.

Corollary 3.55. Let T € L(X) be an operator for which os,(T) =
00 (T) and every A € 0o (T) is not isolated in o(T'). Then T* has the SVEP
and
Osu(T) = o1 (T) = 05e(T) = 0es(T).
Moreover, these spectra coincide with all the spectra of (78) of Corollary
3.58. .

5. Compressions

In this section we establish further characterizations of the semi-Browder
spectra by means of compressions.

Let P(X) denote the set of all bounded projections P € L(X), where
X is a Banach space, such that codim P(X) < oo. Let T € L(X) and
P(X). The compression generated from P is the bounded linear operator
Tp: P(X) — P(X) defined by

Tpy := PTy for every y € P(X).

Lemma 3.56. Let P € P(X), where X is a Banach space. If T is
semi-Fredholm then Tp is semi-Fredholm and indTp = ind T'.

Proof From the decomposition X = ker P @ P(X) we obtain that a(P) =
B(P) < o0, so P is a Fredholm operator and hence PT P is semi-Fredholm.
It is easily seen that

(80) a(Tp) = a(PTP) - a(P),
and
(81) B(Tp) = B(PTP) — B(P).

Moreover, since

T = PT + (I — P)T = PTP + PT(I — P) + (I — P)T,
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where PT(I — P) + (I — P)T is a finite-dimensional operator, we conclude
that ind T’ = ind PT'P. By subtracting (80) and (81) we then conclude that
ind (Tp) =ind (T) ]

Observe that if TP = PT then P(X) is T-invariant and Tp coincides
with the restriction T|P(X). In fact, for every y = Pz € P(X) we have

Tpy = PTPx = TP?x = TPx = Ty.

By Corollary 3.49 the Browder spectrum o,(7') is the intersection of
the spectra of all commuting compact perturbations of T. The following
result shows that op(T') is the intersection of the spectra of all commuting
compressions of T

Theorem 3.57. For every bounded operator T € L(X), where X is a
Banach space, we have

(82) W= () o).

PEP(X), PT=TP

Proof Suppose that A does not belong to the right hand side of (82). Then
there is a projection P € L(X) commuting with 7" which is such that P(X)
is finite-codimensional and AMp — Tp = (Al — T)p is invertible on P(X).
Since PT = TP the compression (AI —T')p coincides with the restriction of
M — T to P(X), so that (A — T)P(X) is closed.

From the decomposition X = P(X) & ker P, where ker P is finite-
dimensional, we then obtain that

M-T)(X)=W-T)P(X)® (M —T)(ker P),
and hence (A —T')(X) is closed since it is the sum of a closed subspace and
a finite-dimensional subspace.

On the other hand, a((A—T")| ker P) < oo since ker P is finite-dimensional.

Consequently
aM=T) = a((M —=T)|P(X))+ a((A\ —T)|ker P)
= a((M —T)|ker P) < oo,

so Al —T is an upper semi-Fredholm operator. By Lemma 3.56 we also have
ind (M —T) =ind (AT —T)p =0, and hence oAl —T) = (M - T) < 0.
Therefore AI — T is a Fredholm operator having index 0.

Now we show that A ¢ o1,(T). Obviously, if AT — T is invertible on X
then A ¢ o1,(T). Suppose the other case, that A\I — T is not invertible on X.

Let Q@ := I — P. Clearly @ is a finite-dimensional operator which
commutes with AI — 7. The restriction of Al — T to the invariant finite-
dimensional subspace Q(X) has ascent finite, whilst the restriction of AT —T
on ker @ = P(X) has ascent zero, since \I —T|P(X) is invertible on P(X).
Therefore from the decomposition X = Q(X) @ ker Q we then infer that

pAL=T) = p((M =T|Q(X)) + p((A — Tlker Q)
= p((M =T|Q(X)) < oo
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Since AI —T is a Fredholm operator having index 0, part (iv) of Theorem
3.4 entails that the descent ¢(AI — T') is finite. This shows that A ¢ o1, (7).
Consequently, o1,(7T') is contained in the right hand side of (82).

Conversely, suppose that A ¢ o,(T). We have two possibilities: A\I — T
invertible or non-invertible. If AT — 7' is invertible in X then A ¢ o(Tp) for
P = 1. Suppose that A\l — T is not invertible in X. Then A is an isolated
point of o(T) and A\ — T is Fredholm. Let @ be the spectral projection
associated with the spectral set A. If P := 1 — () then P commutes with T’
and the subspace P(X) = ker ) is finite-codimensional. Hence P € P(X).
Moreover, A ¢ o(Tp) = o(T|P(X)) = o(T) \ {\}. Therefore the right-hand
side of (82) is contained in o1,(T), and this completes the proof. .

We show now that a similar result holds for the upper and lower semi-
Browder spectra. In this case the spectra of the compressions are replaced
by the approximate point spectra and by the surjectivity spectra of the
compressions, respectively.

Theorem 3.58. For every bounded operator T € L(X) on a Banach
space X we have

(83) oup(T) = N ap(TP);
PEP(X), PT=TP

and

(84) o (T) = N osu(Tp).
PeP(X),PT=TP

Proof To show the equality (83) suppose that A does not belong to the right
hand side of (83). Then there is a projection P € P(X) such that PT = TP
and A\ — T|P(X) is bounded below and hence upper semi-Fredholm. From
the decomposition X = P(X) & ker P, since dim ker P < oo it follows that
a(A —T) = a((M — T)lker P)) < oo and

(M = T)(X) = (\I — T)(P(X)) & (A — T)(ker P)

is closed. Therefore A\I — T € &, (X). Moreover, p((Al — T)p) = 0 and
hence

p(M —=T) = p(Ap —Tp) + p((M — T)| ker P) < o0,
which implies that A ¢ oy, (7).

Conversely, suppose that A ¢ oy, (T). Then A — T is upper semi-
Fredholm with finite ascent. According to Theorem 1.62 let (M, N) be a
Kato decomposition for AT — T such that dim N < co, AI — T|M is semi-
regular and AI — T'|N is nilpotent. Let P be the projection of X onto M
along N. Obviously P € P(X) and commutes with T, because M and N
reduce T'. Since AI —T has finite ascent then by Theorem 3.16 (Al —T)p =
(M —T)|M is injective. Moreover, (\[—T)p(P(X)) = (AI=T)(M) and the
last subspace is closed since A\I — T|M is semi-regular. Therefore A\Ip — Tp
is bounded below and hence X ¢ 04, (Tp).
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Analogously, to prove the equality (84) suppose that A does not belong
to the right hand side of (84). Then there is a projection P € P(X) such
that PT = TP and A\I — T is surjective on P(X). This implies that A\ — T
is lower semi-Fredholm.

Moreover, q((Alp —Tp) = 0, and since ker P is finite-dimensional from
the decomposition X = P(X) @ ker P we then obtain that

a(M = T) = q(Mp — Tp) + q((M — T)| ker P) < oc.

Hence A ¢ o1,(T).

Conversely, suppose that A ¢ o1,(T). Then A — T is lower semi-
Fredholm with finite descent. Again, by Theorem 1.62 let (M, N) be a
generalized Kato decomposition for A — T such that dim N < co. By The-
orem 3.17 the condition g(Al —T') < oo entails that A\I —T'|M is surjective.
Hence, if P is the projection of X onto M, then P € P(X), PT = TP and

(A = T)p(P(X) = (\I — T)(M) = M = P(X).
Thus A % Usu(Tp). ]

6. Some spectral mapping theorems

We wish now to show that for many of the spectra introduced in the
previous sections, the spectral mapping theorem holds. We begin first with
a preliminary result on the abstract setting of Banach algebras. This result
provides an unifying tool in order to establish the spectral mapping theorem
for some of the spectra previously introduced.

Let A be a complex Banach algebra with identity v and J a closed
ideal two-sided ideal of A. Let ¢ be the canonical homomorphism of A onto
A= A/TJ. Moreover, let us denote by G the group of all invertible elements
in A.

Definition 3.59. An open semigroup S of A is said to be a ®-semigroup
if the following properties hold:

(i) Ifa,be Aand ab="ba € S thena € S and b € S;

(ii) There exists a closed two-sided ideal J and an open semi-group R
in A= A/J such that G C R, R\ G is open and S = ¢~ *(R).

Obviously a ®-semi-group S contains all invertible elements of A and
S+JCS.
For every a € S let S, denote the component of S containing a. If b € J
and
A={a+th:0<t <1}

is a path joining a to a + b then the inclusion S +J C S implies that A C S.
From this it follows that a + J C S,. This also implies that S = §; U Ss,
S1 and S, open disjoint subsets of S then S; + 7 C S; for i = 1,2.
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An index on a ®-semigroup S is defined as a locally constant homomor-
phism of 7 into N. Evidently, if ¢ : S — N is an index, then

i(a+b)=1i(a) forallaes, be J.
By Remark 1.54 the sets ®(X), ®4(X) and &_(X) satisfy the condition

(i) of Definition 3.59. The Atkinson characterization of Fredholm operators
establishes that ®(X) = ¢~1(G), where G is the set of all invertible elements
of A:= L(X)/K(X), so ®(X) satisfies also the condition (ii) and hence is
®-semigroup of A = L(X). Clearly,

L (X)\P(X)={T € P,(X):indT = —c0}
and

O_(X)\P(X)={T € ®_(X):indT = 400}
are open sets. Since the canonical homomorphism ¢ is an open mapping, it
follows that also @ (X) and ®_(X) are ®-semigroups of A := L(X)/K(X).

For every a € A and a ®-semigroup S of A let
os(a) ={AeC:  u—a¢S}.

The following result establishes an abstract spectral mapping theorem
for spectra generated by ®-semigroups.

Theorem 3.60. Let A be a Banach algebra with identity v and S any
b-semigroup. Suppose that i : S — N is an index such that i(b) = 0 for all
invertible elements b € A. If f is an analytic function on an open domain
D containing o(a), o(a) the spectrum of a relative to A, then the following
statements hold:

(i) f(a) € S if and only if f(X) # 0 for all X € os(a);

(i) os(f(a)) = f(os(a)).
Proof (i) Suppose that f(a) € S and f(A9) = 0. Define on D the function
g(\) = F(A) (A= Xg)~L. Clearly g is analytic and (a — Aou)g(a) € S. From
property (i) of Definition 3.59 we have a — A\u € A, and hence A\ ¢ os(a).

Conversely, assume that f(A) # 0 on os(a). Consider first the case
that f does not vanish identically on any component of ID. Then f has

only a finite number of zeros on o(a). Let A1,...,A; be these zeros with
multiplicities n1, ..., ng, respectively. Since
k
g\ =N T =2
i=1

is invertible on o(a) then g(a) is invertible in A, thus g(a) € S. Moreover,
from \; ¢ os(a), i =1,...,k, we obtain that
k

fa) = g(a) [ J(a = Au) ™

i=1
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belongs to S.

Suppose the case that f vanishes identically on at least one component
Qof D. Let 0 := o(a) N Q. Clearly, o is a spectral set so we can consider
the idempotent associated with o:

1
= — [ (Au—a)"tdA
pi= g F( u—a) dA,
where I is a simple closed Jordan curve in Q\ o.

We claim that p € J, where J is the ideal given by (ii) of Definition
3.59. From our assumption on f we easily obtain that Au —a € S for A € o,
so that

{Mu—a:2eQ\o} CS.
This implies that the set
B:={\p(u) — d(a) : A € 2\ 0} C $(S) = R.

Clearly B is connected, since {2 is connected and ¢ is continuous. Fur-
thermore, for \g € ©Q \ o we have A\op(u) — ¢(a) € BN G, so B C G by
property (ii) of Definition 3.59.

Finally, let us consider the function A € Q — (A¢(u) — ¢(a))~!. This
function is analytic on  and

o(p) = - / (Ab(u) — d(a))'dA =0 € A/T,

= omi

which proves that p € J.
To conclude the proof let

[ f(\) on components of D where f # 0,
g(A) = { 1 on components of D where f = 0,
and let h(A) := g(A) — f(A). Then h(a) is the finite sum of projections
corresponding to the spectral sets where f vanishes identically and this
implies that h(a) € J. Furthermore, g(a) € S since g does not vanish
identically on any component of D. From this we then conclude that

fla)=g(a) —h(a) €S+ J CS,
which completes the proof of the equivalence (i).

(ii) Clearly p ¢ f(os(a)) precisely when p— f(A) has no zeros on og(a).
From part (i) this is true if and only if p — f(a) € A, or equivalently,
¢ os(f(a)). .

As usual, let H(o(T')) denote the set of all analytic function defined
on an open set containing ¢(7'). Since ®(X), ¢, (X) and ®_(X) are -
semigroups, Theorem 3.60 has as a consequence that the spectral mapping
theorem holds for the spectra related to these classes of operators:

Corollary 3.61. Let T € L(X) be an arbitrary operator on a Banach
space X. If g € H(o(T)) then the following equalities hold:
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(i) g(ous(
(iil) g(oe(T)) = ot (g(T))- ]

It should be noted that the equality g(o¢(T)) = o¢(g(T)) may be ob-
tained from the ordinary spectral mapping theorem, since by the Atkinson
characterization of Fredholm operators we have o¢(T) = a(f), where T is
the element 7'+ K (X) of the Calkin algebra L(X)/K(X).

Let a € A and S a ®-semigroup of A with an index i. For every n € N
let us define

on ={A€a(T):i(Au—a)=n}.

Lemma 3.62. Suppose that f(a) € S and let o, be the number of zeros
of f on oy, counted according to their multiplicities, ignoring components
of o, where f is identically 0. Then

(85) i(f(a)) = nom,.

Proof If f(a) € S then f does not vanish on os(a). If we define g and h
as in the proof of Theorem 3.60 then

(86) i(f(a)) = i(g(a) — h(a)) = i(g(a)).

The equalities (86) suggest that in order to prove (85) we may only
consider a function f which has at most a finite number of zeros on o(a).
For every n € N, let Ay;, @ = 1,--- , k,, be the zero of the function f on
on(a) with multiplicities «y,;. Define

a(0) = F) JTO = Ani) 7.

Then ¢ is invertible on ¢(a), thus ¢(a) is invertible in A and i(g(a) = 0.
From this we obtain

i(f(a)) = i|qla) H(a — Apiw)
= i(Q(a) =+ Z nNop; = Z NOp,
where ay, := Zfﬁl Qi "

Theorem 3.63. Let T' € L(X) a bounded operator on the Banach space
X. If g € H(o(T)), then the following inclusions hold:

(i) 9(ost(T)) € ot (9(T));
(i) g(ow(T)) 2 ow(9(T)).
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Proof (i) From Corollary 3.61 we have
ost(9(T)) = our(9(T)) Nou(9(T)) = glowe(T)) N g(ow(T))
2 glow(T) N (ou(T)] = g(ow(T)).
(ii) For every n € N let
D, (X):={T € ®(X):ind T = n},

and

Q,={Ae€C:AN[-T € ?,(X)}.
Obviously
(87) ow(T) = o(T)U | |

n#0

Now, if u ¢ g(ow(T)) then p — g(\) has no zeros on ow(7T'), and in
particular has no zero on o¢(7"). From part (i) of Theorem 3.60 applied to
the ®-semigroup ®(X) we then conclude that y — f(7') € ®(X) and

ind (ul — g(T Z Ny,
n#0
where o, is the number of isolated zeros of —g(A) on Q,,, counted according

to their multiplicities. From the equality (87) we infer that a,, = 0 for every
n # 0. Hence ind (uI — g(T')) = 0 and consequently u ¢ ow(g(T)). .

The next examples show that in general the inclusions (i) and (ii) of
Theorem 3.63 are proper.

Example 3.64. Let us consider an operator T € L(X), X a Banach
space, for which (I + T')(X) is closed and that is such that
al+T)<o0, BI+T)=00, al-T)=o00, PI-T)< .
Clearly I+ T € &4 (X)and I — T € ®_(X), so {1,-1} C o4(T). Define
gA) =1+ X1 = N).

Then a(g(T)) = B(g(T)) = oo, thus 0 € o4 (g(T)). On the other hand, it is
clear that 0 ¢ g(os(7")). This shows that the equality (i) of Theorem 3.63
does not hold.

To show that the inclusion (ii) of Theorem 3.63 generally is proper, let
us consider a bounded operator T € ®(X) such that ind (A +7) = —1 and
ind (ATl —T) =1. Then

ind [(AI — T)(AI + T)] = ind (A — T) +1ind (AT + T) =0,

so that 0 ¢ ow(g(T)), where as before g(A) := (1 4+ A)(1 — ).
On the other hand, {1, -1} C 0 (7T) and hence 0 € g(ow(T)).
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The Weyl approzimate point spectrum is defined by
owa(T) = m oap(T' + K),
KeK(X)
whilst the Weyl surjectivity spectrum is defined by
ows(T) = (] oa(T+K).
KeK(X)
These denominations are motivated by Corollary 3.41 and Corollary
3.47.
The next result shows some basic properties of oy (T') and ows(T). De-
note by acc o the set of all accumulation point of o C C.

Theorem 3.65. For a bounded operator T € L(X), where X is a Ba-
nach space, the following statements hold:

(i) A ¢ owa(T) if and only if \ =T € ®(X) and ind (A —T)
Dually, A ¢ ows(T) if and only if \I —= T € ®_(X) and ind (A\] —T) >

(ii) owa(T) = ows(T*), ows(T) = owa(T*) and

ow(T) = owa(T) U ows(T);

(iil) owa(T) C oub(T) and ows(T) C o(T);

(iv) If X € oap(T) is an isolated point of oap(T) and p(Al —T') = oo then
A € owal(T). If X € 05u(T) is an isolated point of o5y (T) and g(AN —T) = co
then X € ows(T);

< 0.
0;

(v) We have
(88) oub(T) = owa(T) Uacc oap(T),
(89) on(T) = ows(T) U acc ogu(7T),
and
(90) op(T) = 0w (T) Uacc o(T).

Proof (i) See Remark 3.40.
(ii) Clear, from part (i).
(iii) Obvious, from Theorem 3.44 and Theorem 3.46.

(iv) If X € 0ap(T) is an isolated point of o,,(7) then T" has SVEP at
A, by Theorem 3.23. Suppose that p(A] — T) = oo and A € oy,(T). Then
M —T € &, (X) and hence by Theorem 3.16 p(AI —T') < o0, a contradiction.
The second statement may proved in a similar way.

(V) If X ¢ owa(T) Uacc o,p(T) then A is an isolated point of ga,(7") and
M —T € &,(X), by part (i). From part (iv) we also have p(AI — T') < oo
and hence X\ ¢ oy, (T"). Conversely, if A € acc 0ap(T") then X € owa(T) or
A ¢ owa(T). In the first case A € oup(T), since owa(T) C oup(T). In the
second case A\ —T € ®4(X), so by Theorem 3.23 T' does not have the SVEP
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at A, and hence p(Al — T') = oo by Theorem 3.16. From this we conclude
that A ¢ oup(T'). Therefore the equality (88) is proved. The proof of the
equality (89) is similar. The equality (90) follows combining (88) with (89)
and taking into account that o(T") = 0ap(T") U osu(T). .

By passing we mention that similar formulas to those established in The-
orem 3.57 and Theorem 3.58 hold for the Weyl spectrum o (T), the Weyl
approximate point spectrum ow,(7), and the Weyl surjectivity spectrum
ows(T). Precisely,

UW(T)I m U(Tp)7
PeP(X)
and
owa(T) = ﬂ Uap(TP)v ows(T) = ﬂ osu(Tp).
PeP(X) PeP(X)

The interested reader may be find the proofs of these equalities in Zemanek
[333].

Theorem 3.66. Suppose that for T € L(X), T or T* has the SVEP.
Then

owa(T) = oup(T) and ows(T) = op(T).

Proof Suppose first that T' has the SVEP. By part (iv) of Theorem 3.65, to
show that oy, (T) = owa(T), it suffices to prove that acc gap (1) C owa(T).
Suppose that A & owa(T). Then A\I-T € ®,(X) and the SVEP at A ensures
that o,p(T") does not cluster at A, by Theorem 3.23. Hence A ¢ acc o,p(7).

To prove the equality o (T") = ows(T) it suffices to show that o, (T") C
ows(T). Suppose that A ¢ ows(T). Then AT =T € &_(X) with (AT -T) <
a(M —T). Again, the SVEP at A gives p(Al —T) < oo, and hence by part
(i) of Theorem 3.4 (M —T) = B(A —T'). At this point the finiteness of
p(AI —T) implies by part (iv) of Theorem 3.4 that also (Al —T) is finite, so
A & o1(T). Therefore o, (T') C ows(T'), and the proof of the second equality
is complete in the case that T has the SVEP.

Suppose now that 7% has SVEP. Then by the first part ou,(T*) =
owa(T*) and o1, (T*) = ows(T*). By duality it follows that o (T) = ows(T)
and oy (T) = owa(T)- .

Theorem 3.67. LetT € L(X), X a Banach space, and let f € H(o(T)).
Then

owal(f(T)) C f(owa(T))
and
Uws(f(T)) - f(UWS(T))'
Proof For every n € N define
Q= €oT): M -Ted(X),ind(\M -T)=n}.
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Clearly

(91) owa(T) = oue(T)U | |

n>1

Now, if p ¢ f(owa(T)) then ul — f(A) has no zeros on ow,(7) and in
particular has no zeros on oy (7). From Theorem 3.60 and Lemma 3.62 we
conclude that uI — T € &, (X) and

ind(pp — f(T Znan,

where, as in Lemma 3.62, o, is the number of isolated zeros of p— f(\) on ,,,

counted according to their multiplicities. From (91) we obtain that oy, = 0

for n > 1 and hence ind(p — f(T")) < 0. This implies that p ¢ owa(f(T)).
The last inclusion is an obvious consequence of the equality f(ows(T)) =

fowa(T™)). L]

Suppose that a Banach space X is the direct sum X = M @ N, where the
closed subspaces M and N are T-invariant, and let Py; denote the projection
of X onto M. Clearly, Py; commutes with 7" and

p(T) < oo & p(T|M), p(T|N) < o0
and
kerT =kerT|M @ kerT|N, T(X)=T(M)®T(N).

Moreover, as observed before Lemma 2.47, T'(X) is closed if and only if T'(M)

is closed in M and T'(V) is closed in N. Combining all these properties we
obtain

T € By (X) < T|M € By(M), T|N € B4 (N),
and hence
Uub(T) = Uub(T‘M) U Uub(T|N)'
Similar equivalences may be established for B_(X) and B(X), so
O’]b(T) = O’]b(T|M) U U]b(T|N),
and
op(T) = op(T|M) U op(T|N).

Lemma 3.68. Let T € L(X), X a Banach space, and suppose that the
function f € H(o(T)) is constant on each connected component of an open
set U containing o(T'). Then

flow(T)) = flow(T)) = f(on(T)) = f(o(T)) =
o (f(T) = ow(f(T)) =on(f(T)) = a(f(T)).
Proof The proof is similar to that given in the proof of Lemma 2.47. =
In the proof of the following result we shall use the spectral mapping

theorems for £(7T') and o,,(T"). We have seen that for these spectra the
spectral mapping theorem holds only in the cases that the analytic function
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f is non-constant on the connected components of its domain of definition.
For this reason we will consider in the proof two distinct cases. Lemma 3.68
will be then employed to prove the result also in the case that f is constant
on some components of its domain.

Theorem 3.69. Let T € L(X) be a bounded operator on a Banach space
X and f € H(o(T)). Then

(92) ouw(f(T)) = flow(T)) and ow(f(T)) = flow(T)).

Proof We show the inclusion f(ou,(T)) C oun(f(T)).
Suppose first that f is non-constant on each connected component of U.
Then by Theorem 3.52, Theorem 1.78, and Theorem 2.39

flow(T)) = flouw(T)UE(T)) C flou(T)) U f(E(T))
= ou(f(T) VE((T)) = ow(f(T)).
It remains to prove the opposite inclusion f(oun(T)) 2 ouw(f(T)).

Suppose that A € oy, (f(T)). We distinguish two cases.

First case: Suppose that A € ow,(f(T)). In this case A € f(owa(T)),
by Theorem 3.67, and from the inclusion owa(T) C ou,(T) it follows that
A€ f(aub(T))'

Second case: Suppose that A & ow.(f(T)). In this case by Theorem
3.65 A is a limit point of o, (f(T")), so there is a sequence {\,} of points
of oap(f(T)) such that A, — A. From the equality ouy,(f(T")) = f(oap(T)),
see Theorem 2.48, it follows that there is a sequence {j,} C 0.p(T) such
that f(un) = A\p. The sequence {u,} is bounded, hence there exists a con-
vergent subsequence and we may assume that p, — p € 0,p(7"). Then
A= f(n) € flacc ap(T), so A € f(oun(T)) by part (v) of Theorem 3.65.

This completes the proof of the first equality of (92) in the case that f
is non-constant on each connected component of /.

Consider now the other possibility, i.e., f is constant on some compo-
nents of U. Proceeding as in the proof of Theorem 2.48 we can find two
closed subspaces T-invariant M and N such that X = M @& N and an open
set Q such that o(T|M) C Q, o(T|N) C U \  and the restriction g of f
on €, as well as the restriction h of f onto U \ Q are analytic. Further-
more, ¢ is constant on every connected component of 2, h is non-constant
on every connected component of U \ Q. From ¢g(T|M) = f(T) |M and
h(T|N) = f(T)|N, and taking into account Lemma 3.68 and the first part
of the proof, we then obtain

ouwn(f(T) = ow(f(T)M)Uouw(f(T)IN) = ouw(g(T|M)) Uauw(h(T|N))
= g(low(T|M)) Uh(ow(T|N)) = f(ow(T|M)) U f(ow(T|N))
(since oy, (T|M) and oy, (T|N) are disjoint)
= [low(T|M)Uouw(TIN)) = flow(T)),
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which completes the proof of the first equality of (92).
The second equality of (92) easily follows from the equality o (f(T)) =

oun(f(T*))- .

We now establish the spectral mapping theorem for the Browder spec-
trum. Note that in the proof we use a argument similar to that used in the
proof of preceding theorem.

Theorem 3.70. Let T € L(X) be a bounded operator on a Banach space
X and f € H(o(T)). Then

ou(f(T)) = f(on(T))

Proof From Theorem 3.69 we have

flon(T)) = flow(T)Uon(T)) C flow(T)) U flow(T))
= ow(f(T) Uon(f(T)) = on(f(T)).

Conversely, let A € op(f(T')) and proceed as in the first part of the proof
of Theorem 3.69. We have two possible alternatives: A € f(ow (7)) or

If A € f(ow(T)) then A € f(on,(T)), since ow(T) C 0,(T). Consider the
other possibility, A ¢ f(ow(T')). By part (v) of Theorem 3.65 there exists
a sequence {A\,} C o(f(T)) = f(a(T)) such that A, — A. Let u, € o(T)
be such that f(un,) = An. The sequence p, is bounded so there exists
a subsequence converging to a certain u € o(7T). We may assume that
tn — Wy, 80 X = f(p) is a limit point of a sequence of f(o(T)). From part
(v) of Theorem 3.65 we then conclude that A € f(oy,(T")), which completes
the proof. N

The spectral mapping theorem for the Browder spectrum may be proved
in a different way, by showing that the Browder spectrum oy, (7)) is the
ordinary spectrum of an element of a suitable Banach algebra. In fact,
as noted by Gramsch and Lay in [141], see also Theorem 3.48, if A is the
maximal commutative subalgebra of L(X) containing T and 7w : 4 — A/ AN
K(X) is the canonical quotient homomorphism, then on(T) = o(n(T)).
Moreover, for every analytic function on an open set U containing o(T') we
have o(w(f(T)) = f(n(T)) and f(T) € A, so the result follows from the
usual spectral mapping theorem in A/ A N K(X). The spectral mapping
theorem for the spectra op(T'), ou,(T) and o1,(T) may be proved by using
different methods. For instance, Oberai [252] proved this result by showing
first that the mapping T' — o1, (T) is upper semi-continuous. The spectral
mapping theorem for the upper semi-Browder spectrum o,,(7") has been
proved by Rakocevié [272], through a similar argument, by proving that the
mapping T — oy, (T) is upper semi-continuous. Another proof may be also
found in Schmoeger[294].
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Theorem 3.71. Let T € L(X) be a bounded operator on a Banach space
X and f € H(o(T)). If T or T* has SVEP then

(93) owa(f(T)) = ow(f(T)), ows(f(T)) = ow(f(T)),
and
(94) ow(f(T)) = on(f(T)).

Proof Suppose first that T has the SVEP. Then f(7') has SVEP by The-
orem 2.40, so the equalities of (93) follow from Theorem 3.66.

The proof in the case T* has the SVEP follows by duality and Theorem
3.69. In fact, f(7™) has the SVEP so, from the first part of the proof, we
have

owa(f(T)) = ows(f(T)7) = ows(f(T7)) = o (f(T7))
= flown(T)) = flow(T)) = ouw(f(T)).

The proof of the equality ows(f(T)) = o (f(T)) is analogous.
Finally,

ow(f(T) = owalf(T))Uows(f(T))
ow(f(T)) Vo (f(T)) = on(f(T)),

so also (94) is proved. .

Corollary 3.72. If T or T* has the SVEP and f € H(o(T)), then
flow(T)) = ow(f(T)). Analogous equalities hold for owa(T) and ows(T).
Moreover,

ow(f(T)) = ou(f(T)) = flow((T)) = f(on((T)),
for every f € H(a(T)).

Proof By Theorem 3.71 and Theorem 3.70 we have oy (f(T)) = o (f(T)) =
f(op(T)) and o,(T) = ow(T), by Corollary 3.53.
The assertions for ow,(T) and oyws(T) follow in a similar way. .

For an operator T € L(X), X a Banach space, we say that the a-
Browder’s theorem holds if owa(T) = ouw(T). Note that if T satisfies a-
Browder’s theorem then oy (1) = o,(T). Indeed, if owa(T) = oup,(T') and
A ¢ 0w (T) from the inclusion oy, (T) C 0w (T) it follows that A ¢ owa(T) =
oub(T'), and hence p(Al — T') < co. But A\l — T is Weyl, hence by Theorem
3.4 q(AI — T) is also finite, and consequently A ¢ o1, (T). This shows that
on(T) C 0w (T), and since the opposite inclusion is always verified we con-
clude that ow(T) = op,(T).

In literature a bounded operator on a Banach space for which the equal-
ity ow(T) = op,(T) holds is said to satisfy Browder’s theorem. Taking into
account that ow,(T*) = ows(T) and o, (T*) = op(T), from Theorem 3.71
we immediately obtain the following result.
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Corollary 3.73. Let T € L(X) be a bounded operator on a Banach
space X and f € H(o(T)). If either T or T* has SVEP then both f(T)
and f(T*) obey to a-Browder’s theorem. In particular, T and T* obey a-
Browder’s theorem. .

7. Isolated points of the spectrum

In this section we shall take a closer look at the isolated points of the
spectrum. Recall that from the functional calculus, if )¢ is an isolated point
of the spectrum and Py is the spectral projection associated with the spectral
set {A\o}, then the subspaces Py(X) and ker Py are invariant under T and
o(T |Py(X)) = { Ao}, whilst o(T |ker Py) = C\ {Ao}.

The first result of this section shows that for an isolated point Ag of o(T")
the quasi-nilpotent part Hyo(Agl — T') and the analytical core K (Aol — T)
may be precisely described as a range or a kernel of a projection.

Theorem 3.74. LetT € L(X), where X is a Banach space, and suppose
that Ao is an isolated point of o(T'). If Py is the spectral projection associated
with {X\o}, then:

(i) Po(X) = Ho(Xol —T);

(ii) ker P() = K(/\QI — T).

In particular, if {Ao} is a pole of the resolvent, or equivalently p :=
(Al —T) =q(Ml —T) < oo, then

Po(X) = Ho()\of - T) = ker()\OI - T)p,
and
kerPo = K()\()I — T) = ()\0[ - T)p(X)

Proof (i) Since A is an isolated point of o(T") there exists a positively
oriented circle I' :== {\ € C : |\ — \g| = 0} which separates Ao from the
remaining part of the spectrum. We have

1
(NI =T)"Roz = o= | (Ml = T)"(M — T) 'z d\ forallm=0,1,---.
™ Jr

Now, assume that z € Py(X). We have Pyx = x and it is easy to verify
the following estimate:

n 1 n —
[T = )"l < 5 276" max [ (AT = T) ]

Obviously this estimate also holds for some §, < §, and consequently
(95) limsup ||(Aod — T)"z|"/" < 6.

This proves the inclusion Py(X) C Ho(AoI —T).
Conversely, assume that @ € Ho(AgI —T') and hence that the inequality
(95) holds. Let S € L(X) denote the operator

S:=1— (Mol = T).

Ao — A
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Evidently the Neumann series

S 5= (1— /\OlA(AOI—T))nm
n=0

n=0

converges for all A € I'. If yy denotes its sum for every A € T', from a
standard argument of functional analysis we obtain that (I — S)yy = z. A
simple calculation also shows that

= =X)M -T) 'z

and therefore

AM-T)le==->" m for all A € T.
0
n=0

A term by term integration then yields

1 B 1 1
Pyx 57 /F()\I T) "z dA 27Ti/p Do = )\)x z,

and this proves the inclusion Hy(AI — T) C Py(X). This completes the
proof of the equality ().

(ii) There is no harm in assuming that Ay = 0. We have o(T|Py(X)) =
{0}, and 0 € p(T'|ker Py). From the equality T'(ker Py) = ker Py we obtain
ker Py C K(T), see Theorem 1.22.

It remains to prove the reverse inclusion K(T') C ker Py. To see this we
first show that Ho(T) N K(T') = {0}. This is clear because Hy(T) N K(T) =
K(T|Hy(T)), and the last subspace is {0} since the restriction of 7" on the
Banach space Hy(T) is a quasi-nilpotent operator, see Corollary 2.28. Hence
Hy(T) N K(T) = {0}. From this it then follows that

K(T) € K({T)NnX=K(T)n kerPy® Py(X)]
= ker Py + K(T) N Hyo(T) = ker P,

so the desired inclusion is proved.
The last assertion is clear from Remark 3.7, part (b). ]

Corollary 3.75. Let T € L(X), where X is a Banach space. The
following statements are equivalent:

(i) T is quasi-nilpotent;
(ii) K(T) = {0} and 0 is an isolated point of the spectrum;

(iii) Ho(T) = X and 0 is an isolated point of the spectrum.

Proof (i)« (ii) Obviously, if T" is quasi-nilpotent then 0 is an isolated point
of o(T) and K(T) = {0}, by Corollary 2.28.

Conversely, if 0 is isolated in o(T) then Py(X) = Ho(T) = X and
K(T) = ker Py = {0}. Obviously this implies that Py is the identity, so
Hy(T) = X. From Theorem 1.68 we conclude that T is quasi-nilpotent.
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(iii)=-(i) If 0 is an isolated point of the spectrum then Hy(T') = Py(X)
is closed and therefore Hyo(T) = X. Again, by Theorem 1.68 we conclude
that T is quasi-nilpotent.

(i)=(iii) Obvious. .
From Theorem 3.74 we infer that if )\ is isolated in o(T") then X =

KM\ —T) ® Ho(MAI —T). The following result show that the reverse
implication holds if we assume that K(AgI — T') is closed .

Theorem 3.76. For a bounded operator T' € L(X), where X is a Ba-
nach space, the following assertions are equivalent:

(i) Ao is an isolated point of o(T);

(il) K(AoI —T) is closed and X = K(MI —T) @ Ho(MI —T).
Proof Also here we assume Ay = 0. Since K (T) is closed, by Theorem 1.22
we know T(K(T)) = K(T). Moreover, since kerT' C Hy(T) the operator

T : K(T) — K(T) is invertible. Hence there exists a € > 0 such that A\I — T
is invertible for every |A| < e. It follows that

(96) (M —T)(K(T)) = K(T) for every |\ <e.
Since ker (AI —T) C K(T) for all XA # 0, we have

(97) ker (Al —T) ={0} forevery 0< |\ <e.
By Theorem 3.74, we also have

(98) Ho(T) C (M —T)(X) for every A # 0.

The equality (96) and the inclusion (97) imply
X =K(T)®Ho(T) C (M —T)(X) forevery 0<|\ <e.
Consequently
{AeC:0< [N <e} Cp(T),
and hence 0 is an isolated point of o (7). =

Theorem 3.77. Let Ag be an isolated point of o(T'). Then the following
assertions are equivalent:

(i) Mol =T € 2(X);

(ii) Aol — T is Browder;

(iii) Ho(AoI —T) is finite-dimensional;

(iv) K(AoI —T) is finite-codimensional.
Proof The equivalence (i) < (ii) follows from Corollary 3.50. The im-
plication (ii) = (iii) is clear from Theorem 3.18 since T" has the SVEP at
every isolated point of ¢(T"). The implication (iii) = (iv) is clear, since, as
observed above, X = Hy(Aol —T) ® K (Xl —T).

(iv) = (i) We have K(Agl —T) C (Aol —T)>®(X) C (Aol —T)(X), so
the finite-codimensionality of K (Aol —T') implies that also (Aol — T)(X) is
finite-codimensional and hence \g € ®_(X). .
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Now, o(T) = 0ap(T) U 0su(T'). In the next result, instead of isolated
points of o(T) we shall consider, separately, spectral points isolated in
oap(T'), or isolated in oy (T').

Theorem 3.78. Let T € L(X), X a Banach space, and Ay € C. We
have:

(1) If Ao is isolated in oa,(T') then
M —Ted (X)edim Hy(AI—T) <oo and (M —T)(X) is closed.
(i) If Ao is isolated in o4y (T), then
Mol —T € B4 (X) © codim K (Mol — T) < co.

Proof (i) Let A\g be a spectral point isolated in ap(7"). Then T has the
SVEP at Ao, and hence by Theorem 3.44 M\gI — T € &4 (X) precisely when
Mol —T € BL(X). In this case the range of \gI — T is closed, Hy(AI —T) is
finite dimensional and coincides with ker(Agl — TP, where p := p(Aol — T,
by Theorem 3.16 and Theorem 3.18.

Conversely, if Hy(AoI —T) is finite-dimensional the inclusion ker (Aol —
T) C H,(AI — T) entails that ker (Aol — T') is finite-dimensional, so if
Aol — T has closed range then Aol — T € @ (X).

(ii) Let Ag be a spectral point isolated in o4 (7). Then T* has the
SVEP at Ao, and hence by Theorem 3.46 A\gI — T € & (X) precisely when
Xl —T € By(X). In this case K(\oI — T) is finite-codimensional and
coincides with (Aol — T)9(X), where q := g(AoI — T), again by Theorem
3.17 .

Conversely, if K(AI — T) is finite-codimensional, from K(MI —T) C
(Ml —T)(X) we obtain that also (Al — T')(X) is finite-codimensional, and
hence A\g € P_(X). .

The following result gives a description of o4 (T) or o¢(T") from the point
of view of local spectral theory.

Theorem 3.79. Let T € L(X) and Ao € C. Then we have:

(i) If T has the SVEP then Ao € os(T) if and only if Ao is a cluster point
of gap(T) or Ao is an isolated point of o.p(T) for which either Hy(AoI —T')
18 infinite-dimensional or A\, — T has closed range.

(ii) If T* has the SVEP then Ao € os(T) if and only if Ao is a cluster
point of osu(T) or Ay is an isolated point of os,(T) for which K(A\I —T) is
infinite-codimensional.

(iii) If both T and T* have the SVEP then \g € o¢(T) if and only if
Ao s a cluster point of o(T) or Ay is an isolated point of o(T) for which
K(M\I-T) is infinite-codimensional, or equivalently, H,(A,I—T) is infinite-
dimensional.

Proof (i) If T has the SVEP and \g is a cluster point of a4, (7") then
Xo € ok (T) C og(T), by Corollary 3.25. If Ag is isolated in o,,(7") and
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Hy(AoI —T) is infinite-dimensional, or A\,I — T has closed range, then \g €
ost(T), by part (i) of Theorem 3.78.

Conversely, suppose that A\g € o4(T"). Obviously )¢ is a cluster point
of oap(T') or is isolated in oup (7). In the second case, again by part (i) of
Theorem 3.78, either H,(A,I — T) is infinite-dimensional, or A\, — T has
closed range.

(ii) If T* has the SVEP and )\ is a cluster point of o4, (7") then g €
oxt(T) C o4 (T) by Corollary 3.28. If \g is isolated in o4, (T") and K (Ao —T)
is infinite-codimensional then Ay € o (T) by part (ii) of Theorem 3.78.

Conversely, if A is an isolated point of o, (1) then K (\,/ —T') is infinite-
codimensional, again by part (ii) of Theorem 3.78.

(iii) If both 7" and T have the SVEP then by Corollary 3.53 o(T) =
Oap(T) = osu(T') and o¢(T') = o4¢(T"). The assertion then follows from part
(ii). .

It has been observed in Remark 2.25 that if an operator T' € L(X) has
the SVEP at)\g, and if Y is a closed subspace of X such that (A\gI —T)(Y) =
Y then ker (Aol — T)NY = {0}.

The following useful result shows that this result is even true when-
ever we assume that Y is complete with respect to a new norm and Y is
continuously embedded in X.

Lemma 3.80. Suppose that X is a Banach space and that the oper-
ator T € L(X) has the SVEP at \g. Let Y be a Banach space which
is continuously embedded in X and satisfies (Al — T)(Y) = Y. Then
ker (Aol —T)NY = {0}.

Proof It follows from the closed graph theorem that the restriction T'|Y is
continuous with respect to the given norm || - ||; on Y. Moreover, since every
analytic function f: U — (Y, - ||1) on an open set & C C remains analytic
when considered as a function from U to X, it is clear that T'|Y inherits the
SVEP at A\ from T. Hence Corollary 2.24 applies to T|Y with respect to
the norm || - ||1. .

By Theorem 3.16, if \gI —T a semi-Fredholm operator T has the SVEP
at g precisely when p(Agl — T) < oo. The next result shows that this
equivalence holds also under the assumption that g(Aol — T') < oo.

Theorem 3.81. Let T € L(X), X a Banach space, and suppose that
q(Aol —T) < 0. Then the following conditions are equivalent:

(i) T has the SVEP at X\o;

(ii) p(Nol = T) < o005

(iii) Ao is a pole of the resolvent;
(iv) Ao is an isolated point of o(T).

Proof There is no harm in assuming A\g = 0.
(i) = (ii) Let ¢ := ¢(T') and Y := T9(X). Let us consider the map



162 3. THE SVEP AND FREDHOLM THEORY

T: X/ker T? — Y defined by f(%) := Tx where € 7. Clearly, since T is
continuous and bijective we can define in Y a new norm

lyllx := inf{[|]| - T(z) = y},
for which (Y, - ||1) becomes a Banach space. Moreover, if y = T%(x) from
the estimate

Iyl = 1T (@) < 1T/ ]|=]]

we deduce that Y can be continuously embedded in X. Since T(T?(X)) =
T9TH(X) = T9(X), by Corollary 3.80 we conclude that ker TNT9(X) = {0}
and hence by Lemma 3.2 p(T') < co.

(i) = (i) If p := p(Nol — T) = q(AoI —T) < oo then \g is a pole of
order p, see Remark 3.7, part (c).

(iii) = (iv) Obvious.

(iii) = (iv) This has been observed above. .

The preceding result is reminiscent of the equivalences established in
Corollary 3.21 under the assumption that Aol — T is semi-Fredholm.

Theorem 3.82. For a bounded operator T € L(X), X a Banach space,
the following statements are equivalent:

(i) Ao is a pole of the resolvent of T;
(ii) There exists p € N such that ker (Aol — T)? = Hy(MI —T) and
Ml —TP(X)=K(MI-T).

Proof Suppose that Ao € o(T) is a pole of the resolvent of T. Then
p(Aol —T) and g(Aol — T) are finite and hence equal, see Remark 3.7 and
Theorem 3.3. Moreover, if p := p(AIl — T) = q(Aol — T') then Py(X) =
ker (A —T)P and ker Py = (M —T)P(X), where Py is the spectral projection
associated with {A\g}, so the assertion (ii) is true by Theorem 3.74.

Conversely, assume that (ii) is verified. We show that p(AI — T') and
q(MoI —T) are finite. From

ker (Ao — T)PT1 C Ho(MoI — T) = ker (\oI — T)P
we obtain that ker (Aol — T)P*! = ker (\oI — TP, thus p(T) < p.
From the inclusion
(AT = T)PHX) 2 (ol = T)*(X) 2 K(Aol = T) = (Aol = T)"(X)
we then conclude that (Aol — T)PT1(X) = (Aol — T)P(X), thus also ¢(T) is
finite. Therefore )¢ is a pole of R(\, T). .

Recall that T' € L(X) is algebraic if there exists a non-trivial polynomial
h such that h(T) = 0. The next result characterizes the operators having
the Kato type of spectrum empty.

Theorem 3.83. Let T € L(X), where X is a Banach space. Then the
following statements are equivalent:
(i) owt(T) is empty;
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(ii) AI — T has finite descent for every A € C;

(iii) AXI — T has finite descent for every A\ € do(T'), where 0o (T') is the
topological boundary of o(T);

(iv) o(T) is a finite set of poles of R(AI,T);

(v) T is algebraic.

Proof (i) = (ii) Suppose that oy (T) = @. Then pi(T) has an unique
component 2 = C and therefore by Theorem 3.34 T has the SVEP at every
point of C since T has the SVEP at the point of the resolvent p(T').

On the other hand, if AI — T is of Kato type then also A\[* — T™ is of
Kato type. Therefore C = py((T) = pit(T™), and consequently by Theorem
3.35 also T has the SVEP. Since A\l — T is of Kato type by Theorem 3.17
we then conclude that ¢(AI — T') < oo for every A € C.

(ii)= (iii) Obvious.

(iii) = (iv) Since T has the SVEP at every A € do(T') then the condition
g(AMl — T) < oo entails that every A € 90(T) is a pole of R(A\,T), by
Theorem 3.81, and hence an isolated point of o(T'). Clearly this implies
that o(T) = 9o (T), so o(T) is a finite set of poles.

(iv) = (i) It suffices to prove that A\J —T is of Kato type for all A € o(T).
Suppose that o(T) is a finite set of poles of R(A,T). If A € o(T') let P be the
spectral projection associated with the singleton {A\}. Then X = M & N,
where M := K(A —T) = ker P and N := Hy(A — T'), by Theorem 3.74.
Since I — T has positive finite ascent and descent, if p := p(AI — T) =
g(M —T) then N = ker(A] — TP, see Remark 3.7, part (b). From the
classical Riesz functional calculus we know that o(T|M) = o(T) \ {A}, so
that (A — T)|M is bijective, whilst (Al — T'|N)? = 0. Therefore A\I — T is
of Kato type for every A € C.

(iv) = (v) Assume that o(T) is a finite set of poles {1, ..., Ay}, where
for every ¢ = 1,...,n with p; we denote the order of \;. Let h(\) :=
(M = A)P1 ... (Ay = A)Pr. Then by Lemma 1.76

WT)X) = (VNI =T)P(X) = (| KNI =T),
i=1 i=1
where the last equality follows since 7" has SVEP and \;I — T is of Kato
type, see Theorem 3.17. But the last intersection is {0}, because if z €
KNI -T)NK(M\I—T), with A; # Xj, then op(z) € {\}N{\;} = @ and
hence z = 0, since T has the SVEP. Therefore h(T') = 0.

(v) = (i) Let h be a polynomial such that h(T") = 0. From the spectral
mapping theorem we easily deduce that o(T') is a finite set {A1,..., Ay}
The points A1,..., A\, are zeros of finite multiplicities of h, say ki, -- , kn,
respectively, so that h(\) = (A; — A)¥ ... (A, — A\)** and hence by Lemma
1.76

X =ker i(T) = @ ker(MI — T)*,
=1
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Now suppose that A = A; for some j and define

ho(A) == [T\ = MFe.
i#]
We have
M :=ker ho(T) = @ ker(A\I — T)*,
i#)

and if N := ker(\;1 —T)* then X = M & N and M, N are invariant under
M1 — T. From the inclusion ker(A\;I — T) C ker(\;I — T)* = N we infer
that the restriction of A\;I —T on M is injective. It is easily seen that

(NI = T)(ker(\I — T)%) = ker(\T — TR, i # 4,

so (\j;I —T)(M) = M. Hence the restriction of \;] — T on M is also
surjective and therefore bijective. Obviously (A;1 —T)|N)% =0, s0 A\l =T
is of Kato type also at the points of the spectrum, and the proof is complete.

8. Weyl’s theorem

In 1909 H. Weyl [325] studied the spectra of all compact perturbations
T+ K of a Hermitian operator 7" acting on a Hilbert space and showed that
A € C belongs to oy (T) precisely when A is not an isolated point of finite
multiplicity in o (7). Today this classical result is known as Weyl’s theorem,
and it has been extended to several classes of operators acting in Banach
spaces. In this section Weyl’s theorem will be related to the single-valued
extension property. We shall emphasize the role of the quasi-nilpotent part
Ho(M — T) and shall see that the reason for which Weyl’s theorem holds
for many classes of operators essentially depends upon the form which the
subspaces Ho(A — T), A € C, assume.

The first result of this section establishes several equivalences for bounded
operators defined on Banach spaces. For a bounded operator T' € L(X) we
set

poo(T) :=o(T)\ op(T) = {A € o(T) : \I — T is Browder},
and
moo(T) :={A€iso o(T): 0 < a(A] - T) < o0}.
By part (b) of Remark 3.7 we have
(99) poo(T) C moo(T") for every T € L(X).

Recall that the reduced minimum modulus of a non-zero operator T' is
defined by
[ Te]|

T):= _—.
’Y( ) x¢ker T dist(x, ker T)
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Theorem 3.84. For a bounded operator T € L(X) the following state-
ments are equivalent:

(i) m00(T') = poo(T);

(i) 0w (T) N 70 (T) = &

(iii) os(T) Neo(T) = &

(iv) (AT = T)(X) is closed for all X € moo(T);

(v) Ho(M —T) is finite-dimensional for all A € moo(T);

(vi) K(A\I —T) is finite-codimensional for all X\ € moo(T);

(vii) (A —T)*°(X) is finite-codimensional for all A € moo(T);

(viii) BAL = T) < oo for all X € mpo(T);

(ix) gAML = T) < o0 for all A € moo(T);

(x) The mapping A — v(AI —T) is not continuous at each Ay € moo(T).
Proof (i) = (ii) Evidently poo(T) = o(T) \ on(T), so

poo(T) Now(T) = moo(T) = 2,
and since 0w (T) C op(T) this implies that ow(T) N wee(T) = @.

(ii) = (iii) Obvious, since og¢(T") C ow(T).

(iii) = (iv) If A € mo(T) then AI — T is semi-Fredholm, so (A —T)(X)
is closed.

(iv) = (v) If (M —T)(X) is closed for all A € mpo(T") then N\l — T €
®, (X). Since T has the SVEP at every isolated point of o(T"), by Theorem
3.18 it follows that Ho(Al — T') is finite-dimensional.

(v) = (vi) If X\ is an isolated point of ¢(T") then the decomposition
X = Ho(M —T) @ K(M — T) holds by Theorem 3.74. Consequently, if
Hy(A — T) is finite-dimensional then K (Al — T) is finite-codimensional.

(vi) = (vii) Immediate, since K(AI — T) C (A — T)*(X) for every
reC.

(vii) = (viii) It is obvious since (A —T)*°(X) C (A —T)(X) for every
AeC.

(viii) = (i) For every A\ € moo(T) we have a(A — T') < o0, so if B(AI —
T) < oo then A\ — T € ®(X). Since A is an isolated point of o(T) the
SVEP of T and T* at A ensures that p(Al — T') and ¢(A — T) are both
finite, by Theorem 3.16 and Theorem 3.17. Hence moo(T) C poo(T) and
since the opposite inclusion is satisfied by every operator it then follows
that moo(T') = poo(T).

(i) = (ix) Clear.

(ix) = (viii) This is immediate. In fact, by Theorem 3.4 if (AT —-T) < co
then (M —T) < a(AM —T) < oo for all X € mo(T).

(iv) < (x) Observe first that if Ag € mpp(7") then there exists a punctured
open disc Dy centered at Ay such that

(100) YA =T) < [A=Xo| for all A € Dy.
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In fact, if Ag is isolated in o(T") then AI —T is invertible, and hence has closed
range in an open punctured disc D centered at Ag. Take 0 # x € ker(AgI—T).
Then

I =Tyl M —T)a|
YA =T) = dist (z,ker(A\ —T)) [Eal
_ (AL —T)x — (Mol —T)z| _ A — Aol
B |

Clearly, from the estimate (100) it follows that v(Al —T) — 0 as A — Ao,
so the mapping A\ — (Al — T') is not continuous at a point Ay € e (7T)
precisely when (Aol — T) > 0, or, equivalenty, by Theorem 1.13 when
(Ml — T)(X) is closed. Therefore the condition (iv) is equivalent to the
condition (x). .

Following Coburn [81] we say that Weyl’s theorem holds for T € L(X)

if
O’(T) \O'W(T) = 7T00(T).
Note that
Weyl’s theorem = o1,(T) = 0w (T).

Indeed, if A € o(T) does not belong to ow(T) then A\ € o(T) \ ow(T) =
moo(T"), and hence A is an isolated point of o(T'). Since AI — T € ®(X)
the SVEP for T and 7™ at A ensures that p(Al — T) and ¢(AI — T) are
both finite, by Theorem 3.16 and Theorem 3.17. Therefore, A ¢ o1,(T) so
op(T') C ow(T). The reverse inclusion holds for every T € L(X), and hence
op(T) = ow(T).

Theorem 3.85. Suppose that T € L(X) or T* has the SVEP. Then
Weyl’s theorem holds for T if and only if one of the equivalent conditions
(i)—(x) of Theorem 3.84 holds. If both T and T* have the SVEP then Weyl’s
theorem holds for T if and only if o¢(T) Nmeo(T) = 2.

Proof By Corollary 3.53 if T or T* has the SVEP then oy (T) = o,(T). If
Weyl’s theorem holds for T then

mo0(T) = o(T) \ ow(T) = o(T) \ ou(T) = poo(T),

so the condition (i) of Theorem 3.84 is satisfied. Conversely, suppose that
WOQ(T) = poo(T). Then

mo0(T) = poo(T) = o(T) \ ou(T) = o(T) \ ow(T).

Finally, if both T" and 7™ have the SVEP by Corollary 3.53 we know
that o¢(T) = ow(T). n

Example 3.86. In general, we cannot expect that Weyl’s theorem holds
for an operator satisfying the SVEP. For instance, if T € L(¢?)(N) is defined
by

1 1

T(xg,21,...) = (§:r1, 352 .) for all (z,,) € £2
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then T is quasi-nilpotent and hence has the SVEP. But T" does not satisfy
Weyl’s theorem, since o(T) = ow(T') = {0} and m(T") = {0}.

Definition 3.87. T' € L(X), X a Banach space, is said to be relatively
regular if there exists an operator S € L(X) for which

T=TST and STS=S-.

There is no loss of generality if we require in the definition above only
T = TST. In fact, if T = T'ST holds then the operator S’ := ST'S will
satisfy both the equalities
T=TST and S =S8TS.
We now establish a basic result.

Theorem 3.88. A bounded operator T € L(X) is relatively regular if
and only if ker T and T(X) are complemented

Proof If T = TST and STS = S then P := TS and @ := ST are
idempotents, hence projections. Indeed
(TS)> =TSTS =TS and (ST)*=STST = ST.
Moreover, from the inclusions
T(X) = (TST)(X) € (T'S)(X) € T(X),
and
kerT' C ker(ST) C ker(STS) = ker T,
we obtain P(X) =T(X) and ker@Q = (I — Q)(X) = kerT.
Conversely, suppose that ker T and T(X) are complemented. Write
X =kerT@®U and X = T(X) @V and let us denote by P the projection
of X onto ker T along U and by (g the projection of Y onto T'(X) along V.
Define Ty : U — T(X) by Tox = Tz for all x € X. Clearly Ty is bijective.
Put S := Ty ' Q. If we represent an arbitrary € X in the form z = y+ z,
with y € ker T" and z € U, we obtain
STx = To_lQoT(y + Z) = To_lQoTZ
= Ty T2=z2=2—y=ua— Pz
Similarly one obtains T'S = Qq. If Q := 1 — )y then
(101) ST =Ix—P and TS =Iy.

If we multiply the first equation in (101) from the left by T we obtain
TST = T, and analogously multiplying the second equation in (101) from
the left by S we obtain ST'S = S. .

A bounded operator T' € L(X) is said to be isoloid if every isolated
point of o(T) is an eigenvalue of T. A bounded operator T' € L(X) is said
to be reguloid if for every isolated point A of o(T) the operator \I — T
is relatively regular. Note that if T' is reguloid then T is isoloid. To see
this, suppose that T' is reguloid and A € isoo(T). If a(A —T) = 0 then
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M —T € &,.(X), since (A —T)(X) is closed. But T has the SVEP at
A, 80 by Theorem 3.17 we know that ¢(AI — T) < oo, and consequently by
Theorem 3.3 g¢(Al — T') = p(AI —T) = 0. This implies that A\ ¢ o(T), a
contradiction. Hence ) is an eigenvalue of T

Lemma 3.89. For every T € L(X), X a Banach space, and [ €
H(o(T)) we have

(102) o(f(T)) \ moo(f(T)) € f (o(T) \ moo(T)) .-
Furthermore, if T is isoloid then
(103) o(f(T)) \ moo(f(T)) = f (o(T) \ moo(T))-

Proof To show the inclusion (102) suppose that A\g € o(f(T)) \ moo(f(T)).-
We distinguish two cases:

Case I. \g is not an isolated point of f(o(T)). In this case there ex-
ists a sequence (A,) C f(o(T)) such that A\, — A as n — oo. Since
f(o(T)) = o(f(T)) there exists a sequence () in o(T) such that f(u,) =
An — Ao. The sequence (p,,) contains a convergent subsequence and we may
assume that lim, oo ptn, = po. Hence Ao = limy, o0 f(1n) = f(po). Since
po € o(T) \ moo(T") it then follows that Ao € f(o(T") \ moo(T)).

Case II. X\g is an isolated point of o(f(T)), so either A is not an eigen-
value of f(T') or it is an eigenvalue for which a(Ag — f(T)) = co. Put
g(A) := Ao — f(A). The function g(\) is analytic and admits only a finite
number of zeros in o(T), say {A1,..., A\x}. Write

k
g(\) =p(Mh(N)  with  p(A) == [T =M™,
i=1
where n; is the multiplicity of \; for every i = 1,..., k. Clearly, A\oI — f(T) =
g9(T) = p(T)h(T') and h(T') is invertible.

Now, suppose that A\g is not an eigenvalue of f(7'). Then none of
AL, ..., A; can be an eigenvalue of T', and hence Ao € f(o(T') \ moo(T)).

Consider the other possibility, i.e., A\g is an eigenvalue of T of infinite
multiplicity. Then at least one of A\1,..., g, say A1, is an eigenvalue of T
of infinite multiplicity. Consequently A1 € o(T) \ moo(T") and f(A1) = Ao, so
Mo € f(o(T) \ moo(T)). This concludes the proof of the inclusion (102).

To prove the equality (103) suppose that T is isoloid. We need only to
prove the inclusion

(104) F(e(T) \ 7oo(T)) S o(f(T)) \ moo(f(T))-
Let A\g € f(o(T) \ moo(T)). From the equality f(o(T)) = o(f(T)) we know
that Ao € o(f(T)). If possible let Ao € moo(f(T)), in particular, Ay is an
isolated point of o(f(7T)). As above we can write Ao — f(T) = p(T)h(T),
with

k
(105) p(T) = [l = T)™

i=1
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From the equality (105) it follows that any of Ay, ..., Ay must be an isolated
point of o(7T") and hence an eigenvalue of T', since by assumption T is isoloid.
Moreover, since \g is an eigenvalue of finite multiplicity any A; must also be
an eigenvalue of finite multiplicity, and hence \; € mpo(T"). This contradicts
that Ao € f(o(T) \ moo(T")). Therefore, Ao ¢ moo(f(T), so the proof of the
equality (103)is complete. .

By Theorem 3.85 every reguloid operator T for which 7" or T* has the
SVEP obeys Weyl’s theorem since the condition (iv) of Theorem 3.84 is
satisfied. The next result shows that we have much more.

Theorem 3.90. Suppose that T € L(X) is reguloid and let f € H(o(T)).
If either T or T* has the SVEP then Weyl’s theorem holds for f(T).

Proof Suppose that T is reguloid. Since T is isoloid by Lemma 3.89 we have
o(f(T))\moo(f(T)) = f(o(T)\moo(T)). If either T' or T* has the SVEP then
flow(T)) = ow(f(T)) by Corollary 3.72. As observed above the SVEP for
T or T* entails that Weyl’s theorem holds for T, so o(T") \ moo(T") = 0w (T).
Hence

o(f(T) \ow(f(T) = f(o(T) \ mo0o(T)) = f(ow(T)) = ow(f(T)),
from which we see that Weyl’s theorem holds for f(T). .

The condition (v) of Theorem 3.84 generally does not ensure that 7" has
SVEP. However, if we let

mof(T) :={A € o(T): 0 < (M —T) < oo}
we have the following result.

Theorem 3.91. If T € L(X) then the following statements hold:

(i) If Ho(A —=T') is closed for every A € oof(T) then on,(T) = ow(T);

(ii) If Ho(A —T) is finite-dimensional for every A € oos(T) then Weyl’s
theorem holds for T

Proof (i) Let A € o(T)\ ow(T). Clearly A € mo¢(7"), and hence by assump-
tion Hyo(AI —T) is closed. Since AI —T is Weyl from Theorem 3.16 it follows
that p(Al — T) < oo and this implies, since a(A — T) = B(A — T), that
g(A\I = T) < oo. Therefore A ¢ o,(T), and consequently o,(T) C ow(T).
Since the opposite inclusion is verified for every operator we then conclude
that op(T) = ow(T).

(ii) We have moo(T") € mos(T), so Ho(A — T') is finite-dimensional for
every A € moo(T). By Theorem 3.84 it then follows that moo(T) = poo(T),
and hence from the inclusion ow(T) C op(T) we obtain that m(T) =
o(T) \ on(T) € o(T) \ 0w (T).

Conversely, to show the inclusion o(T) \ ow(T") C mo(T") assume that
A € o(T) \ 0w(T). Then 0 < a(M —T) = B — T) < 00, 50 A € o (T).
Since Ho(AI—T) is finite-dimensional then, by Theorem 3.16, p(AI-T) < oc.
The equality a(A — T) = (Al — T) then implies by Theorem 3.4 that
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g(AMI = T) < oo. Therefore A € poo(T) C moo(T'), and hence the equality
o(T)\ ow(T) = moo(T) is proved. .

The condition (v) of Theorem 3.84, is an useful tool in order to prove
that Weyl’s theorem holds for several important classes of operators. To see
this we need to introduce a new class of operators.

Definition 3.92. A bounded operator T € L(X) on a Banach space X
is said to have the property (H) if

Ho(M —T)=ker(AI —=T) forall x€C.

Although the property (H) seems to be rather strong, the class of op-
erators having property (H) is considerably large. In the next chapter we
shall show that every multiplier of a semi-simple Banach algebra A has the
property (H).

Example 3.93. In the sequel we give some other important classes of
operators which satisfy this property.

(a) As observed in Example 3.9 every totally paranormal operator has
the property (H), and in particular every hyponormal operator has the prop-
erty (H). The class of totally paranormal operators includes also subnormal
operators and quasi-normal operators. In fact, these operators are hyponor-
mal, see Conway [85].

(b) A bounded operator T € L(X) is said to be transaloid if the spectral
radius (A — T) is equal to ||A\I — T|| for every A € C. It is easy to check
that every transaloid operator satisfies the property (H), see Lemma 2.3
and Lemma 2.4 of [86].

Recall that operator S € L(X) is said to be a quasi-affine transform
of T € L(X) if there is U € L(X) injective with dense range such that
TU = US. The next result shows that property (H) is preserved by quasi-
affine transforms.

Theorem 3.94. Suppose that T € L(X) has the property (H) and S is
a quasi-affine transform of T. Then S has the property (H).

Proof Suppose TU = US with U injective, A € C, and x € Hyo(A — 5).
Then

I\ = T)"Uz||'/" = |UA = ) || "/™ < UV [(M = S)"||'/",
from which we obtain that Uz € Ho(AM — T') = ker (A — T'). Hence
UM —S)z=N—-T)Uz =0,

and since U is injective this implies that (Al — S)z = 0. Consequently
Ho(M — S) =ker(AI — S) for all A € C. .

As a consequence of Theorem 3.94 we obtain some other examples of
operators which satisfy the property (H). To see this, for any operator
T € L(H), where H is a complex Hilbert space, let us denote by T'= W|T|
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the polar decomposition of T. Then R := |T|"/?W|T['/? is called the Aluthge
transform of T, see Aluthge [44]. If R = V|R| is the polar decomposition of
R define

(106) T := |R|'/*V|R|'/?,

Example 3.95. An operator T' € L(H) is said to be log-hyponormal if
T is invertible and satisfies log (T*T) > log (T'T*). If T is log-hyponormal
then the operator T defined in (106) is hyponormal and T = KTK™,
where K := |R|"2|T|'/?, see Tanahashi [303] and Cho, Jeon and J.I. Lee
[80]. Therefore T is similar to a hyponormal operator and consequently
satisfies the property (H).

An operator T € L(H) is said to be be p-hyponormal, with 0 < p <1, if
(T*T)P > (TT*)P. Every invertible p-hyponormal T is quasi-similar to a log-
hyponormal operator and consequently has the property (H), see Aluthge
[44] and Duggal [98]).

Theorem 3.96. Suppose that the operator T € L(X) has the property
(H). Then T has the SVEP and p(A\l —T) <1 for all A € C. Furthermore
both T and T* are requloid.

Proof From the inclusion
ker(A\I = T)" C Hy(M —T) =ker(AM] —T) forallneN

we obtain that p(Al — T) < 1 for all A € C. Note T has the SVEP by
Theorem 5.4 or by Theorem 2.31.

To show that T is reguloid we prove that every isolated point A of the
spectrum o (T') is a simple pole of the resolvent. There is no loss of generality
if we suppose that A = 0. Let P denote the spectral projection associated
with the spectral set {0}. By Theorem 3.74 we know that P(X) = Ho(T) =
ker T', and hence TP = 0. Now, 0 is an isolated in ¢(7") and hence a non-
removable singularity of (AI —7T)~!. Let us consider the Laurent expansion

(M —T)~ ZVJrZA”Qn

for every A such that 0 < || < e, with P,,, @, € L(X). Since P, = P and
P, =T" 1P for all n = 1,2,..., the equality TP = 0 yields P, = 0 for all
n > 2. Hence 0 is a simple pole of the resolvent (A — T')~!. This implies
by part (b) of Remark 3.7 that p(T') = ¢(T) = 1 and 0 is an eigenvalue of
T. Moreover, by Theorem 3.74 we have ker P = K(T) = T(X), so ker T
and T'(X) are complemented, and consequently T is relatively regular. This
shows that T is reguloid.

To show that 7™ is reguloid let Ay be an isolated point of o(T*) = o(T).
From the first part of the proof we know that \g is a simple pole of (A\J—1")~!
As above we have X = ker(AoI —T) @ (Aol — T')(X), and hence

X* =ker\\ol —T)F @ (Mo — T)(X)*.
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On the other hand, (Al — T')(X) is closed implies that (AoI* — T™)(X™*) is
also closed, and from the equalities

(Mol* — T (X*) =ker(\ol — T)*, ker(AoI* —T*) = (Mol — T)(X)*

we may conclude that both (AgI* —T%)(X*) and ker(AgI* —T™*) are comple-
mented. Therefore \gI* — T™ is relatively regular and hence T™* is reguloid.

By Theorem 3.85 it is immediate that every operator 1" having the prop-
erty (H) obeys Weyl’s theorem. As a consequence of Theorem 3.96 and
Theorem 3.90 we readily obtain the following result.

Corollary 3.97. If T € L(X) has the property (H) and [ € H(o(T))
then Weyl’s theorem holds for f(T). .

We have already observed that every invertible p-hyponormal T has the
property (H), so Weyl’s theorem holds for these operators. Actually, every
p-hyponormal operator satisfies Weyl’s theorem. To prove this result we
first introduce a new property formally weaker than the property (H).

Definition 3.98. A bounded operator satisfies the property (Hy) is for
every A € C there exists an integer py € N such that

Ho(M —T) =ker(A\I —T)? for all A € C.
The first result shows that the property (Hp) implies Weyl’s theorem.

Theorem 3.99. Let T € L(X) be a bounded operator on a Banach space
X. Then the following statements hold:

(i) If T has the property (Hy) then Weyl’s theorem holds for T and T*;

(ii) If T € L(X) has the property (Ho) and S is a quasi-affine transform
of T then S has property (Hy);

(i) If T € L(X) has the property (Hp) and Y is a closed T-invariant
subspace of X then T|Y has the property (Hyp).

Proof (i) By Theorem 2.31 the property (Hp) implies the SVEP for T', and
by Theorem 3.74 for every A € moo(T") we have X = ker(A[-T)P&K (AN -T),
from which it follows that (A —T)P(X) = (AI-T)(K(M—-T)) = K(A\I-T).
Consequently, X is a pole of the resolvent and ¢(A — T) is finite for all
A € mo(T), so by Theorem 3.85 T satisfies Weyl’s theorem.

To show that T™ satisfies Weyl’s theorem, assume that A € moo(T™).
Evidently, (A — T)?(X) is closed, and hence (A[* — T*)P(X*) is closed.
An inductive argument shows that ker(AI* — T*)P is finite-dimensional, so
(AI* — T%)P, and hence also AI* — T, is semi-Fredholm. By Theorem 3.77
it follows that Ho(AI* — T*) is finite-dimensional, or equivalently we have
P(AI* = T7) = q(AI* — T*) < 50, 50 A € poo(T™). Hence moo(T*) = poo(T"),
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and by Theorem 3.85 this equality implies that Weyl’s theorem holds for
.

(ii) The proof is analogous to that of Theorem 3.94.

(iii) If Ho(A —T) = ker(AI — T')P* then

Ho((AMI =T)|Y) Cker(Al = T)PANY =ker((AM —T)|Y)
from which we obtain Hy((AI —T)|Y") = ker((A — T)|Y")Px. .

Remark 3.100. It should be noted that Weyl’s theorem is not generally
inherited by the restriction on invariant subspaces, even if the operator has
the SVEP. For instance, let T be the operator defined in Example 3.86 and
let S be the unilateral left shift on ¢2(N). Define U on X := ¢*(N) @ ¢?(N)
by U :=T @& S. Clearly T is quasi-nilpotent, and hence has SVEP, S has
SVEP and its spectrum is the unit closed disc D(0, 1), see Theorem 2.86.
By Theorem 2.9 it follows that also U has the SVEP and, as it easy to see,
o(U) = D(0,1). Therefore o(U) does not have any isolated point, and this
implies that Weyl’s theorem holds for U. However, the restriction T of U
does not satisfy Weyl’s theorem.

Lemma 3.101. Let T € L(X) and let p be a complex polynomial. If
p(Ao) # 0 then H(NoI — T) Nkerp(T)) = {0}. If, additionaly, T has the
SVEP then

Ho(p(T)) = Ho(/\lf — T) D H()()\QI — T) - D H[)()\nf — T),
where A1, Aa, ..., Ay are the distinct roots of p.

Proof Suppose that there is a non-zero element x € H (Aol —T) Nker p(T))
and set p(Ag)I —p(T) = q(T)(AoI —T'), where ¢ denotes a polynomial. Then
q(T) (Aol — T)x = p(Ao)z and hence ¢(T) (Aol —T)"xz = p(Ao)"x. Therefore

pOo) 17| < (D)™ V"l (Ao = T)ee||'/" for all n € N.

Since z is a non-zero element of H (Aol —T') we then obtain p(Ag) = 0, which
is a contradiction.

To show the second assertion, let € Hy(p(T)). By Theorem 2.20
Ho(p(T)) = Xp1)({0}), so there exists an analityc function f such that
x = (ul —p(T))f(u) for all u € C\ {0}. Hence for A € C\ {A1,..., A} we
have

z= (PN =p(T))f(p(N) = M =T)Q(T, ) f(p(A)),

(A
where @ is a polynomial of 7" and A. Consequently op(z) C {A1,..., A},
and hence

v € Xr({A1,. .., An}) = P Xr({Ni}).
i=1
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Since T has the SVEP, Theorem 2.20 also implies that X7({\;}) = Ho(\il —
T) foralli=1,...,n, and hence

n
Hy(p(T)) € @D Ho(\I - T).
i=1
The opposite inclusion is clear, since each ); is a root of the polynomial p. =

Theorem 3.102. For a bounded operator T € L(X) the following as-
sertions are equivalent:

(i) T has the property (Hy);

(ii) f(T) has the property (Hy) for every f € H(o(T));

(iii) There exists an analytic function h defined in an open neighbourhood

U of o(T), not identically constant in any component of U, such that h(T)
has the property (Hy).

Proof (i) = (ii) Suppose that T has the property (Hp). Let u € C be
arbitrarily given. If u ¢ f(o(T)) = f(o(T)) then ul — f(T') is invertible,
and hence
Ho(ul — £(T)) = kex(ul — f(T)) = {0}.

Therefore we may assume that u € f(o(T)). Let g := f — 1 and suppose
first that ¢ has only finitely many zeros in o(7T). Then g(A) = p(A)h(N),
where h is analytic on U without zeros in o(7T), p is a polynomial of the
form p(A) = II}"; (A — A)™, with A\; € o(T) distinct roots of p. Then
g9(T) = p(T)L(T') and h(T) is invertible, so by Lemma 3.101

Ho(g(T)) = Ho(p(T)) = @ Ho(MI = T).
i=1

On the other hand, since T has the property (Hy) we can choose an
integer d € N such that Ho(\I — T) = ker(\I — T)4 for all i = 1,...,n.
Clearly the condition (Hp) entails that AI — T has finite ascent for all A € C
and consequently

Ho(MI —T) = ker(\I —T)™4 foralli=1,...,n.
From this it follows that

Ho(g9(T)) = é ker(\ — T)"? = ker (T (M1 — T)"¢
= ker (p(T)" = ker (9(T))%,

from which we conclude that f(7T") has the property (Hp).

Suppose now that g has infinitely many zeros on o (7). Then there are
two disjoint open subsets Uy, Uz such that U = Uy Uy, g =0 on U; and g
has only finitely many zeros on Us. It follows that o(T) = o1 U 09, where
o1 and o9 are two closed disjoint subsets of C and o; C U; for i = 1,2.
Therefore, if P; and P» are the spectral projections associated with o1 and
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o9, respectively, then X = X1 ® Xy, X := Pi(X), Xo := Py(X), o(T|X;) =
oi; in particular ¢(7)|X; = ¢(T|X1) = 0. Since T|Xy has the property
(Hp) by Teorem 3.99, and g has only finitely many zeros in o(T'|X32), the
same argument as in the first part of the proof shows that g(7|X2) has the
property (Hy), and consequently Ho(ul — f(T)) = ker(g(T)*|X2) for some
k > 1. Finally,

Ho(uI = f(T)) = Ho(g(T)) = X1 & ker(g(T)*|X2)
= ker(g(T)") = ker(ul — f(T))",
which completes the proof.
(ii) = (iii) is obvious.
(iii) = (i) Suppose that Ag € o(T') and let p := f(Ag). Since f is non-
constant on the components of U it follows that u— f(A) = (Ag—A)"p(N)g(A),

where p is a polynomial such that p(Ag) # 0 and ¢ is an analytic function
which does not vanish in o (7). Therefore

pl — f(T) = (oI —T)"p(T)g(T)

with g(7T) invertible. On the other hand, by hypothesis there exists a natural
d > 1 such that Ho(ul — f(T)) = ker(uI — f(T))%. Hence

Ho(MoI —T) C Ho(ul — f(T)) = ker(AoI — T)™ & ker p(T))%.

From the inclusion ker(A\gI — T)% C Hy(AoI — T) and since Ho(AoI —T) N
ker p(T') = {0} we may then conclude that Ho(AgI — T) = ker(A\o — T)%,
see Lemma 3.101; so the proof is complete. .

The class of operators having the property (Hp) is rather large. Ob-
viously it contains every operator having the property (H). An operator
T € L(X), X a Banach space, is said to be generalized scalar if there ex-
ists a continuous algebra homomorphism ¥ : C*°(C) — L(X) such that
V(1) = I and ¥(Z) = T, where C*(C) denote the Fréchet algebra of all
infinitely differentiable complex-valued functions on C, and Z denotes the
identity function on C. An operator similar to a restriction of a generalized
scalar operator to one of its closed invariant subspaces is called subscalar.
The interested reader can find a well organized study of these operators in
the Laursen and Neumann book [214]. Note that every quasi-nilpotent gen-
eralized scalar operator is nilpotent, [214, Proposition 1.5.10]. Moreover,
every generalized scalar operator possesses Dunford property (C) since it is
super-decomposable, see Theorem 1.5.4 of [214].

We show now that every subscalar operator T' has the property (Hy).
By Theorem 3.99 we may assume that 7' is generalized scalar. Consider a
continuous algebra homomorphism ¥ : C*°(C) — L(X) such that ¥(1) =1
and ¥(Z) = T. Let A € C. Since T has the property (C) we know from
Theorem 2.77 that T" has the SVEP and Ho(A —T') = X7 ({\}) is closed.
On the other hand, if f € C®(C) then W(f)(Ho(\ — T)) € Ho(M — T)



176 3. THE SVEP AND FREDHOLM THEORY

because T = ¥(Z) commutes with ¥(f). Define ¥ : C*°(C) — L(X) by
U(f) = ¢(f)|Ho(M —T) for every f € C*(C).

Clearly T|Ho(M —T) is generalized scalar and quasi-nilpotent, so it is nilpo-
tent. Thus there exists d > 1 for which Ho(A — T') = ker(\ — T)%.

Example 3.103. We give some other examples of operators having the
property (Hp).

A bounded operator T on a Hilbert space is said to be M -hyponormal if
there is M > 0 such that TT* < MT*T. Every M-hyponormal operator is
subscalar, see [214, Proposition 2.4.9], so it satisfies the property (Hp).

Every p-hyponormal operator is subscalar, see C. Lin, Y. Ruan and Z.
Yan [219], so it satisfies the property (Hg). An operator T € L(H) is
said algebraically p-hyponormal if there exists a non-constant polynomial ¢
such that ¢(7T') is p-hyponormal. By Theorem 3.102 every algebraically p-
hyponormal operator has the property (Hg). Evidently every hyponormal
operator is algebraically hyponormal whilst the converse is not true. To

. 11
see this set T := <0 1

hyponormal for every k € N, whereas g(T) = 0 with g(\) := (A — 1)2.

on /2 @ (2. Tt is easy to check that T* is not

Theorem 3.104. Let T € L(X), X a Banach space, and suppose that
there exists an analytic function h defined on an open neighbourhood of
o(T), not identically constant in any component of U, such that h(T) has
the property (Hy). Then Weyl’s theorem holds for both f(T) and f(T*) for
every f € H(o(T). In particular, if T has the property (Ho) then Weyl’s
theorem holds for both f(T) and f(T*) for every f € H(a(T)).

Proof By Theorem 3.102 f(T') has the property (Hy) for every f € H(o(T).
Therefore Weyl’s theorem holds for both f(T') and f(T*) by part (i) of
Theorem 3.99. u

Define
7oo(T) :={N €180 0ap(T) : 0 < (A — T) < o0}
Clearly, for every T' € L(X) we have
poo(T) < moo(T') € 7Go(T)-
Theorem 3.105. For a bounded operator T € L(X) the following state-

ments are equivalent:

(1) oun(T) N5 (T) = 25

(ii) oue(T) N7y (T) = @;

(i) (A = T')(X) s closed for all X € 7§y (T);

(iv) Ho(AI —T) is finite-dimensional for all A € moo(T') and (M —T)(X)
is closed for all X € ©§y(T) \ moo(T);
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(v) (AT = T) < oo for all A € moo(T") and (M —T)(X) is closed for all
A € mio(T) \ moo(T);
(vi) The mapping X — v(AI —T') is not continuous at each \g € i (T).

Proof (i) = (ii) is clear since oy (T) C oup(T).

(ii) = (iii) The implication follows since A\I — T € ®,(X) for every
X e mh(T).

(iii) = (iv) We have mpo(T) C 7§y(T) so Al — T € ®,(X) for each
A € moo(T'). The SVEP at every A € mpo(T') is equivalent by Theorem 3.18
to saying that Ho(Al — T) is finite-dimensional for all A € mo(7). The
second assertion is obvious.

(iv) = (v) By Theorem 3.74 we have X = Ho(A —T) @ K(AI —T) for
every isolated point A € o(T), so K(AI —T) has finite-codimension for every
A € moo(T). For every A € C the inclusion K (A —T) C (A —T)(X) holds,
and this obviously implies that G(A] — T') < co. Therefore A\I — T € ®(X)
for all A € mpo(T). Finally, by Theorem 3.17 the SVEP of T at A implies
that g(AI — T') < oo for all A € mpo(T).

(v) = (i) Suppose that X € 7§y(T) \ moo(T"). Then (M — T)(X) is
closed, and since a(Al — T') < oo this implies that Al — T € &, (X). By
assumption o,p (1) does not cluster at A, hence from Theorem 3.23 we obtain
p(M —T') < co. Therefore A ¢ oy, (T).

Suppose now the other case, A € mpo(T'). By Theorem 3.4 the condition
g(A\I —T) < oo implies that B\ — T) < a(M —T) < oo, and hence
M — T € ®(X). Finally, since T has the SVEP at every isolated point of
the spectrum, by Theorem 3.16 we may conclude that p(AI — T) < oo, and
hence A ¢ oy (T).

(vi) & (iv) The proof is analogous to the proof of the equivalence (iv)
& (x) established in Theorem 3.84. .

Following Rakocevié¢ [273] we say that a-Weyl’s theorem holds for T €
L(X) if
60(T) = ap(T) \ Owa(T).
An immediate example of operator which satisfies a-Weyl’s theorem is
given by any compact operator 1" on a Banach space having infinite spec-
trum. In fact, from the Riesz Schauder theory we know that ow.(T) = 0,

ap(T) — o(T), and moo(T) = o(T) \ {0} = 0a(T) \ owal(T).

Theorem 3.106. Suppose that T € L(X) satisfies a-Weyl’s theorem.
Then both Weyl’s theorem and a-Browder’s theorem hold for T.

Proof Suppose that a-Weyl’s theorem holds for T" and let A € o(T) \ 0w (T).
From the inclusion oy, (T) C ow(T) it follows that A & owa(T'), and since
M — T is Weyl we also have 0 < a(A — T) < oo, otherwise we would
have 0 = a(AM —T) = B(M — T) and hence A ¢ o(T). Therefore A €
Oap(T) \ Owa(T) = Gy (T'). Hence X is an isolated point of ,p(T") and this
implies that 7" has the SVEP at A. By Theorem 3.16 it then follows that
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p(AMl —T) < oo. Since a(A] —T) = B(AI —T), by Theorem 3.4 we then
deduce that g(AI — T) < oo, and hence A is an isolated point of o(T), see
Remark 3.7, part (b). This shows that o(T) \ ow(T) C moo(T).

Conversely, suppose that A € mgo(T'). Obviously,

A € Too(T) = 0ap(T) \ 0wa(T) C (1) \ owa(T).

Consequently, AT — T € &, (X) with index less than or equal to 0. Since
both T" and T™ have the SVEP at every isolated point of o(7T") then p(Al —T
and q(A —T are finite, again by Theorem 3.16 and Theorem 3.17. Hence by
Theorem 3.4 we conclude that «(AI —T) = B(AI = T) < 00, s0 A & ow(T).

This shows the inclusion mgo(T") C o(T)\ow(T'), from which we conclude
that Weyl’s theorem holds for T'.

To show that a-Browder’s theorem holds suppose first that A € acc o, (T).
If were X\ ¢ owa(T) then A € 04 (T) \ owa(T) = X € 7§y (T'), so A is an iso-
lated point of 0., (T") and this is impossible. Therefore acc ,p(T") C owa(T)
and this implies by part (v) of Theorem 3.65 that oy, (T) = oup(T). .

Theorem 3.107. IfT orT* has the SVEP, then a-Weyl’s theorem holds
for T if and only if one of the equivalent conditions (1)—(vi) of Theorem 3.105
holds.

Proof Observe first that both 7, (7") and oy, (T") are subsets of 04, (7") and
the condition oy, (T') N7y (1) = @ obviuously implies that

60(T) € 0ap(T) \ oub(T) € ap(T) \ owa(T).
To prove that a-Weyl’s theorem holds for 7" we need to show the reverse
inclusion o,p(T) \ owa(T") € 76 (T).

Suppose that T" has SVEP and A € 0,5(T) \ 0wa(T). Then X € 0ap(T)
and \I — T € &, (X). Clearly, since (AI — T)(X) is closed, Al — T is not
injective and hence 0 < a(AI—T) < co. On the other hand, A\ -T € &, (X)
so by Theorem 3.23 the SVEP at ) is equivalent to saying that o,,(7") does
not cluster at A. Hence X\ € w{jy(T).

Finally, suppose that T* has SVEP and A € 0,5(T) \ 0wa(T"). The SVEP
for T* implies by Corollary 3.53 and Theorem 3.66 that

Jwa(T> = O'Ub(T) = UW(T) = Ub(T).
Moreover, by Corollary 2.45 we know that o,,(7") = o(T'), and hence
A € 0ap(T) \ o(T) = o(T) \ o (T) = poo(T) € mGo(T),
so the proof is complete. .

Theorem 3.108. If T* has SVEP then the following statements are
equivalent:

(i) Weyl’s theorem holds for T';
(ii) a-Weyl’s theorem holds for T.
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Proof We have only to show the implication (i) = (ii). By Corollary 2.45
we know that if 7% has the SVEP then o,,(T) = o(T), so 7§y (1) = moo(T).
On the other hand, by Corollary 3.53 the SVEP for T™* yields the equalities
ow(T) = op(T) = o (T) = owa(T).
If Weyl’s theorem holds for T' then
760 (T) = mo0(T) = o (T) \ ow(T) = 0ap(T) \ owa(T),
so a-Weyl’s theorem holds for 7' .

Corollary 3.109. Suppose that T € L(X) is reguloid and let [ €
H(o(T)). If T* has the SVEP then a-Weyl’s theorem holds for f(T). In

particular, a-Weyl’s theorem holds for f(T) whenever T has property (H)
and T* has the SVEP.

Proof By Theorem 2.40 we know that if 7% has the SVEP then f(T™*) =
f(T)* has SVEP. Since by Theorem 3.90 Weyl’s theorem holds for f(T") we
then conclude, by Theorem 3.108, that a-Weyl’s theorem holds for f(7).
The second assertion follows from Corollary 3.97. .

9. Riesz operators

We now introduce a class of operators T° on Banach spaces for which
every non-zero spectral point is a pole of R(A, T).

Definition 3.110. A bounded operator T € L(X) on a Banach space
X is said to be a Riesz operator if \I — T € ®(X) for every A € C\ {0}.

The classical Riesz—Schauder theory of compact operators establishes
that every compact operator is Riesz, see Heuser [159]. Other classes of
Riesz operators will be investigated in Chapter 7. Clearly, if T € L(X) is
Riesz then o¢(T") C {0} and if X is infinite-dimensional then o¢(7") = {0}
since o¢(T) is non-empty.

Theorem 3.111. For a bounded operator T on a Banach space the
following statements are equivalent:

i) T is a Riesz operator;

ii) \I =T € B(X) for all \ € C\ {0};

iii) A\ = T € W(X) for all A € C\ {0};

iv) \I =T € B4 (X) for all X € C\ {0};

V) M —T € B_(X) for all \ € C\ {0};

Vi) M =T € &, (X) for all A\ € C\ {0};

vil) ATl =T € ®_(X) for all X € C\ {0};

viii) AI = T is essentially semi-reqular for all A € C\ {0};

(ix) Each spectral point A # 0 is isolated and the spectral projection
associated with {\} is finite-dimensional.

(
(
(
(
(
(
(
(
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Proof (i) = (ii) If T is a Riesz operator the semi-Fredholm resolvent has
a unique component C\ {0}. From this it follows by Theorem 3.36 that
both T', T* have SVEP at every A # 0. Therefore, again by Theorem 3.36,
M —T e B(X) for all A # 0.

The implications (ii) = (iii) = (i) are clear, so (i), (ii), and (iii) are
equivalent. The implications (ii) = (iv) = (vi) = (viii), (ii) = (v) =
(viii) are evident, so in order to show that all these assertions are actually
equivalences we need to show that (viii) = (ii).

(viii) = (ii) Suppose that (viii) holds. Then the Kato type of resolvent
px(T') contains C \ {0}, and hence, since T', T* have the SVEP at every
A € p(T), both the operators T" and T* have the SVEP at every A # 0,
by Theorem 3.34 and Theorem 3.35. From Theorem 3.48 we then conclude
that A\I — T € B(X) for all X # 0.

(i) = (ix) As above, T and T* have the SVEP at every A # 0, so by
Corollary 3.21 every non-zero spectral point A is isolated in o (7). From
Theorem 3.77 and Theorem 3.74 it then follows that the spectral projection
associated with {\} is finite-dimensional.

(ix) = (ii) If the spectral projection associated with the spectral set {\}
is finite-dimensional then Hy(Al — T') is finite-dimensional, so by Theorem
3.77 M — T is Browder. .

Since every non-zero spectral point of a Riesz operator T is isolated, the
spectrum o(7") of a Riesz operator T € L(X) is a finite set or a sequence
of eigenvalues which converges to 0. Moreover, since A\I — T € B(X) for all
A € C\ {0}, every spectral point A # 0 is a pole of R(\, T). Clearly, if X
is an infinite-dimensional complex space the spectrum of a Riesz operator
T contains at least the point 0. In this case T € L(X) is a Riesz operator
if and only if T := T 4+ K(X) is a quasi-nilpotent element in the Calkin
algebra L := L(X)/K(X). This result is a consequence of the Atkinson
characterization of Fredholm operators and in the literature is known as the
Ruston characterization of Riesz operators.

Generally, the sum and the product of Riesz operators T, S € L(X) need
not to be Riesz. However, the next result shows that is true if we assume T’
and S commutes.

Theorem 3.112. If TS € L(X) on a Banach space X the following
statements hold:

(i) If T and S are commuting Riesz operators then T + S is a Riesz
operator;

(ii) If S commutes with the Riesz operator T then the products T'S and
ST are Riesz operators;

(iii) The limit of uniformly convergent sequence of commuting Riesz op-
erators is a Riesz operator;
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(iv) If T is a Riesz operator and K € K(X) then T + K is a Riesz
operator.

Proof If T, S commutes the equivalences classes f, S commutes in E, so (i),
(ii), and (iii) easily follow from Ruston characterization of Riesz operators
and from the well known spectral radius formulas

r(T+8) <r(T)+r(S) and r(TS)<r(T)r(S).

The assertion (iv) is obvious, by the Ruston characterization of Riesz oper-
ators. L]

It should be noted that in part (i) and part (ii) of Theorem 3.112 the
assumption that T"and K commute may be relaxed into the weaker assump-
tion that T, S commute modulo K(X), i.e., TS — ST € K(X).

Theorem 3.113. Let T € L(X), where X is a Banach space, and let f
be an analytic function on a neighbourhood of o(T).

(i) If T is a Riesz operator and f(0) = 0 then f(T) is a Riesz operator.

(ii) If f(T) is a Riesz operator and f € H(o(T) does not vanish on
o(T)\{0} then T is a Riesz operator. In particular, if T™ is a Riesz operator
for some n € N then T is a Riesz operator.

((iil) If M is a closed T-invariant subspace of a Riesz operator T then
the restriction T|M is a Riesz operator.

Proof (i) Suppose that T is a Riesz operator. Since f(0) = 0 there exists
an analytic function g on a neighbourhood of o(7") such that f(A) = Ag(}).
Hence f(T) = Tg(T) and since T, g(T) commute it then follows by part (ii)
of Theorem 3.112 that f(T) is a Riesz operator.

(ii) Assume that f(T') is a Riesz operator and f vanishes only at 0.
Then there exist an analytic function g on a neighbourhood of o(T) and
n € N such that f(A) = A"g(\) holds on the set of definition of f and
g(A\) # 0. Hence f(T) = T"g(T') and g(T) is invertible. The operators
f(T),g(T)~* commute, so by part (ii) of Theorem 3.112 T" = f(T)g(T)*
is a Riesz operator. Hence T™ is quasi-nilpotent modulo K(X) and from
this it easily follows that T is quasi-nilpotent modulo K (X). By the Ruston
characterization we then conclude that T' is a Riesz operator.

(iii) We show first that (Al —T)(M) = M for all A € p(T'). The inclusion
(M[—T)(M) C M is clear. Let |A| > r(T). If Ry := (AI=T)~! from the well
known representation Ry = > oo 7™ /A" it follows that R)(M) C M. For
every 2’ € M+ and 2 € M let us consider the analytic function \ € p(T) —
x'(Ryx). This function vanishes outside the spectral disk of T', so since p(T')
is connected we infer from the identity theorem for analytic functions that
2'(Ryx) = 0 for all A\ € p(T'). Therefore Ryx € M+ = M and consequently
x= (M —T)Ryx € (A —T)(M). This shows that M C (A —T)(M), and
hence (AI —T)(M) = M for all A € p(T).

Now, A —T is injective for all A € p(T), so if T := T|M then p(T) C p(T)
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and hence o(T) C o(T). Let Ao be an isolated spectral point of T', and hence
an isolated point of O'(N). If P denotes the spectral projection associated
with {)\0} and T and P denotes the spectral projection associated with {Ao},
T and T then, as is easy to verify, Pz = Pz for all x € M. Hence P is
the restriction of P to M, so that, since P is finite-dimensional, P is finite-
dimensional. From part (ix) of Theorem 3.111 we then conclude that Tis a
Riesz operator. N

Corollary 3.114. A bounded operator T of the complex Banach spaces
X is a Riesz operator if and only if T* is a Riesz operator.

Proof By definition, if 7" is a Riesz operator then \I — T € ®(X) for all
A # 0. Therefore A\I* —T* € &(X*) for all A # 0, so T* is Riesz. Conversely,
if T* is a Riesz operator, by what we have just proved the bi-dual T** is
also a Riesz operator. Since the restriction of T** to the closed subspace X
of X**is T, it follows from part (iii) of Theorem 3.113 that T itself must be
a Riesz operator. N

If T € L(X) for any closed T-invariant subspace M of X, let & denote
the class rest x4+ M. Define Ty : X/M — X/M as

TMQE : Tz for each r € X.

Evidently Ty is well-defined. Moreover, Tyy € L(X /M) since it is the
composition QuT, where @Qps is the canonical quotient map of X onto
X/M.

Theorem 3.115. If T' € L(X) is a Riesz operator and M is a closed
T-invariant subspace M of X then Ty is a Riesz operator.

Proof By Corollary 3.114 T* is a Riesz operator. The annihilator M=+ of
M is a closed subspace of X* invariant under T, so by part (iii) of Theorem
3.113 the restriction T*| M~ is a Riesz operator. Now, a standard argument
shows that the dual of Thy may be identified with T*|M~, so by Corollary
3.114 we may conclude that Ta is a Riesz operator. .

Further insight into the classes of Riesz operators will be given in Chap-
ter 7.

10. The spectra of some operators

In this section we shall describe in some concrete cases the various spec-
tra studied before, and in particular, in the case of unilateral weighted right
shifts. As in the preceeding chapter we shall first consider bounded op-
erators T on a Banach space X which satisfy the abstract shift condition
T°(X) = {0}, where T°°(X) as usual denotes the hyper-range . Recall that
this condition entails that 0 € o(T') since T is not surjective.
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Theorem 3.116. Let T' € L(X), where X an infinite-dimensional Ba-
nach space, and suppose that T (X) = {0}. Then we have:

(i) o(T) = ow(T) = o (T);

(ii) (M = T) = oo for every A € o(T) \ {0};

(iii) T s nilpotent < q(T) < oco.

Proof (i) By Corollary 3.53 we have oy (T') = o, (T'). We show that o,(T) =
o(T). The inclusion o (T) C o(T) is obvious, so it remains to establish that
o(T) C op,(T). Observe that if the spectral point A € C is not isolated in
o(T) then X\ € o,(T).

Suppose first that T is quasi-nilpotent. Then o,(T") = o(T') = {0} since
op(T) is non-empty whenever X is infinite-dimensional. Suppose that T
is not quasi-nilpotent and let 0 # A € o(T). Since o(T") is connected, by
Theorem 2.82, and 0 € o(T), it follows that A is not an isolated point in
o(T). Hence o(T) C op,(T).

(ii) Let A € o(T) \ {0} and suppose that (Al —T) < co. By Theorem
2.82 we have p(AI — T) = 0 for every 0 # A, and hence by Theorem 3.3
q(AMI —T) =p(A —T) =0, which implies A € p(T), a contradiction.

(iii) Clearly the nilpotency of T" implies that ¢(T') < co. Conversely, if
q:=q(T) < oo then T?(X) = T>(X) = {0}. .

As in the previous chapter we set

i(T) := lim k(T™)"/™,

n—oo

where k(T) denotes the lower bound of T.

Theorem 3.117. Suppose that T € L(X), X an infinite-dimensional
Banach space, is non-invertible and i(T) = r(T). Then

(107) ow(T) = op(T) = osu(T) = o(T) = D(0,r(T)),
and
(108) Oap(T') = 05t (T) = 05e(T') = 0es(T) = 0D(0,7(T)).

In particular, these equalities hold if T*°(X) = {0} and i(T) = r(T).

Proof If T is non-invertible and (7)) = r(T') then, as noted in Theo-
rem 2.55, o(T') is the whole closed disc D(0, (7)) and 0,4, (7T') is the circle
0D(0,r(T)). Since T has the SVEP then o4, (") = o(T") by Corollary 2.45,
and ow (1) = op(T), by Corollary 3.53. Suppose first that i(7') = r(T") = 0.
Then T is quasi-nilpotent. The equalities (107) and (108) are then triv-
ially satisfied (note that since X is infinite-dimensional, o1,(T") is non-empty
and hence is {0}). Suppose then that i(T) = r(T) > 0. Also in this case
o(T) = op(T), since every non-isolated point of the spectrum lies on oy,(7T).
Therefore the equalities (107) are proved. The equalities (108) follow by
part (i) of Corollary 3.53. .
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Note that Theorem 3.117 applies to every unilateral weighted right shift
T on (P(N), 1 < p < oo, which satisfies the equality ¢(T) = r(T"). In the
next result we shall consider a very special situation.

Corollary 3.118. Suppose that T is an unilateral weighted right shift
on P(N), 1 < p < oo, with weight sequence (wp)nen. If

c¢(T) = lim inf(w; -- .wn)l/n —0,
n—oo
then
O'su(T) = U’ap(T) = O‘SG(T) = Ues(T)

Proof If ¢(T) = 0 then both T' and T™ have SVEP . The equalities of the
spectra then follow by combining part (iii) of Corollary 3.53, Theorem 2.86
and part (i) of Theorem 3.116. .

Theorem 3.117 also applies to every non-invertible isometry 7" on a Ba-
nach space X since (1) = r(T") = 1. Examples of non-invertible isometries
are the semi-shifts on Banach spaces. These are defined as the isometries
for which the condition 7°°(X) = {0} is satisfied. It should be noted that
for Hilbert space operators the semi-shifts coincide with the isometries for
which none of the restrictions to a non-trivial reducing subspace is unitary,
see Chapter I of Conway [85].

An operator T' € L(X) for which the equality or(x) = o(T") holds for
every = # 0 is said to have fat local spectra, see Neumann [246]. Clearly,
by Corollary 2.84 an isometry 7' is a semi-shift if and only if 7" has fat local
spectra.

Examples of semi-shifts are the unilateral right shift operators of arbi-
trary multiplicity on ¢P(N), as well as every right translation operator on
LP([0,00)). In Laursen and Neumann [214, Proposition 1.6.9] it shown that
if X is the Banach space of all analytic functions on a connected open subset
U of C, f a non-constant analytic function on U, and if Ty € L(X) denotes
the pointwise multiplication operator by f, then the condition o () C m
implies that T has local fat spectra. In particular, these conditions are ver-
ified by every multiplication operator 7y on the disc algebra A(D) of all
complex-valued functions continuous on the closed unit disc of C and ana-
lytic on the open unit disc D, where f € A(D), and the same result holds
for the Hardy algebra H>*(D). If f € H*®(D) and 1 < p < oo the analytic
Toeplitz operator on HP(D) defined by the multiplication by f has also a
local fat spectra.

The next result generalizes the result of Corollary 2.83, which corre-
sponds to the case that T is bounded below.
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Theorem 3.119. Let T € &, (X), X a Banach space, and let ) denote
the connected component of pst(T) which contains 0. Then the following
assertions are equivalent:

(i) T>(X) = {0};
(ii) p:=p(T) < o0 and

(109) Qc () or(a).
x¢ker TP

In this case the following assertions are valid:
(iii) (AT = T) = oo for all A € o(T);
(iv) BAAI =T) > 0 for all A € o(T);
(V) Te®(X) and ind (AT —=T) <0 for all A € Q;
(v) T* does not have the SVEP.

Proof Suppose that T°°(X) = {0}. Then K(T) = {0} and T has the SVEP
by Theorem 2.82. But T € ®4(X), so by Theorem 3.16 p := p(T") < co and
Ho(T) = N>°(T) = ker TP.

Now, by Theorem 3.31 the mapping A € Q — Ho(AM —T)+ KM —T)
is constant on 2, so

ker T? = Hy(T) + K(T) = Hy(\ — T) + K(M —T)

for all A € Q. Again, from Theorem 2.82 we have Ho(A — T') = {0} for all
A # 0, so by Theorem 2.18

kerTP = KM —-T)={z € X : A ¢ or(2)}.

for all A € @\ {0}. Thus for x ¢ ker TP we have Q\ {0} C op(z), and since
by Theorem 2.82 0 € or(z) for all x # 0, we conclude that the inclusion
(109) holds.

Conversely, suppose that p = p(T) < oo and that (109) holds. Then
0 € op(x) for every = ¢ ker TP. Suppose that there exists z € T°°(X) with
x # 0. By Theorem 5.4 then = ¢ ker TP, so 0 € op(x). But this is impossible
since

2 eT®X)=K(T)={reX:0¢or(x)}.
Therefore T>°(X) = {0}.

(iii) By part (iii) of Theorem 3.116 we need only to prove that ¢(T") = oc.
Suppose ¢(T') < oo. By part (iii) of Theorem 3.116 T is then quasi-nilpotent,
and since p(T') < oo this implies that T is a Fredholm operator, so o¢(T) is
empty, which is impossible since X is infinite-dimensional.

To show that B(A — T) for all A € o(T'), recall that T is upper semi-
Fredholm since the SVEP at A ensures that «(T) < §(T), see Corollary
3.19. The SVEP at all the points A € 2 also implies, again by Corollary
3.19, that ind(AI —T) <0 for all A € QN o(T).

Finally, assume that ind(u —T') = 0 for some p € QN o(T). Then u ¢
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ow(T) = o(T) by Theorem 3.116; a contradiction. Hence ind(Al —T) < 0
forall A\ e QNo(T).

(v) This is a consequence of Theorem 3.17, since g(AI —T') = oo for all
Aen O'(T) n

Clearly, every isometry T' € L(X) on a Banach space satisfies the con-
dition i(T) = r(T) = 1, so if T*°(X) = {0} we have

or(z) =0(T) =D(0,1)

by Corollary 2.83. Moreover, since an isometry is bounded below, and there-
fore upper semi-Fredholm, Theorem 3.119 applies to every isometry which
satisfies the condition 7°°(X) = {0}.

For every semi-Fredholm operator T' € L(X) we have by Theorem 1.70
LK(T*) = N>(T) and K(T)="N(T").

These equalities, together with the characterizations of the SVEP at a point
established in this chapter concerning semi-Fredholm operators allow us to
deduce the following dual result of Theorem 3.119. We shall state it omitting
the proof.

Theorem 3.120. Let T € &, (X), X a Banach space, and let Q) be
the connected component of pst(T) which contains 0. Then the following
assertions are equivalent:

(i) Noo(T) = X;
(ii) ¢ :== q(T') < 00 and
QC ﬂ ops(x).
o+ ¢ker T*4
In this case the following assertions are valid:
(iii) (M = T)(X) = X for all A\ #0;
iv) T* has the SVEP ;
v) T does not have the SVEP ;

(
(
(vi) For every x* # 0, 0 € o+ (z*) and op(x*) is connected;
(vii) o(T') = ow(T') = op(T') is connected;

(

(i

viil) T € ®_(X) and ind (M —T) > 0 for all X € pt(T) N o (T);
x) p(Al = T) =00 and oM —T) > 0 for all X € o(T).

Theorem 3.54 also applies to the Césaro operator C),, defined on the
classical Hardy space Hy(ID), D the open unit disc and 1 < p < oo, by

(Cpf)(A / f_ dp for all f e Hy(D)and A € D.
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As noted by T. L. Miller, V. G. Miller, and Smith in [237], the spectrum of
the operator C), is the closed disc I', centered at p/2 with radius p/2, and

01(Cp) C 0ap(Cyp) = 9L,

From Corollary 3.14 we also have 0,,(Cp) = 0(Cp) C 0¢(T) and there-
fore 0ap(Cp) = 05t(Cp) = o¢(T) = OI'p. Moreover, since T has the SVEP
by Corollary 3.14 we obtain that ow (1) = o (T"). It should be noted that
Cp* does not have SVEP at every point of the interior of I',. In fact, if
Xo € Cp\ 0Ty then X\oI — Cp is Fredholm and the SVEP of Cp* at Ag
would be equivalent to saying that g(A\g — C}) < 0o, by Theorem 3.17. But
Mol — C, is injective, so we would have g(Ag — Cp) = ¢(Ag — C}p) = 0 and
hence \g ¢ o(Cp), which is impossible. This argument also shows that
ow(Cp) = ou(Cp) =T

We shall now consider Weyl’s theorem for operators T' € L(X) for which
the condition K(T) = {0} holds. Observe that Theorem 3.85 works for
unilateral weighted left shift on (N). In fact, although these operators
need not to have the SVEP, the adjoints T™ are left shifts and hence have
the SVEP. Moreover, Theorem 3.85 applies also to bilateral weighted shifts
on ¢P(Z), since by Theorem 2.91 at least one of the operators T' and T* has
the SVEP.

Theorem 3.121. Suppose that for a bounded operator T € L(X) on
a Banach space X we have K(T) = {0}. If T is not quasi-nilpotent and
f €H(o(T)) then f(T) and f(T*) obey Weyl’s theorem.

Proof By Theorem 2.82 the condition K(7') = {0} entails that T" has the
SVEP. Moreover, see Theorem 3.116 and Theorem 2.82, (1) = o,(T') =
ow(T) and o(T) is a connected set containing 0. In particular, o(T) does
not have any isolated point because otherwise o(T") = {0}.

Now, let f be an analytic function defined on an open neighbourhood
of o(T). Since the identity operator obeys Weyl’s theorem we may assume
that f is non-constant. Hence f(o(T)) = o(f(T)) = o(f(T™)) is a connected
subset of C without isolated points and therefore

moo(f (1)) = moo(f(T™)) =iso o (f(T)) = @.
Moreover, by Corollary 3.72 we have also
o(f(T)) = f(o(T)) = flow(T)) = ow(f(T)) = ow(f(T7)).
Consequently both f(T') and f(T) obey Weyl’s theorem. .
Corollary 3.122. Let T € L(X) be a non quasi-nilpotent weighted uni-

lateral right shift T on P(N), 1 < p < oo, with weight w = (Wp)nen. Then
T obeys Weyl’s theorem. Moreover, if

o(T) := lim inf(w; - --w,)Y/" =0,

then T obeys a-Weyl’s theorem.
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Proof The first assertion is clear. If ¢(T) = 0 then T* has SVEP, see
Theorem 2.88, and hence Theorem 3.108 applies to T .

Remark 3.123. The previous theorem cannot, in general, be reversed.
In fact, let V' be the quasi-nilpotent Volterra operator on the Banach space
X := (|0, 1], defined in Example 2.35. V is quasi-nilpotent and K (V') = {0}.
Since V is injective we have mpo(V) = @ = o(V)\ ow (V). We note in passing
that this argument also shows that if 7 € L(X), K(T) = {0} and T is
injective then T obeys Weyl’s theorem. Consequently every weighted right
shift with none of the weights w,, = 0 obeys Weyl’s theorem.

10.1. Comments. A relevant part of the material of this chapter is a
sample of results of Aiena et al. [31] [32], [32], [16], [33], [34] and [14].
Some of these results, in the more special case of semi-Fredholm operators,
have been found in Finch [115], Schmoeger [295], and Mbekhta [229], see
also the book [17]. The property that the finiteness of the ascent p(AgI —T')
implies that T has SVEP at Ao was first noted by Finch [115], see also
Laursen [201]. However, Theorem 5.4 in the form stated here has been
taken from Aiena and Monsalve [32].

The class of paranormal and hyponormal operators has been investigated
in the literature by several authors, for instance in Heuser’s book [159] or
Istratescy [172]. A somewhat different notion of paranormal operator may
be found in Albrecht [39] and Mbekhta [226], whilst an extension of the
concept of hyponormal operators has been studied, in the framework of lo-
cal spectral theory by Duggal and Djordjevi¢ [101], [99] and [100]. That
every totally paranormal operator has the property (C') was first observed
by Laursen [201], who studied, by using different methods, the class of all
operators for which the ascent p(A — T') is finite for every A € C.

The material on the operators which satisfy a polynomial growth con-
dition is modeled after Barnes [61]. An illuminating discussion of these
operators may be found in Laursen and Neumann [214], see, in particu-
lar, Theorem 1.5.19, where the operators which satisfy a polynomial growth
condition are characterized as the generalized scalar operators having a real
spectrum. Further information may be found in Colojoara and Foiag [83].

The section on the SVEP for operators of Kato type is modeled after
Aiena and Monsalve [32], Aiena, Colasante , and Gonzélez [16]. The part
concerning the SVEP at the points where the approximate point spectrum,
as well as the surjectivity spectrum, does not cluster is taken from Aiena
and Rosas [33].

Theorem 3.32, owed to Mbekhta and Ouahab [233], generalizes to the
components of py(T)) the results obtained in [253] by O Searcéid and West,
which showed the constancy of the mappings

A= NEAN =T)+ M —T)®(X), A\ > NoN —-T)N (M —T)>®(X)
on the connected components of the semi-Fredholm spectrum pg¢ (7).
The work by O Searcéid and West [253] extended previous results
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established by Homer [165], by Goldman and Krackovskii [143], [144],
and by Saphar [284], which have studied the continuity of the functions
A= N®\ —=T)and A — (M —T)*°(X) on a connected component of the
semi-Fredholm resolvent, except for the discrete subset of points for which
Al — T is not semi-regular. In particular, the constancy of the mappings
A= N —T)N(A —T)°(X) and A = NN —T) + (A — T)>(X)
as A ranges through a connected component of the semi-Fredholm resolvent
was noted by West [323].

The classification of the components of the semi-Fredholm region given
in Theorem 3.36 is classical. However, it should be noted that the methods
used here, inspired by the work of Aiena and Villafane, which extend this
classification to the other resolvents and involve the SVEP seem to be new.

The classes of semi-Browder operators were introduced by Harte [147]
and have been investigated in latter years by several authors, see Rakocevié¢
[276], V. Kordula, Miiller, and Rakocevié¢ [192], Laursen [204], Aiena and
Carpintero [14]. Lemma 3.42 and Theorem 3.43 are taken from Grabiner
[139]. The equivalences (ii) < (iii) of Theorem 3.44 and Theorem 3.46
were proved by Rakocevié¢ in [272], see also [275], whilst the equivalences
(i) & (ii) of Theorem 3.44 and Theorem 3.46 were observed in Aiena and
Carpintero [14]. The interested reader may find results on Weyl and Brow-
der spectra in Harte [146], Harte and Raubenheimer [154], Harte, Lee and
Littlejohn [153]. The relationship between the Dunford property (C) and
the Weyl and Browder spectra for some special classes of operators has also
been investigated by Duggal and Djordjevié¢ [101], [99] and [100].

The characterizations of the Browder spectrum and the semi-Browder
spectra of an operator by means of the compressions are owed to Zeméanek
[333].

The spectral mapping theorems for ou¢(7T'), o1(T) are modeled after
Gramsch and Lay [141]. The subsequent material on the spectral mapping
theorems for o, (T), o (T) is inspired in part by the work of Rakocevié in
[272] and the work of Oberai [252]. The spectral mapping theorem for the
Browder spectrum was first proved by Nussbaum [250], and successively
proved, by using different methods, by Gramsch and Lay [141] and Oberai
[252]. However, the methods used here, which involve the local spectral the-
ory, are taken from Aiena and Biondi [13]. The interested reader may find
further results on the spectral mapping theorem also in Schmoeger [294].
A modern and unifying approach to the axiomatic theory of the spectrum
may also found in Kordula and Miiller [190] and in Mbekhta and Miiller
[232].

Theorem 3.66 and Theorem 3.71 are taken from Aiena and Biondi [13],
whilst Corollary 3.72 was established by Curto and Han [86]. The class of
operators for which a-Browder’s theorem holds has been studied recently by
several authors, see, for instance Harte and Lee [152], S. V. Djordjevi¢ and
Han [91], Curto and Han [86].
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Theorem 3.81 and the subsequent material on isolated points of the spec-
trum are modeled after Schmoeger [291]. The section concerning Weyl’s
theorem and a-Weil’s theorem contains ideas from S. V. Djordjevié, 1. H.
Jeon, E. Ko [92], Curto and Han [86], Aiena and Carpintero [15], Aiena and
Villafane [35], Oudghiri [254]. Lemma 3.89 is owed to Oberai [251]. The
class of operators which satisfy Weyl’s theorem was introduced by Coburn
[81] and later studied by Berberian [65] and [66]. Berberian also showed
that every Toeplitz operator obeys Weyl’s theorem. These authors extended
to some other classes of operators a classical result obtained by Weyl [325]
for selfadjoint operators on Hilbert spaces. The interested reader may find
more recent results in Harte and W. Y. Lee [152], Harte, W. Y. Lee and
Littlejohn [153], Schmoeger [295], Barnes [58], Han and W. Y. Lee [145],
Rakocevié [273], D. S. Djordjevié, S. V. Djordjevié [90], S. H. Lee and W. Y.
Lee [218], B. P. Duggal, S. V. Djordjevié [101]. The class of operators which
satisfy a-Weyl’s theorem was introduced by Rakocevié [273]. The class of
operators having property (H) has been studied by Aiena and Villafane
[35]. All the material concerning the property (Hp) is taken from Oudghiri
[254]. The interested reader may find some generalizations of these results
in Duggal and S. V. Djordjevié [102].

The class of Riesz operators was introduced by Ruston [283] and has
received a lot of attention in many articles, see Caradus [79], West [321],
Aiena [1] [4], and standard books on Fredholm theory, see, for instance,
Heuser [159], Dowson [93], Caradus, Pfaffenberger, and Yood [76]. How-
ever, the methods here adopted for the study of this class of operators by
means of the SVEP seems to be new, and, in particular, the characteriza-
tion (viii) of Theorem 3.111 is taken from Aiena and Mbektha [29]. The
last section on isometries is a sample of results due to Schmoeger [295]
and Neumann [246], see also Laursen and Mbekhta [208], T.L. Miller and
V.G. Miller [235], Aiena and Biondi [12] for further results. Semi-shifts
were introduced by Holub [164] and studied by Laursen and Vrbovd [216],
Neumann [246] which introduced the concept of fat local spectra [246].



CHAPTER 4

Multipliers of commutative Banach algebras

A significant sector of the development of spectral theory outside the
classical area of Hilbert spaces may be found among multipliers defined on a
complex commutative Banach algebra. In fact, the Fredholm theory and the
local spectral theory developed in the previous chapters find a significant,
and elegant, application to the study of the spectral properties of this class
of operators.

Multipliers first appeared in harmonic analysis in connection with the
theory of summability for Fourier series, but subsequently this notion has
been employed in many other contexts, amongst which we mention the study
of the Fourier transform, the investigation of homomorphisms of group al-
gebras, Banach modules, and the general theory of Banach algebras. Our
main concern will not be with the investigation of these applications, but
we shall address primarily the spectral theory of multipliers of commutative
semi-prime Banach algebras, in particular, to the Fredholm and local spec-
tral theory of multipliers.

The concept of multiplier extends that of a multiplication operator on
commutative Banach algebras, but one of the reasons of the interest in this
class of operators is given by the reason that the concept of multiplier pro-
viding an abstract frame for studying another important class of operators
which arises from harmonic analysisl, the class of all convolution operators
of group algebras. Of course, a thorough study of multipliers of commuta-
tive Banach algebras requires the knowledge of the basic tools of the theory
of Banach algebras, and, in particular, the machinery of the Gelfand repre-
sentation theory of commutative Banach algebras.

In the first section we shall develop the elementary properties of multipli-
ers of Banach algebras. For the most part we have restricted our attention
to faithful commutative algebras, although some notions are given in the
absence of commutativity. In the second section we see shall show that to
every multiplier 7' of a semi-simple commutative Banach algebra A there
corresponds an unique bounded continuous function, the Helgason—Wang
function @7 defined on the maximal ideal space A(A) of A. The space
A(A) may be viewed as an open subset, always with respect to the Gelfand
topology, of the maximal ideal space A(M(A) of M(A). The Helgason—
Wang function is the restriction of the Gelfand transform T of the element
T € M(A) to A(A) and this property leads, in the third section, to some
descriptions of the various parts of the spectrum of multipliers in terms of
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the range of this function. We shall see that if 7" is a multiplier of a semi-
prime Banach algebra then the ascent p(AI — T) is finite for every A € C,
so T has the SVEP and therefore all the results proved in Chapter 2 and
Chapter 3 apply.

The subsequent sections of this chapter address the multiplier theory
of some concrete Banach algebras, such as group algebras, Banach alge-
bras with orthogonal basis, commutative C* Banach algebras, commutative
H* algebras. For these algebras we shall also give a precise description of
the ideal in M(A) of all multipliers which are compact operators. These
characterizations will be then used in the next Chapter for giving a precise
description of multipliers which are Fredholm.

1. Definitions and elementary properties

The purpose of this section is to introduce the basic properties of mul-
tipliers of Banach algebras. The material here presented is not exhaustive
and we shall limit ourselves essentially to the multiplier theory of faithful
commutative Banach algebras.

Let A denote a complex Banach algebra (not necessarily commutative)
with or without a unit.

Definition 4.1. The mapping T : A — A is said to be a multiplier of
A if
(110) x(Ty) = (Tx)y for all z,y € A.
The set of all multipliers of A is denoted by M (A).

An immediate example of a multiplier of a Banach algebra A is given
by the multiplication operator L, : + € A — ax € A by an element a
which commutes with every x € A. In the case in which A is a commutative
Banach algebra with unit u the concept of multiplier reduces, trivially, to the
multiplication operator by an element of A. To see this, given a multiplier
T € M(A), let us consider the multiplication operator Ly, by the element
Tu. For each x € A we have

Lpyx = (Tuwzx = u(Tz) = Tz,
thus T'= Lp,. In this case we can identify A with M(A).
Given a nonempty subset B of A, we recall that the left annihilator and
the right annihilator of B are the sets lan(B), ran(B) defined by
lan(B) :={z € A: zB = {0}},
and
ran(B) :={x € A: Bx = {0}}.
The basic properties of multipliers that we develop are generally presented
in the framework of a very large class of Banach algebras.

Definition 4.2. The Banach algebra A is said to be faithful if ran(A) =
{0} or